CHAPTER 4

Renormalizability

1. The local renormalization group Row

1.1. One point of view on renormalizability says that a theory is renormalizable if
there are finitely many counter-terms. The usual justification for this condition is that
it selects, in the infinite dimensional moduli space of theories, a finite dimensional
space of well-behaved theories. Finite dimensionality means that renormalizable the-
ories are predictive: they have only finitely many free parameters, which can be fixed
by performing finitely many experiments.

Any natural condition which selects a finite dimensional subspace of the space
of theories can be regarded as a criterion for renormalizability. The more natural the
condition, of course, the better.

The philosophy of this book is that the counter-terms themselves have no intrinsic
importance; they are simply a tool in the construction of the bijection between theories
and local functionals. The choice of a different renormalization scheme will lead to a
different set of counter-terms associated to a theory. Thus, we must reject the finitely
many counter-terms criterion as unnatural.

We will use a renormalization criterion arising from the Wilsonian point of view.
This criterion selects, in a natural way, a finite dimensional space of renormalizable
theories in the infinite dimensional space of all theories.

The idea is that a theory given by a set of effective interactions {I[L]} is well-
behaved if I[L] doesn’t grow to fastas L ! 0, when measured in units appropriate
to the length scale L. We will take “not too large” to mean they grow at most loga-
rithmically as L ! 0. A theory will be called renormalizable if it satisfies this growth
condition, and if in addition, the the space of deformations of the theory which also
satisfy this growth condition is finite dimensional. This means that one can always
specify a renormalizable theory by a finite number of parameters.
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116 4. RENORMALIZABILITY

1.2. Notation. Throughout this chapter, we will only consider translation invari-
ant theories on R”. We will use the notation from chapter 3; thus, O(S (R")) will
refer to the space of translation invariant functionals on R”, satisfying the technical
conditions described in chapter 3.

Local functionals will also be translation invariant. We will let
Olc(S (R")) " O(S (R"))
be the space of translation-invariant local functionals on S (R").

Theories on R"” which are invariant under R"” ! SO(#n) yield theories on any man-
ifold with a flat metric.

1.3. Now we will start to make the definition of renormalizability precise. First,
we need to introduce the local renormalization group flow. This is a flow on the
space of theories which is a combination of the renormalization group flow we al-
ready know, a rescaling on R”, and a rescaling of the field ¢. These rescalings are the
change of units mentioned above.

Let us define an operation
R;:S (R")! S (R")
Ri(¢)(x) = 1"*"1gp(1x)
forx $ R".If I $ O(S (R")) is a functional on S (R"), define
RAI)(¢) = I(Rys1 ).

Thus
RAT) (¢(x)) = I(I¥ 21 1x))

The reason for this definition is that then the pairing between functionals and fields is
invariant:

1(¢) = (RIT)(Ri9).
1.3.1DebPnition-Lemma. The local renormalization group flow
RG T )1 7€)

on the space of theories is defined as follows. If { I[L]} is a collection of effective interactions
defining a theory, then

RS ({IL]}) = {RG(I[L])}
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is defined by
RG(1[L]) = RY(1[2L])

This collection of effective actions I[L] $ O(S (R"),C" ((0,! );) & C' ((0,! ).) defines a
smooth family of theories parametrized by I, in the sense of definition 3.1.1.

PROOE. In order to check that RG;(I[L]) defines a theory, we need to check that
the locality axiom and the renormalization group equation are satisfied.

The locality axiom of is immediate. We need to check that RG; (I[L]) satisfies the
renormalization group equation. Now,

L ' ' 2
P(e,L)(x,y) :/ tn/2p8 Xy /g

£

so that

L ] ]
RiP(e,L) = I3 [ f#0/2# P gy
£
l#ZL . 5
= utn2e* Y TJuqy where u = 1#2t
1#2¢

= P(I*2¢,172L).

The way we defined the action R}®on functionals O(S (R")) means that, for all P $
C' (M2),and all 1 $ O(S (R")),

RN pI) = g pRYA.

