
ECONOMIC APPLICATIONS OF LAGRANGE MULTIPLIERS

Maximization of a function with a constraint is common in economic situations. The first section consid-
ers the problem in consumer theory of maximization of the utility function with a fixed amount of wealth to
spend on the commodities. We consider three levels of generality in this treatment.

The second section presents an interpretation of a Lagrange multiplier in terms of the rate of change
of the value of extrema with respect to the change of the constraint constant. The first subsection gives a
general presentation, the second subsection illustrates this formula for a particular situation, and then the
third subsection derives the formula in general.

In the third section, we calculate a rate of change of the minimal cost of the output with respect to the
change of price of one of the inputs.

1. Maximize Utility with Wealth Constraint

1.1. Three commodities. Assume there are three commodities with amountsx1, x2, andx3, and pricesp1,
p2, andp3. Assume the total value is fixed,p1x1 + p2x2 + p3x3 = w0, wherew0 > 0 is a fixed positive
constant. Assume the utility is given byU = x1x2x3. The maximum ofU on the commodity bundles given
by the wealth constraint satisfy the equations

x2x3 = λp1

x1x3 = λp2

x1x2 = λp3

w0 = p1x1 + p2x2 + p3x3.

If we multiply the first equation byx1, the second equation byx2, and the third equation byx3, then they
are all equal:

x1x2x3 = λp1x1 = λp2x2 = λp3x3.

One solution isλ = 0, but this forces one of the variables to equal zero and so the utility is zero. Ifλ 6= 0,
then

p1x1 = p2x2 = p3x3

w0 = 3p1x1

w0

3
= p1x1 = p2x2 = p3x3.

Thus, one third of the wealth is spent on each commodity. This gives the maximization ofU .

1.2. Maximize of a Weighted Utility. We make the same assumptions on the commodities as the last
example, but assume the utility is given byU = xa1

1 xa2
2 xa3

3 with a1 > 0, a2 > 0, anda3 > 0. This utility
function gives a weight to the preference of the commodities as the solution to the maximization problem
shows. The maximum ofU on the commodity bundles given by the wealth constraint satisfy the equations

a1x
a1−1
1 xa2

2 xa3
3 = λp1

a2x
a1
1 xa2−1

2 xa3
3 = λp2

a3x
a1
1 xa2

2 xa3−1
3 = λp3

p1x1 + p2x2 + p3x3 = w0.

1



2 ECONOMIC APPLICATIONS OF LAGRANGE MULTIPLIERS

If we multiply the first equation byx1/a1, the second equation byx2/a2, and the third equation byx3/a3, then
they are all equal:

xa1
1 xa2

2 xa3
3 =

λp1x1

a1
=

λp2x2

a2
=

λp3x3

a3
.

One solution isλ = 0, but this forces one of the variables to equal zero and so the utility is zero. Ifλ 6= 0,
then

p1x1

a1
=

p2x2

a2
=

p3x3

a3
,

pjxj =
ajp1x1

a1
,

w0 = p1x1

(
1 +

a2

a1
+

a3

a1

)
= p1x1

(
a1 + a2 + a3

a1

)
,

p1x1 =
a1w0

a1 + a2 + a3
,

p2x2 =
a2w0

a1 + a2 + a3
, and

p3x3 =
a3w0

a1 + a2 + a3
.

Thus, the wealth is distributed among the commodities in a way that uses the exponents as weights. Again,
these choices give a maximization ofU .

1.3. Maximize of a General Utility Function. Now we assume there aren commodities with amountsxi

for 1 ≤ i ≤ n, and a utility functionU(x1, . . . , xn) that depends on the amount of commodities but we do
not give a specific formula. We assume the wealthw0 = p1x1 + · · · + pnxn is fixed. The equations given
by the Lagrange multiplier method are

∂U

∂xi
= λ pi for 1 ≤ i ≤ n

w0 = p1x1 + · · ·+ pnxn.

A solution satisfies

λ =
1
pi

∂U

∂xi
for all i.

Thus, the ratio of the marginal utility to price is the same for each commodity. The amount of money

spent on theith-commodity ismi = pixi. The partial derivative,
∂U

∂xi
=

∂U

∂mi

dmi

dxi
= pi

∂U

∂mi
. Thus,

1
pi

∂U

∂xi
=

∂U

∂mi
is the marginal utility per dollar spent on theith-commodity and is called the marginal

utility of money.

2. Interpretation of a Lagrange Multiplier

Let x = (x1, . . . , xn) be the variables. Consider the problem of finding the maximum off(x) subject to
the constraintg(x) = w. We discuss the problem in the case whenf is the profit function of the inputs and
w denotes the value of these inputs. For each choice of the constantw, let x∗(w) of x that maximizesf , so
f(x∗(w)) is the maximal profit for fixed value of the inputsw. The derivative

d

dw
f(x∗(w)),

represents the rate of change in the optimal output from the change of the constantw.
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Corresponding tox∗(w) there is a valueλ = λ∗(w) such that they are a solution to the Lagrange multi-
plier problem, i.e.,

∇f(x∗(w)) = λ∗(w)∇g(x∗(w))

w = g(x∗(w)).

We claim that

(1) λ∗(w) =
d

dw
f(x∗(w)).

Therefore, the Lagrange multiplier also equals this rate of the change in the optimal output resulting from
the change of the constantw.

If f is the profit function of the inputs, andw denotes the value of these inputs, then the derivative is the
rate of change of the profit from the change in the value of the inputs, i.e., the Lagrange multiplier is the
“marginal profit of money”. For the example of the next subsection where the functionf is the production
function, the Lagrange multiplier is the “marginal product of money”. In Section 19.1 of the reference [1],
the functionf is a production function, there are several constraints and so several Lagrange multipliers,
and the Lagrange multipliers are interpreted as the imputed value or shadow prices of inputs for production.

