
Nctheory
NC forms/ multivectors , revisited
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Bs! (A)✓ = HomA@AopfBi4A1.A@A)Alu 11
1-②A acts
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SIEN :

*
'" '
(A. d) = *

"'
(A) E- Kd ]

*
'" (A. d) = Ñ *

" '
CA , d)

6=0

( ne shifted multi retors
" )

TIEN : B. CA ) instead of Bih ;
qvis for semi - free dga .

E±pʰeHy : A semi - free w/generators
it ,jEJ .

*
'*'
(A) = kKt*,✗&}j >>je

,
]

( take free algebra ,
factor out by commutators , complete) .

BY /A) =# = -2A - taxi _A

(Notation : da = -2g
a.
dxJ

_ a)

BY /AT = TIA .gg.
- A

"3j=%.
"

t*= 1-01 C- 1-④1- =B◦ˢʰlA )
.



andthedifferentiat.ca(3.) = -2=12:'(7+1×4) -5g.
' 2%(2.1×1)

8t*= II}j, ✗
I]

ÉÉÉÉi*!⇔
.

← - -
b/c

←

#É innerI }i
a:'() . g.ie?IEC-) is

¥- O
) used

thelncschoutenbracket.ae#oi
&.

rotate both ;
replace 1. ?⃝( by 1 every time .

2 cyclic words comprised
of ✗ I

, 3J , t*.



§ : those are ne mullivetors with

the (ne) Schouten bracket.

Its MC elements are "he shifted Poisson

structures" on A .

Buta1s they are
"
no volume elements ?

Why ? Because kÑa,,
ldassieal ) is

just one forms, at least
when 1- is

smooth .
But KRITIK , ] contains

all HH
,
i. e. alt ne forms .

2

NC forms a
'

la Wai kit Yeung :

B? >
'" ' (A) = B?

"
/A) . . .

B.
" (A)

7.
"' (A) = LB:b "' (A) ⊕ A)

c.
1- ⑦AT

• no
"

n > 0

7.
" (A) = Ata

,
a ]
ᵗ*

7.
'*> (A) = ⑦ T.int/A1CdsbJ-=Et*g-

]h≥ 0

" no " d : Bosh > '*)→ ☒ ↳ 1*+1) b/c :
1- dai→a¥¥aDDR

a→da↳0 ; t* '→° aool- /⑦a



So [d.b)=D on B
" ' '% , ] = Y.CH

This is our ne Derham complex
.

Cbi)

Next : Poisson multivector T :

I At Cclassically)
linear in w ×

Multilinear
*⇒in IT

And it is in 11>2-4 : extra factors in -4 .

Intertwines dpp with dit = ↳ Tseh

ncversion.in
a cyclic word r

'

ST
s ¢

of ×Jd×It* , (☆)w =

IT

a- a cyclic word '

e
,
,

,
Y
" JÉ×

of ✗
I
,3j,t*

Rotate all the words; when

encounter dx '
or ¥×

}j +
*

:

replace with 1
.



auotherp.in#: unlike 70*111-1
,
Y'" (A) are

all the same Ifor * > o)

Reason : B. . . . Ba B. is a free resolution

of A over d-⑧AT ,

and B?
"

@

a
_ . .B?ʰ too

,
when 1- is semi-free.

§ :

"

RK,
I "c "

A
compute HC .

- (A)

for all K>0 .

Remand when we use full B. (A) instead

of B?ʰ (A) : (same result for A semi-free)

Higher Hochschild cohomology
HH"

"" (A) = HH° /A -041-9
✗ c- Aut 1AM )
cyclic shift

HH !" (A) = HH.CA-091-0%-44.11-1
2

HH ; HH . carry an interesting algebraic
structure : an action of an oped consisting

flat most)of operations multilinear in HH° and linear in HH.



What is a more general algebraic structure

on HH•i*) and HH
.

(or rather complexes

computing them) ?

E-ramples-i-hekontsevich-VIassopoulosci.e.noSchouten) bracket ;

ii)C☆) :
'11%76" above

;
and also

iii) Kale din's Frobenius map
based on :

a) over Kp , ✓→✗ ⑦1) top
a-VP

is additive ;
(a) Cplb) HH
.

≈HH
.

Also
,
it should be animated :

D HH; HH. : • § →
C•(A.

g-Bg) ; C.
(A.

g-Bg)
Ag

B is an A- binod
two morphisms
of algs

@ • ( A.B) dog category w/ objects f. go . . .¥:

C. (A.B)⑦ C. (B.c)→ CCA , c) assoc up to



(Algebras form category in aocats)
It

category in categories upto. . .

