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Abstract

We describe the ring structure of the cohomology of the Hilbert scheme of points for a smooth surface
X. When X is C2, this was done in 13, 21] by realising this ring as a degeneration of the center of
CS,. When the canonical class Kx = 0, [I4] extended this result by defining an algebra structure on
H*({(z,g) € X" x Sy | gr = x}); the Sp-invariants of this algebra is the desired ring.

But when Kx # 0 it seems no such algebra can exist. A completely different approach is needed.

Instead we recast this problem as a question of finding integrals of motion for a Hamiltonian which
describes “intersection with the boundary”. To do so, we use the identification of the cohomology of the
Hilbert schemes with a Fock space modelled on the lattice H(X) [I0} [T9]. With this identification, Lehn
computed the operator of intersection with the boundary. This is essentially the Calogero-Sutherland
Hamiltonian.

We then solve the problem of finding integrals of motion by using the Dunkl-Cherednik operators to
find an explicit commuting family.

We provide two characterizations of the Hilbert scheme multiplication operators; the first as an algebra
of operators that can be inductively built from functions and the CS Hamiltonian, and the second in
terms of the centralizer of the CS Hamiltonian inside an appropriate ring of differential operators.

1 Introduction

This paper describes the ring structure on the cohomology of the Hilbert scheme of points for a smooth
algebraic surface. The main new idea in our solution of this problem is to consider the problem as a question
in integrable systems. Having done this, we must also solve the integrable system, i.e produce integrals of
motion. We do this by defining a variant of the Cherednik Hecke algebra depending on a finite dimensional
algebra H. We then give several characterizations of the family of commuting differential operators this
constructs.

Let us describe the problem we solve, and previous work on it.

Let X be an smooth algebraic surface, and Hilb"(X) the 2n-dimensional smooth algebraic variety pa-
rameterising length n subschemes of X—the n’th Hilbert scheme of points for X.

The papers [10, [T9] discovered that the correspondences between Hilbert schemes given by adding points
constrained to lie on cycles in X organize into an action of an infinite dimensional Lie algebra. This gives a
canonical identification

F =SymazH|[z] = &, H"(Hilb"(X))

as modules for a Heisenberg Lie algebra, and hence in particular an isomorphism of graded vector spaces.
(We always work in the category of super vector spaces, so that Sym V' means the symmetric algebra of V¢
tensored with the exterior algebra of V°49). We write F = @, F", where F" is the n’th-eigenspace of the
energy operator 0 = 3:8%.



The ring structure on cohomology now induces an additional map F ® F — F, and the problem that
this paper addresses is to describe this map—to determine the cohomology ring of the Hilbert scheme, in
the Fock space coordinates.

This problem was first considered by Lehn [T2], who also made significant progress to its solution. Each
Hilbert scheme Hilb™(X) contains a natural divisor, the complement of the loci of distinct points, and hence
a class in H2(Hilb"(X)). Cup product with this class, summed over all n, is thus an operator £ : F — F,
and [12] identifies this operator explicitly. In the Fock space coordinates it can be written as a 2nd order

differential operator depending on the Frobenius algebra structure of H(X) and on the canonical class
K € H*(X).

The operator £ is naturally associated with the first Chern class of the cotangent bundle of X. In a
similar manner any cohomology class on X inductively determines a set of operators on F, and using the
results of [12], Li, Quin and Wang show in a series of papers [I5}, [[6] that the subring these operators generate
is the ring of multiplication operators on the Hilbert scheme. After [I(l [T2], no new algebraic geometry is
needed—these results determine the ring implicitly.

However, though much progress was made in in the above papers, the relations that these operators
satisfy is not clear. In particular, there is no construction of the operators without already knowing the
Hilbert scheme exists, and no presentation of the cohomology ring.

When K = 0, the situation was satisfactorily resolved in [I4]: they construct an algebra A,, whose under-
lying vector space is H({(z,g) € X™ x S, | gr = x}) and show that its S,-invariants are H (Hilb"(X)).This
algebra is the Chen-Ruan orbifold cohomology ring of X™/S,,, and provides evidence for a conjecture of
Ruan on ring structures on crepant resolutions.

Unfortunately, this approach fails when K # 0. It seems that there is no flat family of algebras A,,(K)
equipped with an S,, action such that A4,(0) = A,, and whose generic point has A, (K )% = H(Hilb"(X)).

New ideas are needed.

Instead, we begin with the following key observation. Cup product with an element a € [],, " defines
a linear map on F, and, for reasonable a, a differential operator on F. This differential operator commutes
with the operator £—after all, cohomology is a (super)-commutative ring. Hence there are as least as many
differential operators which commute with £ as the dimension of the space F.

Thinking of £ as a Hamiltonian, this is precisely saying £ defines an integrable system. It rephrases the
problem of determining the ring structure on F as the problem of finding integrals of motion—determining
the centralizer of £ in an appropriate ring of differential operators on F, and showing that the centralizer is
commutative and in bijection with F.

However, as noticed by [B, &, [[8], £ is a variant of a well known operator—it is a version of the bosonised
Calogero-Sutherland Hamiltonian, familiar from exactly solvable models of statistical mechanics [I]. So the
problem of describing the the ring structure on the Hilbert scheme becomes an algebraic problem, that of
solving a deformed version of the Calogero-Sutherland system.

We do that in this paper. We begin by defining a ring of continuous differential operators on the Fock
space, Diffg g+ F. This depends on both the ring structure on H(X) and on an additional parameter
K’ € H(X). Section 2 of this paper is devoted to its properties. It is a limit of finitely generated algebras,
and much smaller than the ring of all differential operators.

We also define an operator £k € Diff iy x+ F; when K = K’ this is the operator £. For generic K’, define
IM g to be the centralizer in Diff i i F of £k and of the energy operator 0. As ZM g+ commutes with 0,
for each n it projects to give a subalgebra of End F™. Degenerating K’ to K, we get an algebra ZM g for
any K.

Then our first description of the ring structure is

Theorem 1.0.1. ZM g is a commutative algebra, independent of any choices, and for any n the image of
IMpg in End F" is precisely the algebra of multiplication operators H(Hilb™ (X)) C End F™.



In order to prove this theorem, we give an explicit construction of ZM g, as a polynomial algebra.
We begin by rewriting the Calogero-Sutherland Hamiltonian £ as an inverse limit of r-particle generalized
Calogero-Sutherland Hamiltonians. (To do this precisely forces us to work with augmented or non-unital
algebras).

We then show each r-particle system is integrable, following the methods of Dunkl, Cherednik and Op-
dam. This consists of writing an explicit polynomial algebra of commuting difference-differential operators.
The symmetric group acts on these operators, and the invariants act purely as differential operators. The
quadratic invariant is the CS Hamiltonian, and these operators are the entire centralizer of the Hamiltonian.
Put differently, we define a version of the degenerate Cherednik double affine Hecke algebra depending on a
Frobenius algbera H = H(X), and its spherical subalgebra is the desired algebra of integrals of motion.

This gives an explicit description of the integrals of motion for each finite r, as well as showing there
are exactly enough of them. Taking the limit over r, we get a description of ZM g in terms of degenerating
families of Dunkl-Cherednik operators. In particular we recover the previous theorem.

Section 4 is a description of the generalized Cherednik algebra, and its behaviour in the inverse system and
flatness properties with respect to twisting. This enables us to solve the Calogero-Sutherland Hamiltonian £
attached to any Frobenius algebra H and parameter K, without needing the existence of the Hilbert scheme
to produce “enough” commuting operators.