The renormalization group equation for I[L] says that
I[I’L] = hlog {exp (h! p(lzellzL)> exp (h#ll[lze]> } .
Applying R®to both sides, we find
RS, (I[L]) = hlog {exp (h' Ple ) (h#lR%[[lZ ])}

=hlog {exp Y per > (h#1R9 (I []))}
=W (P(e, L), RS (I[¢]))

as desired.
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1.3.2Proposition. Let { I[L]} be a theory on R" (as always, translation invariant). Then,
RG(I[L]) $ OT(S (R"))[[A]] & C[log 1,1, 1*1].

In other words, each RG;(I; k[L]), as a function of 1, is a polynomial in 1, 1* and log .

We will prove this later.

A term in RG; (I[L]) is called

(1) relevant if it varies as [¥(log )" where k ( 0 and some r $ Z( .
(2) irrelevant if it varies as I*(log I)" for some k < 0 and some r $ Z o.
(3) marginal if it varies as (log!)” for some r $ Z o.

Thus, marginal terms are a subset of relevant terms. Logarithmic terms only appear
because of quantum effects; at the classical level (modulo ) all terms scale by I¥ for
some k $ 1Z.

1.3.3DebPnition. A theory {I[L]} is relevant if, for each L, RG; (I[L]) consists entirely of
relevant terms; o, in other words, if

RS (I[L]) $ O (S (R"))[[M]] & Cllog1,1].

A theory is marginal if, for each L, each RS, (I[L]) consists entirely of marginal terms; that
is,

R, (1[L]) $ 0*(S (B"))[[H]] & Cllog .

Let
R T ()
M @)1 (1)
denote the subset of the space T (") of theories consisting of relevant (respectively, marginal)

theories defined modulo 1", Let R (' ) = imR M and letm () = 31%1 M (%) be the spaces of
relevant and marginal theories defined to all orders in .

In this definition, and throughout this chapter, we consider only translation invari-
ant theories.

Passing to small length scales (that is, high energy) corresponds to sending / ! 0.
A theory which is well-behaved at small length scales will have only relevant terms,
and a theory which is well-behaved at large length scales will have only marginal and
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irrelevant terms. A theory which is well-behaved at all length scales will have only
marginal terms.

DebPnition. A theory on R" is renormalizable if it is relevant and, term by term in h, has
only finitely many relevant deformations.

In other words, a theory {I[L]} $ T (' ) is renormalizable if { I[L]} $ R" ) and, for all
finite n, Ty R (n) is finite dimensional.

A theory is strictly renormalizable if it is renormalizable and it is marginal.

A theory is strongly renormalizable it it is strictly renormalizable, and all of its rel-
evant deformations are marginal; in other words, if {I[L]} $ M (') and TR ) =
TuupM ¢ -

1.4. The choice of a renormalization scheme leads to a bijection
*
T = 0f(s ()]

between the space of theories and the space of local functionals. Both theories and
functionals are, as always in this chapter, translation invariant.

The local renormalization group flow translates, under this bijection, to an R+
action on the space of local functionals. If I0;! (S (R"))[[]] we will let RG;(I) be the
family of local functionals arising by the action of the local renormalization group. It
follows from the fact that RG;({ I[L]} ) is a smooth family of theories, and from theorem

3, that RG;(I) is a smooth family of local functionals, that is an element

RG(1) $ O(S (R"),C' ((0,1 ))[[A]]-

loc

Modulo 7, the action of the local renormalization group on local functionals is simple.

If
I'$ 0, (S (R"))[[R],

then
RS (I) = R}I) mod h.

At the quantum level more subtle things happen, as we will see shortly.

1.5. Every local functional I $ Oy,.(S (R")) which is homogeneous of degree k
with respect to the field ¢ $ S (R") can be written as a finite sum of functionals of the
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form
() 0% [ o(nd)..(10)

where the [; are multi-indices, and

1 i N
[P -
Y= -
] I xq I x,

is the corresponding translation invariant differential operators.