When include chains : some sort of
interesting structure

.
:

2- category with
a trace functor

Adding k> 1 : together with
a
.#§

there are to>-◦Bi
f f no@

• (Aik ,B,☒K)
0-20

Bz Az

→
B
'

f ¥Az→ @ (④Ai , ☒ Bi)t
13¥#B2

--
-

Az

(end of Remark)



Next : nc multivectors/forms vs

equivariant multi vectors/forms

Recall : Repnlt ) : Orgy ,a , dgcouunalg;
generators : pig

.la)
,
a c-A ; Linear inA

relations: p.j.la b)
= { piielafiejcb)

pij
" )=8ij

differentiateopijlat-pijlk-YGLNGORep.ca)
: ftp.jlafg

"

↑

Gnabws , [

pij-laD-o-seI-kwi.gs
ac

a.db.cszt.me
A
→

A- ⑦ A
- tt 1-

trpkadb)
ÑRepnlA)→lZ%*⊕°Repn↳)

jÉEjÉ⊕pj×k4



lrecall : Ñ= HomA@aoplMiA.EA )

ac A- ④ A#ftp.T D-

i. I\ GluZEjipg.la#glN'0)-TRepnlAI/Rep.dAIlpjnH-Epj.lD''
(a)DH

w_heoe : D: 1- → A -0A
←

in

derivation
☐ (a) = ID

'
/a) ⑦ D

"

/a)
Gg,

*
'⇒ (A.d) → [Symly -1- 3) ④ §ⁿoTRpµ
(A)→ [symg'T-23--052Reprint]

"

a dgla morphism .

Therefore : MC element↳ MC element .

Pre- CYstr.cn A ↳ derived Po;¥%
.

on ftp.vk.it



CYstructerures.I-luotivat.in/weakerdfnDEHHmlAI
,
✗ C- ltth.lt ) :

7) ✗ c- Hmmm (A)

↳ tho@ _ _ ① E.) = -2 GOD lay . _ .fm) ⑦ Aux,
④ _ _ . ⑧Gu

(or cohauologous :

± Dlamini
,
. _ ^

,
4) do② a, ⊕ . . . ⑦ am \

n : CIA
,A) ⑦C. It ,A)→ C. G-A)

Actually extends to

CCA
,
A)⑧ HC .

-

(A)→ HE -11-1
( key to Ezra's GM connection)



Therefore : e) wc-HHn.lt , A)

4) e
?
w : HH•(1-A) → HH.im (A. A)

b) t : HtmlA) → k
kl HH•-m(A. A)→ HH

.

/A)
*

( linear dual )
D- Ct

, ↳ 1-17

DJI (weaker than the actual one
,

probably enough)
a left CY structure on A :

WE Hcin (A) whose projection to
thin (A) makes (1) an isomorphism
A right CY structure on

A :

c- c- Hcm /A)
whose image in HHu.CAT
makes (2) an isom

.



The construction of ↳ shows

that the 0£ and I complexes
enter naturally :

Peep (another)
P
µ

biuodule A bimoduleresolution 12 resolution
A

D⊕id A

p→PP→AP=P

@ ⑦
- - -
⑦G.)↳ Cao@ . . 1) ④ ( 1⊕aq② . . _

⑦9¥
A

a. I
±aoDl9

,
_ . ,9m)④Gmx⑦ . _

☒ 94,



Next : Cleft ) CY structures from
the point of view of It and Y

complexes .
As in the classical case : try

D-
"'
_

yest

given WE 114

Canebg of Tw→T* )

WE ˢʰBˢʰ) @Aeoap
A ] /q

when A semi - free :

" ②A #A A)
8ᵗʰ
A -01-7 G

Itcz acts trig) 12
HH.LA ) ≈A%%aopA

*
"'
G)=Ñ%É÷ij¥A⑦A7

AszthifthisisT.Txy1RHoq@aoplAiA-lRltomae.aop.lA ,(AA)☒AopA



Ayad : 7T¥ ☒ '%*:*] ( completed)

Y'" = -4 'VE ,
]

At = ☒
'"

=

RHoq@spCAiAEA1bkRthomCAKa.aopA.A_A%apA )

"

RHom( A -0k
1-⑦APA ,

A)

therefore :

given we 1-¥
Aqap

A [N ]

get Iw] : A !→A -1N ]

A CYN structure on a smooth A

is a negative cyclic class w in HCN /A)

S.t.
Hwan] : A- AEN ]

if wthxh is the image of w in

HHµlA).



Therefore *
'⇒
⊕ I
"
→ IK) inducing

ii.
*
"'
II

"'
Cup to shifts comes from a left CYHR .

Next : more systematically about CY .