In order to compare the integrals of motion we construct with the algebra of operators constructed in
T2, 15, [16], we need to characterize this latter algebra. It turns out that this has a simple description as
differential operators built out of £ and the (usual) algebra structure on the Fock space F. We encode this
in the notion of locality in section ¥, and in section 7 we prove that the algebra of differential operators
local for £ is just the desired algebra of multiplication maps. In section 5 we show that ZM g are the local
operators for £ for any H and K, proving the main theorem.

It seems this is the first occurrence of integrable systems in this manner in algebraic geometry.
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1.1 Notation.

All vector spaces are super vector spaces, that is they are Z/2-graded. By a structure of a commutative
algebra on a super vector space, we mean a super-commutative algebra. Lie brackets are taken in the super
sense, that is

[, ] = aB — (—1)*1F g

for homogeneous « and 3. Endomorphism algebras of super vector spaces have a natural Z/2-grading. If A
is a Z/2-graded algebra, we write A* for the subgroup of even invertible elements.

If Xy,...,X, are subsets of an algebra A we write (X1,...,X,) for the subalgebra of A that they
generate.

We will often use filtered objects. A filtration on an object X in an abelian category is a sequence of
subobjects F*X, i € Z, such that F'X C FiIX C X ifi < j. It is ezhaustive if N;F*X =0 and U; F*X = X,
and non-negatively graded if F?X = 0 for i < 0. Define F*X = U;F'X and F~>°X = N;F'X. Then there
is a functor from filtered objects to exhaustive filtered objects which sends X to F®*X/F~>°X.

We write Gr' X = F'X/F*'X, and if Y C X we give Y the induced filtration F'Y =Y N F'X, so
GrY CGrX.



2 Differential operators on Fock space

Let A be a commutative ring. In this section we use the ring structure on A to define a sequence of ideals in
the Fock space Sym A; i.e. to define a topology on Sym A. We then define the ring of continuous differential
operators on Sym A in the standard way.

In fact, we use the equivalent language of pro-rings. The main result of this section is proposition P24,
which identifies Diff Sym A.

2.1 Non-unital algebras
We will need to work with augmented algebras. Equivalently, with non-unital algebras.

Let CAlg;; denote the category of unital commutative associative algebras, CAlg, denote the category
of (possibly) non-unital commutative associative algebras. The forgetful functor CAlg; — CAlgy has a left
adjoint 4 : CAlgy — CAlgy,

HomCAlgU (A+, B) = HOchlgN (A, B)

for A € CAlgy, B € CAlgy;, where the underlying vector space of Ay is C x A, and multiplication is defined
by
(A u) - (1, 0) = (A, A + pu + uw).

We write (1,0) = 1, and note there are two exact sequences of non-unital aglebras
0—-A—A; -C—0, and

0—-C—-Ar - A—0.

If A € CAlgy, these exact sequences split, and there is an isomorphism of unital algebras Ay = C x A,
(A u) — (A, A 14 +u). The essential image of + is the category of augmented unital algebras.
Both CAlg;; and CAlg, admit coproducts, denoted ®, ® respectively. We have, if A, B € CAlgy that

(A®, B); 2 A, ® B,.

Note that the underlying vector space of A ®4 B is not the tensor product of the underlying vector spaces
of A and B. There is also an action of CAlg; on CAlgy, denoted ®; we have (A ® B)y = A® By, if
A € CAlgy, B € CAlgy.

(Recall that the coproduct of A and B is the object in CAlg equipped with a morphism from A and
a morphism from B; the images of these morphisms generate A ® B and the only relation imposed is the
images commute. In CAlg, the maps A — A® B, B — A® B are injective, as the above description shows.)

We will write (CAlg, ®) to mean either one of the categories (CAlg;, ®), (CAlgy, ®4+) when no confusion
is possible.

2.2 Notation

Let A € CAlg (= (CAlgy,®) or (CAlgy,®4)). Write a — a; for the i’th map A — A®" 1 <i < n (recall
the definition of A®™ as a coproduct). If A € CAlg,, then a; =1®...1®a®1---® 1. More generally, if
I C{1,...,n} we have embeddings A®#! — A®" ~ s ;. For example, given an element A € A ® A we
get elements A;; € A%™.

Similarly, if 0 € Der(A, A) is a derivation of A, we write

9; 1 A — A®T

for the derivation of A®™ which satisfies 9;(a;) = 0 if i # j and 9;(a;) = (da);.



2.3 Infinite symmetric products and symmetric algebras

For A € CAlgy, let us denote the S,-invariants of A% by Sym!; A. This is again in CAlgy. We have
(Sym!t A), = Sym" (A ), where Sym™ refers to the usual symmetric power (in either vector spaces or
unital algebras). The filtration 0 — C — Ay — A — 0 induces a filtration F" of Sym™ A, with
Gr% Sym™ Ay = Sym® Aif a < n;i.e. thereis a natural inclusion of vector spaces Sym® Ay — Sym™ Ay with
image F'* Sym™ Ay. This is not an algebra map; instead each Sym"™ A, is a filtered algebra: F*Sym™ A, -
FbSym™ A, C Fot*Sym™ A, . We have an isomorphism of vector spaces

Fesym" A, = P Sym" A

0<r<min(a,n)
Dually, the augmentation map 0 - A — A} — C — 0 induces surjective algebra maps
Pnm : Sym™ AL — Sym™ A, if n >m,

and ppm,(F*Sym™ Ay) = F*Sym™ Ay if a <m. So Sym"™ A, form an inverse system of filtered algebras in
which each filtered piece eventually stabilises.
Definition 2.3.1. Let

Sym™ A, & F lim Sym™ A,

be the inverse limit taken in the category of filtered algebras.

We have F¥Sym™ A, = FFSym™ A, = D, <), Sym" A for any n > k.

Example 2.3.2. Fizt € C, and take A = C with multiplication axb = tab. Then on identifying Sym™ A, =
Clz] as vector spaces, above, the coefficient of x® in xx---xx is t" ™ times the number of ways of partitioning
n into a non-empty subsets. For example x * x * x x v = x* + 6tz + 7t%2% 4 t3x.

Recall that for any vector space V, the vector space SymV = @ Sym" V is the free commutative unital
algebra generated by V. In particular Sym A is an algebra (non-negatively graded and hence exhaustively
filtered).

The natural map A — A, = F!'Sym™ A, — Sym" A, lifts to a map A — Sym™ A, , and hence to an
algebra homomorphism Sym A — Sym®™ A, , which we denote P. Write P, : Sym A — Sym™ A, for the
quotient maps. The sequence of ideals ker P, endow Sym A with a seperated topology.

Lemma 2.3.3. The morphism
P:SymA — Sym™ A,

is an isomorphism of filtered algebras.

Proof. To show surjectivity, it suffices to show that Sym™ A, is generated by A, = F!Sym™ A,. When
r < n write

8, A®" — Sym" A — F" Sym"™ A
for the composite of the symmetrisation map a1 ® - - - ® a, — ZwGST A1 X+ ® Ay With the inclusion map
(which is itself a symmetrisation). For r > n put ¢, = 0. Then for a € A, d;(a) = P(a), and the elements 1,
or(ay,...,a,) for r >0, a; € A span Sym"™ A,. We have

dr(aty...,a,)P(x) = 6pq1(as, ..., ar, ) + Z Or(ar, ... a;x,... ar). (2.3.1)
1<i<r
For example, P(a)P(b) — P(ab) = d2(a,b). From this it is clear that A generates Sym™ Ay . Injectivity is

obvious. O

Remark 2.3.4. If A € CAlgy,, then the isomorphism A, = Cx A induces an isomorphism of unital algebras
Sym" Ay 2 C x A X ---x Sym™ A. This isomorphism is compatible with the projection maps ppm, but not
the filtration.



