SOLUTIONS OF THE REVIEW PROBLEMS FOR THE FIRST MIDTERM

Problem 1.
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Note that in the second integral on the right hand side, sin™ "« is the
antiderivative of f ﬁdz. In the first integral on the right hand side,
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by substitution rule, letting u = 1 — 22, du = —2xdz. Then
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Thus the given integral is —3v/1 — 22 + 2sin" 'z + C.

By substitution rule, let v/t = u (dt = 2v/t du). Thus

/COS tdt:2/cosudu:2sin\/f+0.
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/arcsinx dr = / 1 - arcsin z dx.

To apply the integration by parts, let f = arcsinz, ¢ = 1. Then [’ =

1/v/1 =22, g = x. Then

T
1-arcsinz dr = xarcsinz — / —dx.
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To evaluate the integral in the right hand side, let u = 1 — 2% (22 dx =
du). Then

Note
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Thus

/arcsinxdm =garcsinz + 1 — 22+ C.

f) By partial fractions,
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In determining the constants A, B, C, we have
Az(z — 1)+ Bz —1)+Cx? =2+ 1

which yields A+ C =0,-A+ B =1,-B=1. Thus A=-2,B = -1,
and C' = 2. Then
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g) Note
/ln(l +2%) dr = /1 ‘In(1 + 2?) dz.

To use the integration by parts, let f = In(1 + 22), ¢/ = 1. Then f’ =
22/(1+ 2?), g = x. Then we have
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/1-ln(1+m2)dm:xln(1+m2)—/

To evaluate the integral on the right hand side, we use the long division
to use the partial fractions. Then
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Thus the indefinite integral is

/ln(l +2%)dr = xIn(1 + 2%) — 2z + 2tan"t 2 + C.
h) Let z =2sint with —7/2 <t < 7/2. Then dz = 2costdt. Then we have
2cost g = / 2cost gt
V4 — 4sin®t 2| cost|
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i) By substitution rule,
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/th cos(2t) dt = 5 /ez cosx dx.



By the integration by parts, let f = ¢%, ¢’ = cosx which yield f/ = e*, g =
sinz. Then

/el' coszdr =e*sinx — /e’” sinz dx = e"(sinx + cosz) — /e“‘ cosx dx
after using one more integration by parts. Thus,
1 . 11, . 1.
5 /¢ cosxdr = 3 3¢ (sinx 4 coszx) + C = 1¢ (sinx + cosx) + C
1
= Zth(sin(Zt) + cos(2t)) + C.

j)  To use the integration by parts, let f = Inx, ¢’ = 2®. Then f' = 1/x, g =

x%/4. Thus
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k)  We apply integration by parts three times to the original integral. Then
the integral is equal to

—(p® + 6p) cosp + /(3p2 +6)cospdp

= *(173+6p)cosp+(3p2+6)sinpf/6psinpdp
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= —(p® 4 6p)cosp+ (3p* +6)sinp + 6pcosp + 6sinp + C.

)  [(1+tan®6)df = [sec’0df = tand + C.

m) Let u =9 — 22 Then du = —2x dz. So the integral is equal to
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n)  Theintegral is equal to [ sin®z cos? rsinz dr = [(1—cos? ) cos? z sinz dx.

Let u = cosx so that du = — sin x dx. The the integral becomes
/—(1 —uuPdu = /(—u2 +ut) du
cosz  cos®w
= —u?/3+u/5+C =~ 3 5 +C
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The integral is equal to
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Using partial fractions, we set

z+9 _A Bx +C
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By multiplying both sides by z(z? + 9), we have z +9 = A(2? + 9) +
(Bx + )z = (A+ B)x? + Cx + 9A. Compare the coefficients and get
A=1,B=—-1,C =1. So the integral is equal to
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where K is a constant.

Let 02 =t. Then 20df = dt. If = 0, then t = 0 and if = 1, then ¢ = 1.

We have
1 1 1
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/ 039" 4 = f/ tet dt = f{tet‘ —/ et dt} = —.

Use the trigonometric substitution z = 2tant with —7/2 < ¢ < 7/2. Then
the integral becomes
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Make another substitution u = sint, then the integral becomes
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Problem 2.
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Problem 3. Let Sy
g(x) = / ST g,
2 U
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Since 7 is constant, we change the upper and lower limits to apply the funda-
mental theorem of calculus. Then

which yield

Problem 4.
(a) [0 r(t)dt
(b) Lg =10(54+ 6.2+ 7+ 7.6 + 8.2 4 8.7) = 427 gallons (lower estimate),
Rs =10(6.2+ 7+ 7.6 +8.2+8.7+9) =477 gallons (upper estimate).
(c) S = 2[5+ 4(6.2) 4+ 2(7) + 4(7.6) + 2(8.2) + 4(8.7) 4 9] = 448

Problem 5.

(a) According to the Fundamental Theorem of Calculus, ¢’(z) = f(z). Then
g has a local max at z = 1 and local min at = = 3.

(b) g is increasing on (0,1) and (3,5) and decreasing on (1, 3).
(¢) g is concave upward on (2,4) and concave downward on (0,2) and (4, 5).
(d) g attains its absolute max at x = 5.
(

e)
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Problem 6.

a) By the areas, the amount of oil at ¢t = 2is 10+ (4%24(2x(6—4))/2) = 20,
the amount of oil at ¢t = 3 is 20 + (3 — 2) * 6/2 = 23, and the amount of oil at
t=>51is23—(5—3)%3/2=20.



b) By the sign of the given function(rate of change of the amount of oil),
there is the most oil at ¢t = 3.

¢) The graph is increasing on (0,3) and decreasing on (3,13). The graph is
concave up on (0,2), (5,7), (10, 13) and concave down on (2,5), (7,10).



