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Abstract

Global weak solutions of a strictly hyperbolic system of balance laws in one-space
dimension are constructed by the vanishing viscosity method of Bianchini and Bres-
san. For global existence, a suitable dissipativeness assumption has to be made on
the production term g. Under this hypothesis, the viscous approximations u®, that
are globally defined solutions to uf + A(u®) us + g(u®) = eus,, satisfy uniform BV
bounds exponentially decaying in time. Furthermore, they are stable in L' with
respect to the initial data. Finally, as ¢ — 0, u® converges in LlloC to the admissible
weak solution u of the system of balance laws u;+ (f(u)), +g(u) = 0 when A = Df.
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1 Introduction

The object of this work is to establish the existence of a global solution to the
Cauchy problem for hyperbolic systems of balance laws

up+ f(u)e + g(u) =0, (1.1)

u(0, ) = ug(x), (1.2)
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by the method of vanishing viscosity. Here x € R, u(t,z) € R™, f : R* — R"
and g : R — R". We assume that the system is strictly hyperbolic, i.e.
A(u) = D f(u) has n real distinct eigenvalues

A(u) < Ag(u) < ... < Ap(u), (1.3)
and thereby n linearly independent right eigenvectors r;(u), i =1,...,n.

Over the years, four different techniques have been developed for constructing
weak solutions, namely the random choice method of Glimm, the front tracking
method, the vanishing viscosity method and the functional analytic method
of compensated compactness. Expositions of the current state of the theory
together with relevant bibliography may be found in the books [7, 9, 16, 17].

For systems of balance laws, the existence of local in time BV solutions was
first established by Dafermos and Hsiao [10], by the random choice method
of Glimm [11]. Because of the presence of the production term g(u), small
oscillations in the solution may amplify in time, hence in general one does
not have long term stability in BV. Global existence was established in [10]
under a suitable dissipativeness assumption on g. (See also [14, 1]). Here, we
study such problems by the vanishing viscosity method. Namely, we construct
solutions to (1.1) as the € | 0 limit of a family {u®} of functions that satisfy
the parabolic system

uy + A(u®)ui + g(u®) = eu

xxT*

(1.4)

The vanishing viscosity method has been studied extensively. The scalar con-
servation law was treated by Oleinik [15] in one-space dimension and by
Kruzkov [12] in several space dimensions. The case of systems of conserva-
tion laws, which had been open for a long time, has been recently treated in a
fundamental paper by Bianchini and Bressan [6]. (See also [2, 3, 4, 5]). Here,
we extend the analysis of Bianchini and Bressan to systems of balance laws.

One should not expect global existence unless the source g(u) is dissipative.
Consider a constant equilibrium solution u*. In particular, g(u*) = 0. If we
linearize the hyperbolic system (1.1) about u* and then decompose the solution
u along the right eigenvectors of A(u*), the resulting linear system is

Vit + )\i(u*)vm + Z Bij(u*)vj =0 (15)
j=1
where B;; are the entries of the n x n matrix

B(u) = [ri(w), ..., 7 (w)] " Dg(u)[ri(u), ..., ro(u)]. (1.6)

The natural condition that renders the above linear system stable in L' is that



the matrix B(u*) is strictly column diagonally dominant, i.e.

Bii(u*) =Y |Bji(u)| > pp >0 i=1,..,n. (1.7)
J#i
Under the above hypothesis, we prove global existence of solutions for the
system (1.1). The principal result is the following:

Theorem 1.1. Consider the Cauchy problem
up + A(u®) ul, + g(u®) = eul, (1.8)

u(0, z) = uo(z). (1.9)
Assume that the matrices A(u) have real distinct eigenvalues Ay (u) < Aa(u) <
... < Au(u) and thereby n linearly independent eigenvectors r1(u), ro(u),...,
ro(w). Under the assumption that the matriz B(u*) defined by (1.6) is strictly
diagonally dominant, there exists a constant 5o > 0 such that if uy — u* € L*
and
TV{U()} < (50, (110)
then for each € > 0 the Cauchy problem (1.8)-(1.9) has a unique solution u®,
defined for all t > 0. Moreover,

TV{u(t, )} < Ce TV {up}, (1.11)

where p is a positive constant that depends on B(u*). Furthermore, if v° is
another solution of (1.8) with initial data vy, then

|us () — v°(t)||zr < Le " |lug — vol| L1 (1.12)

Finally, ase — 0, u® converges in Li,. to a function u, which is the admissible

weak solution u of (1.1)-(1.2), when the system is in conservation form, A =
Df.

The exponential decay is induced by the dissipative source term. It should
be noted that the dissipativeness assumption (1.7) depends on the choice of
right eigenvectors of A(u). It is possible to state this condition in an invariant
fashion. (See [1]). In the proof of the above proposition, the heart of the
matter is to obtain BV a priori bounds on solutions of (1.4), independent
of €; in particular, to show that TV{u®(¢,-)} remains bounded, and indeed
decays exponentially fast to zero, as t — o0o. Our treatment follows closely
the fundamental paper of Bianchini and Bressan [6] for conservation laws.
To begin with, by rescaling the coordinates, t ~ t/e, x ~ z/e, the system
(1.8)-(1.9) reduces to

up + A(u)tty = Uge + £g(u) =0, (1.13)

u(0,2) = u§(x) = ug(ex).



The total variation of the initial data u§ does not change with &, while the L
norm does. Our goal is to establish a bound

TV{u(t,")} < Ce "' TV {uy} (1.14)

for all times ¢ > 0, with C' depending solely on the total variation of ug and
not on ||ugl|:.

In order to establish the stability estimate (1.12) in Theorem 1.1, we shall also
work with the linearized evolution equation which governs an infinitesimal
perturbation z of u:

2+ Au)zy +eDg(u)z — 240 + (2 0 A(u))u, = 0, (1.15)
and establish a bound of the form

Izl < Le ™ [|2(0)]] - (1.16)

The proof of Theorem 1.1 is carried out in two steps: In Section 2, we prove
(1.14) and (1.16) over a time interval of length O(d8;?) by using standard
parabolic estimates. We also obtain exponential decay in L! of higher order
derivatives of u, and z. In Sections 3-7, we extend the validity of these es-
timates up to t = oo, by using the hyperbolic structure of the system. The
reason of this two-step approach is that the parabolic estimates apply even
when the derivatives of the initial data are large, but are only valid on a finite
time interval, whose length depends on TV {u}; whereas, the hyperbolic esti-
mates are valid for all times, but require initial values with small derivatives.
Thus the parabolic estimates are employed in order to show that the size of
derivatives attenuates in finite time and eventually enters and remains in the
regime where the hyperbolic estimates apply. Finally, in Section 8 by rescaling
the coordinates backwards, we complete the proof of Theorem 1.1.

2 Parabolic estimates.

In this section, we establish the bounds (1.14) and (1.16) over an initial time
interval by means of parabolic estimates. We rewrite the system (1.15) as

2+ A2y +eDg(u)z — 2gp = (A" — A(u)) 2z, — (2 @ A(u))uy,
+e(Dg(u*) — Dg(u))z (2.1)

where A* = A(u*) and D is the gradient operator with respect to the state
vector u.



Lemma 2.1. Under the hypothesis (1.7), for all t > 0, the Green’s kernel G
of the parabolic system

wy + AMwy — Wep +eDg(u™)w =0 (2.2)
satisfies the bounds

K R
IG@ e < me™ Gl < —Zzem |Gl < Te7, (23)

Vit

for some appropriate constant k.

Proof. Tt suffices to establish the estimates for the corresponding Green’s ker-
nel of the system

wy + Aw, — Wy +eB(u™)w =0 (2.4)
obtained by diagonalizing the principal part of (2.2). The Green’s function of
(2.4) is given by R(u*)~" G, where R(u*) is the matrix of the right eigenvectors
of A(u*) and A = diag(\}). Without loss of generality, we denote the Green’s
kernel of (2.4) by G, i.e.

G+ AG, — Gy +eBG =0,
G(0,z) = 6(x),

(2.5)

where B = B(u") is strictly diagonally dominant. Perform the Fourier trans-
form to (2.5) with respect to z. By using G to denote the Fourier transform
of G and £ to denote the Fourier variable, we arrive at

G, = —&2G — (iEA +eB)G,

A (2.6)
G(0,&) =1.
Thus
G(t,6) = e~ e MR 0,¢), (27)
which implies
72
L %7 .—(iEA+eB)tp v
G(t,z) = 4t « [~ @A+ EB) G0 )] 2.8
(1.2) = g M4 (0.6 2:8)
Let G5 be the Green’s function to the system
wy + Aw, +eBw =0, (2.9)
then
Galt, x) = [e=0EA+=1G(0, €)' (2.10)



In view of (1.7), a straightforward calculation establishes the exponential de-
cay of Go(t) in L!
G2 ()| < cre™®. (2.11)

By employing the properties of convolution and (2.8), we deduce
72

0“ o ——
|52 GOl < 5= |57=e 4| ol Ga®)]l (2.12)

oz | 2v/t

The estimates (2.3) follow easily for « = 0, 1, 2, if one recalls the corresponding
bounds for the heat kernel. O

For future use, we define the following constants:

1

N R Y - 2 - 9 9
= (geas) =rad, a=sw(IDA|+ DA+ D]), (213)

where k is the constant in (2.3). By means of parabolic arguments, we establish
the following results:

Proposition 2.2. Let u, z be solutions of the systems (1.13), (1.15) respec-
tively, satisfying the bounds

e (t)| 22 < doe™ ", ()|l < doe™=H, (2.14)

for some constant 0 < &y < 1 and for all t € [0,t] and ¢ € [0,50). Then for
t € [0,] the following estimates hold:

2/'{50 e
e (D) 1y [|22(8)] 2 < /2 e Mt, (2.15)
5K26 .
HumM(t)HLlu szw(t>HL1 < Toe Htv (2-16)
16 K,s 50 e
HumM(t)HLwa Hzm(t)HLw < 372 e “t, (2.17)

where k and p > 0 are the constants in (2.3) and (1.7).

Proof. The infinitesimal perturbation z of u is a solution to (2.1), so we can
express z in terms of the Green’s function G as follows

() = G(#) = 2(0) + /0 "Gt — 5) % [(A" — A())2a(s) — (= A())ua(s)] ds

+ e/otG(t — )+ (Dg(u”) — Dg(u))=(s) ds, (2.18)



where x denotes convolution and 3 e v is the derivative of v in the direction
of 3, i.e. Vgv. Differentiating with respect to z yields
z(t) = Ga(t) % 2(0) + | Galt — ) * [(A" = A(u))z:(s) — (2 ® A(u))us(s)] ds
0
+e | Gu(t—s)*(Dg(u*) — Dg(u))z(s) ds. (2.19)
0

Assume that 7 < { is the first time at which (2.15) holds as an equality, then
we estimate ||z, (7)||: via (2.19). By (2.14) and Lemma 2.1, we get

122 (M)l < G (D)l [[2(0)][r + /OT |G (T = 8)[|s [II(A* — A(u))z(s)[ o1

+ (2 & A(w))ua(s)|[ o + €l (Dg(w”) — Dg(u))z(s) ||L1} ds
K " ge—(r—s)
S -

0 VT — S
+ 209l L= [ DA o< [ ()] 2 + 6||D2g||Loo||ux(8)||L1IIZ(S)HLl}dS

[HDAHLOO [0 (8)]| 1 [l 22 ()] 1

5
% + 16K%a02 + ex a(sgzﬁl e M (2.20)

For values of € in [0, &g, the above estimate simplifies to

<

1 1 2
g g K(SO] e~ < 260 e HT (2.21)

|22(7)[| 0 < [F+2—5F+mﬁ N )

which contradicts the choice of 7. Hence the estimate (2.15) holds over the
interval [0,#]. Moreover, a solution of (2.1) is z = wu,, hence the same bound
holds for ||, (t)| -

To prove the remaining estimates, we argue in the same manner. We first
express 2. (t) in terms of the Green’s kernel G,

aa(t) :Gx(%) \ zx(%) + 5/: Gt — s) {(Dg(u) - Dg(u*))z(s)}xds

+ /%t Go(t —s) * {(A* — A(u))zz(s) — (z @ A(u))ux(s)}xds (2.22)

and then estimate ||z, (t)||z1 and ||2..(t)||z~ via the above equation. O

Proposition 2.3. Let u = u(t,x), z = z(t,z) be solutions of (1.13), (1.15),
respectively, such that
do do
TV {u(0,)) < 2, Ol <2 229

K



Then u, z are well-defined on the whole interval [O,ﬂ satisfying the bounds

5o . So .
s (8) 1 < e, ol < D o (224

Proof. We follow the same idea as before. We write the solution z in terms of
the Green’s kernel G:

2(t,2) = G(t) = 2(0) + /0 t Gt — 5) % [(A" = A(u)z(s) — (= ® A(u))ua(s)] ds
+e /Ot G(t —s) * (Dg(u*) — Dg(u))z(s) ds. (2.25)

Assume that 7 < £ is the first time at which (2.24) holds as an equality, then

[2(7) |z < w e T]|2(0)]] 1 +/0 /’{'6_6“(7_8){Hux(s)HLl||DA||L°°||Zx(S)||L1

+[l2(5)ll L DAl Lo llua(s) ]2 + ellua(s)] | D*gl oo |2(s)] 2 | ds. (2.26)

If one sets z = u,, then the above estimate proves the bound (2.24.1) by a
contradiction argument. Having this, we derive the bound (2.24.2) on z as
follows: by (2.15), (2.23) and (2.24.1), the above inequality reduces to

50 - — 2%50 _
1 < —e T EpT o 20 —eps
12(7)]| +/ 2( IDA||L Neh ) ds

5
+5/ =7 0| D2g]| e ds
0 4

5 52
< Z%—W + 202 || DA|| Lo/ T + EZOHngHLooTe_E“T. (2.27)

For any ¢, 0 < € < g, we get [|2(7)||1 < Le~*7, which yields a contradiction
by the choice of 7. This completes the proof. O

In particular, the assumption on ||z(0)||z1 in the previous proposition can be
relaxed because z satisfies a linear homogeneous equation.

The estimates in the following corollary show that as long as the total variation
of u(t) and ||z(t)||z: satisfy the desired bounds, all higher order derivatives of
u, and z are small, with exponentially decaying L' norms. This will enable
us to use tools of hyperbolic type to extend the estimates (1.14) and (1.16) to
[t,00).

