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ABSTRACT. We study how to construct a number greater than one whose powers
are uniformly distributed modulo 1. Also we prove that for every A > 0 there is a
dense set of computable numbers o > 1 such that the discrepancy of {Aa"}_; is

O(N~7¥%).

1. Introduction.

It is well known that, as a consequence of Koksma’s Theorem [1], for almost
every number a > 1 (in the sense of Lebesgue measure), the sequence {a™}>°
is uniformly distributed modulo 1 (u.d. mod 1), but only examples from the ex-
ceptional set, such as P.V.-numbers and Salem numbers, are known [2, pag. 71].
Another well known “metric” result is Weyl’s theorem: given any a > 1, the se-
quence {Aa™}52 ; is u.d. mod. 1 for almost every real number \ [3]. However, in
this case explicit examples of such A are known. When « is an integer, the problem
reduces to the construction of a normal number to the base « [4, chap. 1, secc. 8|.
If « is not an integer, the construction of A is somewhat more complicated, but still
possible, as proven by Kulikova [5], by using an idea of Lebesgue permitting the
effective use of metrical theorems [6].

It is interesting to note that some “purely existential” results can be transformed
into constructive procedures suitable to produce mathematical objects with the
required property. For instance, Gray [7] has used Cantor’s result to design an
algorithm which generates the digits of a transcendental number n in the interval
(0,1). Basically, his algorithm generates (suitable decimal approximations of) all
algebraic numbers by orderly generating all polynomials of integral coefficients, and
approximating its roots up to some point. Then the digits of 1 are defined by a
diagonal method. Similarly, Kulikova’s result also takes advantage of a metrical
result to give a procedure which generates the digits of a number with the required
property [5]. A similar idea will be used here.
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2. Previous results.

Given A > 0, we are going to define a procedure to construct a number oy > 1
such that the discrepancy of {\a@}_; approaches zero as N — oo,

The idea is to start with some closed interval I = [a,b], with 1 < a < b, and
take open subsets Ji, Ja, ... of points a for which {A\a™}2_, has “high” discrepancy.
Those subsets will have the following features:

(i) Each Ji is a union of finitely many open intervals with computable endpoints.

(ii) G=T\U Jx # 0, and for every a € G the discrepancy of {Aa™}N_; tends to
zero as N — oo.

(iii) There is a computable sequence of nested closed intervals I; of length approaching
zero such that I; \ U2, J # 0 for every i.

The number oy will be determined as the intersection of the I;’s.

In order to control the discrepancy we are going to use the following bound [8]:

1 T 1 1 —
1 A < — 2 —_— 4 — ‘— 2mihan
W A < gy 23 ) |y e
where A(zy,...,xx) is the discrepancy of x1,...,zx. The following lemma gives

bounds for the size of the subsets of I with “high” discrepancy.

Lemma. Let \ be any fix positive real number. Let I = [a,b] any closed interval
of real numbers such that 1 < a < b. For positive integers H and N, let ¢ n()
be the function:

1 1 1 Ly
1 5 1 L L 2mihAa™
¢u,N(a) H+1 T };{wh+H+1})N;e

Also define the set:

1+logH

E(H, N = 1
(H,N,T) {046 T

< ¢un(a), }

and let Ny be a fix integer such that Ng > Na— 1;2(6 s Then:

(i) For N > Ny the following inequality holds:

NT 1 4 (1+logH H
E(H,N b—
WEH, N,7)) < a)l—HogH {H+1 * \/N< T +H+1)}

where p represents the Lebesgue measure.

(ii) Let v be any real number greater that 1. Let FEy; be the set:

By = B(M', M), o)
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1
where [x] = integer part of x. Then, for M > Ng* :

12(b — a)

/J/(EM) < My_l

(iii) Given any pair of real numbers e > ¢’ > 0, assume v =2+¢'/2. Let J(My, Ms)
be the (possibly empty) set

2
J(My,My) = | Ewm
M=DM;+1

where My > My > N@ (Mz may be 00). Then

24 (b—a)
p(J(My, Mz)) < W
For any integer My > max {(24/¢')?/¢, NO%}, the set

Gy, = I\ J(My,o0)

has positive measure. If o € Gy, then the discrepancy An of {\a™}N_| verifies

Ay = o(ﬁg) — O(N~T=)

Proof.

(i) In the inequality defining E(H, N, 7) integrate the left hand side over E(H, N, 1)
and the right hand side over the whole interval [a, b]:
1+log H

e u(E(H, N, 7))

) N YA

h=1

E : 2mihAa™

By Jensen’s inequality:

(Fla) d“) =1

The integral on the right hand side can be bounded in the following way:

p N
/ o = / Z eQTrzh)\(a —a")) dov
a n=1 a

1<n.m<N

— N(b—a) + 2 Z / 2mihA(a™—a™) dov

1<n<m<N

2mihAa™

E : e27rzh)\a

2
2mihAa™ d
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We have [4, lemma 1.2.1]:

1

hA(ma™—1 — nan—1)

b
/ 627rzh)\(oc —a )dOé’ <
a

From here we get:

e 2rihaa™ |2 1
mihda™ \" g < N (b— 2
|13 C S NO-0) 2 Y
n=1 1<n<m<N
2a
< N(b- =
s Nlb=a) + 3G =77

Going back we get:

271 0%
( ) a n=1

do < (N * hA(a—?;(b—a))l/z

a
For N > t:
or = Na— 120 —a) we ge

(b i a) /ab

N
Z g2mihaa” ‘ da < 2VN
n=1

H
HeE e < G2 S o SV e-a

< (b—a) 1 n 4 1—|—logH+ H
Y \HEY1 T UN T H+1

From here the announced result follows.

