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a 2- cafej ory asso Lated T a ﬁofbmor'pmc
3 o _manttotd
(j'oénf with A. /(a/)uSAh oand Sa,u&ha.)

/?ough outtine

aA 2- category v a cafegog such that
T

Hom (A 3) & o category

Ho(onwrp/u'c Symp teche mandfolol (X,CU)

X - %O(bm,ar/)h;'c mam'/n@[
L € JZZlO(X) C dw=0, 0w nowhire dgenerats

a Q'M*egoraq ﬁ(X;“)

Semplest 0bects : Ye X- fagmnjz’cm Sbmanctolls

/‘: aulomatiel
%{J@/Mrp/u%

A category of morphisme

( clean intersectton

Not clean
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If Y.nY, w cleon, then
Hom (Y, %, )=D (Xn¥ s L)
L

/L A oo~ deformation
,oafamé’fe r

O ctomposition of merphsm §

A%
Yl ﬂYZ N IB

L\’L JL’LB N{a

\I/\(\YL \I/Zﬂ\l' Y‘ ('\\\/3

€,.,°8, = (¢,), < L E® L, 823>
More_compti cated crects
a %o&mor*p/u'c /K'érm[z'on

¢

} e—a weal bundle, Mmor,oﬁu‘c
A\ pro/ecteon

/E— fagmng Lran

o (1, 4,0 D° (%, 1)

7—@ F [ wofiva fion

A 3d 13 - model. ([.Q.,E W{ﬁ‘en)
Losed on maps M?* — X

L (X) o th 2- @7‘@90/} o ik %unday nds

(souilor to Db (X) ge,('ng the 007%70/‘ o]p
@oundarj conds of a 2d B—moo(zé)

~
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3d B-noded tmplied.  an existenea o non- tandard
W/w[({a,@ dfmcﬁ(fe on Db (X,cu) (.7 PogErfs) :

_l’)ra‘n{e/d
(€1® EZ)® gg assoaaf'bl‘ﬁ 5(@)(52@55)

Reason : Db (X,w) w the Drnfeld cnter of L(X’ Co)

aﬁgegrw‘a model  Jor Z_ (T*fn )

N
X=X, ., X, - coordinates on C

Semplest &Lgmnj[an suémanifo lds  can be
described by génemﬁ"nd; /undz'onsr

e We CLL] detie Y =T(xp)l p=dW]c T C

om (¥, Y,) = MF(z; W, W)

MF [?ﬁ > W) v a Caﬁz_gof} ofmaﬁz'x ﬁcﬁ)ffgaﬁ‘oﬂ_( Ojé W(CE)

Q crash course n malxy faclazations
Two  approcches o the dofinitron of MF(z, W)

. A singulor pact of Db (f[}] /[l/\/))
foke o 7Lu3ﬁonf over all %m’fe—éory?% resstutions

b
e A detormaton of D (¢ [ﬁ) potyvedbr fiolds

—
Hochschild  Coionotagy  HH (C[x1) - C[x, 8]

8/)\“)QIH
A& G[Z_,Q] v a c/ezérnxa/?'an ]oommef@r L'%’ [,\,X]:O



Wiz)e ((x,0]

MF ["P_—Q W) as a c/e%rmaﬁ'on o7£ Db (@[ﬁj)
Ug[ezfs
DCer]): MO D, dy D=1, D=0
= 7 -groded frea C(xJ-module

MF(=, W): MDD . clog D{ DZ:\/\/@M

L Z -graded 7&-?,0_ CL¥]-nodule

F
MOD - (M — M ) £ Ge Man(@[zj)

S

&
FeG= W1, |, @onm//z]Mo

Mocphisms - Hom(M M)QcL [D,-]
C(x]

*-[p.[p-]] - [P, ]-°
Hom (M, M) =

ZOCa&'jaﬁan to Crit [W):{ JW =0 }

D*=wd, = w-q, - [DD]
T ﬁo;w)fb/ozca/ég,

trivial
€ (x7— C[x]/(w) = End, (M)

—_———
Jacobe aloebre

Nt




>< v Lp=ove]

. %

Crt [WZ»W,)
EXam,o/es P p=2x
1~ W: %Z' P:O

A single indecomposalle object

M=<a;(x] é@[ﬂ) ML E M

L

MF (o oc®) =2 Ved-C
not exacf/g D® (f{»pf) S J-groded et~ C

2. \/\/:3%

Two tndecomposatte Oé'ec:fg

M= (€ [y €, [2y])
¢

4
Mg = (€ [xy] T2 € =)

I
/V?F(x,y)' :)c#) = (Zz»grade_d Vect - €
Knd rrer /oe/z‘oca‘o{?