Corollary 2.4. If the bounds (2.14) hold on a larger interval [0, T}, then for



allt € [t,T),

[taa ()l ua(®)llze, ll2a(t)llzr = O(1)d5e ™, (2.28)
Iaaa ()2t taa(®)llzo; |2aa(t) ]l = O(1)d5e ™, (2.29)
[tawa ()| o, (|2 (8)]| L0 = O(1)d5e . (2.30)

Proof. Apply the proof of Proposition 2.2 on the time interval [t — ¢, t] and
use £ ~ ;2. O

3 Outline of the proof of BV estimates.

In the previous section, we established the desired bounds on the time interval
[0,7]. The next task is to extend the estimates to [f,00). This will require
laborious analysis. For the benefit of the reader we outline here a road map
for the Sections 4-6.

The aim is to establish the estimate (1.14) on the total variation of solutions
of

ur + A(u)uy — tge +g(u) =0 (3.1)
for small TV {ug} over the time interval [t,00). In Section 4, we quote the
construction of viscous traveling waves selected by a center manifold technique,
first presented in [6]. We decompose the gradient

i=1

into a sum of gradients of such waves. Using the same basis, the derivative wu;
is written in the form

n

w4 eg(u) =Y (wi — Ajv;)7y (3.3)

i=1

In Section 5, we establish the validity of the decomposition (3.2)-(3.3). In
Section 6, we study the evolution of the component vector (v,w) and show
that it satisfies a 2n x 2n coupled-system of viscous balance laws with source
terms of the form:

v AO v v B* H v )
+ - +e — . (34)

w/, 0A) \w w K B \w v
where A is a diagonal matrix. Under the dissipativeness hypothesis of Theorem

1.1, we show that the coupling matrix (?{u gb ) is strictly diagonally dominant.



In order to control the L' norms of v(t,-) and w(t,-) for t > #, we have to
show that e#|®| and e**|¥| are integrable over the half plane {t >,z € R}.
We analyze the form of the various source terms ® = (¢;) and ¥ = (i)
that may be regarded as the result of interactions between viscous waves. We
employ a transversal interaction functional that controls interaction between
waves of different families (in Section 6.1), as well as various “swept area” and
“curve length” functionals that control the interaction between waves of the
same family (in Section 6.2). We also use energy functionals on regions where
the diffusion is dominant (in Section 6.3). Passing from the conservation law
(g9 = 0) to the balance law (1.1), the system (3.4) becomes coupled because of
the presence of the production term g(u). An essential step in addressing this
difficulty is to establish additional estimates for handling the coupling. For
that purpose, supplementary Lyapunov functionals are constructed to those
already devised in [6]. By employing these functionals, one finally estimates
the integral

[ [ S0l + il dedt = 0(1)3%, (35)
t i

and this yields the desired a priori bound on |lu,(t,-)|| .1 in (1.14). Because of
the diagonal dominance assumption, we succeed in establishing exponential

decay of the total variation of u(t, -).

Following the above outline, we finally establish the following key result:

Lemma 3.1. Let u be a solution of (1.13) such that for t € [t,T], u satisfies
Jua (t)]] < doe™H". (3.6)

Suppose the source terms in (3.4) satisfy
T n
[ [em 3ot + it a))) dedt < b (3.7)
¢ i=1
fort € [t,T], then we have the estimate

/gT/ee“té(\@(t,x)\ + [¢i(t, 2)]) dadt = O(1)52. (3.8)

Assuming that the above lemma holds, we conclude the proof of the a priori
BV bound (1.14) as follows: Consider any initial data uy : R — R", with

4
8\/05/-@’ mgr_noo uo(x) =u" € K, (3.9)

where & is given by (2.3). By Proposition 2.3, the solution to (1.13) exists on

10



an initial time interval [0, ], satisfying the bound

o
4/n

According to Proposition 2.2, this solution can be prolonged in time as long
as its total variation remains small. Define the time

o (@[] < —= e, (3.10)

T = sup {7’; Z/{T/ea‘”ﬂgbi(t,xﬂ + |[i(t, x)|) dedt < %} (3.11)

Suppose T' < oo, then for all t € [£,T], the decomposition (3.2) holds and one
has

wmmnsémmmn

n . R t
<Y e (il + [ [ los, o)l dods )
=1

. . 0,
< D g )+ T S (312)

Assuming Lemma 3.1 is valid, by (3.11) and (3.12) we obtain
T J
S [ [er (ot o) + o) dedt =0t < L. (313

for sufficiently small dyg. This yields a contradiction with the choice of T in
(3.11). Thus, the solution w is globally defined and the total variation remains
uniformly bounded and, indeed, decays exponentially fast in time, TV {u(t)} <
Soe~H for all t € [t, 00).

For convenience, we use throughout the following terminology:

Definition 3.2. We call a scalar function £ = £(t, ) controllable if (3.7)
implies

[ ot 2) du dt — O(1)52. (3.14)
[/

Thus Lemma 3.1 amounts to showing that |¢;(¢, z)| and |¢;(t, z)| are control-
lable for alli =1,...,n.

4 Construction of viscous traveling waves.

In this section, we consider the viscous traveling waves first constructed by
Bianchini and Bressan [6, 5] by a center manifold argument [8]. We quote

11



a summary of their results and the main estimates. For each ¢, we consider
the viscous traveling i-waves U(x — o;t) that are solutions to the system of
conservation laws with no source (¢ = 0), having speed o; ~ \;(u*) and
corresponding to trajectories that lie on the center manifold C; C R” x R” x R

C = {(u,v,ai) v = i Ju—u| < 6, o] <6, |0y — AF| < 5} (4.1)

of the flow described in Section 4 in [6]. The unit vector 7; = 7(u,v;, 0;) is
defined in a small neighborhood of (u*,0,\f) and tends to rf = r;(u*) as
(u,v;,04) — (u*,0,\F). We use the same notation as in [6]:

7:7:7“4 = arl’ fi7v = arl fi,cr = arl . (4.2)
ou (%Z- aO'Z'

By the same convention, we denote higher order derivatives of 7;, by 7; yu,

fi,uva ’Fi,ua etc.

The following identity plays a key role in controlling the component source
terms ¢; and 1;:

(A(u) = N7 = v Tl + (N — 0)Ti0), (4.3)

where )\ is the “generalized eigenvalue” defined as \; = (7, A(u)7;). This iden-
tity is fundamental since it corresponds to (A(u) — A\;I)r; = 0. By continuity,
(4.3) implies

7i(u, 0,0;) = ri(u), (4.4)

and \; — \;(u) as v; — 0. Furthermore, using (4.4), we deduce the following
important estimates:

Ti(u, v, 00) —ri(u) = O(1) - v, Tio = O(1) - v, (4.5)
Tiwoe = O(1) - v; Tioo = O(1) - vy, (4.6)
\S\i(u,vi, Ui) — )\Z(U>| = O(l) * Uy, S\i,cr = 0(1) *U;

Without loss of generality, we can assume that the eigenvectors r;(u*) form
an orthonormal basis. Having this, we conclude

<7:Z(U, Vs, Ui>7 fj(u, ’Uj, O'j)) = (5@' —+ 0(1)50,

(T, A(u)7;) = O(1)dg  fori # j. (4.8)

These estimates will be used in the forthcoming sections in order to control
the component source terms ¢;, ;.

12



5 Decomposition of the derivatives.

Here, we decompose the gradient wu, and the time derivative u; pointwise
along a suitable basis using the construction of 7; defining C; as presented
in the previous section. Let u be a smooth solution of the system of viscous
balance laws (1.13). For each point x, given (u, u,, t,,) we determine u,; via
U = Uy — A(u)u, + eg(u). We seek (v, w) € R*" such that

n
Uy = Z Uﬁi(% Vi, Ui)

1
U + Eg(u) = Z('LUZ — )\:'UZ)’I:Z(U, Vi, 0'7;),

o=\ — 6 (3> . (5.2)
The cutoff function 0 satisfies

s |S| < / 7
0(s) = 0'(s)] < 1, [67(s)] < 4/, (5:3)
0 |S| > 351,

as shown in Figure 1. It is necessary to insert the cutoff function 6 in order

0(s)
1+

-0 i
(51 S

Fig. 1. Cutoff function 6(s).

to guarantee that the speed o; remains close to \! and therefore 7;(u, v;, 0;) is
well defined. From now on, we use the abbreviation ; = 9(7;’—) The presence
of eg(u) in the decomposition of wu; is crucial, as it corrects the speed of the
viscous traveling waves when passing from the system of conservation laws to
the system of balance laws. The decomposition (5.1) corresponds to viscous
traveling waves U; such that

Ui(x) = u(x), Ui (z) = vy, U" = (A(u) — o;)U;.

13



From the first equation in (5.1) it follows, u,(z) = >, U/(x). In addition, if for
all i =1,...,n, the cutoff function € is the identity map, i.e. o; = Af — w; /v,
then there is also a good fit of the second derivative u,,:

Uz () =1y + g(u) + A(u)u, = Z( — Xv)F; + Au Zvﬂ”z

= (Alw) = oi vy, = ZU” (54)

The following lemma establishes the decomposition.

Lemma 5.1. For |u — u*|, |u,| and |uy.| sufficiently small, there is a unique
solution (v, w) to the system (5.1). Moreover, the map (u, Uy, Uzy) — (v, w) is
smooth outside the manifolds N; = {(v,w); v = w; = 0}, i=1,...,n; more
precisely it is CH', i.e. continuously differentiable with Lipschitz continuous
derivatives on a neighborhood of the point (u*,0,0).

Proof. The uniqueness is immediate. To verify existence, we define the map:

G:R"x R" x R" — R?"

n 9.9
(u,v,w) = > Gilu, vy, w;), )
i=1
iNi y Uiy A —0 %
gi(u7vi7wi) = o (u g ’ (UZ )) (56>

(wi = Ajvi)ri(u, vi, A7 — (%))

and apply the implicit function theorem. We easily observe that the mapping
G is well defined and the Jacobian matrices are

O(v;, w;) ~
(03, wi) —\iTi T
w.
~ / 1 ~ / ~
ViTiw + 0;—Tio —0iTio
+ o i
~ N uif 29/ )\ ‘9le~ )\*9/~ Wi -
WiTi o — A UiTi 0 + ilio — Tio A ﬂ’i,a—v— ili,o
V; )
=M+ M. (5.7)

For (v,w) in a small neighborhood of (0,0), Mg(u;-) is invertible and uni-
formly bounded and M, (u;-) — 0 as (v, w) — 0. Therefore the map (v, w) —
G(u;v,w) is C! and invertible in a small neighborhood of (0,0). Thus given
(U, Uy, Ugy), there exists unique (v, w) such that

G(u, v, w) = (U, Upw — A(u)tiz) = (U, us + €9 (u)) (5.8)

14



and (5.1) holds. Following the details in Lemma 5.2 in [6], one can show
that G is C"! on a neighborhood of (u*,0,0) with uniformly bounded second
derivatives outside N;. This completes the proof. O

The following lemma states the bounds on v and w that correspond to the
bounds on the u,, u,, and u,,, derived in Section 2.

Lemma 5.2. Assume that the bounds (2.14) hold on [0, T]. Then, the compo-
nents v;, w; in (5.1) satisfy the estimates

[oi())| 22, [Jwi(t)]| e = O(1)doe ™, (5.9)
[0 ()| e NJws(®) s [vie(®) ][0, wiw()]lo = O(1)dge™", (5.10)
iz ()| poe s [wie ()]0 = O(1)dge™", (5.11)
for allt € [t,T).
Proof. As shown in the previous lemma, the map
Glu;+, ) (v,w) = (Ug, Upe — A(w)ug) = (ug, ug +eg(u)) (5.12)

is locally invertible and continuously differentiable with Lipshitz continuous
derivatives. To prove the estimates follow closely the proof of in Lemma 5.4
in [6] using the map G in (5.12). O

6 The evolution of the components.

This section investigates the evolution of the components v; and w; in the
decomposition (5.1).

Lemma 6.1. The unique solution (v,w) of the decomposition (5.1) satisfies
a 2n x 2n system of balance laws with source of the form:

v A0 ) v B! H ) d
+ - te — . (6.1)
w 0A w w K B w Y

t x TT

where A is the n x n diagonal matriz with entries {\;} and the matriz ( §
1s diagonally dominant. More precisely,

BB = O(u—'l,lol, Jul),  [Hyl, 1Kyl = Olu—v], o], o)), (6.2)
and if (u,v,w) = (u",0,0),

Bf = B” = B(u*) = [ry(u*), ..., rp ()] ' Dg(u*) [r1 (u*), ..., mn(u®)].  (6.3)
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Furthermore, the component source terms in (6.1) satisfy the bounds

Gi, i = O(1) > _(Jvjvi| + |vj20i] + |vjwi| + |vjwi | + |wjw;| + |v)w;]
J#i
+ [0; 2V 2| + V) 2W; 2| + |wjw; 2| + W) pw; . |) — Transversal

+0(1) - > |vjew; — vjwj | — Change in speed, Linear
’ 2
+0(1)- X

(wj>
’Uj —_—
U.
J )/ x

+0(1) > (|vjel + [wjal]) - wy — 0;v;]. — Cutoff (6.4)

J

* X{lw; /v;|<35,3 — Change in speed, Quadratic

Proof. Explicit computations are given in Appendix A. O

In view of the above lemma, the component source terms ®, ¥ belong to the
four categories given in (6.4). See page 23 in [6] for a short explanation on
why these terms arise.

In the following subsections, we prove that all terms that appear in the com-
ponent source of (6.1) are controllable. We employ an interaction potential
to control the transversal terms in Section 6.1. The terms that belong to the
change in speed category whether linear or quadratic, are handled by means
of the area and length functionals of suitable planar curves introduced in Sec-
tion 6.2. Last, in Section 6.3, by employing energy methods, it is shown that
the cutoff terms are monitored by terms in the preceding categories and are
therefore controllable.