The operator R}®acts diagonally on the space of functionals, with eigenvalues I¢
for k $ 1Z. We say a functional I has dimension k if

R = I*I.
For example, if I is the functional in equation ( ), then
RAT) = k(1 gm)a 1]
so that I is of dimension n + k (1 # %n) # " ’Ij’.
Let
Otoc k(S (R")) " Opoc(S (R))

be the space of local functionals of dimension k.

Let
OZOC,( O(S (Rn)) ! OIOC(S (Rn))

be the subspace of functionals which are sums of functionals of non-negative dimen-
sion. There are projection maps

Oloc(S (Rn)) ! Oloc,( O(S (Rn))

and
O1oc(S (R")) 1 Oppe (S (R™)).

The main theorem proved in this chapter is the following.

1.5.1Theorem. The space R ""+1) is, in a canonical way, a torsor over R ™) for the abelian
group Opoe ( 0(S (R™)) of local functionals of non-negative dimensions. Also, R () is canoni-
cally isomorphic to the subspace of Oy,c 0(S (R")) of functionals which are at least cubic.

Similarly, M ("+1) is q torsor over M (") for the abelian group Oj,co(S (R™)) of lo-
cal functionals of dimension zero. Also, M () is canonically isomorphic to the subspace of
Oloc, 0(S (R™)) of functionals of degree 0.
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The choice of a renormalization scheme leads to a section of the torsors M ("+1) 1\ (m)
and R+ 1 R gud thus to bijections

REIZOf (S (R)[[A]

and

M ¢1 ok (S (R)[[A].

The following is an immediate corollary.

1.5.2Corollary . Let us choose a renormalization scheme.

Then, we find a bijection between (translation invariant) strictly renormalizable scalar
field theories on R" and Lagrangians of the form:

(1) The ¢ theory on RS.
(2) The ¢* theory on R*.
(3) The ¢° theory on R3.
(4) The free field theory on R" when n =5 orn > 6.

More precisely: there is a bijection between strictly renormalizable theories on R?
and interactions of the form

fn) [ oD@ +gm) [ ¢°

where f $ AR[[1]] and g $ R[[72]]; and similarly for R* and R®. The point is that, on R?,
the space of local functionals of dimension zero is spanned by [gs ¢ D @ and [ps ¢°;
and similarly on R* and R®.

On R" where n = 5 or n > 6, the only local functional of dimension zero is
Jr: @D ¢. Thus, renormalizable theories in these dimensions correspond to purely
quadratic interactions of the form f (%) [gs ¢ D ¢. These are free theories.

There are no renormalizable scalar field theories on R or R?, as any relevant theory
in these dimensions has infinitely many relevant deformations.

1.6. Now let us consider the quantum effects which appear in the local renormal-
ization group.
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Let us fix a renormalization scheme RSj. Recall that P ((0,! )) " C' ((0,! ))
is the algebra of smooth functions on (0,! ) which are periods. A renormalization
scheme is defined by a subspace

RSy =P ((0,! ))<o™ P ((0,! ))

of purely singular periods; this subspace is required to be complementary to the sub-
space P ((0,! ))( o of periods which admitane! 0 limit.

Let
RS ={f$C ((0,! )| f(I"%)$ RSy}.
In other words: the action of R on itself induces an action of R-y on the space

of renormalization schemes, and we will denote by RS; the renormalization scheme
obtained by applying [#2 $ R to the original renormalization scheme RSy.

There is a change of renormalization scheme map
Lo =" rs! rsy: Op(S R[] O (S (R™))[[H]].

By definition, a theory associated to the action I and the renormalization scheme RS;
is equivalent to the theory associated to the action ! ;((I) and the renormalization
scheme RS.