3 W (<) such that Cat (W) & smooth

oand. the motex of sewnd derivativec J; QJ W

defermines Q& non- aleymef“afe Pmﬂ?ﬁ N NCrt (W)
T normal Gundle

Then  MF (=.w) = D° (Cat (w))
Pty
2 ~9roded

" almost "

Also  the intersecton Z{ﬂ :D} N {/D_= QW_} Y (ot (W)

o clean

[ensor /?fOc/uC/IL ®@[£_7 as a Compositron

of Mophusm Categorees

Tensor /ofoduo'f of mal~'x 7QC7‘D"£30{7'OVLS
M, e MF(z, a; W, (z,a))

N exlm Variqbles

/
M, e MF (=, 6 W, (=, ¢))

Fm
Mi®p M,) D=D@l +)®D

ey
D, D,
D = an ’ ‘th . Z‘Df"DZ} ) (W4+WZ>4]MI®M2

=0

ME(w,) @ MF(Ww, ) 2, MF (W, W, )

COVMPDS ton 079 MOrpLsm CQTLQQO/ZP_S

Hom (\/\/ (), W, ()X Hom (W (x) szg)) —>  Hom (Wﬂgc), W, (5))
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Hom (W, cxy, W, () x Hom (W, (), W, (x)) — Hom (W, (=), W, ('5))
0

\ @ . (
MF(xy W, -W,)x MF(z; W, - W, ) —@[;leMF(g Wz‘Wf)
becquse (W, - Wf)+[W3ﬁWZ) = W, -w,

General, og/'ecfg ond  their morp/u'sms

NETY
Q general OJEC]Lofﬂ /\/IF[I) ) o pair (@_ W(ma)

T extma vorw €4 s
]-f discbes a @enemﬁgec{) Zagrzmjﬁan submanito b or
o Lbrotion with a Zagra;ydan base :

V=1 (z,p,a) p=3. W, JW=0]

w

Example 1 /' = agc  descrzbes o

Exampfc e W= Q’JC,Z c{un'ées l)_ /3: 2ax ) 3;2:05

/-\Upporf‘eg( a/’ L=0 p=0

Hom ((_e»;W/o_c.,a_c))) (55w, (=, ) MF (»)~;°&‘>W&—W,)
Gomposition of morphisms

Hom ((%;W,), Cé;hfz))xh’@m((é L), (,,l/l/))——> Hom (2 ;w, (¢, W_%))

MEC, a by W-W)xMF (b c, W 1) e,

MF (& ¢ ;w,- -w,)
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/L- ﬁrﬁef f[é] - ﬁfucfufe

Z,agmn geon Carrespordences

a Zagfangian Correspondence ¢ an object (a W) € MF (x #)

Loy K » o Yn
T4 defer menes o functor % y
MF (2) =25 ME(y)

<b—3w1cgﬁzé3)\—> (9_—1?723\(\(1-{—\/\()

Qction o)Z oy eaq r‘anygc‘an Correspondence on o Cafcgag, of mofphisme

ME (=) VO ME (y)

W, (x) v—— W, (a) + W {a,y)
N

Ha nama. does nst smattor
4 T~
W, (2¢) — W, (b) + I/\f(b,ov,)

We need o 7€ma"0r-

MF (= -,szx)—wq(x)) — MF (26,95 W (5,Y)- W(a9) + W, (b)-W,@)
Describe (t as a éﬁwc{u/e Y mdalex #Uﬁﬂkaﬁbn 0713