6.1 Transversal terms.

To begin with, we establish an a priori bound on the contribution of the
transversal terms. Having a solution u(t, z) of the parabolic system (1.13) and
assuming

|z (t)| 1 < dpe™H t € 0,7, (6.5)

by the results in Section 5 the decomposition (5.1) holds and therefore, the
components v; and w; exist according to Lemma 5.1 and satisfy the bounds
in Lemma 5.2. Assuming

Z/:/ee“t(lcbi(t,x)\ + [vi(t, x)|) da dt < G, (6.6)
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we must prove the following estimate

T
LS e (lesoel + sl + loswnl + o] + lwjun] + [wjwe
>
Hvj.2Vke ]+ [V 0wk] + [0 0t0p2] + W) 0wk 0|) da dt = O(1)53. (6.7)

As a consequence of strict hyperbolicity there exists of a constant ¢ > 0 such
that

itnf S\j —sup\; > ¢ >0, Vi< j. (6.8)
L t,x

The proof of the following lemma follows closely that one of Lemma 7.1 in
[6]. However, it worths stating it in order to indicate the role of the e-term in
(6.1) and the treatment of the dissipation.

Lemma 6.2. Let (v, w) be solution of (6.1) defined for t € [0,T]. Then for
i #7,
o)

T
/ /es“t (lvi vj] + Jvi wy| + Jw; wy|) dedt = . %. (6.9)
0

Proof. We introduce the interaction potential functional

Q(z %) = [[ K(w = y)=(a)2(y) dudy, (6.10)

where the kernel K is given by

{ 1 s>0
K(s) = ;” (6.11)

es/2 g < ()

and apply it on the pairs (v;, v;), (v;, w;), (w;, w;) for ¢ < j. Suppose first that
the system (6.1) is homogeneous. Then for ¢ < j, the derivative of Q(v;,v;)
with respect to time is

e Bl (x)vr(w) + Has(x)w(@) ) |0;(y))
+ [vi ()] 59703 (1) (v (¥) = (X 05 (1))
—e X (Blawpnto) + Hyly)un()))] dy de.

Integrating by parts and using the fact that cK'(s) — 2K"(s) is the delta
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function yield

50w(1),05(0) < — [ lus(@)] Jos(0)] d — 2 Qun(0), (1)
+e [[ K@ =) |( T 1B + 3 o)) les(o)

ki

@ 1B + 3 Hean(v)] ) dody

ki
Let M = sup{ | Bl | Hlloo: | B o | Kl|oc}. Multiplying by e, integrating
over [f,T] and using (5.9) yields
T ept € r ept
| e @@ dode < S S [ e (ot + lwe(®)lles) oyl
k
ol (on(®) s + (Ol o) de + e QuiE), vy (F)

1 ) OWR
A T P A ()

Similarly we prove the corresponding estimates for the transversal terms |v; w;]|,
|w; w;| always for the homogeneous system (6.1). To prove the bound (6.9) for
the non-homogeneous system, we employ the fundamental solution that sat-
isfies the system (6.1) in the homogeneous case with initial data the delta
function. Suppose that it has components I'; and I'; corresponding to v; and
w;. Therefore, in view of the above analysis, it follows

T 1
/ /eE“tlFi(t,x, s:y)Ly(t s’y dedt < — (1+0M)3), (613)

max{s,s’}

for i < j. The same result holds for all pairs (T;, T;), (T, T';) and (I, T;). Now
we can write the solution (v,w) of the system (6.1) in the form

Uz'(t,llf) - /Fz(tax>0ay)vz(o>y) dy+/0t/FZ(t,at,s,y)¢Z(s,y) dyds> (614)
wilt, 1) = [ (2,0, 9)w,0. ) dy+ [ [ Tylt,5,9)05(5,9) dy ds. (6.15)

Using (6.13)-(6.15) we deduce

/OT/eeutm(t,x) v;(t, )| de dt =
— @(/|Ui(0)|dx+/0T/|¢i|d;)gdt)(/|vj(0)|dx+/oir/|¢j|dxdt)

as well as the corresponding estimates for |v;w;| and |w;w;|. The proof follows
easily. O
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The following lemma shows how to treat the transversal terms |v; ,v;|, |v; sw;],
|viw; | and |w;w; .| for all i # j. Here, we choose to present only the proof for
032051

Lemma 6.3. Let v; and v; be the i-th and j-th components of the solution v
of (6.1), fori # j. Assume (6.5) and (6.6) hold, then fori # j

T
ﬂ /ee“t|v,~7x(t, 2)|[v;(t, )| d dt = O(1)82. (6.16)
t

Proof. 1t suffices to show that the quantity

T—1
I(T)= sup / / v, o (8, 2)v; (¢ + 7,2 + )| dedt  (6.17)
(1,€)€]0,T)xR 40

is of order 62, since I(T) is an upper bound of the integral (6.16). By (6.5)
and Lemma 5.2, for all t € [t, T

los ()2, oy (B)ller < do e, i ()2, [l (Bl < kdge™, (6.18)

INie ()20, i ()| < kdge™=, (6.19)

for some constant k. Without loss of generality, we can assume lim S\i(t, x) =
r— —00

0. These imply that I(T) is bounded, I(T) < (kd3)?*T. We perform the inte-
gration in (6.17) first over [0, 1] and then over [1,7 — 7]. On the time interval
[0,1],

1 1
| e it aye(t + 70 + &) dadt < [ e oyl db
0 0
< (k63)2. (6.20)

Fort > 1, we express v; , in terms of the Green’s kernel G of the heat equation,

Gt z) = Nlﬁ

_a?
T
€ )

Vit x) = /Gm(l, Yt — 1,2 —y)dy
b [ Gl [ o] ¢ = s — ) s

</ [ DI (B + Haw)(t — 5,2 — )] dyds.  (6.21)

k=1
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We now control the integration (6.17) over [1,7 — 7],

T—1
/ /es“t|vi,x(t,x)vj(t+7',x +&)|dxdt <
1
T—1
< [1G. g~ swp [ [ e lult = 5,0 = yus(t+ 7.2+ )| ddt
syTE Y1
1 T—1
+ [Nz || oo //\Gm(s,yﬂdyds sup / /ee“t\vi(t—s,x—y)vj(t—i-ﬂx+§)|d:cdt
0 SHTE
1 T—1
+{| Al oo //|Gx(s,y)|dyds sup / /€€“t|vi7x(t—$,l'_y)'l}j(t‘l‘T,x+€)|dflfdt
0

S7y77—7§ 1

1 T
+ supy oy ()1 | /|Gw(s,y)|dyds/0 [ e ot )| da dt

+6/ /|G (s,y)| dyds sup //es“t
$YTE

o+ Hipw,|(t— s,z —y)|vj(t + 7,0+ f)’ dx dt. (6.22)

Boy+ ... B v, + Hyw, + . ..

The first two terms belong to the category of transversal terms that are already
treated in Lemma 6.2. In fact, for fixed ¢ > 0 and sufficiently small 0y, we can
prove

1+ 0(1)6 843

T
/ / et v (t, z) v (t + t', )| da dt < 0 452 < (6.23)
0 &

by following the same steps as in the proof of Lemma 6.2 and by employing
as interaction potential functional

Q(vi(t),v;(t +1t")) = / Kz —y)vi(t,x)v;(t +t',y) de dy. (6.24)
Using (6.23) as well as the bounds (6.18), (6.19), we obtain
T—1
/ /ea”t|vi,x(t,x)vj(t+7,x+§)| dr dt <
1

1 ~ 2 862 2
s(—+||Ai,x||Loo—) B eI (T) + k=

v v v Vol
2 26_5"

Hence by virtue of (6.20) and (6.25) and for sufficiently small §, > 0, we
deduce

1 1662 4 Mé2e—=+
I(T) < 2(k&3)*+(—=+ké + kS —=+8n—~=t— = O(1)57 (6.26
(T) < 2k0*+(zhd—2) b8} 8= = O(1)5 (6.26)
and this yields the result. O
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Similarly we estimate the contribution of the remaining transversal terms
Vi 2W; 2|, [Vipw;e| and |w;w;,|. Thus we have shown that all transversal
terms are controllable, hence (6.7) is valid.

6.2 Swept Area and Length Curve functionals.

In this section, we study the interaction of viscous waves of the same family
that arise from the rate of change of speed ;. For each 7, we prove the following
estimates:

T
/ /ea’“ |w; 2 0; — Wi 5| do dt = O(1)52, (6.27)
t

T .
w;
oo 12| (5)
t \wi/vi|<361 Vi / »

To accomplish this goal, we should first introduce the following planar curves:
Fori=1,...,n

2
dz dt = O(1)d3. (6.28)

wlta) = ([ wttydy. [ wity)dy). (629

Giteo) = ([ witydy, [ utty)dy). (630
These curves v; and 7; evolve in time according to the following equations:
Vit + S\Mz — Yigx T € Z(/ Bf,k v + H; o wy dy, / Ko, + sz wy, dy)
k=1 —o —0o0
= ([ otydy, [ vty  (631)
Vit + S\Z%z — Yizx T € Z(/ K v, + Bﬁ,k wy, dy, / Bf,k v + Hi p wy dy)
k=1 —o — 0o

~ ([ vty [ oltydy). (632

With an ordered pair of curves (7v,§), we associate the area functional A to
be:

A€ =5 [ o) n &) dod, (6:33)

More precisely, we are interested in the functionals A(v;,v;) and A(v;, ;).
Lemma 5.2 implies

0 < A(vi,75) s Ay, 35) = O(1)dge M. (6.34)
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If ~; is a closed curve, A(7;,;) provides an upper bound for the sum of the
areas of the regions enclosed by the curve counting the corresponding winding
number. See also [4]. This is the only one functional considered in the case of
conservation laws, i.e. when (6.1) is decoupled. In order to eliminate the effect
of the coupling of the system (6.1) on the integral (6.27), it is necessary to
introduce the functionals A applied on the pair (v;, ;) for ¢ # j and (v;, 7).
It will be shown that the area functionals are monotonically decreasing and in
particular exponentially decaying, because of the presence of the dissipative
source, which appears as the e-term in the system (6.31)-(6.32). The following
lemma is a generalization of Lemma 8.1 in [6].

Lemma 6.4. Let (v,w) be solution to (6.1) for t € [0,T] and assume that
the maps x +— v(t,x), v — w(t,x) and x — X(t,z) are C»'. Then the area
functionals satisfy:

ZCZ LA, 7 (1) + AC(), 3] < =32 / Yo (%) A Viaa(x)] d

+ e ()10l + s 95002+ s 1950 o

#ws®la 65012 ) + O3, (6:35)

Proof. Fori=1,...,n, at each x where 7; , # 0, define the vector n;(z) in R?
to be

Yiw(@) AT = il (0i(2), T), ie. m@):(-“)i(‘”),”i(x)). (6.36)

Vil Vil

For fixed z, consider the projection of v; along the vector n;(x),

y = X" (y) = (mi(z),7(y))- (6.37)

The time derivatives of the area functionals A(v;,v;) and A(v;, ;) are

d
SA007) = 5 [ 590a(2) A0 () A 1a(9)
<y
+9alw) A inly) | o dy,
d
S A0, = 5 [ 592050(8) A 30 1) A 71 (0)

<y

+ Yja(T) A %vxt(y)} dz dy.

By adding the above derivatives, one observes that the terms pair together
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and the space of integration becomes the whole space R?:

d
o — (A7) + A7) / / Sgn(Yiw (2) A V2 (¥) Diw (@) A Vi (y)] da dy

+ 2 // sgn(Via(®) A Yia (V) [Via(®) A Yiae(y)] dz dy.

From (6.36) and (6.37), it follows

& (A ) + Al 7)) =
=5 [ s @)L sgn{me), 51 (), 25(9))
5 [ @)L 59l (), 7000 (), 7o) d

1 d d
i . - i ()75 . 5 (@)
5 [ @l (TVx %) + (@) = (TVx D) o (6.38)

Having z fixed, investigate x"(®)% as a function of 3 in order to compute the
time derivative

d

dt
By an approximation argument, one can assume that the projection has the
required regularity for almost every (t,2) € R? and a finite number of local
extremum points attained at

(T%Xm(:v %) '

Ni>Y5 Mis75 NisYj Mi>75 Mis7j
y—pjv"'<y—lj<y0 J<y1 T <yp 37 (639)

changing monotonicity across every point, as shown in Figure 2. Denote Yo

by y%7, for simplicity. Note y5° = . For i # j, choose yoj to be near = so that
sgn(ni(x), Yj.ex(2)) = sgn(ni(), Ve (y5”)). In view of the above,

sgn(ni(@), ve(¥)) = —(=1)"sgn(mi(2), Vaa(yi’)),  fory € (s, ya7),

<7]2-(£L’), Vi,w(x» = 07 <7]2-(£L’), ij(y(ix’j» = 07 (640)
sgn(ni(x), Yiea(We?)) = (1) sgn(ni(x), vjea(2)).

Hence, the time derivative becomes
d 7%
7 TV ) Z/ sgn0n(r), 7500 (02 ) dy

= - L]wnm>wwmw4wmwwm@wy

@

=—89n<m )s Visww (@ 22 ), v(ye)).  (6.41)
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Xm(w)m(y)

/,/'4 z .7. . ‘.7. ‘.Y. ‘.’.
@) Yol @yl by

7 v
(a) The curve 7;(y) and the (b) Graph of x™ @) (y).
vector 7;(x) perpendicular to
Vi (Ya)-

Fig. 2.