2.4 Differential operators
In this section we define and identify differential operators on the filtered pro-ring Sym A.

Recall that a pro-object in a category C is a functor from N to C, where N is the category with objects
{0,1,2,...} and a single morphism from n to m if n > m. We write (X, prm : Xn — X,n) for such a
pro-object. If (X,,), (Y;,) are pro-objects, then

Hompro(X), (V) " Tim lim Hom(X,,, Vi, ).

m<— —n

Furthermore, if X,, and Y,, are filtered pro-objects then we define
Fi'Hom(X,,,Y,) = {p € Hom(X,,Y,) | ¢(F*X,) C F**Y,, for all a}

and put F* Homp,((X,), (Y)) I Yimyy, lim_,, F Hom(X,,,Y,,). Now define the “filtered” Hom as

F> Hompeo (X0, (Vi) E | F Hompro(X,), (Ya)).
1E€E7L

When each X,, and Y, are exhaustively filtered this is the correct object; in general quotient this by F~°°.

Recall that if R is a ring, and M an R-bimodule, then the differential part of M, denoted Diff M =
(UDiff* M is defined inductively by Diff*(M) = 0 if s < 0, and Diff*(M) = {m € M | rm —mr €
Dift*~! M for all 7 € R} if s > 0. We write Diff,(M) if the ring R is not clear from the context.

For example, if R € CAlg, then Diff Endc(R) is the ring of differential operators on Spec R. When R
is not noetherian this is too big a ring.

Now let (A, pnm) be a commutative pro-ring. Then for n > m Hom(A,, 4,,) is an A,-bimodule, and
we may take its differential part. Suppose that the maps pnm, : A, — A, are surjective. Then for n > m,

the maps
Hom(A,, A,) — Hom(A,, A,,) < Hom(A,,, An)

induce maps
Diff* Hom(A4,,, A,) — Diff* Hom(A,,, A,,) < Diff* Hom(A,,, A:,).
We have Diff" Hom(A,,, Am) = Diff? Hom(A,, A,) = A, and so

Diff’ End(lim 4,,) = lim A,,.

More generally,
lim lim Diff®* Hom(A,,, A,,) — Diff* End(lim 4,,),

but we need not have equality.
Define

pro

Diffs,, End((A;)) = lim lim Diff* Hom(A4,,, A.,),
and Diff,, , End((A,)) = U, Diff;,, End((A,)).

pro

If (A, pnm) is filtered, then the filtration on A, induces a filtration on Hom(A,, A,,), and thus on

Diff* Hom(A,,, Ay,) and Diff}  End((Ay)). As always, we redefine the “filtered” differential operators to be
the exhaustive part F'*° Diff?  End((Ay)).

pro

Now, if (d, : A, — An,n > 0) is such that d,prm = Prmdn when n > m, then d,, defines an element in
End(lim. A,,). The set of all such elements form a subalgebra. Hence if we define

Diff,,, End((4.)) 2 {(d, € Diff* Hom(4,, A,),n > 0) | dmprm = Prmdn} € DIffS,, End((4,))

then li\i—f/f'pw End((An)) is a subalgebra of Diff,,,, End((4,)). We have equality for s = 0, but not in general.



Example 2.4.1. lﬁ;m End((C[z]/z™)) = C[[z]] C C[[z]] = Diff,, End((C[z]/2")) = Diff* End(lim. C[z]/z").

pro
Let A € CAlgy, and consider the pro-object (Sym"™ A4, prm)-

Proposition 2.4.2. Let A € CAlgy, and n > m > 1. If d € Diff* Hom(Sym™ A, Sym™ A.), then there
exists a unique d € Diff* Hom(Sym™ A4, Sym™ A,) such that d = d o ppm,.

Proof. We induct on s. The case s = 0 is clear. Let d € Diff* Hom(Sym™ A4, Sym™ A). We show that
dd-(a1,...,a,) =0 for all » > m by descending induction on r. (Our notation is that of lemma 233 ) For
r > n this is clear. Apply d to equation 223l to get

dér(ala s aaT)'P(I)+6T(a’17 AR QT)'dP(I)+de6T(a17 R a’l“) = Z d(s’l“(a’la cee s ATy Ly aT)+d5T+1(a’la R CLT,.I),

1<i<r

where d’, € Diff*"* Hom(Sym™ A, ,Sym™ A, ). By induction on s, d’, = d’, © ppm, and ppmd,(ay,...,a.) =0
for r > n. So d,§, = 0. Also dd,+1 = 0, by induction on r. Now put & = 14, to get

(P(14) —r).dd-(a1,...,a,) =0.

Hence to finish we need only show that P(14) — r is not a zero divisor on Sym™ Ay for r > m. But P(14)
acts on @;>, Sym' A/ @~ Sym" A = ker(pm,k—1)/ ker(pm, k—2) as multiplication by k, so this is clear. O
The above proposition shows that Diff}  Hom((Sym" A ), A;) = Diff' Hom(A,, A, ). In contrast with

pro

this, Diff' (lim. Sym™ A, A, ) = Hom(A, A, ) (a much bigger space!).
Corollary 2.4.3. Diff,, End((Sym" A,)) = Diff,,, End((Sym" A,)).

If A € CAlgy we write Diff Sym A =4 Fooli\ff;m End((Sym™ A4)) from now on, and refer to these as
the differential operators on the Fock space Sym A. As we have seen, they depend on the ring structure of

A. The following sequence of propositions describe Diff Sym A.

Corollary 2.4.4. Let A € CAlgy. i) F' Diff* Sym A =0 if | < 0.
ii) Let d € F'Diff* End(Sym™ Ay ). Then d € F!Diff* Sym A if and only if d5,(a1,...,a,) € ker P,_4
for all v and all a; € A.

Proposition 2.4.5. Let A € CAlg;;. For all s > 0 there is a linear map P? : Diftf* End¢(A) — Diff® Sym A
which is uniquely characterized by requiring that P*(D).1 = P(D(14)), and for s >0 and all a € A

[P*(D), P(a)] = P*~X([D, a)).
In particular, P° = P : A — Diff Sym A = Sym A. Furthermore, if D(14) = 0, then P*(D) € F° Diff* Sym A.

Proof. Begin by defining, for 1 < i < n, a map Diff* Endc(A) — Diff Endc(A®+"), denoted D — D;, by
requiring that
D;(1) = (D(14))i,

where for a € A, we write a; for the image of a under the i’th coproduct map A — A®+", and for © € A®+"
Di(ajG) = ajDi(G)) lf] 75 i, and Di(aiG)) = alDz(G)) + [D, a]Z(G))

It is immediate that (3", D;).(a;0) = a; (3", Di)(©) +[D,al;(©), and that ), D; is S,-invariant. So >, D;
restricts to give an element, call it P3(D), of Diff* Endc(Sym"™ A4 ), which satisfies the properties of the
proposition.

It is clear that P? = P, : A — Sym" Ay, that for n > m, pymP:(D) = P2 (D)pnm, that P*(D) €
F1Diff5, End((Sym™ Ay)) always; and that if D(14) = 0, then P*(D) € F° Diff* Sym A. O

pro



If D € Diff* Endc(A), D’ € Diff* Endc(A) then [D, D'] € Diff*** ~! End¢(A) and we have
[P(D), P(D")] = P[D, D'].

So P is a map of C-Lie algebras. The enveloping algebra of the source consists of “non-linear differential
operators”.