(ii) From (i) we get:

W(Ew) < (b a)M { R (;H)}
< 0 g 1 B (10

@—ayﬂéj{1+8(%+1)}

12(b —a)
val

IN
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(iii) We have:

Mo

P ME) < S (Ew)
M=M;+1

oo

1

M=M, +1
* dx

<12(b—a)/ =]
M, T
24(b—a)

12
e M/

Using the condition on My, we get that J(My, M2) has measure less than (b—a),
hence Gy, , which is its complement respect to I = [a, b], has positive measure.

Concerning the order of Ay, we start noting that a € Gy, implies

Ay < ¢ n(a) <

1+log H log N
e = O
N1/2v N

for H = [M"] and N = [M?"]. Hence, it remains only to prove the result for other
values of N.

Assume that [M?'] < N < [(M +1)*], and H = [M"]. For simplicity, put
N’ = [M?] and N” = [(M + 1)?]. Then:

Ay < ¢p,n(a)
H N
1 1 1 1 -
< , 2 - ‘_ 2mih A
< énnla) + gy F Z{Wh+H+1} N o2 c
h=1 n=N’+1
1 1+log H N" — N
: SR (i M R I -
<¢H,N(a)+H+ ( - +> N

log N 1 N" — N’
= oY) 4 o(L ) 1 o ¥
Niter N+ N
Finally we have:

N — N’ [(M + 1)2u] _ [MQV]
N [MQV]

and from here the announced result follows.

g

3. The procedure.

Given any closed interval of real numbers I = [a,b] with 1 < a < b, any A > 0,
and any € > 0, we are going to get a number ag such that ag € I, and the
1
discrepancy Ay of {Aa@}_; is O(N ™7+ ), hence {\a}°° ; is u.d. mod 1.
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Take v = 2+ ¢’, where ¢ > ¢/ > 0. Let E)s subsets of I = [a,b] as in the
lemma. We define a sequence of open sets {J}?° ,, where J; is of the form Jj =
J(Mpy—1, My), and a sequence of nested closed intervals {1, } 2 ,, where I}, = [ay, by,
in a recursive way.

In step 0, we take any M, > max{(24/5')2/5/,N0%}, as in part (iii) of the
lemma, and Iy = [ag, bo] equal to I = [a,b]. Hence we have u(Ip \ J(Mp, o)) >
do = (bo — ao) — 24(b—a) /(' M /%) > 0

In step k > 1, assume that Iy_1 = [ag—1,bk—1] and J; for ¢ = 1,... )k — 1
have already been found, and that p(lx—1 \ J(Moy,00)) > dp—1 > 0. Next, we
take M}, > Mj_y such that dy_1/2 > 24(b — a)/(¢' M, /2). Now we form the set
Jp = J(My—1, My), add it to the previously found to form the set J(My, M) =
Uk, J;, and determine the measure of I, \ J(My, M},) for Ij, equal to each one of

b by .
I = laj_, =521 1; =1l and [}/ = [alem,bk_l]. Since

p(, \ J(Mo, My)) + p(I) \ J(Mo, My)) = p(Ip—1\ J(Mo, My))
> p(lg-1\ J(Mo,00))
> dp—1

at least one of I} \ J(Mo, M) or I}/ \ J(My, M},) should have measure greater than
di—1/2. So, we take I, with the condition p(Iy \ J(Mo, My)) > dx—1/2. If we now

subtract 24(b— a)/(a’M:/Q), which by part (iii) of the lemma is an upper bound for
w(J(My, 00)), we get a positive lower bound dy, = dj,—1/2—24(b—a)/(e' M, /2) >0
for u(I \ J(Mp,0)). At this point we have found I and Jj, and we have that
p(Ix \ J(Mp,00)) > di, > 0, so everything is ready to proceed with step k + 1.

Let o be the unique point in U2 (1. If Gy, is the closed set I\ J(My, 00), we
have I, NGy, = I \ J(Mp, 00) # (D for every k, hence oy € Gy, and by part (iii)
of the lemma, o verifies the requirements.

4. Computational considerations and summary.

The claim that «g is a computable number rests on the the fact that the sets
Ey; are finite unions of open intervals with computable endpoints, and so are the
sets Jr. To be more precise, the endpoints are solutions in a of equations of the
form:

N
1 -
2 - 2mihAa
2) H+1+ Z{ +H+1}‘N7;e

In practice it is impossible to compute exactly such solutions, so it is necessary to
deal with approximations. Than can be done in such way that the approximations
verify

1+logH
NT

1+logH 1+logH
e« < 7o
Nr S fnn(@) s —5

for some fix 7/ < 7 close to 7, say 7/ = 7 —¢p. The sets E’, computed this way will
be slightly smaller than the sets Ej; used above, so the process can still be carried
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out successfully and an ag € I be found. However the speed of convergence of the
discrepancy Ay of {Aa@}_; will be relaxed to:

av = o E)

But the result is still of the form

1

Ay = O(N™7)

1 1

4+¢€’ 44

if0<egg<

The procedure described here could be unpractical because it would require a
very high computational load. However it does provide a result of at least theoretical
interest: there is a dense set of computable numbers a > 1 such that {Aa"}2° ; is

n=1
u.d. mod. 1 and the discrepancy of {\a™}V_; is O(N_ﬁ).
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