A similar computation yields

% (TVyX") = —sgn(n;(x), Viza(2))2 Z(—l)"' (03 (@) eyl ) (6.42)

Substitute (6.41), (6.42) in (6.38) and apply the identities (6.40), to get

d 1 d
_ A~ A~ = . - i (%),
o (A(yi ) + Ay ) = Q/I%,x(:v)ldt (TV ™) da
1 d
+ 5 [ Raal@)| 5 TV @) da
=— / Vi () [5g1(7: (), Ve (2)) D (= 1) (i), Y ww(WE7) = AV (W)

67

e Yo’
—52/ (Bg‘kvk_'_ijwkaKjkvk+Bl;kwk> d@/+/ (05, %) dy)dx
k — 0o — 0o

~ [ al@lsgn (), o)) S0 (03(0), G () = A0

—eX / yil(Bfk v+ Higw, Ko vy + Bow) dy + [ yiz(% W) dy) da

< = [ 1950l@) A a0 e N2 150 L0 + s (B2 58

= 5 [ at@)lsgnin(a), 23 (9)) (), my () dy d

[ Pgal@) A o () o g8 s 1+ s ()22 ()]

= = ] Riat@)lsgntny (@), 72(0) (0 (2), mi(w) dyder, (6.43)
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where
(ZBlkvk +Hlkwk ZKlk'Uk +Blkwk( ))

In a similar way, the area functional applied on the curves v and 7 is treated:

(A0 + A3, 30) < ROl Ol + a6 1956
o Ol Ol + @)l i @)l
5[] Pral@)lsgnin(@). 3ja W) (@), ki) dy da

5[] P @lsgn(n; (), 5o w)) (), Kily) dy o, (6.44)

and

<Z Klkvk —I—Blkwk ZBlk'Uk +H1kwk( ))

From (6.43), (6.44) and (5.9), it follows

% -~ (A(7i77j) + A(%‘,:Yj)) < Z — / |%‘,x(l’) A %@m(x” dr

+ O(1)de” wtz sl + 1a®)llz)
+25 A~ Pia@lsgnin@). 1) (@), (B () vi(y). By ) ws(w)
+ 3 [{(wil@), vi@), (Bl (y) vew), Byu(y) wi®)))

k#j

B
+Zk:\ —wi(x), vi(x)), (Hjk(y) wi(y), Kk (y) vr(y)))| de dy

— il >\sgn<m< ), 3.2 (0)) (i), (B () vs(w), B () w;(y))
+ 3| i), (Bi(y) wi(y), Bi(y) ve(v)))|

k#j

+ i), e, (i) ve0), Hino) wao))| ey}

Observe that the integrand 7; . (x) A v;..(2) is exactly the component source
term w; ,v; — w;v; . Now, interchange j and £ and use the approximate es-
timates (6.2) for the matrices B*, B, K and H. It is important that the B
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and B’ are close to B. Thus,

d

dt 2 (A7) + Al 75)) < Z - / Niw(@) A Vigo(r)| de

D0 3 e (el + [ei(®)l]z)
* . ; { B % /{Bl;j - g ‘sz‘ - ; | Hj| }vi(z)w;(y) — wi(z)v;(y)| dy do

= JJ1By = S 1B = S [Hig oo () — wila)uy(9)] dy da
k

k#j
+20(1) (Jlvjllr lwill o2 + o zallvill 2 + ||wj||p||wz~||p)}.
(6.45)

Therefore, the diagonal dominance property and (5.9) imply

d -
3 2 (A + A 3) S 3= [ Piale) A ()| do
27.]
+O(1)4 6_5‘”2 [0i(0)[[Lr + [l ()| 1)
- éuz (i, 75) + A7, 35)) + €O(1)e™** 55, (6.46)
and this yields the result. O

Finally, to get the estimate (6.27), multiply (6.35) by e*** and integrate over
[t,T]. Then (6.6), and (6.34) establish the result.

The length functional L applied to the curve « is defined to be the length of
this curve. If v is a curve that moves along the curvature then the length is
monotonically decreasing. See [4]. We consider the v; curves defined in (6.29),
so the length functional takes the form

£i(t) = Lw(0) = [ JeR(t.) + wi(t,2) do (6.47)
and satisfies
0< Li(t) < [ui(®)lls + o) = O(1)dge. (6.48)

Since the evolution equation (6.31) of ; contains a dissipative term, £(7;)
decays exponentially as 7; evolves in time.

Lemma 6.5. Let (v,w) be solution of (6.1) fort € [0,T]. Assume that the
maps © — v(t,z), x — w(t,z) and x — Nt,z) are CY' and that ;4 (t, ) # 0
for every x. Then
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d 1 w;\ |
(L. < ) _ )
dt (L:l1)) = (1 +96%)3/2 /|$—;<351 [od ‘(vz . do —eplilt)
o)l + i)l + O(1) eMdge™. (6.49)

Proof. To begin with, it is easy to verify that
: L 1

&) -
A e )

Because of the assumption that 7, , # 0, one can integrate by parts and employ
the above identities and (5.9)

h/i,mm|2 |72’,x|2 - <72‘,x7 7i,mm>2 = U?

t):/ Vzwaf)/zxt
v 7711}777/1}
0, zmm 1,29 5\2 ,x)T 1,2y iy i
_ [ i Yien) Qe AiYiw)a) | Dies (0090))
|%w| ‘%m‘ ‘%m‘
_/<%‘,m e(Xu( B, vk + Hig wy), S ( K v + By wy)))

|Viz]

dz.

B} + By
o+ [16:O)ll s+ [i(0) 2 — ¢ [ S do

< - 3/2
[y o
+5/ (Z\B vk | +Z\sz||wk| +Z|sz||vk\ +> B |wk|) dx

k#i k#i

< 5 e | (2) ]
T (L 967)3/2 Jyey<ae i/
— eply(t) + e dnMbge =+

dx + || ()] 22 + [|va(t) || o2

and this yields the result. O

Now, we establish the bound (6.28) via (6.49). The L* bound of v;(t) is given
n (5.10), and hence
&)
Vi /g

2
w;
|55 <361 Vi /

d
< 631+ 9572 (— Li(8) — eplalt) + 6(t) |+ [u(0)]| 1 + eMbye™ ).

2

|vs dz

dr <8,

o <361

Finally, we integrate over [f,T] and apply (6.48) and (6.6), to get (6.28).
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6.3 FEnergy method.

It now remains to show that the cutoff terms in (6.4) are controllable, i.e., for
eachi=1,... n,

T
| [ e (il + lwial) s = 61| da dt = O(1)3%. (6.50)
t

It is easy to see that there is no contribution from the component source terms
of this category, when the cut-off function 6; is not active, i.e. in the region
’;’—‘ < 01. The interaction of waves of the same family due to the wrong choice
of speed is treated by employing energy functionals. We introduce, in advance,
additional cutoff functions, n and (, that simplify the interaction. Consider a
smooth even function 1 : R — [0, 1] that satisfies

Olsl< % 6.51
RE 5| > 4% (650)
=75
with bounded derivatives
21 101
7' (s)] < =, n"(s)] < = (6.52)
01 01
Similarly, we define ¢ to be
01
C(s) = n(lsl = =) = n(s), (6.53)

as shown in Figure 3. For shorthand, we will be using n; = n(%*) and ¢; =

1+

—51 - 51 S

Fig. 3. The cutoff functions n(s) and ((s).

¢(*2). In the following lemma, we establish some useful relations between v;,
w; and v; », which we apply afterwards to the cutoff terms. The aim is to
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reduce the integrand of (6.50) into controllable terms and other new terms
and to treat the latter by means of energy methods.

Lemma 6.6. If |w;/v;| > 381/5, then

wil < 2[vi | +O(1) - 80 Y (0] + [vj.0] + |w;]), (6.54)
ji
5
lvi| < 2—51|vi,x| +O(1) -0 > (vs] + [vj.0] + |wy)). (6.55)
i

If lwifvi| < 61, then

Vie| < 261 |vi| + O(1) - 60 D _([vj] + |vj.0] + |wj]). (6.56)
I

Proof. As a result of the decomposition (5.1), the identity
ug +eg(u) + A(u)uy = Ugy (6.57)

can be written as

Z(wz — )\:Uz)ﬁ + Z 'UZAA(U)’I:Z = Z 'Ui@’l:i + Z V; [ Z Uj’l:i7u’l:j —l—’l}i,xﬁ'ﬂ) — 9,’75077,'70 .
i i i j

i

Taking the inner product with 7;, yields

Vig = wi+ (N = A))vi + 6O, (6.58)
where
O, Z -\ Uj (T3, 75) + Z i, A(u))75)v; — ZZ(fi,fj,ufk)vjvk
J#i j#i j#i k
— D (P, )0V + Y (Fiy Fio) 0050 — D (Fiy ) Vg
i i i
=0(1) - do ) _(|vs] + [vjl + [wy]). (6.59)

J#i
From this point, the proof follows easily if one adjusts the argument in the
proof of Lemma 9.1 in [6] to this setting. O

Now, we reduce the integrand of (6.50) to an expression that is easier to
deal with. As it is mentioned in the beginning of this section, the quantity
|w; — 0;v;| vanishes when |w;/v;| < ;. Otherwise, |w; — 0;v;| < |w;|. By means
of the cutoff function ¢ and the relation (6.54), one has

lw; — O;v;| < |Guwi| < G (2|Ui,x| + O(1)d0 Y _(|vj] + vja] + |wj|)) :
i
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Applying Schwarz’s inequality, the integrand in (6.50) becomes

(|sz|+|wzx|)|wz 902| < (|sz|+|wzx|)<2(2|vzx|+o 502 |UJ|+|UJx|+|wJ|)
JF#i
<3y, + Gy + O0(1) - 60 Y (Jiel + wial ) (0] + 070 + [w5]),  (6.60)
J#i

because (; < 7; and one may take O(1)dy < 1. By virtue of the results in
Section 6.1, it suffices to show

T
/ / ettnw? dr dt = O(1) - 62, / / el drdt = O(1) - 62, (6.61)
t b
foralle=1,...,n

To begin with, we study the term nivzm. Upon multiplying the evolution equa-
tion of v; given in (6.1) by n;v; and integrating by parts, we get

2
V¢
/772'%2,9@ dr = — /(mé)t +¢ vaz’ (Bfkvk + Hz’kwk) dx
&
. V2
+ /(m,t + Aifliw — 7]1:2:2)7 dz

- 2

In what follows, we show that the integrals on the right-hand side of (6.62) can
be bounded by controllable functions. We start by computing n; ¢+ Xif; » — 1 22

3 1 w; Uiz (Wi w;\ 2
Nit + Niliw—Ni gz = 1, (%‘— - ¢z—2> + 2n;— (_) — 1 (_>
Vs v Vi /g T

i i i U;

1 W;
— 57}2 Z ((Klkvk + Bfkwk)v— — (Bfkvk + sz“ﬁc)?) . (663)

k )

Applying (4.7) and (6.54) and by account of (6.52), we deduce that for suffi-
ciently small g, |\; — Af| = O(1)dy << 61, therefore the third integral on the
right-hand side of (6.62) is expressed by

02
|/)\mm L dx| = }/ —Al) xm?l dx

* D
< WA= Xl - [ [hllwian, — vl + 5o

2

- [0 0L ) o

+O(1) 0 S (1vi0vs] + [05.0070] + \vi,mwjp]dx
J#
1
S / |wi,xv,~ — 'Ui@'wi| + O(l) . 50 Z <|U¢7x1}j| + |U¢7x1}j,x| + |'Ui7ij |> + 5771’1112@ dzx.
i
(6.64)
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By the definition of 7;, the derivative n] is nonzero on the region 2t < |w; /v;| <
01. This, together with Lemma 6.6 yields

w; wy
e (2) | <2 (49
Vi / ¢ Vi /¢

+0(1)- b [ﬂé”i%‘ (%) ViV (%)

/ W;
N;viw; \ —
JF#i Vi /2

< O ity = wivial + O - dolif] 3 (Jogwial + oyvial |
JFi

<2

‘ni,:vvivi,x| =

- +

1

. ) . (6.65)

7

+ |ijz | + |wJUZ ol [—

+[v),2Wi 2| + |0 20; :c| 0

(2

Combining (6.63), (6.64), (6.65) and (6.62), we arrive at the following estimate
1 2 vi §
2 /nivi,x dr < — /(772‘7)15 + 52%’% (Bikvk + Hikwk) dz
2
/|77z (Jviti] + |wigil) do + 2/ ;v 12(_)

[/ |wz zV; — W;V; :c| dI + 50/ |771| Z (|U]wl 96| _I— |’U]U1 SC|
J#i
) o] + / il da

Lo /|wmvl viewi| dz + O(1 502/\1)”303\+\vmw]\+\vmvﬂ\d$
JFi

- — /17Z Ko, + szwk) (Bikvk + Hikwk)wi) dx. (6.66)

dx

+ |w1wz o + |wﬂ)l ol [—

+[vj,2vi x| v

Recalling the dissipativeness hypothesis and multiplying by e®*!, we obtain
the desired integral

2/ Ml de < — / e“tm d:x: + O(1)edye 2 M
+ §/e€”t|77i (|vabi| + |wigs|) dz + O(l)/ea‘ﬂwi 2V — Wiv; 4| dx
+ 03 [ ) Y (Joswnal + fojoial |2

J#i
" 2 2
d / < >
) x_'_ 2 772 7 i .

803 [ (i | + sy + vy de+ [ il de. (6.67)
JF#i

i

dx

—i—|ijl o + ‘wjvl o |—

Finally, to show that nv m is controllable, we integrate over [£,T]. Assuming
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(6.6) holds and recalling (6.5), (6.9), (6.27) and (6.28), we conclude

/ / mvmdxdt</ () dz + O(1) 653M/ e M dt
+0(1) / /ea‘” lvabi| + |wis]) dz + O(1) / /65“t|wmv,~ — w;v; 4| dz

Lo 50/ / eutz<|v]wm|—l—|v]vm|—|—|v]xwm|—|—|v]xvm|
JF#i

+ |wjvi | + |iji,x\) dx dt

2
7 0
‘ |<51 Ui/ x

+5OZ/ /a’“t 03205 + [vigwj] + [vi20;0]) do dt = O(1) - 6. (6.68)
J#i

T
d:vdt+2/ /ee“t|vi¢,~|da:dt

Now, we proceed to derive the corresponding estimate for Ciwﬁx. We start out
again by multiplying the evolution equation of w; given in (6.1) by (;w; and
integrating by parts

/Qwixdx:—/( 7t+€ZC2wz( kvk—l—Bkwk) dx
)w

+/Czt+)\<z:c szx
_ / QAME dr — 2 / Giotwiw; o d + / Guwpbsde.  (6.69)

We investigate the integrals on the right-hand side of (6.69) one by one. The
expression ;¢ + NiGix — Gz 1S given by (6.63), replacing n; by (. If ¢; # 0,
then [%| > 4% and Lemma 6.6 implies

wiwsa] < 20vswiz] + O1)0 > ([vj] + )0l + [w5] ) s
J#i
< vl Fwl, + 010 Y (Jvwial + [vjawss] + [wiwia]).  (6.70)
J#i

By employing the above bound, we derive an estimate analogous to (6.64):

< w? 1 2 1 2
/)\1@97 dx SO(l) / |wi7mvi — vi,wwi\ dx + — /’fh”UZ-’x dx + — /CZ’UJZ7m

+0(1 52/2|wmvj\+\wmvﬂ\+\wmwg|)dm (6.71)
JF#i
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Furthermore, if % < || < 0y, then
N o — s |2 2
v; (ﬁ) _ Jwigu 2U2’xw2‘ > w?, — 2w gvial | — || 02,
Vi ) g v; ’ R Y vl
1
> wﬁx — (wfz + vix)cS — v Vi, > 2(w2 — 1)221,) (6.72)
Consequently, the upper bound of wix yields
w; ) wi\ |
|G wwiw; | < 01 |C] (—Z> ViW; 2| < —1KZ/| (3 v (—Z) + ‘Ui,m|2)
Vi /g 2 Vi /¢
wi\ |
=0 fu (2) | Xgzresy + O - vl (6.73)

We now substitute (6.73), (6.71) in (6.69) and also use (6.63) as well as (6.65).
By virtue of the diagonal dominance property, yields

2
%/€€”tCiwz'2,x de < — / (eath%)tdif +O(1) /6€Mt(|vi¢i| + [wigi]) dx
+O(1)dgeMe™" + O(1) | . et

2
wy
) U; (—>
|v_;|<61 Ui/ ¢

+ O(l) / ee“tmvim dx + /ee“t|Qwi¢i| dx + O(l) /ee“t\wi,wvi - vi7mwi| dzx
+ O(l)dg/ee”t > (|w,~7xvj| + Wi 2V ] + |w,~7ij|) dx
JF#i

602/ €Mt|c ‘ <|U]wl IE‘ + ‘UJ/UZ x‘

J#i

dx

+ |vj2wi 2| + |vj, mvml

[

- > . (6.74)

)

+Hwjwi o | + |wjvi|

In view of (6.9), (6.27) and (6.28), (6.6) implies

//%w drdt = O(1) - 62, (6.75)

Therefore, nv7, and Gw?, are controllable, and thus (6.60) implies the validity
of (6.50).