Write Diff Sym™ Ay = {d € Diff End Sym"™ Ay | d(ker p,m) C ker pp,, for all m < n}. The natural map
pn 2 Diff Sym A — Diff Sym™ A, admits a section, defined as follows.
If D € Diff Sym™ A, then composing with the symmetrisation map e = % ZweSn w, we get a map,

also denoted D, A®+m &5 (A®+m)9n L, (4®4n)Su o A®4n Now if r > n, and T C {1,...,7} is a subset
such that #I = n, let Dy : A®+" — A®+" be the map which is D ® Id, D in the I’th places. Finally, put
I'(D), = >, Dr; the sum is over subsets I C {1,...,7} of size n.

It is immediate that T',,(D), is an S,-invariant differential operator; that T', (D), = D, and that
Priln(D)r =Ty (D), for all » > k > n. Hence we have defined an injection

T, : Diff Sym™ A, — Diff Sym A,

such that p,I',, = Id; in particular p,, is surjective. Note that I, is not an algebra homomorphism, and that
the image of I'), is in F™ Diff Sym A.

Proposition 2.4.6. If D € F" Diff* Sym A, then D = Ty s11pris+1(D). In particular,
Diff Sym A = lim Diff Sym™ A .

Proof. A differential operator of order s is determined by its values on products of < s elements. As Sym A
is generated by F!Sym A = A, an element d € Diff* Sym A is determined by its values on F* Sym A. If
d € F" Diff* Sym A, then d(F*Sym A) C F"**Sym A. Hence if d,d’ € F" Diff’ Sym A induce the same map
on Diff Sym” ™! A, then d = d’. Taking d’ = Tyst1Prst+1(d) we get the proposition. O

To finish the description of Diff Sym A, we need only describe Diff Sym™ A;. If A € CAlgy, then as
Sym" Ay = @o<i<n Sym® A, Diff Sym" A4 = @o<i<pn Diff End Sym’ A. Hence Diff End Sym™ A embdeds
into Diff Sym™ A,. Write T',, : Diff End Sym™ A — Diff* Sym A for the composite of I',, with the embedding.
For example T’y = P is the map defined in proposition 23

Corollary 2.4.7. Let A € CAlg;. There is an isomorphism of vector spaces

®n20fn : @p>o Diff* End Sym"™ A = Diff* Sym A.

2.5 Frobenius algebras

A non-unital Frobenius algebra H is an algebra H € CAlgy equipped with a map A : H — H ® H such that
A is an H-bimodule map: A(ahb) = aA(h)b. If H € CAlgy, then A is determined by A(1y) and we call H
a weak Frobenius algebra. If in addition A has a counit € : H — C such that e ® [do A =Id® eo A = Id,
then H is a Frobenius algebra in the usual sense.

We assume in the above definitions that all maps are even.

If H is a weak Frobenius algebra, the element e = mA(ly) € H is called the Euler class of H; here

m: H® H — H denotes the multiplication map. So if A(ly) =3, a; ®bj, e =, a;b;.

2.6 Relative differential operators

The following definition is somewhat ad hoc, but will do for our purposes.

Suppose A = H® R = Hpg, where H is a weak Frobenius algebra, and R is a localisation of C[z]. (We
will only use C[z] or Clz,z71] below). Let n > 1, and dgisc = [Li.;(zi —z;) € R®" be the discriminant.
Write A = A(1g).



Now define the relative differential operators

A
Diff ;7 End Sym™ Hp, = {d € Diff End ron (HE"[——2— | i < j])| dSym™ Hp C Sym™ HR},
ey

i

where End yen refers to H®™-linear endomorphisms and H g"[%

- | ¢ < j] is the subring of the localisation
J
H®"[ 1 -] generated by HE™ and the elements ——%—

Clearly this is an algebra; if H = C and A 75 O it is just Diff End Sym™ R. This construction works
whether we intepret Hg to be in (CAlg;;, ®) or (CAlgy, ®4); hence repeating the discussion of the previous
section we can define

Diff ;y Sym Hg = F®Diff i pro((End Sym™ (Hg) 1))
~ ¢TI, Diff y End Sym™ Hp.

2.7 Twisting
For u € A, define an algebra endomorphism
P, : SymA — Sym A

by P(a) — P(ua) if a € A. For simplicity we assume throughout that v is even. We have ®,,®, = ®,,, for
u,v € A, soif u € A% then &1 = ®,1.
Lemma 2.7.1. We have ®,(F" Sym™ Ay) C F" Sym®™ Ay. More precisely,

®,0.(a1,...,a;) = 6p(uay,...,ua;) + -+ P(hy(u).ay...a;) € F"Sym™ A,
where hy(u) =u(u—1)...(u—1).

It follows that for u &€ Z, ®,(ker P,,) # ker P,,, and moreover that ®,, is not continuous. (It is continuous
if for all m > 1, there exists an n > m such that ®,(ker P,) C ker P,,).
We have @, Diff® Sym A ;' = Diff® Sym A = Sym A. If § € Der(A, A), then

@, P@);", Pla)] = Ploa+ ) )

so that if d(u) = 0, then ®,P(9)®,' = P(J). Hence if 9; € Der(A, A) and d;u =0 for i = 1,2,
[(I)uP(alag)(I);l s P(a)] = P(@lag(a) + u_161 (a)ﬁg + u_lal .(92(@)),

so that @, P(9;0:)®; " is not in P(Diff* End A) or in Diff* Sym A.

Lemma 2.7.2. i) Suppose e € H is nilpotent. Then the map u — u—eu~" defines a surjection H* — H*.
ii)(The splitting principle.) Suppose K € H is given. Then there is a Frobenius algebra H containing H
as an index 2 subalgebra, and an element u € H such that u?> — Ku—e =0 in H.
Proof. i) As e is nilpotent, K = u(1 — eu™2) is invertible. Conversely, suppose K € H*. Then take
u=3tK.(1+,/(1+3%).
ii) Define H = H[u]/u® — Ku — e. O
We do not use part (ii) of the lemma.

Define a degeneration direction to be a pair of maps C — H, C* — H, denoted A — K, A — u) such
that for each A #£ 0, uy is invertible and uy — eu}l = K. Write K = Ky. For example, if e is nilpotent

and K € H, then (A + K, 3Kx(1 + /(1 + #%) is a degeneration direction; if e = 0 = eK, this is just
A
A+ KA+ K+ <),



Definition 2.7.3. Let (K, uy) be a degeneration direction. Define

Diff y i Sym Hp = lim ®,,, Diff gy Sym Hp o,

The notation is abusive; it omits the choice of degeneration direction. Note that the limit exists as a
subalgebra of Diff End Sym H for general reasons, but that these general reasons give little control over the
resulting algebra.

2.8 Locality
Let D4 C Diff End(A) be a subalgebra of differential operators on A such that A C D 4.

Definition 2.8.1. Let B C Dy. An algebra E C Dy is said to be local with respect to B, if
[B,E|=0 and [E,A] C (A,B) - E.

Suppose also that [B, B] = 0, so that B C Zp,(B). If E is such that [B, E] = 0, then [E,A] C (A,B) E
< [E,A]C E{A,B) & E(A,B) =(A,B)E < E (A, B) is a subalgebra of Dy4.

If E' and E” are local with respect to B then so is (E’, E”). Hence there is a maximal algebra local
with respect to B, which we denote Locp, (B). So B C Locp, (B) C Zp,(B). If (A,Locp, (B)) = D4, then
LOCDA(B) = ZDA(B).