Throughout, we will use the renormalization scheme RSy to identify the space
T () with the space O;’ (S (R"))[[1]] of local functionals using the renormalization
scheme RSy. Once we have made this identification, the local renormalization group
flow RY; is a map
RG1: O (S (R[] O (S (RM))[[7]]-

loc

1.6.1Lemma. The local renormalization group flow RG; is the composition

R =1 10, R O (S (R[] Of (S (R"))[[A].

loc

PROOF. The theory associated to a local functional I $ O," (S (R"))[[]] is defined

loc
by the effective interactions

WR (P(0,L),1) = lim W <P(e, L), I# ICT(5)> .
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By definition of the local renormalization group flow,
WE (P(0,L),RGi(1)) = RIWR (P(0, L), I>
= lim RYW (p(g, 12L), I # ICT(s))
el 0
~ lim W (R,P(e, 12L), R% # R;%ICT(E))
£l
= lim W (P(*2e, L), RYT # RITCT ()
= HimW (p(g, L), R% # R;’/OICT(zzg))
el 0
where in the last step we re-parametrize the dummy variable . Now, R?/‘YCT(IZS) is

purely singular for the renormalization scheme RS;. Since the limit exists, it follows
that RY1¢T (I%¢) is the counter-term for R} with this renormalization scheme.

Thus, the effective action
lim W (p(g, L), RM # R;’/OICT(zzg))
£

defines the theory associate to R}q and the renormalization scheme RS;. By definition
of the change of renormalization scheme map, this is the same as the theory associated
to! ;o R?/‘Y and the renormalization scheme RSj. Thus, we find that

WX (P(0,L),RG(I)) = WR (P(0,L),! 10R/Y)

so that
U oRM = RG (1)

as desired. O

1.7. As we have seen, the choice of renormalization scheme leads to a bijection
between R (' ) and the space OIJOFC,( o(S (R"))[[1]] of local functionals of non-negative
dimension. Since the local renormalization group flow acts on R ' ), via this bijection,
it also acts on O;, o 0(S (R"))[[1]]. We will continue to use the notation RS, to refer to

this action:
RS Of, oS R Of o(S (R[]

In a similar way, the bijection between the space M (! ) of marginal theories and the

space O;f (S (R"))[[1]] of local functionals of dimension zero leads to an action of

RG; on the latter space.
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We have to be careful here; the diagram

Opto oS (R[] 0, o(S (R")[[A]]

RS

Opoc (S (R™))[[A] 10,5 (S (R™))[[1]]

does not commute, where the vertical arrow is the naive inclusion. Neither does the

corresponding diagram where the inclusion is replaced by the projection
Oppe(S RMNIMAIN Y Ope( o(S (R™)[[A]].
However, there is a modified inclusion map

Oppeo(S R"))[A] Y O (S (R™))([[M]

which corresponds to the inclusion

this inclusion is, of course, equivariant with respect to the local renormalization group
action.

Classically, that is modulo 7, the local renormalization group action is trivial on a
local functional of dimension zero. However, there are quantum effects. We can see
this, for instance, in the ¢* theory on R%. Let us use the notation

4\ _ 4
<¢' >  Jpe ¢
1.7.1Lemma.

RG; (c <d)4>> =c <q§4> +hc22#77r#210gl <qb4> modulo h?

PROOF. We will fix a renormalization scheme RSy with the property that the func-

#1

tions " * and log ¢ are purely singular.

In section 4 of this chapter, the counter-terms for the action

<)
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are calculated to one loop. We find (proposition 4.0.5) that

Ig(e) _ o#5,#2, #1 <¢2>

If1(e) = # " 22782 log e <q§4>

IfT(e) = 0ifi =2,4.

Lemma 1.6.1 says that the local renormalization group flow RS, is obtained as a
composition
RS =R/ 1 g

of the rescaling operator R®and a change of renormalization scheme map ! ;. As
discussed earlier, ! ;( is the change of renormalization scheme map from the renor-

malization scheme RS;, whose purely singular functions are of the form f(I?c) where
f(€) is purely singular for RSy, to the renormalization scheme RS.

By definition of ! ; g, the theory associated to action I and renormalization scheme
RS; is equivalent to the theory associated to action ! ;((I) and renormalization scheme
RS.