The four estimates (6.9), (6.27), (6.28) and (6.50) together with Lemma 6.1
prove Lemma 3.1. Thus, we have proven that the solution u is globally defined
and satisfies a priori the BV bound

TV{u(t)} = O(1) e TV {ug}. (6.76)

More precisely, under the assumption (6.6) it is proven that the interaction of
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the waves is in fact quadratic with respect to T'V{ug}:

L[ e (ot o)l + )

Hence, all the estimates (6.27), (6.28) and (6.50) are of order ;.

) dadt = O(1) - 63. (6.77)

7 Stability of approximate solutions

Let u be the solution of the viscous hyperbolic system of balance laws
ur + A(u)uy, +eg(u) — gy =0 (7.1)
u(0,2) = u(x) = ug(ex), (7.2)

where ¢ is dissipative. If the total variation of ug is sufficiently small, then the
solution u(t, x) is globally defined and satisfies the BV bound

TV, u(t) < C e TV uy, (7.3)

for all £ > 0, where C' is a constant independent of . This section discusses
the stability of solutions to (7.1)-(7.2). Consider the infinitesimal perturbation
z = z(t,z) of u and its evolution equation

2+ (Au)2), +eDg(u)z — 240 = (uy @ A(u))z — (2 @ A(u))uy. (7.4)

Lemma 7.1. Under the assumptions of Theorem 1.1, we have the following
bound on the infinitesimal perturbation z of u

[zl < Le™[|2(0)]| 1, (7.5)
for some constant L.

The proof of the above lemma generalizes the proof of the BV bound of u and
follows the same strategy. After decomposing z along a suitable basis obtained
in a similar fashion as that for the gradient u, and studying the evolution of
the components of this ‘generalized” decomposition, we proceed with the proof
of this lemma.

Beforehand, assuming that the above lemma holds, we claim that (7.5) implies
that the solutions to (7.1)-(7.2) are stable in L'. Indeed, having initial data u
and v with small total variation and

u* = lim = lim 7,

r— —00 r— —00

for each 7 € [0, 1] we construct a path of initial data to the system (7.1)

' (x) = tu(z) + (1 — 7)v(z). (7.6)
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Then the total variation of 4" is small and the solution u"(¢,-) to (7.1)-(7.6)
is globally defined satisfying the BV a priori bound (7.3).

t,-)

v u

Fig. 4. The solution u” to (7.1)-(7.2), 7 € [0, 1].

Consider the tangent vector

T

27 (t,x) = %(t,x) (7.7)

to the path 7 +— u"(¢,z), as shown in Figure 4. By direct computation, we
obtain that z7 is a solution to (7.4) with initial data

27(0,z) = u(z) — v(x). (7.8)

Therefore, by Lemma 7.1, 27 satisfies (7.5) for every 7 € [0, 1]. Thus, for every
t > 0, we deduce

Lidu™
lutt) = o0l < [T ar
1
gLe‘W/ % — || dr = Le"||u — || 1. (7.9)
0

This proves that all solutions with small total variation are uniformly stable
in L'. In view of the above discussion, the bound in Lemma 7.1 is crucial to
the stability estimate (7.9).

In Section 5, we discussed extensively the decomposition (5.1). Observe that
the speeds o;(t, x) of the viscous traveling waves selected in the decomposition
might be discontinuous as a function of (¢, x). However, for each i, we can
modify the speeds to smooth functions and the decomposition (5.1) still holds
with the new choice of speeds. By this modification, it is not difficult to see
that the components v; and w; still satisfy a system of the form (6.1) and the
component source terms are controled as before

;/t [ e (16 + sl ) da dt < . (7.10)

35



From now on, we consider the decomposition (5.1) along the gradients of
viscous traveling waves whose speeds o; are smooth functions of (¢, x).

We now return to Lemma 7.1. Having u as a reference solution of (7.1), we
consider the infinitesimal perturbation z of u, which satisfies the perturbed
equation (7.4). Observe that z = wu, or u; are solutions to (7.4). In order to
prove the L' bound (7.5), we employ the same techniques applied to prove
the BV bound (7.3) on u with some appropriate modifications. By Proposition
2.3, the bound (7.5) holds over an initial time interval [0,#]. For later times,
we decompose z into a suitable basis 7; ¢ = 1...,n, and study the evolution
of the components of this decomposition.

We denote the flux of z by
Y=z, — Alu)z. (7.11)

We decompose (z, y) pointwise along a suitable basis so that the decomposition
must be compatible with (5.1), when (z,y) = (us, us + £g(u)). Given u and v,
we seek (p, q) € R?" so that

z = Zpifi(uavia)‘;k - 9(@)%

i=1 pi (7.12)
_ * ~ * q;
Y= (g — Ajpi)Fi(u, v, A} — 9(];))7
=1 7

where 6 is the cutoff function defined at (5.3). We use the following notation:

bi
6; =0 <%> and ;= (7, A(u)iy). (7.14)

In general, 7; # 7. Using the above notation, the fundamental identity (4.3)
becomes

~ ~ ~

(A(u) = NI)7y = v, (f’zufz + (A — A] + Ql)) (7.15)

The following lemma corresponds to Lemma 5.1 and establishes the validity
of the decomposition (7.12).

Lemma 7.2. If |u—u*| and |v| are sufficiently small, then given (z,y) € R,

the system (7.12) has a unique solution (p,q). Moreover, the map (z,y) +—
(p,q) is Lipschitz continuous and in particular, it is smooth outside the man-

ifolds N; = {(p,q) ER?: p,=¢q = 0}, i=1,...,n.
Proof. The proof is similar to that of Lemma 5.1. The uniqueness is immediate,
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because z and y are uniquely determined by p and g. We define the map
G :R" x R" — R

i=1

(7.16)

piTi(w, v, A — 9(‘“))

pi
(g = \rpi) i, 03, A; = 0(2))

We prove that the Jacobian matrices of G; are uniformly bounded and invert-
ible for small v;. Indeed,

.@(pz', qi) = (7.17)

A i g
oG _( o), b Oifio
0w @)\ —xiv; 7y qgegya )\*9’ ¢ i NG, — Lgip,
; pi
= Mo+ M. (7.18)

By virtue of (4.5), 7., = O(1)u;, hence M; — 0 for |v| small and therefore,
the Jacobian matrix is invertible. By the implicit function theorem, for each
(z,¥) in a small neighborhood of the origin of R?", there exist unique p and
¢ so that (z,y) = G(p,q), i.e. (7.12) holds. Moreover the map G is Lipschitz
continuous on the whole space and in particular, it is smooth outside the
manifolds /\7@-, i =1,...,n. This completes the proof. O

Our goal is to study the evolution of the components p; and ¢; of the decom-
position (7.12) and in particular, to prove that they satisfy a parabolic system
of a similar form to (6.1). However, the map G defined in the previous lemma
is only Lipschitz continuous and hence the same holds for p and ¢ as functions
of t and x. This raises some difficulties because the derivatives of p and ¢ may
not even exist everywhere. We overcome these difficulties by approximating z
and y by smooth functions. See more details in [6]. Therefore, without loss of
generality, we shall assume that z and y are smooth functions.

The following lemma passes the information for the perturbation z and y
stated in Corollary 2.4 to the components p; and ¢;.

Lemma 7.3. Assume that the bound (7.5) holds for t € [0,T]. Then for all
t € [t,T] the perturbed components p;, g; satisfy the estimates

i ()l Nlas(8)llzr = O(1)doe™", (7.19)
lps(B)l| o= llgi(@)llz>, [1pia(®)llzr, lgia®llz = O(1)d5e™, (7.20)
Ipic(®llz,  [lgia(t)lle = O(1)d5e™". (7.21)
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Proof. As long as (7.5) holds, using standard parabolic theory, we can control
the L' norms of the derivatives of z as stated in Corollary 2.4. Since the
map G : (p,q) — (z,y) is uniformly Lipschitz continuous, to justify (7.19)-
(7.21), one needs to repeat the argument in the proof of Lemma 5.2 for the
perturbation z, using (7.5) and (2.28)-(2.30). O

In the following lemma, we prove that (p, q) satisfy a 2n x 2n system of viscous
balance laws with source and we establish some bounds on the various terms
that appear in this system.

Lemma 7.4. For |u—u*| and |v| small, the decomposition (7.12) holds. The
unique solution (p,q) of the decomposition (7.12) satisfies a 2n X 2n viscous
hyperbolic system of balance laws with source of the form

AD Bt H )
"l o Y R I s I 0 1 O PG %)
a), 0A] \q q K B \q \J
where A is the n x n diagonal matriz with entries {\;} and the matriz (% gb )
15 diagonally dominant. More precisely,
B — By = O(lu —u’|, o)), | Hijl, [ K| = O(Ju—w™], Jo]) - (7.23)

and when (u,v) = (u*,0), B! = B* = B(u*) = R(u*)"'Dg(u*)R(u*). Further-
more, the source terms in (7.22) satisfy the bounds

Gi, i =0(1) - <|Pﬂ)j| + |qvj| + pivja| + Gvje| + [piws| + [qw;| + |picw;)|
J#i
+ |qi,ij| + |pi,xvj| + |Qi,x'Uj| + |pi,x'Uj,:c| + |q:',:cvj,x| + |pZQJ,x| + |p2p],x|

+ |Piatiz| + |PiaPiz + 1GD ] + |Qin,x|> — Transversal

+0O(1) - Z <|Pj,:cwj — PjWj | + 192w — W) 2| + |¢2Di — Diwtil
J

+ P2V — Djviz| + 1¢j2v; — qjvj7x|) — Change in speed, Linear

+0()- 3 (lesl + Ipsl ) s

J
+O) - > (Il + lazel + Ipjvs] + lgjos]) - [wj — 0505 — Cutoff

J

+OQ) Y |pioj| + lgj¢;| — Source of gradient component v
J

+0(1) - <|pjvk| + |pjwi| + |gjvk| + |quk|). — & — Order Term (7.24)
ik

qj ‘2 o :
- . ange in speed, Quadr.
<p'>x X{'Z—§|<351} ge in speed, Q

J

Proof. The proof is given in Appendix B. O
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In what follows we study the relation between p;, ¢; and p; , as in Lemma 6.6.
We first substitute (7.12) in the identity y = 2z, — A(u)z, to get

Z(Qi - )‘:pi)'fi = meﬂ - ZA(U)PZ@ + Zpivjfi,ufj

@ 1,J

+ Zpivi,mfi,v — szémf‘w (7.25)

By taking the inner product with 7;, then

¢ = Pia — (\i = X)pi + 6y, (7.26)
with
6. = 0(1)80 Y (Ips + Ipjal + las1). (7.27)
J#i

by the estimates (4.5), (4.8), (5.10) and (5.11). Having (7.26), we establish the
following relations:

Lemma 7.5. If |q;/p:| > 301/5, then

@i < 2lpial + O1) - 00 > _(Ipjl + Ipsel + las1), (7.28)
J#i
)
pil < 2—51|pi,x| +O(1) - 60 Y_(Ipsl + [psl + lgs])- (7.29)
j#i

If |qi/pi| < 01, then

[Pia| < 201pil + O(1) - 00 D _(Ipjl + Ipjl + lgs). (7.30)
i

Proof. The proof is analogous to that of Lemma 6.6 in Section 6.3. Use (7.26)
and (7.27). O

We naturally extend Definition 3.2 of controllable terms to this setting, i.e. a
scalar function (¢, x) is called controllable if for fixed T > ¢,

é/;/ew (I6s(t, 2)] + [i(t, 2)| ) dadt < &g (7.31)

implies
T ~
[ / e E (L, z)| dadt = O(1)52. (7.32)
t

By employing the same tools with those implemented in Sections 6.1, 6.2
and 6.3, we prove that all perturbed source terms (7.24) are controllable. In
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particular, if (7.31) holds, all transversal terms in (7.24) satisfy

[ e (1wl + lawesl + ool + aiwgel + o] + gy + ooy + oo
+ PiaV)z] + 162V 2| + |Diow;| + |G ew;| + |Pigjz| + |PiDj 2|
+ Pialel + Pialie + @) | + |Qin,x|> dz dt = O(1)53
(7.33)

for j # 4. This is an immediate consequence of Section 6.1. Moreover, for each
1=1,...,n, we introduce the curves

W) = ([ wttwdy, [ ptty)dy) (7.34)
and similarly 7”9 (¢, ), 7P (¢, 2), 79 (¢, 2), vP9(¢, 2) etc. We study the
evolution of these planar curves as presented in Section 6.2 and introduce the
corresponding area and length functionals. For example,

AGED AP =5 [ @) A Wl dedy (739
(vp) gy (v,p) _ 2 2
£07() = L7 (1) = / Jerta) +pitayde (7.30)
for i, 7 = 1,...,n. We obtain bounds on the time derivatives of these func-

tionals similar to those in Lemmas 6.4 and 6.5. By integrating over [£, T],

T
/i /eaut<|pj,xvj — DjVjz| + 16205 — @vj 2| + |Djaw; — Djw; 4]

1030 = 5] + s — apie ) dodt = O(1) -8, (737)

2
[ ). .
9 <351 pi pi),

From (5.10) and (7. 20) it follows
2
(7)
b Y2

I

The terms in the last two categories in (7.24) are controllable. Indeed, by
(7.10) and (7.20), we have

and

dzdt = O(1) - &. (7.38)

(o] + |pal) e drdt =0O(1)- 5. (7.39)

T
/1E /ewt (Ipic| + l@ss]) daedt = O(1) - 62, (7.40)
forall e =1,...,n, and by Lemmas 5.2 and 7.3, we also have
T
= [ e Umuel + pgunl + lgguel) dode = 0() 68, (7.41)
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forall 7, k =1,...,n. It remains to show that the cutoff terms are controllable.
By employing energy methods as in Section 6.3, we can prove the estimates

T T
[ / et de dt = O(1) - 3, / / el drdt = O(1) - 62 (7.42)
i ’ i ’

Having the above bounds, it is easy to derive that the cutoff terms are bounded
by controllable functions. For explicit calculations, see p. 54-55 in [6]. Here,
we just state the result.