Loc(B) is filtered. For any X C Diff End(A) write X* = X N Diff* End(A4). Then Loc(B)~! = 0, and
LOC(B)S = {d S DZ | [d7 B] =0 and [d, A] - ZOSZ_§571 <A,B>l LOC(B)S_l_i}-

We will apply these notions to Diff g g Sym Hg and Diff End F.

3 The Calogero-Sutherland system

In this section we define a generalized Calogero-Sutherland type Hamiltonian £, which will turn out to
be integrable. This is a second order differential operator acting on the Fock space Sym zH [x], where H
is a Frobenius algebra. In section [l we will take H to be the cohomology of a smooth surface, and then
the integrals of motion for this Hamiltonian we will be precisely the operations of multiplication on the
individual Hilbert schemes. In the next section we describe the integrals of motion for arbitrary H in terms
of a Cherednik Hecke algebra.

Let H be a vector space, I' = Clz,z7!] and write Hr = H @ I' = H[z,z7!]. Write d = 9, = 22, an
H-linear derivation of Hp.
Define the Fock space F(H) to be

F(H)=Sym H[z]/H.Sym H|[z],

so that F(H) is a subquotient of Sym Hr which is isomorphic to Sym xH|[z] as a vector space.
Now suppose that H € CAlg is an algebra. Then we define first order differential operators P(hx®d) €
Diff! Sym Hr C Diff! End Sym Hr for each hz® € Hr as in L3 i.e. by requiring that

[P(hx®d), P(h'z™)] = nP(hh/z°T"), P(hz*9).1 = 0.

It is clear that for a > 0 these operators descend to give differential operators on F(H). The operator P(9)
is called the energy operator, and its eigenspaces the energy weight spaces. If H is finite dimensional then
the eigenspaces of P(0) on F(H) are finite dimensional; those on Sym Hr are not.
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Further suppose H € CAlgy; is a weak Frobenius algebra, so A = A(1y) € H® H. Write A = Ej a; ®bj,
e=>_,a;b; € H and define A, : Hr — Sym Hr by
A.P(ha")y= > P(ajha")P(bjz"""),
Jir€l(n)

where I(n) ={1,...,n}ifn >0, and I(n) = {n,...,—1} if n < —1. Notice that A.P(hz™) € |n|.P(ehx™)+
ker P;.

Let K € H. Then we define a second order differential operator £ = £(H, K) € Diff* End Sym Hr by
requiring that £.1 =0 and

[, P(ha™)] = 2nP(hz"0) + n* P(Kha™) + |n|A.P(ha™)
Again, it is clear that this descends to give a differential operator on F(H), the Calogero-Sutherland operator.
We retain this notation for the action of these operators on any invariant subquotient of Sym Hr.
Proposition 3.0.2. Write HI@ = H®2[xH yH], and let uw € H* be any even invertible element. Then in

the notation of section [2]

L(Hu— eu) = @, (1 (ud?) + fg(z—fzu*m(az - 9,) @,
In particular, £(H, K) € F! DifffiK Sym Hrp for all degeneration directions (Kx,uy).
Proof. Write £ = &, 1¢(H,u — eu™1)®,, and
£ =Ty (ud?) + fg(%u—lA(aw —3y)).
We must show that £ = £”. This is straightforward from the definitions. Begin by observing

$i+$j

£", P(hz™)] = n®P(uhz") + 2nP(uhz"0 hiug ' A p -
(&7, P(hz™)] = n“P(uhz") + 2nP(uhz )—i—n; u; in—xj(xl )
= n?P(uhx™) + 2nP(uhaz"d) + |n| Z hiuzlAijxf:r?*T —n? Z hiu; teixlt
i,7;r€I(n) i

= 2nP(uha™d) + n’*P((u — eu ')ha™) + |n|ALP(u" ha™).
But we also have
[/, P(ha™)] = 2nP(uhz"d) + n?P((u — eu ')ha™) + |n| A, P(u~ ha™).

As £'1 = £”1 = 0, we have £ = £”. Finally, observe that as we have equality on the subset H* C H,
it must be that the ®,£”®; ! depends only on u — eu~'. Hence for any degeneration direction (K, uy) its
limit is just £(H, K) € F' Diff?.

O

Remark 3.0.3. An easy direct computation shows that £'.(P(ha™)P(h'z™) — P(hh'z"™™)) € ker Py if and
only if u—u"'e = K. Hence £ = £(H, K) € ®, Diff> Sym Hr ;' if and only if u —u"'e = K.
Define ZM g to be the centralizer in Diff g x Sym Hr of both £(H, K) and P(9),
IMg = ZDiff 7, ic Sym Hr (L(H, K),P(9))

if K = u— eu™! for some invertible e, and in general let Mg = limA_,OIMW_eu;l for a choice of
degeneration direction (K, uy). As defined ZM g seems to depend on the choice of degeneration direction.
The notation is acceptable, because of the following theorem, which will be proved in section Bl and in

theorem B0

11



Theorem 3.0.4. i) The algebras My depend only on K, as algebras, subalgebras of End Sym Hr, and
pro-finitely generated algebras.

it) IMk forms a flat family of algebras as K wvaries.

i) TMf is commutative.

4 Hecke algebras

In this section we define a variant of the Dunkl-Cherednik operators. These operators act on Hl‘?", where
H is a weak Frobenius algebra. As in the usual case these operators commute, and together with the group
algebra CS,, form a generalization of the degenerate affine Hecke algebra of type A,,. The algebra obtained
by including the operations of multiplication by elements of HI@” also closes; this is a generalization of the
Cherednik degenerate double affine Hecke algebra.

Our exposition follows closely [[1] (which considers the rational case). See also [6, 20]. When H = C €
CAlg;, the results in sections are contained in these papers.

In sections all constructions work in either of the categories (CAlgy,®) or (CAlgy, ®4). In
section L4l we must specialise to the non-unital case in order to get augmentation maps.

4.1 Notation
Let A € CAlg ( = (CAlgy,®) or (CAlgy,®4)), and 0 € Der(A, A). If 1 = (Iy,...,1,) € Z™, write

8l = Z 1181 S Der(A®”, A®n)

We have 0;4p = 0; + 9.
Equip Z™ with the inner product ({,!') = > LI}, and let ® = {l € Z" | (1) =2} = {e; —¢; | ¢ # j},
where ¢; = (0,...,0,1,0,...,0). Write & > 0 to mean a =¢; —¢; € ® with ¢ < j.
If o =¢; —¢; define
Tij =To: LY —Z", l—1—{a,l)a
to be the associated reflection, so that the group generated by the relections r, with o € @ is just S,,.
Observe that S,, acts on A®™ and that for 8 € Der(A, A),

-1
Taaﬂ‘a = (9,«@1.

4.2 Dunkl-Cherednik operators

We now fix A to be Hr = H ® C[z,x7!] where H € CAlg;;. The results in this section make sense if we
consider Hr to be in either (CAlg;;,®) or (CAlgy,®.). Our notation is such that HZ™ is generated by the
elements (ha®); = h;z¢, with 1 <i <n, h € H, a € Z. Further suppose that H is a weak Frobenius algebra,
and let A = A(ly) € H® H. Finally, fix the H-linear derivation 9 = 2-2 € Der(Hr, Hr).