(A. B)- binod µ _ (B.A) - band Mr

µ✓=R%mfs↑"H
right action left
of A action of

13

B¥ all right- duals >-able if

N Eli → Rito;§
B

for any Kofi
brant) right binodu6N

B

E f :A→B (f)
"
= Bf

(A.B) bind all→ (B. A) binod %

Yh = RHomt↳sHaction
left action of 13 of A



AM, is left dualitable if

✓µ¥N→~µtqlMN1
for any laofibrant) left module N .

&.

AIB tag )=gA
Lee An IA

, B) - binod :
right dualiiable ⇔ perfect as - right

B- mod

left run as a left
A- mod

2

Leung

Itani. ¥ EN
RHom( L

, ÑN)~→RHoy+(hfN)
ts

µrightdua↳-abV-LAV-NBF.si#RHomld.Ngti)-~RHougslLqkN
A



A
diag

= A viewed as (A@A ?k)- bimod

A smooth : Adi
,
left dvaliiable

A pioper : Adiag right dualitabk

A != ✓A£ag = R HomAiapft ?.pt/A*=Adiag--1RtbqlA.k)Lemma-
For a smooth A :

Pelton (A. A)≈ A !⊕k
1- 81-7 1-②AP

A

HH•(A.A) ≈ HH.LA .

A :)

For a Propes
A :RHomae.jp/AiA*)~Hti(A.A*)~HH.lA.A)*~-lRHomlA&n-

•aoptik)



Lefton
A !=RHomlA,AA ) A

"

WEHCIIA)
*
"-"(A)

,

ii. ¥-1.1m µ%.

1RHm(Aa¥, .lt?A1%aa.-
211
A

Inpictwes :

A A stands for

[
A
/- Rhona ,◦aop(A. t.net)

*" ' (A)
A

A

[④
]
-

stands for
a- &
A- • Are
⑦A)≈A



"

÷~
Eat " (

a

k Mhow
d- ⊕

"

A⑦Aop¥ Axoaplt>A)
1- gyp

/Rtloue

11

Aet [*⇔ # • A

A. •APA
!

1- ②AP
•

12

*
"

9-☒APA' :

"

*
"

"

← a-
a A

A

% c- (A) ①
② Wo extends .to a

b+2+ud-

⑦ cycle
Wo -1W , -1 . _ .



0¥ represent w
,
in 1121

[%.
£④}

[
☒
]

A ATTA A

← d- 12

A
H

Wi. It
"

_ 1
" '

as above



Exaiupe Ginsburg's algebras 1-
§

Cnc versions of derived critical loci)
f- = kfxi

,
- in] ⑦ C- FIEF,F]

Read :

Fly,=,fj→ÑFKF
,
-3

21

④ F- dxj☒↳ -20¥ - dxj j2✗j
[✗j?¥g. ]-0

d☒=FkÉ¥ ,-9¥
,?

An attempt at a resolution :
Classical case : JOE kT✗i, -→ ✗u]

A,◦= KEY . - in]Ka1%×j> %=E¥×j
* 11-51,10

,
-]sch=kf✗i, . . .in , }'s . . . }

"]
,



Define : kali , . . . , Xu , }
'

,
-

, }
"

,t*>

Oz : 3J ↳9¥; xj↳°
tT→ If }I✗j]
j

0%-0
E± u=3 & = [ay] - 2- = ✗y7-y✗7

at
☒=y7

- 7-y
= 7-✗-✗7 &∅=✗y-y✗

07

A-10=61×5×4×3]
&=✗y7-99×7 :

=yz-q-tygf-zx-qxz-9-f-xy-qyxxya-qy.tt
= Y7✗=9ᵗY✗} _ consist11 ent

9×79=7×9 = 97g✗



Try to emulate the classical case :

☐ = Ed }idxj %w={
At
- d-g.de
2xj2ag

The negative 2- coyote :

w= [l⊕¥xj+xj⊕}i - E) 0

F- T.atf. b
-21¥.&⑦×j ¥j+hÉ×j - ×j#
- 1⑧xj⊕2j&)

+ ×j④I _ 1⑦✗j3J_#g.



Now
,
the image of Eli Cajlosxj - - - -)

in 522 is 7-ero
,
so it is homologous to

ÉADDG
g-ero in CC:( LEX ,

,
. .
.

.
✗
u
])

.

/EXTRA TERE.
NegÉiH5lA☒)

.

E¥e : to = [× , y]7 ?

É.to/3iiox.j-xjeo5i )
Iot

1×044,7] × - ✗⑦ [y , 71)
+ A

Ib

1⊕µt(✗⊕Y⊕ᵗ#
KR

the first extra term

dxdyd7- c- ofA)3

The only chance for it to be hondeg .