T
/ /ewt (1iel + 1iel + [psvi] + lgsvi]) |ws — Bivs| de dt = O(1) - 62, (7.43)
t
Thus we have shown that all perturbed source terms in the parabolic system
(7.22) are controllable.
Lemma 7.6. Let z be a solution of (7.4) such that fort € [t,T], z satisfies
|z(2)|| < Soe™ . (7.44)

Suppose the source terms satisfy
T noo -
[ e (16it.)l + 1t 2)]) dadt < 5. (7.45)
t i=1
Then we have the estimate

/{T/ewt zfj (16:(t, )| + [di(t, x)]) ddt = O(1)62. (7.46)

Proof. In view of the discussion before this lemma, the estimates (7.33), (7.37),
(7.39), (7.40), (7.41), (7.43) yield the result. 0O

Here, we conclude the proof of the uniform L' bound (7.5) of the infinitesimal
perturbation z:

Proof of Lemma 7.1. Having

12(0)[| 21 < c—= (7.47)

8\/51-6
where k is given by (2.3), the solution z(¢,z) to (7.4) exists on an initial time
interval [0, ﬂ This is established in Proposition 2.3. Moreover, the perturba-
tion z satisfies the bound,

%_ peu t € 10,1]. (7.48)

J20)ler < 3 5=
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According to Proposition 2.2, this solution can be prolonged in time as long
as the L' bound remains small. To extend the bound (7.48) to all times, we
argue by contradiction. Choose T to be the time

T = sup {T; ;/;/ewt (16:(t, 2)| + Gt 2)]) dwdt < %} (7.49)

Suppose T < oo, then by Lemma 7.2, the decomposition (7.12) holds for all
€ [t,T] and

t
Ol < ZHpZ Mo <3 e (Dl + [ [ e 16i(5,2) do ds )
i=1 7

do

< D2 nll2(f) 1+ G < Be (7.50)

By (7.49) and (7.50), for sufficiently small dy, Lemma 7.6 implies

T eut (|2 - 2 do
S [ [ (18t a)l + 1t o)) dedt =0 <3, (751)
which contradicts the choice of T in (7.49). This completes the proof. O

In the view of the above discussion, one has the stability estimate
|lu(t) —v(t)|| < Le ||u(0) —v(0)| 11, t>0 (7.52)

for any two solutions to (7.1).

8 Convergence of approximate solutions.

Up to this point, we proved that the solution u(t, z) to

up + A(u)u, + €g(u) = Ugy (8.1)
u(0, ) = a(x) = up(ex), (8.2)

is globally defined in time, its total variarion remains small according to
TVu(t)=Ce ™ TVi=Ce ™ TVuy, (8.3)
and it is uniformly stable, i.e.

lu(t) —v(®)l|: < Le*[Ju — | 1. (8.4)
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An immediate implementation of the stability estimate is a uniform L' bound

1
u(t) = w'llos < Lea—uli = Le < fup —wl. (85)

We now focus on the continuous dependence of v in time. By Proposition 2.2,
Corollary 2.4 and (8.3),

%—(50 et for t < t
Jua®) i < Cooe™ forall £>0, Jup(®lle < { YL
0c~ent for ¢ > {.

Vi

Hence the identity u; = uz, — A(u)u, — eg(u) implies

(@)1 < MJuae (O 1 + [[A(w)usll L + ellg(w) || e
1
< L1+ —=)e =, 8.6
- ( 2\/1_5)6 (8.6)

for an appropriate constant L’. For fixed times ¢t > s > 0, by integrating the
above estimate over [s, t],, we get

fut) = (o)l < [ )l e < 11 [ (14 ) ar

< Ve (|t — sl + [Vt = V3. (8.7)

Our results so far refer to the solution of the parabolic system (8.1)-(8.2).
However, in view of the discussion in Section 1, by rescaling the coordinates,
our analysis can be extended to the vanishing viscosity approximations u® =
u®(t,x). Consider the viscous hyperbolic system of balance laws (1.8)-(1.9)

and recall that
t x

u(t,x) = u(—, —), (8.8)

g €

where u satisfies (8.1)-(8.2). Hence the parabolic system (1.8)-(1.9) has a
unique solution u® globally defined and for uy — u* € L' with TV {ug} < do,
then

TV{u(t)} =TV{u(t/e)} < Ce ™TV{ug}. (8.9)

If v° is another solution of (1.8) with initial data vy € L', then by (8.4), we
obtain the stability of solutions to (1.8):

[ () = v (@)l = ellu(t) — o)l < Le[lug — vollr, (8.10)

Finally, the continuous dependence with respect to time for solutions of (1.8)
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is expressed by

[u(t) = w ()l = ellu(t/e) - U(S/6 ||L1

ot )

=L (|t - s| +\/E|\/Z— Vsl) e, (8.11)

for t > s > 0. By Helly’s Compactness Theorem, a convergent sequence
{u*m}, may be extracted with €, | 0 as m — oo, whose limit is denoted by
u, i.e.

u™ (t) — u(t) in L, (8.12)
for all t > 0. The limit u(t,-) is a BV function which satisfies

TVu(t) < lim inf TV {u"(t)} < C e ™TV{ug}. (8.13)
Moreover, by construction, u is the admissible weak solution to

up + f(u)e + g(u) =0, (8.14)
u(0, ) = ug(x), (8.15)

when (1.8) is in conservative form, i.e. A(u) = Df(u). This completes the
proof of Theorem 1.1.

A The evolution of the components (v, w) in the decomposition.

This appendix presents the explicit calculations that derive the system of
viscous balance laws (6.1) of (v, w). It further studies the various terms that
appear in the component source (¢,) of the system (6.1) and by laborious
work, demonstrates that ¢ and v are bounded by terms in the four categories
given in (6.4).

To begin with, upon differentiating (1.13) with respect to x and ¢ respectively,
one obtains the evolution equations of u, and wu,

Ugt + (A(u)tz)e +€(9(1))z — (Us)zz =0

(A1)
u + (A(w)ur)e + £(9(u))e = (tt)on = (ug @ A(u))ue — (ur © Au))u,
The system (6.1) arises by rewriting (A.1) via the decomposition (5.1)
Uy = Z Uifi(ruﬂ Vi, Ui)?
ot (A.2)

U + 6g(u) = Z(wl — )\:’Ul)fl(u, Vi, Ui)-
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Differentiating (5.1) with respect to x and using the identity (4.3) yields
Ugs—A(U)u, = Z V; 2T + Z Vil 0 — Z A(u)vify
= Z Vi oTi + Z ViU T — A(u)7]
~ / wz ~ ~ ~
+ Z Vi[Vi 2 Tiw — 0; (U—) Fig) + Z ViUsTiul )

—sz ST+ sz i A — 0)viTi )

,UZwZ T ,UZ Z‘wl

+ Z (% [Uz',:cfi,v - ei(T 1,0 _l' Z UZ,U]TZ urj

i g i#j

= Z(Um — S\ZU’L)[,FZ + T + 0] (%) Tiol
— Z(ww — S\sz)ﬁgfl,o -+ Z ’U?()\Z( — 92‘)%,1} —+ Z vivjfwfj, (A?))

and

e — Ay = <Z(wi . A;%%)x = Au) S (wi — vy

—eDg(u)uy + cA(u)g(u)
- Z(wz,x - )\:Uz,x)fz + Z(wz - )\:Uz)[fz,uux + fi,vvi,:c - fi,aei,x - A(u)":z]

= Dg(uyu, +AWg(w)
= Z |(wia = \via)7i + (w; — N0 (0iFiuf's — A(u)7)]

Wi V5 — Vj W5
* ~ y Wi,xUq 1,z Wi ~

+ Z — N0 U;T T + Z — X)) [V zTi 0w — 6 —v2 Tiol

i#£j )

—eDg(u)uy + cA(u)g(u)
- Z(wivm = Aii)Ti + Z(wi — X)) (=N + (= A = 0)viT,)
+ D (wi = N vty + Z — N [vi gy — O m i Tl

) ]
Z;A‘] ’UZ2 1,0

—eDg(u)u, + cA(u)g(u)

w?
w~ -
_Z Wi — Mw;)[Fs — er +Z Viw — AU [wiiy + 0 ; o)
’l
+ Z w,vZ m ot Z WiV;T T
i#]

L o]+ (Wi — Aw:) (—007 )

i

-y A:{@i,x A+ vt + 0

+ v (AF — 0:)Fi0 + Z vivjfi,ufj} —eDg(u)u, + cA(u)g(u). (A4)
i#£]
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In addition, by differentiating (5.1) with respect to ¢, one gets

Uy

~ ~ ~ ~ y W tte 1,t Wi
Uyt = Z Vi + Z V; (Ti,uut + TiwVis — 7’1'7092-—2>
—Zvltrl+vl7’w+9 7’“, +sz >\’U] Tiul;
+ ) wig[—OiF . — € Z VT ug (W), (A.5)
i i

and

Uy = Z(wi,t — Nv )T + z:(wZ — Nv)Tiy —eDg(u)uy

W; tV; — Vit W5

= Z(wi,t — N v )T + Z(wz — N0 [Fi iy + T pUip — O ————5—— 2 — T o]
—eDg(u)uy
. w;\ 2 _ . w;
= Z Vi ¢ [wiTi 0 + 92 (U—Z) Tio) + Z w4 [F; — Hév—fn,o]
i i i i

_Z)\ {v,tmjtvmvjt@ rw] Qw”rwjtz:vl )\vj)rwr]}

+ Zwi -\ UJ Tiulj — 52 — N v)Tiug(u )— eDg(u)ug.  (A.6)

Once more, taking the derivative of u,, — A(u)u, and uy, — A(u)u,, which are
given in (A.3) and (A.4), with respect to z, it follows that

(te)ee — (Atr)e = 3 (Vigw — (iv)s) [Fi + vifio + 07 ]

7 Z

+ Z (wi,m - (S\sz)m) 7’z o) F Z Uiz S\ZUZ> [Z VT ulj + 2052750
i J

Wi ~ ~ ~ ~
+ (_ez,x + (922}_) ) Tz’,a + Z Uivjri,vurj + 'Uivi,xri,vv
T

J
0.+ 0. 0, .0/
( UZ ZSC_I_ UZSCTZUJ+ZU] ,UTZUUTJ ’UTZUU
] 3 1

/o~ /s ’ ~ / ~
- Z Wiy — Aw;) {—Hi,m,g = 0T guTy — 050 5T 00 + 91-91-@7“@-,00}
J

+ Z (U?(A? - ei))xﬁ',v

+ Z V;V; [Z Uk (P (T @ Tk) + TiuTjulh) + ViaTiwoT + VjaTiuljo
i#] k
— Hi,xfi,ugfj — Hj,mfi,ufj,0:| + Z (Uﬂ)j)x fi,ufja (A7>
i#j

+ Z U?()‘: - 9@) [Z Ujfi,vufj + Ui,xfi,vv - Hi,gcfi,vo
7

J
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and

(te)ar = (Auw)ur)y = 3 (Viex — (Aivi)z) [wifi o + 6 ;f o]

+ Z (wi,x:c - (S\sz)x) [fz wl fz o + Z (% )\ iVi [wi,x":i,v
i ” )
+ Z WiV;T50uTj + WiVizTive + ( — wib; , + 0. (—) Ui,x) Tiwo
J
w; \ 2 w;\ 2 w;\ 2
9/ <_Z> 'Nz' Ju~' _9/ (_Z> eix~i oo 9/ <_Z> Nz' O':|
—l—;z v VT oulj i\ % zTioo + | 0 v mr7
+ Z(wm — S\ZU)Z) |:Z ’Ujfi’ufj + Ui@fiﬂ, — (92@ + (92%) ) 7:2"0
i j Vil g

Ww;
/U~ /
- E U] Tz O'UT_] Ui,mei v Tiov + 02 w‘g Tz oo]
1 (%

+ Z vw; (A — 6;) [Z ViTiouTj + ViaTiww — ei,zﬁ',m]
i

J
—+ Z (’UZU)Z()\: — ‘9@))90 7:2',@ + Z(wivj)xﬁ-,ufj
i i#
+ Z W;iV; [Z U (i (T @ Tr) + TiaTjulh) + ViaTiwoT;
] k

+ Vjaliuljo — 97, aliuoTy — 9]‘ xri,urjﬂ]

- Z )\;k{('uz T )\ 'Uz)[rz + 'Uzrz U + 9/ 0: Tz O'] + (wi,x - )\zwz)(_eifz,a)

(2

+ U?()\;-k 0:)Tiv+ Z V;U;T, urj}
i#]