We write fora =¢; —¢; € @, e® = :vi:vj_l, and A, = A5 € Hl‘?", and define

n n 1
Vo=V HS" — H? by Vi =g Aii(l i),
K]
AS Tiinj = Aji = Aij and Aij (h,l — hj) = O, we have
/b , xfz? — xf:z:;’
Vi ()i (Ha);) = ()i 5 and

J
Vij ((hCCU’)k @) = (hCCa)k Vij (@) if @ € Hl@n and k € {Z,j}
For u € H, write (uV);; = u;V;; = u;V,;. Finally, let p(u) = £ 3. o(ul)q0n
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Definition 4.2.1. Letl € Z™, u € H*. The Dunkl-Cherednik operator with parameter u is defined to be
yi=yi(w) =+ Y (o, )(u V)= (pu"),1) : HE" — HE",
a>0

We write y; instead of y.,. Define an action of S,, on the Dunkl operators by “y; = Y.

Proposition 4.2.2. i) [y, yr] =0 if I, I' € Z".
ii) For f(y) € Cly1,...,yn], and a = &; — €41,

f=rof

fora —raof = (u_lA)a
Yi — Yi+1

as operators from HZ"™ to HE™.

The most straightforward proof is by direct computation. We recall some of the main steps.

Lemma 4.2.3. ;
D0 Va] = 1<_a’e ) (Darade — Oale™).Va)
i) [yl =Y (DB, = (0, ) B, 1) (u™V)a(u V).
a,3>0

Explanding out V, Vg this reduces the problem to checking it in the rank two root systems. Arguing as
in [TI] 2.2, the proposition reduces to the identity

1—=2
1—2"1

—(1-2)+(1—-w) +(1—wz) =0,
which we apply with z = z;/z;, w = x;/x and i, j, k all distinct. We omit further details.
The proposition can rephrased: Define the Cherednik algebra (or degenerate double affine Hecke algebra)

to be the vector space .
H,=HZ" @ CS, @ Cly1,...,yn)

with the unique algebra structure that makes it a subalgebra of EndC(Hl‘?") by which y; act as Dunkl
operators, S, act as permutations, and HI@" acts by multiplication. Namely, we require that Clyy, ..., yn],
CS,, and HZ™ are subalgebras, and that the relations of EEZA(ii) hold, and that [y;, ©] = 1(0), O w = w 0
for © € HZ", 1 € Z", w € S,. (For this to make sense, always regard CS,, and Clyi,...,y,] as unital
algebras when taking tensor product with HZ™).

Notice that CS,® H[y]®™ forms a subalgebra of H,,. This algebra has the same relation to the “degenerate
affine Hecke” algebra of Drinfeld and Lusztig that 7, has to the usual Cherednik algebra.

4.3 Properties

A direct computation shows

Lemma 4.3.1.
i) S wi= > 0 and
1<i<n 1<i<n
.. 2 o~ 2 14+e™@ 1 —_
it) SNowi-p =), 5i+zl_e,a(u A)aOo + E,
1<i<n 1<i<n a>0

where Z(Sym™ Hr) = 0.

More generally we have
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Lemma 4.3.2. The action of H[y|®™ on HZ™ restricts to an action of Sym™ H[y] on Sym™ Hr. Further-
more, this action is by differential operators which preserve the energy weight spaces, and Sym™ Hy] C
DiffH End Sym" Hp.

Proof. By EZA(ii), if f € Sym™ H[y] then wf = fw for all w € S,,, so f preserves Sym™ Hp. To show this
action is by differential operators, it suffices to show that H[y]®" is in Diffsymn» g Hom(Sym” Hr, HEZ™).
But (hy); = (hud); € Diff' Hom(Sym" Hr, H®™) and these elements generate H[y]®". This suffices, as
it is immediate from the definition of Diff}; M that if Dy, Dy € End(HE™) are such that they restrict to
differential operators D; € Diff* Hom(Sym" Hr, Hl‘?") then Dy Dy € Diff* *2 Hom(Sym™ Hr, Hl‘?") O

We can rephrase the lemma: Write Clyi,. .., yn]<s for polynomials in y of total degree less than s; the
degree of each y; is 1.

Corollary 4.3.3. The Symn_Hp—diﬁerential part Oiﬁn is all of H,,. Moreover, this is a filtration of algebras:
Diff* H,,. Dift’ H,, C Diff'" ™7 H,,, with Diff§,,n g Hy = HE" @ CSp @ Clyn, .- Yn)<s-
Finally, write p; for the image of y; in Gr’H,,. Then we have an algebra isomorphism

GrHy = (H ®@ Clz,z~ ", p])®"#CS,,
where Sy, acts on the n-fold tensor power in the obvious way.

Write P : Sym Hr ® Sym H [y] — Diff End Sym™ Hr for the map f(z) ® g(y) — >, <<, f(2i)g(yi). This
notation is compatible with all previous maps called P. o
So lemma EE3Ni) shows P(y) = P(9), [P(hz®y), P(h'z™)] = mP(hh'z%t™) and EL3IXii) says

S = = Tty
P(y*) — (5, p) = T1(0%) + PQ(I—_Zu LA(0, — 0,)).
Recall this means
€Ty + .Ij

T — Ty

[P(y?), P(ha™)] = m* P(ha™) + 2mP(ha™y) +m > hiu; ' Ay

i<j

(zf" —a"). (4.3.1)

Let e = % Ewesn w be the projector onto the trivial representation of S,, and eH,e be the spherical

Cherednik algebra. We regard Sym™ Hr and Sym"™ H|[y] as subalgebras of eH,e via the maps f — fe. eH,e
inherits the filtration by order of differential operator from H. (This is the filtration induced by regarding
it as a subalgebra of the differential part of End Sym™ Hr.) Then corollary implies

GreH,e = Sym" H|z, $_17p]7

and the proof of lemma shows that Gr eH,e is isomorphic to (Gr Diff End HZ™)" as Poisson algebras.
In other words the symbol of P(ha™y®) is the symbol of P(hz™d"), and hence

{P(ha®p®), P(z°p?)} = —(ad — be) P(hatTepPtd=1), (4.3.2)

Let CS C Diff End Sym” Hr be the subspace spanned by P(y?) and P(hy), for h € H, and set CS =
(Sym"™ Hr,CS) C Diff End Sym”™ Hr. As the third term of EZ31lis clearly in Sym”™ Hr, we have P(ha™y) € CS
for all m € Z, h € H. In fact:

Proposition 4.3.4. CS = (Sym" Hr,Sym" H[y]) = eH e.

Proof. Tt suffices to show that Gr CS is Gr eH,e. As GrCS is a Poisson subalgebra of Sym™ H[z, ™!, p] which
contains P(hz™p) and P(ha™) for all m € Z, h € H, it suffices to show that these generate Sym™ H[z,z ™", p]
as a Poisson algebra. But EE32 implies P(hz?p®) is in GrCS for all a, b, and lemma EZ3:3 then shows that
the commutative algebra generated by this is all of Sym™ H[z, 21, p]. O
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Variant: All the above is still true if we take CS to be the subspace spanned by P(y) and P(hy?), for
heH.

Note that the inclusions (Diff End HI@”)S" C Diff End Sym" Hr, eH,e C Diff y End Sym” Hy are proper
(for example, the latter contains the Opdam shift operators).

Proposition 4.3.5. The algebra of operators local with respect to CS is Sym™ Hy]. Moreover
ZDifty Bnd sym» Hr (CS) = Sym™ H y].

Proof. Let R = Diff Endgen HZ"[51-], so Gr R = (H[z™',p])®"[51—]. We first show that the Poisson
centralizer in Gr R of 3" p? is HZ"[p1, ..., pn]. Suppose s € Gr R, and {3 p?, s} = 0. Write s = a(x, p)/b(z),

where b(z) = [[;;(1 - xixj_l)m”’, a(z) € Hr[p|®", and a(z,p) and b(z) have no common divisor. Then

0= {pr,s} = biQ(priaia— aZpiBib).