2.1. Change in budget constraint. In this subsection, we illustrate the validity of (1) by considering the
maximization of the production functionf(x, y) = x2/3y1/3, which depends on two inputsx andy, subject
to the budget constraint

w = g(x, y) = p1x + p2y

wherew is the fixed wealth, and the pricesp1 andp2 are fixed. The equations for the Lagrange multiplier
problem are

2
3
x−1/3y1/3 = λp1,

1
3
x2/3y−2/3 = λp2, and

p1x + p2y = w.

These have a solution as follows:
2
p1

x−1/3y1/3 = 3λ =
1
p2

x2/3y−2/3,

p2y =
1
2
p1x,

w = p1x +
1
2
p1x =

3
2
p1x,

p1x
∗ =

2
3
w, and

p2y
∗ =

1
3
w.

To indicate the dependence on these optimizing points onw, we writex∗(w) andy∗(w). For these values,

λ∗(w) =
2

3p1
(x∗)−1/3(y∗)1/3

=
2

3p1

(
2w

3p1

)−1/3 (
w

3p2

)1/3

=
22/3

3

(
1

p2
1p2

)1/3

.
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On the other hand, the values off at the points of maximum are

f(x∗(w), y∗(w)) = (x∗)2/3(y∗)1/3

=
(

2w

3p1

)2/3 (
w

3p2

)1/3

=
22/3

3
1

(p2
1p2)1/3

w,

and

d

dw
f(x∗(w), y∗(w)) =

22/3

3
1

(p2
1p2)1/3

= λ∗(w).

Thus, the increase in the production at the point of maximization with respect to the increase in the value
of the inputs equals to the Lagrange multiplier, i.e., the value ofλ∗ represents the rate of change of the
optimum value off as the value of the inputs increases, i.e., the Lagrange multiplier is the marginal product
of money.

2.2. Change in inputs. In this subsection, we give a general derivation of the claim for two variables. The
general case inn variables is the same, just replacing the sum of two terms by the sum ofn terms. The
details of the calculation are not important, but notice that is just uses the chain rule and the equations from
Lagrange multipliers.

By the Chain Rule,

d

dw
f(x∗(w)) =

∂f

∂x1
(x∗(w))

dx∗1
dw

(w) +
∂f

∂x2
(x∗(w))

dx∗2
dw

(w).

Because the points solve the Lagrange multiplier problem,

∂f

∂xi
(x∗(w)) = λ∗(w)

∂g

∂xi
(x∗(w)).

Substituting into the previous equation,

d

dw
f(x∗(w)) =

[
λ∗(w)

∂g

∂x1
(x∗(w))

]
dx∗1
dw

(w) +
[
λ∗(w)

∂g

∂x2
(x∗(w))

]
dx∗2
dw

(w)

= λ∗(w)
[

∂g

∂x1
(x∗(w))

dx∗1
dw

(w) +
∂g

∂x2
(x∗(w))

dx∗2
dw

(w)
]

.

Becauseg(x∗(w)) = w for all w,

1 =
d

dw
g(x∗(w)) =

∂g

∂x1
(x∗(w))

dx∗1
dw

(w) +
∂g

∂x2
(x∗(w))

dx∗2
dw

(w).

Substituting into the previous equation,

d

dw
f(x∗(w)) = λ∗(w).

This proves the desired result.

See [1], Section 19.1, for a discussion with more than one constraint. They also interpret the Lagrange
multipliers as imputed value or shadow prices of inputs for production.
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3. Rate of Change of Minimal Cost of Production

Let Q = F (L,K) be the production function of a single output in terms of two inputs, laborL and capital
K. Let w be the price of labor (wages) andr the price of capital (interest rate). Thus the cost function is
C = wL + rK. Assume the outputQ = Q0 is fixed and the cost is minimized. LetL = L̃(w, r) be the
amount of labor andK = K̃(w, r) be the amount of capital which realizes this minimum. Define

C̃(w, r) = w L̃(w, r) + r K̃(w, r)

be the minimal cost at these values.Shephard’s Lemmasays that

∂C̃

∂w
(w0, r0) = L̃(w0, r0) and

∂C̃

∂r
(w0, r0) = K̃(w0, r0).

This says that the rate of change of cost with respect to change in wages is equal to the size of the labor
force, and does not depend on the change of the size of the labor force or amount of capital. See [2] for a
discussion of the economic interpretation.

K0

K̃(w, r)

L0

L̃(w, r)

wL + rK = C̃(w, r)

wL + rK = wL0 + rK0

The derivation is not too difficult. LetL0 = L̃(w0, r0) andK0 = K̃(w0, r0) be the size of labor and
capital at this minimum for wagesw0 and interest rater0. We form the function

g(w, r) = C̃(w, r)− w L0 − r K0.

The terms subtracted involve the changing cost of labor and capital while holding the amounts fixed. The
valueg(w0, r0) = C̃(w0, r0) − w0 L0 − r0 K0 = 0 by the definitions. For(w, r) 6= (w0, r0), C̃(w, r) ≤
w L0 + r K0 because(L0,K0) satisfies the production constraint and the new valuesL̃(w, r) andK̃(w, r)
minimize the cost. Therefore,g(w, r) ≤ 0 andg attains its maximum at(w0, r0), so

0 =
∂g

∂w
(w0, r0) =

∂C̃

∂w
(w0, r0)− L0 and

0 =
∂g

∂r
(w0, r0) =

∂C̃

∂r
(w0, r0)−K0,

so

∂C̃

∂w
(w0, r0) = L0 = L̃(w0, r0) and

∂C̃

∂r
(w0, r0) = K0 = K̃(w0, r0)

as claimed.
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