—e(Dg(u)ug), +(u, @ A(u))g(u) + eA(u)Dg(u)u,. (A.8)

Finally, combining the above and by account of (A.1), we end up with two
vector equations that describe the evolution of v and w:

Z(“ivt + (S\ivz’)x Vi ga) [Ti + Vi 0 + 9’ L7, ol

i i
+ Z(wi,t + (S\Z'wz):c - wi,xx)[_egfi,a]
+e Z vi[Dg(u)7; — ) o7 Z o, (A.9)
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S (0 + Ouvi)e = Vi) i + 0150 ) o]

i K3

+ Z wit + (S\U)z)x w; xw)[ Ty 0/ wlfz cr]

Z

_Z)\{'Uzt“‘ )\'Uz)x szx)[rz_l'vzrzv_l'elvrza]

(2

~ (wig + (hiwi)e — wise)| ;a-,g]}
+e Z ; — Av;) (Dg(u)T; — 7u9(w))

+fgp%pg@Awy_Awnmmy—ﬂm.A@o+w@.Dﬂm>@:

= Zﬁi — N, (A.10)
with

Z o = Z 'Fi,u":i[vi(vi,x — S\ZUZ) - 'Ui('wi - )‘:Ul)]

+ Zfi,ufj [Uj(vi,z — S\ZUZ) - Uz‘(wj - )\;Uj) + (Uivj)m]
i#]
+ Z Tiw [2Uz‘,gc(vi,m - S\Z/UZ) + (7%2()‘: - 92))96]

+ Z ’Fi,a [('Ui,x - 5‘1”2)( - 92',:0 + (9;%) ) - eé’w(wi@ - 5\Zujl)

7 x

+ Z ’Fi,vufi ['U?()\;k - 97,) + 'Uiz (,Ui,x - S\Z'UZ)]

+ Z fi,vufj [’UZ"U]‘ (U@m — S\ZUZ) + ’U?’Uj()\;-k — 92)]
i7#]
+ Z T 00 [ViVi 2 (Ve — S\ZUZ) + 03,507 (A} — 6;)]

+ Z ’Fi,va {('Ui,x - S\Z,UZ)( Uzez T + 9, 'Uz x) egvi,x(wi,x - )\zwz)

—ﬁggy—@ﬂ
+ Z TiouTi|(Vize — S\ivi)%wi - Hévi(wi,x - S\sz)]
+ Z ’Fi,aufj [’U]Hg%('lli’x — S\ZUZ) — ngj(wi,x — S\sz)]
i#j vi
+ Z r; O’O’ Uz T )\ Uz)ez xel + 9 97, x(wz T S\Zwl)]
+ Z (A [ Z Uk (T (T ® Tr) + TiaTjulh) + Vi aTinTio — 0jaTiuljo
i#] k

+ Ui,mfi,uvfj - Hi,xfi,ucrfj ) (A11>
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and

Zﬁz - )\:Oéi = Zﬁ,uf@'[(wi,x - S\iwi)vi - wi(wi - )\:Ui)]
+ Z Tl [ (Wi g — S\iwi)vj —wi(w; — Ajv;) + (wiv;)e]
i#£]
+ Z i (Vig — S\ivi)wi,x + U 2 (Wi g — Nw;) + (vyw;(A] —6;)),]

~ Y / 3 s Wi
+ XZ: Tio |:(Uzm — \iv;) (9 (Uz ) )m — (Wie — Aiwy) (ei,w + (elv_)x )}
+ Zfi,uuﬁ[wivi(vm by Vi) + wul (A — 0; )
+ Z fi,uufj[(vi,m - S\ivi)wivj + wiUin(A}k — 0;)]

i#]
+ Z Ti WiV 2 (Vi — 5‘2”1) + w;v;v; 1 (A] — 6;)]

+ Z 7:72,1)0 [('Ui,x - )\zvz)( - wiei,x + 97/, (U_Z> 'Ui,x)

- (wi,m - S\iwi)vi,gc‘%% - wivi()\;-k - ei)ei,m]
U.

(2

- N 2 -
+ Z fi,aufz' [(sz - /\m)GQ (%) Uy — (wi,x - /\iwi)%wi}
- -\ 2 5 )
+ Z ’I:Z'Jufj [(Uﬁx — )\Zv,)ei (%) Uj — (’wi@ — A,w,)@i%v]}
i#] ? {
- N 2 - )
+ Z fi,oo[ — (Vix — Aiv;)b; (%) O; 2+ (Wi p — Aiwi)ei,meg%}

+ Z W;V; [Z Vi (’l:%uu(’l:] & ’l:k) + fi7ur~j,ufk) + ’Ui,x":i,uvfj + Uj7xf,'7u’r’~j7v
1#£] k

- ei,x":i,uafj - ej,xfi,u":j,a}

+ D (wi = N [(75 @ ()7 — (75 @ A(u))7y]

i
- Z Ar{(vz x )\ Uz) [Tz + Uzrz U + 9 Tz o:| + (wi,x - S\sz)[_‘gz/fz,o]x
; (% T
+ [U?(Aj —0;)Fiw+ Y Uivjfi,urj} Z vi(wj — Ajuy)7; ur]}
J#i
— & Z’Ul(fl ° DQ(U))Uﬂ:] (A12)
J#i

The system (A.9)-(A.10) can be interpreted as a 2n X 2n system in vector
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form

Vit + (5\17)1)90 — V1 gz
~ U1
Vot + (AaU2)y — Vo gy
o)
06 A ' +¢eD - Za (A.13)
a(v’ ’LU) Un,t + (~nvn)x — Unzx W, - Z /62 ) .
Wi+ (Mw1)y — Wi e : i
- ‘ Wy,
Wn,t + (Anwn)m - wn,xw
with
ST T 0 0
p o [l g(u), 7l (A14)
Dy ... Dy, [g(u), 7] ... [g(u), )
[9(u),75] = Dg(u)7j — 7u9(u) (A.15)

Dy; =[Dg(u)A(u) — g(u) ® A(u) +v;(7; ® Dg(u)) — A(u)Dg(u)]#; (A.16)
— A} [Dg(u)ij — 7jug(u)].

j =1,...,n, while the map G is defined in (5.5). In Lemma 5.1, it is shown
that

oG

8(1),10) = Mo —|—M1 - Mo, as (v,w) — (0,0)

It is easily verified that

< 0G )‘11)_) R(u*)~'Dg(u*)R(u") 0
(v, w) 0 R(u*)~"'Dg(u*)R(u*)

as (u,v,w) — (u*,0,0), where R(u) is the matrix of right eigenvectors of A(u).
Since (ﬂ)_l is uniformly bounded, the system (A.13) takes the form:

O(v,w)
( vy + (AU):E — Uz ) +e (Bﬁ H) (U) — ((I)) , (A17)
we + (Aw)y — Wea KB)\w) \¥

where A = diag{\;} and ® = O(1)3;; and ¥ = O(1)Y; Bi. In addition,
the matrix ‘&Bﬁ " ) that induces the coupling in (A.17) is strictly diagonally

K B
dominant. More presicely, we have

ij — B?j = O(Ju —u*|, |v|, |w|), Hi;, Kij = O(lu —u*|, |v], |w]), (A.18)
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and if we regard these matrices as functions of (u,v,w), then

B¥(u*,0,0) = B’(u*,0,0) = B(u*) = R(u*)"'Dg(u*)R(u").

It remains to investigate the various component source terms that appear in
the force of (A.17), given explicitly in (A.11) and (A.12). We observe that all
terms in ® and W that involve a product of distinct components belong to
the category of transversal terms. To treat the remaining component source
terms, we should first note the following facts: We infer from (6.58) that

(Jos] + ws] + |vie| + |wiz]) [vie — (N — A)v; — w;| = transversal terms.
In addition, if |w;| > d1|v;|, then by (6.54) one gets

vi = O(1)vi + O(1)d0 > ([vj] + ;] + [07.0])- (A.19)
J#

Moreover, from (4.5) and (4.6), it follows
fi,aa 7:72,007 fi,au = O(]-)'Uz (A2O)

Now we list all terms that appear in o; and 3; and show, one by one, that are
controllable by account of the above facts.

Coefficients of 7; ,7;:

o U (Vip — Aivy) — vi(wi — Afvi) = vifvie — (A — AD)vi — wi,

L4 Ui(wi,x - S\ﬂﬂz) - wi(wi - AZ%‘) = [ini,w - Ui,gcwi]

+ wi[’l}i@ — ()\Z — )\:)Uz — ’LUZ]

Coefficients of 7; ,:

® 21)1'7;5(1)@'@ — S\ZUZ) -+ (’U?()\;k — Hz))m = 2’02'@[’02‘@ — (>\2 — )\:)UZ — ’UJZ]
+ 20 o [w; — Ogvi] + O pw; — viw; ],

o W, (v, — S\Z/UZ> + v 2 (W — S\sz) + (wvi( A — 60;))e = 2w; . [w; — O;v4]
+ 2w, [V gy — (5\, — X)) —w;| + ()\f — 0, — X\ + 9;%) (Vi 2 Wi — W; 4]

(2
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Coefficients of 7; 5 /v;:

® ;(Vigz — )\ﬂ/i)< —0ix+ <92%> ) — vi(Wig — S\sz)@'x -

Coeflicients of 7; ,,7;:
[ ] U?(U@m — S\ZUZ) + ’U?()\;k — 92) = U?[’Ui,x — (5\1 — >\:<>’UZ — U)Z] + ’02-2 [U)Z — eﬂ)i],

o v;w;(V; x — S\ZUZ) + 02w (A} — 0;) = viw;[vi L — (5\, — A)v; — wy)

7

+ v;w; [U)Z — Ulel]

Coefficients of 7; y,:

o Vi o (Vie — A\0;) + ViV = 6;) = 0052 V50 — (N — Xy — wi

+ Uivi,x[wi - 92‘%’],

L wivi,m(vi,x - Aﬂh’) + Ui,xviwi(A;'k - 92') = WiV g [Ui,m - ()\i - AZ)Ui - wi]

+ wivm[wi — QZ’UZ]

Coefficients of 7; o

® (U@m — S\Z’Ui)(—viei@ + Q;UZ@—QUZ) — (wi,x — S\Zwl)ﬁng — U?(}\j — Hz)ez,m =
U
e Ui,xeg(—viwwi _ ini,m) — ‘91'7:5’02‘(1)1'@ — (5\2 — Af)vl — 92’02)
v;
%

= 29;(01-@? — Wi ) ([vm — (5\2 — AN — wy) + [w; — Hivi])

(3

+ (N = N+ 6,)0: v pwi — viw; ],
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o (Vin — i) (—wiblyo + 0020, ) — (wig — Aw;)0Lv;
U; v

— viwi(A] — 0;)0; 2 =

wy wz 2 / wi,x Uz’,xwi
= 92 ( z x >\ U)Z . i,x - Hiwivi,w - B
7

v; U v; v;

~ w ~
+ )\zezlwz <wi,x - Ui,:c_l) - 9/ ('Uz Wiz )\iwivi,x)
7
wi * /
— — (A = 000 (wi pvi — Ui,mwi)

)

w; ,W; w; W, ~
= 29/ Z( ZU i wi,x>vi,x - 92—2(—27%@ - wi,m))\ivi
Vi Ui Vi Uy
w; w;
ot (05— — Wi e )NV + 005 (w; 0y — Vi pW0;) —
v; v; v;
w; w;
= 262 (030 — i) ([t = (i = N = i) + w1 = B0
V; V;

v

i
Coefficients of 7; 5,7 /v;:

o (v, — S\ivi)wivié’; — (wip — S\iwi)vf% = 0,0V pw; — w; L],

[ ] (U@m — S\Z’UZ>’UJZ29; — (wm — S\Zwl)wlvlﬁi = ngl[vwwl - wmvi].

Coefficients of 7; ;o /v;:

(%

2
o — (Viy— S\ivi)wi‘%ei,x + (Wi — S\iwi)vi‘%ei,x = 922 [Ui (%) ] )

2
* - ('Ui,x B xlv’)wlﬂeiel,x + (wzx )\ Uh)w 0! 91:{: = 9l2wz [ ' <%> ] .

(% U;

To sum up, observe that all component source terms are expressed in terms of
transversal, change in speed linear and quadratic and cutoff terms as stated
n (6.4). It is easy to see that the coefficients of the controllable terms are
bounded using the results of Sections 4 and 5. This completes the proof of
Lemma 6.1.

B The evolution of perturbed components

In this appendix, we study the evolution of the perturbed components p and
q of the decomposition (7.12) and prove Lemma 7.4. The procedure retraces
the steps presented in Appendix A, however more terms appear in the per-
turbed source qg and 1& than before. Also, explicit straightforward calculations
establish the form of the perturbed source (7.24).
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The evolution equations of the infinitesimal perturbation z and the flux y =
zy — A(u)z are:

2+ (Au)z)y +eDg(u)z — 240 = (uy @ A(u))z — (2 @ A(u))uy,
Y+ (A(w)y)e + eDg(u)y — Yor = [uy @ Alu)z — 2 @ A(u)uy], (B.1)

— A(u)[(us @ A(u))z — (2 @ A(u))ua] + (us @ A(u))y — (uy @ Au))z
— &(ux @ Dg(u))z + e[A(u) Dg(u)z — Dg(u) A(u)]z.

The goal is to rewrite the above system in terms of (p,q) by employing the
decomposition (7.12);

z= me U, Uy A] —9( ))

il bi . (B.2)
y = Z(Qi — Aipa)Ti(u, vi, A — 9(];))
=1 7

Here, we only show the calculations of two of the terms, z; and 1;, and the
rest can be obtained in a similar fashion.