MF( 2,y,a,b; (W(b,y)—W(aly))vL(wz (6)—sz2)) MUAGE WHZ’))

-—
tof
W (&,b,fx,})
S[nce l/\/+0f - ( 0-x, b - 'L) , there (» o Canonceal Cﬁoéce

o regular sequence

in J] [a/ é) 94/#]
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Kossul matx fachrzations

Kossul Coweplex : for pe f[&]) K(P): (Q;['E-] L (f/ [7—9])

3
fr p=prpr e Cl=] K(p)-(® K(p))
Koszed matnx factsrization :
br pg e CL=] K (pig) - ([ [m]:£ [21) & MF (25 py)

for pac Clz], K(£59)- (@K(ﬁi)é MF(zsp-q )

u\/v

ZP 9.
If We (p) ,ten J9 st W=p-g

Theorem If 2 v o regular 9c7unce,#2en K(ﬁ-‘?) c MF(’?_G;I/\/)
does not dypend on e choice of 9.

Foyrier- Lej endre Tancform

. vy -
MF (=) == MF(g)

[ & an equiva bna of categories, Tha inverse fansformc 1>
ME(y) =5 NF(z)

The  Composifion v
= a-(x-
MF (=)

_)MF[%)

W(iz)— o (2-x) « () = W(x)



- (a+ w(b)-W (=) (b—x) W)
b -2 e
- . L
___.O~
_ G b W) 2 W)
T_ by Knorrer
Pe/iooa'a’)?,

Danfeld eanter n}ﬁ MF[Q

. Endorwrph}m wfegog; of Hhe z‘dem‘b? Lonctor
MFCx) S ME ()

1 _ renamed X

() &‘(;'Oeﬂé MF (=, 4)
End (& (y-2)) = MF (zg,2,b5(b-a)(x-y))
renamed. o
Kaorrer /Der-zool/n'c/? .

~D‘°(M_,_)

mome rz‘fa ﬁ

/Y)Dnoic{a/ 47Lr~ub{‘ufe 078 Fho Drzn-/&/a/ Qorifer
Goincides with +ensor ,0roc/,uaL ®@[°—Ca,£]

MF (=) omd derived algebraic jeomefgy,

A - abelion olgebra (ey €[] ) ~~o 2-calogory A
an oé‘erf 2 — on a/yeﬁp over A (e.y, C(x], C[IJ/(P))
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b
Hom (B, Bo) = bimodutes, hat 5 D (B,® B )
T deved

G)mPosc'/—z'on— usual &u;pasz‘fzbn of ﬂ‘nwoiu/ps, tat o |, Tensor
pfbduaL over The  tnterma deote a/}LJyZL

&n[ecfure C Z—.Z‘-] = MF (EE)

f[fﬂ/(lo_) > a-p
EXample/ B = @[’-’CJ/(DQ) <~ (Q‘)Q’I)

End.A. 2 ¢ resoluton of B @[:c) Q]O X JQ

L odd varabb
R = C [9]
Ed B =D (Crel)
A
End .. (ax) = MF (a,b,Oc)' x (b-a) >
MF (=) =
b
- MF(a:0)< D (e21) = I (¢fea)
T kossue
dealiby

M B = C€[=] /9’) ~> (a, a/o(m))
E—ni){ 3 resotution 078 B : C['x, =y D /3 98

L

BPR®R = C[0]® C(=]/¢p)

E”dM',‘:— (Q/O) = MF (a,b,x Cf:’:é)/oj

7%
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= C[b] ® MF(&,z;3p )

lta I
Cl6] Cl=2/ p)

Part 2

Perinder: 2 - categor /WF (=)
. B T =, .. .
Qn obect (o W (=,2))

I\
t evfra Cl=,2
VQF[G.(&S

i ca*c\govy of mmp/uk’ms:

Hom ( (a;w,), (8, W, ))=MF (a b =, W, -w,)
’l‘Tw )
w <
d/{'gﬁzcj'
lompoSition of MorphAsms & Clz,b]
T intermediate

extr= Vartalles

qu,u'ya/e/)ce with derived algebrauc jeomefrﬁ

‘azf’eirm'aaﬁ'ow " of on addctve Cd&ego? C

G magce objedt A~ algebra A = /5\0(6 (A)
any o/ecf B ~> an H-medule /L/OMG (4, B)
Sometimes € — Db (A ~ﬂu><4-) b an (Som. of catege ries
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A 2-category version of theo ConsTructon

A magic objedt of MF (W=0)
Mono(‘,da,/ mfegor; 07[ eﬂdomorf)/u'sms: EV?C/MF /0): M/E/’J_C,O): Db (@[Z‘—])

An object of MF A “module " cm‘egog over Db (e [Zé])

—

(a; Wiz, a)) Hom (0, (aw)) = MF (2,2, W)

Goj: MF (o x5 ape) = D7 (€021 /cpy) b
nofoné} as Cafcyon'es but also o5 "module - Ga'/egofz'e_s over 1) (@[l‘:))

b - b
(ormrment D (0/)’5)= D (9,’1‘-_.)
T Keg3ul dua.&?

Apply deformation: W=ap(=) <> d=p) Jg

( X ,w) - anrp/u‘c Sémp@ﬁa woni e bl
L(Xw) o tacd $ define | b it i bocal

_/oca&'y means that gl GopsTeuctcons invo{u[ng on object YcX
t @mnﬁ L‘Qh
are  dedermined éf 106 Car wj/;ér bood Tub (V) < X

G‘ehem%) Tué (Y) ’?‘é Tub (Y) G Bero- Secﬁb,,\

] N
X 7*Yy
&t fare should be a defrmation (7_*)/)@ of
ﬂ/ormah‘on——j
/Dammefer

e Mmz)rp/;éc jf/m/o/ech'c mani ld TEY sy that
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Tob (Y) € Tub (V)
N M

X (7)),

Hence f we understand [ ( T*Y;D&)) than we Brow
the /’ﬂﬁ"’?g /— ( X ) which inystoes |

LW(T*U) as Dzz(u)

U - (foru,o/ex 'mam‘ﬂo&c

(W)= N+ 0 - Dilbeastt ((0:)) oms on 11
with 7, - grading (zzzﬁo,f})

Lot WGJLOA () , IW=0

T eren Detbeault 760“5’
(0,)

A cm‘eqagy of matay fachizations Dz, (U5 W )

Def A matay fochrization of W ir a L, -graded vector Gundle
with  Ha differenkial
7. 0 (6)— 1 (€)

2) 5(0( 6 ) =(§o<) 6‘+(—1)/O</o< 96

&TMm



for any e JU(U) G e JL(F)

Hhat i, Locally V=0tAl, Ac JU (EndE)
T add

3) |[V5= W {

Remack  Lwen if W=, #han T, (U30) b o it digec

#han Dlo (U) .
(1) ZZ -gmcll‘nj cnstead 07‘0 Z-gmdm}

(2) dlow A to Contain Dolbeautt dogree more than 1

Q Q—Cafe?og% I.jzzfa_) (: L(T*U,>)

A

0 —
Simplest oject W e Jl ((/{) (adoa'nog J S creates an
' L'Somopph/,'(_ o@&d’ )

morfﬁ,c'sms: Flom (W,)Wz) = /\M:(%g WZ—W,>
MF (u)

Deformation

Deformaﬁon 07[ + MMM /O/V‘C 50t/m&07tl'c Hructure 07(0 ( X )&))
( without Charym; [w]e Hpp (X) )

A mplex Atucture of X in deformad é} Beltrani & fHovential
/ _
pedl (TXx), p +gwj =0

[ie Erackel
-

Cartan-Maurer eg-n
o that 5M9/:§+UL9



A er/o/u'c demp&cﬁc structure o deformed 5#
a faniltoncan Betranw differential

é ((A.)L/.A) =0
o for S’Zmp&'a"/? {;5 HancilHon  diferantiad.
- coutd use T

ee ' (X) |Je+Llzay-=0

Poisson brackel

~—

C

Maurer‘~ &Pﬁn e?-n
- ,
20 that /u,: W (99&)) wwm:wt@_{\%

I + Joe.