With I = ¢ (¢*), the one-loop counter-terms with renormalization scheme RS; are
Ilc,;RSl(g) — o5, #2  #1 <¢2>
ISZ’RS’ (¢) = # " 22%8¢2 <log£ +log 12) <d)4>
7R (e) = 0ifi = 2,4

To see this, observe that the functions ¢! and log 12¢ = log e + log 12 are purely sin-
gular for the renormalization scheme RS;.

It follows that
Lyoll) =1+ ho 20782 logl2 <d)4> modulo A2,

Since RY*(¢p*) = (¢p*), this yields the desired result.

2. The Kadanof f-Wilson picture and asymptotic freedom

2.1. The definition of renormalizability given above is closely related to the Kadanoff-
Wilson picture.
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The Kadanoff-Wilson renormalization criterion says that a theory is renormaliz-
able if

(1) It converges to a fixed point under the local renormalization group flow as
It o.

(2) The unstable manifold for the local renormalization group at this fixed point
is finite dimensional; in other words, all but finitely many directions are at-
tractive.

“Unstable” means that as the local RG parameter ! increases, and we tend to low
energy, points in the unstable manifold move away from the fixed point. To avoid
using the term “renormalizable” for several slightly different concepts, we will refer to
a theory satisfying these two conditions as Kadanoff-Wilson (KW) renormalizable. A
fixed point satisfting condition (2) will be called a Kadanoff-Wilson (KW) fixed point.

Any real-world measurements one makes of a quantum field theory occur at low
energy, that is, as the local renormalization group parameter / becomes large. Suppose
we have a theory which is a Kadanoff-Wilson fixed point, and we make a small de-
formation in the stable direction. Then, as ! ! , this deformation is drawn back to
the fixed point we started with. Thus, deformations in the stable direction make no
difference to real world measurements; they are called irrelevant.

If the Kadanoff-Wilson criterion holds, there are only a finite number of defor-
mations which make any difference to low-energy measurements; these deformations
occur in the unstable manifold. Thus, to specify a theory up to terms which are irrel-
evant for experimental purposes amounts to specifying a point in the unstable mani-
fold. The KW criterion says that this unstable manifold is finite dimensional, and so a
theory is specified by only a finite number of parameters.

2.2. The Kadanoff-Wilson criterion of renormalizability should be viewed as an
ideal non-perturbative definition. The definition we give is a perturbative approxima-
tion to this ideal.

Our perturbative definition of renormalizability contains two conditions: firstly,
that the coupling constants in the theory grow at most logarithmically as / ! 0; and
secondly, that the theory has only finite many deformations satisfying this condition.

The first condition says that there are no obvious perturbative obstructions to con-
vergence to a fixed point. If a term in the theory exhibits polynomial growthas!! 0,
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then one can reasonably conclude that the theory doesn’t converge to a fixed point.
The second condition says that if the theory does converge to a fixed point, then this
fixed point must satisfy the Kadanoff-Wilson criterion.

The presence of terms with logarithmic growth does not preclude convergence to
a fixed point at the non-perturbative level. For instance, suppose we had a theory with
a single coupling constant ¢, and that at c = 0 the theory is a fixed point (for example,
a free theory). Suppose that the coupling constant ¢ changes as

ck " =c+hclogl+....

Since the formal parameter 2 should be viewed as being greater than zero, if c changes
in this way then the theory does converge to a fixed point.

On the other hand, if the coupling constant c changes as
ck "' =c# hclogl+....

we would not expect convergence to a fixed point.

Thus, our definition of perturbative renormalizability is not as strong as the ideal
non-perturbative definition given above: our definition only excludes the theories
which obviously don’t converge to a fixed point, but includes theories which don’t
converge to a fixed point for more subtle reasons.

2.3. A more refined definition of renormalizability would require our theory to
be asymptotically free; this idea is explained in this subsection.

Let us consider a theory with a single coupling constant c. Since we are always
making the /i dependence explicit, our coupling constant ¢ depends on 7,

c(h) =" Hec;.
i( 0
Geometrically, we will think of the coupling constant c as being a map of formal
schemes

SpecR[[h]] ! SpecR]c]

or equivalently, a section

SpecR[[%]] ! SpecR[c]. SpecR[[A]].