Now, for v € Gr R, 9;(y) = 0 for all 7 if and only if v € (Hr[p])®".

Hence if 9;b = 0 for all 4, we get > p;(9;a) = 0, so d;a = 0 for all 4, and a(z,p) € (Hr[p])®™ as claimed.
Suppose there is an ¢ with 9;b # 0. Then b divides a Y p;0;b, whence (as a and b have no common factor) b
divides 9;b. This holds even though HZ™ is not a UFD, as b, >_ p;9;b € Clz*!, p]®".

But for any [ € Z",

ob = (Z ma(—a,1))b+ Z ma<a,l>$

a>0 a>0

so that if m;; # 0, (1 — a:l-a:j*l)m” does not divide 9;b; a contradiction.

Now let D € Diff}; End Sym™ Hr and suppose [CS,D] = 0. Then {} p?,0D} = 0, where oD is the
image of D in Gr R. Hence oD = a(p) € Hr[p|®". As D preserves Sym" Hr, {oD,-} does also, and so
a(p) € Sym™ Hr[p]. Tt follows that D — a(y) € Diff5; ' EndSym™ Hr and [CS, D — a(y)] = 0. Hence the
centralizer of CS is Sym” H[y]. Finally, just observe that the previous proposition implies that Sym™ H[y]
is local with respect to CS. o

4.4 Stabilisation

Let CS be the subspace of Sym H[y] spanned by P(y?) and P(hy), for h € H. The results of the previous
sections define a map
P : Sym H[y] = Sym® H|y]+ — Diff Sym Hr,

and show
Zpit sym A (CS) = Sym H|[y] = Locpigt sym a1 (CS).

(To see this, observe that to get stabilisation maps we must work in the category CAlg, of non-unital
algebras. Equivalently, we use the functor ; to translate this back into the world of augmented unital
algebras.)

Now take the Dunkl-Cherednik operators with parameter u?, i.e. y; = y;(u?), to get a description of the
Calogero-Sutherland operator in terms of the Dunkl-Cherednik operators:

@, S(H,u—eu") Dy, = Pluy®) — (p(u?), p(u?)).

Note that this makes sense: (p(u), p(u)) = 2u™2(32, ; A + 2o AijAjx) € F? Sym H.
We summarize the conclusions of the previous section:

Corollary 4.4.1. Fizu € H*, and put K = u — eu™'. Then
IMi = Zpitty, i sym e (£, P(3)) = Locoiry, . sym ar (£, P(9)) = @, Sym H[y(u?)]@, .

Moreover TM i C LocCpif End F (2, P(a)), and GrZM g = Sym H|p].
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Notice that ZM g, defined as operators on Sym Hr, preserves F.

Proof. A variant of proposition L34 shows ZM is local in Diff End F. To see GrZMyg = Sym H|p],
observe Gr H[y(u?)] = Sym H [p], and ®, Sym H|[p] ®,' = Sym H|[p]. The rest has been proved.
O

Now let (K, uy) be a degeneration direction.

Corollary 4.4.2. Let IMy = limy_, ®,, Sym H[y(ui)]@;ﬁ Then IMk < LoCpifiy x Sym Hr (S,P(@)),
and Mg C Locpig pnd 7 (£, P(9)).

5 CS-locality on the Fock space F

The definition of locality with respect to £ (section EL¥)) encodes the notion of differential operators which
can be built out of functions and £. In this section we show that the symbols of local operators on F are
contained in Sym H[p]; then we show that the Hecke algebra construction produces enough (all) the local
operators.

We retain the notation of the previous sections, so H denotes a weak Frobenius algebra, K € H,
F = F(H) = Sym H|[z]/H Sym H|[z], and we set CSx = (£, P(hd) | h € H),CSk = (F,CSk) = (P(x),CSk)
(see proposition E3).

Filter Diff End F by order of differential operator, so that Gr Diff End F is a Poisson algebra with bracket
denoted {, }, and Gr° Diff End F = F. Note that Gr’ Diff End F is of uncountable dimension for i > 0. Write
P(ha"™p™) for the symbol of P(hz™d™).

Observe that GrCSk = (P(x), P(hp), P(p?) | h € H) 2 Sym zH|[z]. This implies part (ii) of the following
lemma; part (i) is immediate from the definitions.

Lemma 5.0.3. i) If s € Gr" Diff End F, and {s, P(ha™)} =0 for allh € H, m > 0, then s € F.
If in addition {s, P(p)} =0 then s =0. If n # 0, then s = 0.
i) If 5,8 € Gr" Diff End F, and {s — s', P(z)} = {s — s/, P(hp)} = {s — &', P(p*)} = 0, then s = 5'.

Proposition 5.0.4. GrLocpig gnar(CSk) C Sym H|p].
Proof. Inductively define L™ C Gr" Diff End F by setting L= = 0, and

L™ = {S S Grn Diff End F | {S,P(pQ)} = {S,P(p)} = O, and {S,P(x)} cq; Gr’i @K.Lnfifl}'

Obviously Gr Locpig gnar (CSk) C L, so it suffices to show that if L™ C Sym H [p], then L™! C Sym H|[p].

Write Gr” CS[a] for the eigenspace of {P(p),-} with eigenvalue a; for example Gr” CS[1] is spanned by
monomials P(hzp™)P(hip™) ... P(hgp™) with N + > n; =r.

If s € L™, then {s, P(z)} € Gi" CS as L" C Gr" CS by inductive assumption. Moreover, as {s, P(p)} =
0, {s, P()} € Gr" CS[1]. As

{-,P(x)} : Gr" "' Sym H[9] — Gr" CS[1]

is surjective, there exists a ¢ € Gr" ' Sym H[9] = (Sym H[p])"t" with {s — ¢, P(x)} = 0. Clearly {s —
é, P(p)} = {s — ¢, P(p?>)} = 0. The previous lemma implies s = ¢. O

Theorem 5.0.5. ZM i = Locpig prnar(CSk). In particular, ZM i is independent of the choice of degener-
ation direction. Moreover Gr ZM = Sym H [p).

Proof. Corollary shows that
IMgk C Locpig Enar (CSk).

But the previous proposition states

Gr Locpif Enar(CSk) C Sym H p],
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so GrZMyg C Hlp|. As the degree of a differential operator can only decrease when we degenerate,
dimZM =% > dimZM,_ -1 =° = dim H[p]=*, where X=° denotes differential operators of degree < s.
Hence we have GrZM g = H|[p], and the inclusions above are equalities.
O

6 Hilbert schemes of points on surfaces.

Let X be a smooth, connected projective surface over C. We recall the basic results about the geometry and
cohomology of the Hilbert scheme of points on X.

Definition 6.0.6. Denote by Hilb" (X) the moduli space of zero-dimensional subschemes Z C X satisfying
dim H°(Oz) =n

Hilb"(X) is a projective variety if X is. What is special about the geometry of Hilbert schemes of points
on surfaces are the following theorems:

Theorem 6.0.7 (Fogarty [7]). Hilb™(X) is a smooth, connected, irreducible, projective variety.

Let S™X the symmetric product X™/S,. There is a natural Hilbert-Chow map
Hilb"(X) — S"X

which sends a subscheme Z C X to it’s support, counted with multiplicity. This map is a resolution of
singularities; its main property is:
Theorem 6.0.8 (Briancon, [4]). If x € X, the fiber of the Hilbert-Chow morphism over nx is an irreducible
variety of dimension n — 1.