- u=3 .



theobstruetioucompbxy.to#A&=F1cE..---. ¥.>e
Ry = kcxi, } it

"

> as above

B:(Rt )⊕p*A&Ap⊕R
,

Explicitly :AtidᵗIf→④qdgÉÉÉʰˢʰÉoÉans→ tot,jd✗j&→fi¥¥
-3 -2 - ,

◦

dt*Z- xj,
d }J] doxy.- [✗j,t*]

-1-51*35]
¥ c-At

2×j canonised
Note :/compare

:

A*EIF±E→¥ÉÉEE¥÷ÉE¥J



At '•qB?lR¢)④qt&
k

B.
" (F)
"
_ BY /F)

-3
-2

-I 0

Beautiful generalisation of the 3D

grad - dir- curl picture . Indeed , for

①= [✗g)7 :
E.d} ] *

,dt*HP§Éap_-yi** ]
,
d } ]
y .dz]/

Et '

÷
03=17-7g

d°¥=&y# Hay] etc
.



This has a chance to be a
resolution

of Ap .

In fact :
Tim lGn+bwg) Agg.BY/tf/qgty
¥ a resolution of tf ⇔
⇔ Ap is a 3- CY algebra

46ft)
Relation to Rep schemes
Lemus Rep,

( Ap) = Gitltrpltll
Trplt)=É, Pltjj)

Pf ∅ is sum of monoidal

p had polyn .
xj, - -

_

✗

JN por generators

Trp# [ pig ;ᵈ✗j,) - - - Pini, Kjv)



otrplll-i-Epi.i.LY?--Pis.ipl'js-kP*j#ppqPqis+i
. '%¥ii%iÉÉi! enters

the word : ✗ is
-_ ✗
k

= pgpc :&
.

)

.

•

Given a scheme ✗ and a function & :

Tx → T×*
r-sdvct-deag.CH

descends to

TX /city)→ # lait
"

°cn.tl/oiqTx*coitltsQgTx→ 0

Ciutat : fvtsdlfvcli)=df-#
1- f. duct



The four - term complex (for GGX,# Girl

⑨•%+Ñ→T×↳¥¥%%*→Ñ•:|
a. b. a. Hessian ) /

coital

Fact : At B?# qq.ttRto
,,

B?ʰ(F)É"B?ʰlFI
↓

lytddpg.ca#d-TReplFhRep(Ag&HessltrpCtH
µ1-

*

Replf)
/
Reply)→③É°RplA§D



Saucy ( of what is left)

pre
- CY = MC element of
structure on * ⇔ /A.d)
A

② Left CY structure →

pr-e-CYstr.sketohofthea-nstrutiom.IN
Caen.) shifted Poisson geometry :

shifted symplectic structures

§ Pridhaue
Nondegenerate shifted Poisson

structures

1C version (Waikit Yeung) :
same construction

, replacing
multivectors with É%d.tl and

forms with Y'" (A)
.



' Right CY structure↳ pre
CY Str . :

partialco.se# Frobenius algebra

First
, defer/interpretation of the KV bracket

.

Let A be any algebra . .

let dmpftkcs .

start with

A ⑦ 1-
*

[d-1]

Product : on A ,
the usual ;

a • : 1-
*

E)2 adjoint to • a :A?

(☆) Get a Frobenius algebra .

fyclicdisalgebra.itwith needy pairing of degree . . .

Lao
,
Mula ,

,
.. _ ,
%)>

cyclically invariant .

Eixample : any Frobenius algebra .

A pre
- CY structure on A : a new



cyclic As algebra structure on A@AE]

(B) + ( new terms)

(A stays a subalgebra)
Examples : for a Frobenius algebra ,

the new term is the differential me
my : 1-

*

[ 1-d)→ A

Cf degree 1)
induced by 2,7

=

Rel of pre- CY
to Hochschild :

Mn operations , via <
,
>
,
are :

(A⊕A*[d-D)
④ "
→ I

cyclically invariant

men A§④"•A*⑦A%A% . . .⑦A%A)¥
21

IT ((1-•"/
*

① 1- ⑧ . . .

⑦ G-
⑦%) A- ]

Ck

g a
-1%4

≈ 1T¥ , Hom.Aiua@a-on.p (B. (A)
⊕"



where Lia ,@ - - -
⑧Gu→ an@go@ Guy

conclusions
1) The cyclic complex of A-⑦1-

*
Ed - i]

( dink A < s) is a dgla whose

MC elements are pre- CY str .

on A. A Frobenius algebra

2) . Thisdg1acad_fr
any

A ::::÷:÷::;:
IT Hom
k

[ in the smooth case: same as

or

( 1-
☒4

1? BTCA)•
"

@ )
1-
④"
⑦ 1-

⑦ hop
•

Ca

MC elements of that are pre- CY str
.

3)When A is quasi - free , can replace
-PFg¥%ñt producesBs? by BiwaÉÉTY#



3) Perhaps EK. -Takeda-V. ? ) construct a

pre- CY structure for a right CY
structure .