Deformation 072 T

I /[ ° [4
(T U) ~ NS TW) >
fotal space vecfor Gundle

de + 5 [=2] =0
N

Schouten gf‘ackef

fomponen'fs 07‘0 kL

XL v oa (0,) -tm faémf vatues in pomomuals of Pbers of T (L

1 ¢ —
@: £o+ael_k%l+ges+”\ ) <£L‘G\Q'(\S\C/(/L)

trrelevant — Y ﬁ 3“’ Pﬂﬂj’ﬂomia/s of c{agr&i

deforms (bmp/e); ttructure

(>}

oxe'o,,mT*a
D .o
pet (STTU) Ext (Nu, TU)
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Y T
normaf bardle fo 300 sedon
th Ha fotal spoce U

340 meons that T — TU*LQ / — N [|,  obes nof split
Us

o
ansida(' He &agonae Ax < X = X
T Zaymnjc'an
fr A XxX, peo, =R e # (STOSEH (STX, Tx )
Atiyah closs of TX

repmsem‘ed by Riemann curvature

Descrife a Zagfanjl‘an (WMl MSP"J o '= LJ+o/9€)
Sufmanibld Yo T as a graph of JW :

Y={@p)lp=w;
Thip dime  |dW = 2 (JW)

/A[\_ Pg@now'aﬁ Puncizon
on /L‘bers 078 /77*[(,

g)(pfanm'z'on: we want X =P dr. + X 4 b exacton Y :

« = W Ie + R (W) =AW+ IW=dW
{ozaw pa

&ﬂ[ego(r?y of mMOrphiSms Hom MF{MJ(W'“ w, )

The otd choce  Hom (Wy, W, ) = MF(ULSW,-W,) ches 00T work
not totomorphic.

9—(WL_ W.,) = %(9WL) - £ (9“/7) #0

Ao - ote%rmahbm of DZ ((,{] ‘
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JU(~NTL) 9 [-,-]
Schouten - /V_L)‘enhw)s
Eracket

Masrer - Gacton et he JU'(NTIL) dog )= 0

ox+ L Ix,07-0

&n!eefure T[u_ra ex(sfs &Lm,t‘tfue ‘universad " MC element

‘ Be[tram
wrw,n?' di /;leren /101 A% _ de;%rﬂ,{aﬁ‘o/)

\ | —_——
X: \o’f}\‘p"")\/z + /\%“’“‘

JSame.
R —

(”) Li & _QL (/\L T[/L) (m/a%z‘ve{y ga/ancec/)

@) ;\‘o - WZ—W‘I

Substitote A= (WL—W,) + A, ot info MC equation

— n-(
[9\/"” WZ'W” ]:“9’\'”_,’%2 [)"i7/\n—d1
i=1

- — _
C(Q/opno/s on )JO))‘HN’/\/
Fond pertfuréa Ifc‘vdg -‘

Compu/'e Hua rh.c. and recognaze :F as [)/m ) |/\/7_—|/\/1 ]
n

LCATU)
/:L'rs'fs'fep-' [/\’1, Wz_Wﬂjz_é(Wz_WT)

- (ow,) - = (n,)
L t

n-4
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[— I
Pfg/nowd Luncon
on fibers of T* UL

= ge/(QW;)aWZ)L (IW,~Im, )
k_—w_’w
- N
)

where dlivided o fferena P (= —'/o%): p /(:r:sy) (:n_y>

The fist ferm which does net dsperd on W, and N,

cppears N /\3 :

L Jm K
é /?_-,F/Q orexp&'a'%g’, %/% /; /QLM QI/\QU/\Q/(
I presenca twplies  a dq[ormaﬁbﬂ of even z?nd“ ( O)
37[&(“)

(ain I =0 and W, =W, =0, then A=0

that Zy End . (@) 0 not c/eﬁ/mec/
DZ

( but ¢k monoldal structure ma% still & a@érmo//)

Deformation o;ﬂ Composthon of MOrphAsMS

For Smplicty  work pectucbatively over 2 i ignoe alf
terms of quadratic and %{9/&/‘ order

Then MC e?uaﬁbn % Sz)upéi, 9—%-:0
and | I’Iztoff z'mporfa/?ﬁ%) tho. cﬂformm‘ion /:aramefer ~{0r‘

Hom . (W,)WL =D, (U;\
Dy, (U;%e) / 2 )

4as on{y tfwo ferms: A = Ao * )‘/4

(l \

Wy =2 (9w,
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fune deformations are limited o “Cum’ry" and
tnfinifesimal  change of Complex otructure

Awmocphism  E € Hom (W, W, ) can be descibed.