Both these theorems are false if dim X > 2.

Since Hilb™ (X)) represents a functor, there is a universal family of subschemes

=, C X x Hilb™(X)

flat and finite over Hilb" (X)), of degree n. For each vector bundle V on X, Z,, induces the tautological vector
bundle
Vil — P2up Oz,

on Hilb"(X), with rank V" = nrank V.

6.1 Fock space structure on the Hilbert scheme

We recall certain algebraic structures on the cohomology of the Hilbert schemes induced from correspon-
dences. Let _
F =P H'(Hib"(X),C).

This is a super vector space, graded by cohomology degree. It is also graded by length of subscheme: set
F" = @;H'(Hilb"(X),C). The bilinear form on H*(Hilb"(X)) induces a non-degenerate, super-symmetric
bilinear form on F.
Define
E}T™ C Hilb"(X) x Hilb™(X) x Hilb" "™ (X)

to be the closure of the locus of triples (a, b, ¢) of subschemes of X, satisfying:

anNnb=10
aUb=-c
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Since EJi1™ is a closed subscheme, it has a fundamental class
[E; 7] € H*(Hib"(X),C) ® H*(Hilb™(X),C) ® H*(Hilb" ™ (X),C)
Pulling back, intersecting with [E,’I”,an] and pushing forward induces maps
m : H*(Hilb"(X),C) ® H*(Hilb™(X),C) — H*(Hilb"*™(X),C)
c: H*(Hilb"™(X),C) — H*(Hilb"(X),C) ® H*(Hilb™(X),C)
Putting all these together, we get maps

m:FQF —F
c: F—=FQF
These maps are adjoint : m! = c.

Theorem 6.1.1 (Grojnowski [10]). m and ¢ give F the structure of a commutative, cocommutative graded
Hopf algebra, in the super sense. The unit is given by the identity in the ring H*(Hilb’(X),C) = C.

An equivalent formulation was obtained in [I9], which describes the structure of F as a module over the
Heisenberg algebra.

A commutative, cocommutative graded Hopf algebra is naturally isomorphic to the free commutative
algebra on the space of primitive elements,

Prim, ={a € F" | c¢(a) =a®@1+1®a}
One can identify Prim, . explicitly as the image of a map induced from a certain correspondence. Let
Z, C X x Hilb"(X)

be the locus of pairs (z,a) satisfying
Suppa = nz

Z, is a closed subscheme, and so induces a linear map
[Z,]: H*(X,C) — H*(Hilb"(X),C) = F"

One can show that this map is of cohomology degree 2n — 2. Geometrically, this map takes a cycle A C X
to the cycle in Hilb™(X), consisting of those subschemes a which are supported on exactly one point, which
lies in A.

Theorem 6.1.2 (Grojnowski [10], Nakajima [19]). [Z,] induces an isomorphism
H*(X,C) = Prim, (F)
and hence a canonical isomorphism of graded Hopf algebras
F2F(H*(X,C))=Sym"(H*(X,C) ® zClz])

In this isomorphism « is given degree 1, so this identifies 7™ with the energy weight space of weight n.
If we take X smooth, but not necessarily projective, we still have a canonical identification F =
F(H*(X,C)). However, now this isomorphism is only as graded coalgebras. Dually, if we intepret H*(,C)
as compactly supported cohomology, we again have such an isomorphism; but now it is of graded algebras.
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6.2 Lehn’s theorem
Cup product on H*(Hilb"(X),C) = F" induces a ring structure

x: FUQF — F.

This is distinct from the Fock space structure induced by correspondances. We would like to describe it.

Let T% be the cotangent bundle of X, and T;{["] be the associated tautological bundle on Hilb™(X), a
bundle of rank 2n. Write H = H*(X,C), and K = ¢;(T%) for the canonical class. H is a weak Frobenius
algebra; if X is projective it is even a Frobenius algebra. Note moreover that e = c2(T% ), and so an element
u such that u?> — Ku — e = 0 is precisely a Chern root of T%. We define the Calogero-Sutherland operator
L£(H,K) € EndF. The main result of [T2] is the computation of cup product with the boundary of the
Hilbert scheme in terms of the Fock space coordinates of [10, [T9]:

Theorem 6.2.1 (Lehn [12]). The linear map F — F defined on F™ as
T (T;[n]) * T
is the Calogero-Sutherland operator £(H, K).

This is theorems 3.10 and 4.2 of [12].
The following theorem is due to Lehn [I2] for the subalgebra H}, (X,C) C H*(X,C) of algebraic coho-
mology, and was extended to all of H*(X, C) by Li, Qin and Wang [T5,[T6]. Define CSx = (£, P(h0) | h € H).

Theorem 6.2.2. There are linear maps
¢, : H*(X,C) — Diff "' End F
for i >0, such that €;(h) preserves each subspace F,, and which satisfy
[€;(h), L] =0, & (R)(1) =0, and [€;(h),P(Wz)] = (Ad L) (P(hhx)).

Write D" for the subalgebra of Diff End F generated by &;(h) for h € H, i > 0. Then CSxg C D" and
the image of DM in End F" coincides with the algebra of left multiplication operators, i.e. the image of the
natural map H(X,C) — End F", a — ax.

7 Hecke algebras and Hilbert schemes

We now apply the results of sections 2-5 in the context of section [fl This gives a description of the ring
structure on H*(Hilb"(X), C) in the Fock space coordinates. In particular, this gives an explicit algebraic
construction of the ring D"*| and shows it depends only on the weak Frobenius algebra H = H(X,C) and
the class K € H.

Theorem 7.0.3. Let X be a smooth algebraic surface, H = H(X,C) its cohomology ring. Identify F™ =
H*(Hilb™(X),C) as above. Let M be the integrals of motion; recall that this is independent of the choice
of degeneration direction.

Then

Z) 'Dhilb = LOCDiff End]:(CSK), and
’LZ) Locpig End]:(CSK) =TI Mkg.

In particular, the image of Mg in End F™ coincides with the algebra of left multiplication operators,
i.e. the image of the natural map H(X,C) — End F™, a — ax.

19



Proof. We have already proved (ii) holds for any weak Frobenius algebra H, and K € H as theorem BEOH
We prove (i).

By theorem BZA CSkx C DM C Zpiggnd #(CSk), and [€;(h), P(x)] € (CSk,F). Moreover, as
[[£, P(z)], P(ha™)] = 2nP(ha™t!), (CSk,F) = (CSk, P(x)). Hence D" (CSk,F) is a subalgebra, and
so D" C Loc(CSk).

Let us compute the symbol s of &;(h). The conditions in theorem give

{s,P(hz)} = Ad P(p*)'P(hh/z) = 2° P(hh/zp?),

and {s, P(h'p)} = {s, P(W'p?)} = 0. By lemma BE3(i), s = ii—llP(hpiJrl).

So Gr DM = Sym H|[p|]. But GrLoc(CSk) C Sym H|p], by EXLAL We must have equality. O

Remark 7.0.4. The algebra Sym Hp] is Poisson self-centralising in Gr Diff End F; it follows that DM is
also the algebra of all differential operators on F which preserve each F", and whose restriction to each F"
is cup product with some class. (As this algebra is obviously commutative, and contains (&;).)

In this paper we have set up a formalism precisely linking the combinatorics of intersection theory on the
Hilbert scheme with integrable systems and certain generalizations of Cherednik algebras.

It is now straightforward to compute all geometric information on the Hilbert scheme in terms of the
well understood combinatorics of Jack polynomials and/or Cherednik algebras. Elaborations and further
generalizations will appear elsewhere.
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