2= D Pudfi + D pilFratte + vigfio — O] (B.3)
= Z Piati + Z Dilvietin — 0, W P o] + Z pi(w; — Xvj)Fi ol
— Zpﬂ%,ug(U)
_me P+ 0, %U Zﬁqltrw +mev +Zp2 — N0;)

—€ szrz ug

Y = Z(Qi,t - )\fpi,t)f‘i + Z(% - )\;-kpi)[fi,uut + TinVig — fi,aéi,t] (B.4)
:Z it — )\plt TZ+Z )\pl)[vltrlv_elwf@o]
+ Z — Aipi)(wj — Njvj)Pi Ty — 52 — N pi)Tiwg(u)

- sz t [‘9/ ql } + Z qi, t ‘9/ & 'f’z o _'_ Z ini,t'fji,v
i

+ Z Q’l )\ U] ’l"Z urj € Z (Jﬂ’z ug
- Z )‘ {pzt 7 + 9 Tz O'] HZI'Qi,tfi,U + Ui,tpifi,v

+ Zpl -\ UJ Tiulj — apifwg(u)}.

o4



In turn the system (B.1) becomes a system of two vector equations of the
perturbed components p and g¢:

Z(pi,t + (xzpz)x Di :c:c)[rz + 9 p Tz O’] + (qzt + (xzqz)x - q:,:c:c)[ 9/7,2 O']

i

+e>_pilDg(u)fi = Fiug(u Z &, (B.5)

Z(pn + (\ipi)e — pi,mne'(j;) Piol + (gie + (N)o — Gion) [Fr — 0727, ]

i i

- ZA { pzt _'_ sz)x Di mm)[rz + 9 ]q; 722 o] + <QZ t + (S\qu)w - QZ,m:E>[_ Ag'f’i,cr]}

+€Z )‘*pl Dg( ) Tzug —{;‘Zpl ))722

—&‘sz (u) = Dg(u)A(u))?; vz(n'Dg Zﬁz 56,
(B.6)

where

Z a; = Z FiuTil(Pie — Aipi)vi — pi(w; — Njvj)]

+ > Fiali(Pia — Aipi)vs; + (Pivg)e — pi(w; — Nju;)]
i#]
+ Zrzv pzx - sz)vzm + (pi(vi,x - (

~

i— A+ éz)vz)>x — Pivi
1 4i 1 an [ i
+ Zrzo lpzx — Zp2)< Hzx + (0 p) ) - (ql,w — )\qu)ez (5) ‘|
+ Z TiouTi[DiVi (Vip — (5\2 — A\ + éz)v )+ i [Piviw(Vig — (5\2 — A\ + éz)vz)]
+ Z fi,vufj [pivj(vi,m - (5‘1 - >\Z + éz)vz)]
i#)
+ Z Tiwo | (Dig — j\zpz)é:,vzm& -

i

(qi,m - j\qu)égvm
— pi(Viy — (5\2 -\ + éz)vz)ézx] + P ouli[(Piz — j\zpz)éivz& — (i — S\ZQZ)é;UZ]

- S i Y
+ D Piouli (i — Aipi) 05— — (Gie — \iti) O3]
1#£] Di
4

+ v [Z Ok (FiTjulh + P (T @ 7)) + 0j2Fiuljo + Vialiut
i#j k
— Oatiaiio — Oatiaas] + X pitsl(7y 0 AW = (Frw AT (BT)

2%

+ Z i O’O’ pz T szz)é;éz,x + (q:,a: - quz)égéz,x] + Z (pzvzfz,u(":z - fz))x
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and

ZBZ — Ao = Zﬂuﬂ[(%x — Xigi)vi — qi(w; — Ajv;)]
+ Zfivufj[(%’,x - j\iQi)Uj — qi(w; — A;Uj) + (¢iv5) ]
i#j
+ Zrzv qzm - Zqz)vz T + (Qi(vi,x - ()\ >\* + 9 )Uz))x QZUi,t]

i di N A A i
+ Zrza[ pzx - sz) (9 (p) > - (q:,a: - )\2%) (ez,x + (92 5) )}
+ Zﬁ',mﬂ“i Vig — (5\2 — A\ + éi)vi)%’vi]
+ Z fi,vv[(vi,x - (5\7, - )\: + éz)vz)%vz,x]
+ 3 Pl (Vig — (AN — A+ éi)'Ui)Qin]
i#]

~ ’ Qi \ o N A di

+ Z Tz’,va {(pz,:c - )\zpz)e U :c( ) (Qi,x - AzQz)Uz,xez_
i Di Di
— qi(viz — (5\1 — A\ + éz)vz)ézm]

~

2
+ fo’i,au":i {(pz,x - )\zpz)el < Z) Uy — (q:,a: - )\qu)éz%%}

2
+ > Fioul [(pm — )b, <p2> v; — (e — S\z%)éz%vg}

i i i

2
Al 7 A N A
+ 1,00 zx_)\zze 92:{:‘" zx_)\zzez:cez_
X [ (9ix — 20 (p) o i = N a2

1 1

+ Z GiviTiu(Ti = Ti))s + Z vip; ((7; @ A(w))7y — (75 @ A(u))75)]a

+ Z qiVj {Z Vg Ti,ufj,u":k + Tz’,uu(":j X fk)) + 'Ui,x’ri,uvfj + Uj,xri,u":j,v

i#£j k
- éi,xff’i,ua":j - ej,xfi,ufj,a] + Z('Uin zp])( hd A( ))
2
+ Z A(u)vip;[(7; @ A(u))ri — (7 @ A(u))7;]
+Z Af = Ny (Fi )75 — €D pivy(7; @ Dg(u))7;
i#] i#]

- Z )‘*{ pz T = zp2) [Tz + 9 p Tz ULE - (Qi,x - j\z%) {égfi,a}x

+ {Pi(vm - (5\1 — A+ ei)vi)fi,v} + {pivifi,u(fi — fz)}
+ Z(pz‘vjfi,ufj)m — VitPiTiw sz — A U] T uﬁ} (B-S)
i2i

26



where 52 =q; — > (pwj (7:9' o A(u))r; — (7 ® A(U))fj)-

The system (B.5)-(B.6) can be written in the form

)

WhereAﬁ is given in (A.14), if one replaces 7 by 7 as well as A= diag{jxi}. The
map G(p, q) is defined at (7.16), while

oG
a(p,q)

Again, this implies

< oG >_1ﬁ_> R(u*) "' Dg(u*)R(u*) 0
(p, q) 0 R(u*)"'Dg(u*)R(u*)

.\ -1
for (u,v) tending to (u*,0). Because ( 8(251)) is uniformly bounded, the sys-

tem (B.9) takes the following form:

pe+ (AD)s — Paw BYH) (p o
+e| = ,
@+ (A2 — Qo K B’ \q
Bt

K

= Zaz ((A=Kp) | @ZO(l)Zﬂﬁ((A—[\)q)x. (B.11)

= My + M; — M, as v — 0. (B.10)

)

) is strictly diagonally dominant and

i)

where the matrix (

T

In particular, we have

Bt I ( oG )‘1 R
| ={===] 0,
K B (p,q)
Efj - EE] = O(Ju —u[, |v]), ?Iija Ez’j = O(Ju—u*|, |v|), (B.12)

and when (u,v) = (u*,0), we have B! = B” = B(u*).

In what follows, we investigate the various perturbed source terms that appear
in the source ®, U given in (B.11), i

Qi B — \idi, ((Ai - Ai)pi)xa ((Ai - >\i>qi)x7 (B.13)



and show that these terms are monitored by the controllable functions given
in (7.24)

First, we list some additional functions that are controllable. By means of
(6.58)-(6.59), we get

(10 e + il + il i (s = A — ] =

= (Ipi + bl + el + el ) - 104

= Transversal terms.
Moreover, we have
PilWi gV — Wi o] = [PiWi g — WiPi 2|V + [PixVi — Pivi )W,

Gi[Wi 2V — Wiviz] = [GWiz — G WiV + [¢i 2V — GV 2| W;.
Hence, p;lw; ,v; — w;v; ;] and ¢;[w; ,v; — w;v; .| are controllable. In addition,
the following bound holds

A — A = O) |7 — 75| = OL)wi|6; — 0] = O(1)80; — 63). (B.14)
Since 0| <1,
16; — 0;] < & _ % (B.15)
) (%

and by (6.54) and (7.28) yields

|pivi||éi — 0] < lgivi —wipi| =

[pie = (v = X)pi+ O1)d0 D (Ipy ] + las| + [pj )]s
JF#i

— Wiz — N = A + O S ([vy] + |w;] + |v;2])]ps
J#i

= ’(pi,mvi - Ui,mpi) - (5\2 - 5\i>vipi
+ O(1)do Y _(lvips] + lajvi| + |pjevi] + lwipi] + |vj2pi])
J#i
< |piavi — Viepil + O(1)60|6; — 6;||vips]

+ O(1)d0 Y _(lvips| + lgjvil + |pjcvil + [wips| + vjzpi]). (B.16)
i

For small §y > 0, O(1)dy < %, hence
|pivi(éi —0;)| <lgvi — wipi| < 2|pigvi — ViZpil

+ O(1)00 Y _(|vips| + |gjvil + |pjevi] + [wipi| + |vj2pi]),
i
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whence both pivi(éi —6;) and q;v; — w;p; are controllable.

We consider two regions in which 92 — 6; can be nonzero i.e. |[£| < 6; or
;_i- > 66; and 15_; < 34;. Let x be the characteristic function, then
lqivi(0; — 6,))] < |— 'Ui( i )|X u <65}+|qzvz|251 X{ |6, | 2] <301}

< 651|Pivi(éi —05)] + 251 - 2|giv; — wipil,
0, —0,)) < | & 2

Ipiw;(0; — 6;))] < o |vipi (6; )‘X vy <65}+‘w2pz| 1 X{ 21|55, || <amn)

< 661 |pivi(0; — 0;)] + 451|Qﬂ)z' — wipil.

Now, by virtue of (7.26) and (6.58),

pi,mvi(éi - 92') = ini(éi - 92') + (5\ - )\f)pivi(éi - ‘91')
+ 015 Y (Ipjvil + lajvil + |pjavil), (B.17)

JFi

A~

Pivi (0 — 6;) :piwi(éi —0;) + (5\ - )\*)pm(éi —0;)

+ 010> (Jojpil + lwipil + [v;.2pi])-
J#i

~

So pi,xvi(éi —0;) and p;v; .(6; — 6;) are controllable.

Wy

Here, consider the two regions |7
1

< 341 and ‘%’_ < 36, on which §; — 6; # 0.
In general, these regions overlap. By (6.54), we deduce

a0 (0. — O] < (0. — 0] -
|qwi(8; — 6;))] < e cgpyy 1B =0T X o

W;
— | qivi(6; )IX
)

i

<361} {

< 351|q,~vi(§i - 9i)|X{|f—Z|<351} + Ipiwi(éi - 9i)|X{‘%‘<351}
= 301 |qsvil 16: — 0i] + |pivie — (i = AD)w)|16; — 6

+O(1)do Z (|plvj| + [piw;| + [pivy, r‘>2517
J#i

q; xvz(e 92) - (éz 92)[‘]7, zU; — 'Ui,xqi] + q:vz,x(éz - 97,)
= (0, — 0:)[qi.ovi — ViG] + Gwi(0; — 6;) + q;(Ni — X))vi(0; — 6;)
-+ 0(1) 0 Z (|’qui‘ —+ \qui| -+ |’Uj7mqi|). (Blg)

JFi
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Next, we are going to show that the following terms

pz’(ﬁ'

~ ~

- Ti)m C_Iz'(ﬁ' - f’z’)m pz(j\z - 5‘2):(:’ ql(j\l - j\z)x (B.19)

are controllable.

:pivi(éi —0;) [Z Uj (TLiuA — fi) T+ Uz‘,x—m’vA — ]

j v (6; — 0;) ’ vi (05 — 0;)
v q TAZ o A ff’
+ 9;(]_ ’ [Ui,xpi - pwﬂ%] -+ 9; [Uzqz - qwi,m]
Pi Ui Ui
, Wi ’Fz o 1 Tio
97,_ 7' [Ui,mpl Di xvz] + 9 [wlpl z piwm], (BQO)
qz(ﬂ - ’TA’Z) _qZ/UZ 5 |:Z Tzu Tz u) 7;] + Ui’xm}
7 o6 —0) vi(0; — 0;)

A i A wy -
+ 9; <]q7> Ti,api - 9; <U_> piri,a

A (fzu_'fzu),v fiv_fiv
=P;iV; ‘9@—92 [ ’U'%T‘—F’U@x%]
P ( ) zg: ’ Ui(ei_9i> ’ ’ Ui(ei_‘gi)

2 .
A 7 Tz o i li,o
+ 9; <q_> Us ['Uz zPi — pi,xvz] 9, 4l [Uz% T ini,x]

3 ZUZ

Z ZO’

T.
i 2 — Qiai] + 00— Wi — qiw; ). B.21
o v, Vel T Giati] + 0 |widie — qivi]. - (B21)

+ 0, —

Thus the first two terms in (B.19) are controllable. We can show that p;(\; —
5\2)1 and pZ(S\Z — S\Z)x are controllable if we repeat the above calculations where
7 and 7 are replaced by A, A. From (B.17) and (B.18), it follows that the terms
((S\Z — S\Z)pz)m and ((S\Z — X,)qz)w are controllable.

In the following calculations, we complete the investigation of the terms @;
and ;. First, observe that all terms in (B.5)-(B.6) that involve product of two
components of different families belong to the category of transversal terms.
We show that all other terms in &; and B, are controllable by treating one by
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one. Here we select to present only two of these terms, the coefficents of 7; ,

o (piy— j\ipi)'ui,x“' (pi(vi,:c - (5\2 — A\ + éz)vz))x — PiVig =
= 2[pix(Viz — (5\1 — AX)v; — w;)] + 2[pi(w; — 0;v;)]

+ [pivi,x - pi,mvi] <>\j - éz - 5\2 - 92&> + é; [Ui,in - Qi,xvi]

— 2[])2 x’UZ(j\ + é - 5\2 - ‘9@)] -+ {pi ((5\2 - 5\1>U2)J
- pz¢z +e Z (szpzvk + Hikpi'wk)>

o (¢ — j\iQi)'Ui,x“' (%’(Uzg:c — ()\i — A7 + éz)vz))x — QiU =
= 2(¢i o (Vip — (5\1 — A)vi — w;)| + 2[gi 2 (w; — 070;)]

+ [¢iVie — Qi 20i] <)\ —0;, — \ + 9'?)

2
+ 9/ ( Z) [Di 2V — Vi Di

Di
— 2g;, xvz(j\ + é - 5\2 —0;)] + [Qi ((5\1 — Ai)Ui)J
- QZ¢Z +e Z ( ik iUk + szszk)

In view of the above analysis, we conclude that all terms in the perturbed
source @, ¥ are controllable. This completes the proof of Lemma 7.4.
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