2
0s @ Zz - 9raded wedor /&MCM? E — L
with deformed 7 denoted an ¥

V =V Y
tornepatt ble ) t (4, 0) conne ckron
wiflh 5
weh #at V= T ¢ [V, w7 =QUl-w,) 4,

Wote : F:[V_;V]’b_n& 5‘57'[&&, V]=9(W£—W)

&mpoéiv‘l'@n 07£ mDr’p/u'smﬁ’ as a C/‘fﬁ/wd Zensp ’pfbducf

20
F,. o EL=(E,®E, 5 7 + V + deformaton )
N M
Hom (We, Wy ) Hom (W, w,)
Tt < Cu W st (Bl )7 o) T G o) B
Vig Vi | § - tost & renoved.

S D
&m ahble with 9 - 9 /u,_ ?
Je/orwul Lowpl. shr.

deformatton = — b + a L ae JZ_- (Ede)

P oILl . m A I-F ~ooa
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~ = -

I» >

Gordikon on @ : [v i a] =0

[‘_773,5\] = (/“'zz‘/“/s )LF,L * (/J“z% " Mo ) F,
- s = ® (ow, Im, ) - & (ow, ow,)

:ge”(QM/I)Z‘WL,?Wg)L (W, -w, )

-— -

second devided diblrence
By Fhe Scymmefg of HAu second divided o Herence

}LZ?;_ /_,(’,; - » 17 (?W/, 2M/z ’ g[/{/%) L y(M/7 ‘WB )

b-‘— QQH(QWMQWZ,QM@)L(ELFZB>
:/5[_ EZFzg "/'O[W)

0 mon-trvial of W =W, = W, =0,

Deformation

07£ tha monoidal stucture 07? End (0)
g, ok, = (E,@E5 0 G+ fe FE)

—_—~

non- Commutalyy
monoldal truture

Assoa'aforg e Eqatfb [O)

Suf),oos@, 7%6‘0L PZO on U

L Aﬁyah class o/ U

Than Emd (O) D [U) & andefsrmed

even for &geneml aeg LQ,CSTZ/()
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However monoidal strudure o deformed.
(£4,7, )0 (&, \Z): (E'®€25 67 *@ t @, )

and asgou‘aJ—iw‘? re7ux'res assodatdr

£®E, @6, ﬁ,f—Vz +7,
VA p—
("L" °E, ) } £3 - (‘15—/25 y Vg © Ry )
l 5123 — assodator (gourge ‘lﬁfams%mmoﬁbn )

Elo (Elo E%> = (4[23 ) 7 #‘Q://Z% )

22

= (
V/zg é/23 t 0‘/25 ézzg B é125 a’/z; =0

Sslve /;er—*ur/.)m‘z‘vd} over Dot feantt JQ;HU.
Shtng with 0= o (FR)

T fist Tferm o assbcafor v % fe flR R

non-zero even g4 /& =0

Categor' fred  Riemann ~ Roch - Hirsehruch

General idea
e Ss 7(e)«2(C)
drfersect & j/ intersect

c’ —GL‘—7 (€ )

Db(d)@b(u)—cﬁi HH(C) = HH (&)
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| )

i

C- Vet > ¢

b
\l/l)\(7_C>< = 6‘\{1 70\( < D (X)

2

AJ X Ext | Tor

/DCYn h)/\) M C- Vect

g m (Y.,
Bt (Oy, Oy ) % HH. (hon (¥, )

Tor, (6\/' MoV N (Hom- (V,Y, ))