The renormalization group flow then acts on the space of coupling constants:

c(h) ¥ RG(c(h)).
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This action is 77 multi-linear, in the sense that if we Taylor expand RS, as a function of
c(f), the terms in the Taylor series are i multi-linear maps

R R][]].

(This multi-linearity property follows from the fact that the change of renormalization
scheme maps are /i multi-linear). Geometrically, this means that RS, is an automor-
phism

RS : SpecR[c]. SpecR[[h]]! SpecR[c]. SpecR[[#]]

compatible with the projection to Spec R[[#]].

Since RG;,, = RG;, RG,,, and since RG;(c(f)) is smooth as a function of I, there
exists a vector field | |
X = f(c,h)!'—c $ R[[A]] & R[C]!'—C
which generates the renormalization group flow RG;. This vector field X is an infini-
tesimal automorphism of Spec R[[i]] . SpecR]c] over SpecR[[/1]], or, in other words,
a h dependent family of vector fields on the affine line Spec R[c]. The statement that
X generates RG; means that

RG; = elo8DX,

We will say that a theory is asymptotically free, if, to leading order in ¢ and 7, the
vector field X moves the coupling constant c closer to the origin in the affine line. This
means that if we write

X = fle,h)= = ckfk(h)l!—c +0(c),

!
Ic
then

fi(h) = af! + O(H'T)

where « > 0.

What this means is that if we start with a theory with some very small coupling
constant ¢, then the renormalization group flow will make this coupling constant
smaller.

In practise, theories are very rarely asymptotically free. For example, lemma 1.7.1
shows that the renormalization group vector field X for the ¢* is, to leading order,

|
X = 2h—.
lc

Thus, the renormalization group flow takes a small positive coupling constant and
moves it towards the origin, and a small negative coupling constant and moves it
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away from the origin. However, our sign conventions mean that the physically rele-
vant coupling constant is negative.

Of course, the famous result of Gross-Wilczek [GW73] and Politzer [Pol73] says
that Yang-Mills theory is asymptotically free. Although this book proves renormaliz-
ability of Yang-Mills theory, proof of asymptotic freedom in our context will have to
wait for future work.

3. Universality

A key feature of the Kadanoff-Wilson picture is the idea of universality. If we are
at a KW fixed point, then all small deformations of the theory become equivalent to
small deformations lying on the unstable manifold in the large length (low-energy)
limit. The theories lying on the unstable manifold are said to be universal among all
theories near the fixed point.

One can ask is there a similar picture in the perturbative version of the Kadanoff-
Wilson philosophy we are using here. Let us start by making a precise definition of
universality.

3.0.1Debnition. Two theories, given by collections of effective actions { I[L]}, {I'[L]}, are
in the same universality class if for all L,

RSy (I[L]) # RS, (I'[L]) ! Oasl! !

Thus, given a renormalizable theory, one can ask whether all small deformations
of it are in the same universality class as a renormalizable deformation. The strongest
results along these lines can be obtained for theories which satisfy an extra condition.

3.0.2DebPnition. We say a theory is strongly renormalizable if
(1) It is strictly renormalizable, that is, only contains marginal terms.

(2) All renormalizable deformations of the theory are also strictly renormalizable. In
other words, there are no deformations which introduce relevant terms.

The following theorem is very easy to prove'.

IWhen we discuss Yang-Mills theory, we will give a detailed proof of a stronger version of this
theorem.
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3.0.3Theorem. Any infinitesimal deformation of a strongly renormalizable theory (to any
order) is in the same universality class as a renormalizable deformation.

Unfortunately, scalar field theories are never strongly renormalizable. However,
as we will see later, pure Yang-Mills theory in dimension 4 is strongly renormalizable.
Thus, the quantization constructed later for pure Yang-Mills theory is universal.

A weaker result holds for theories which are just strictly renormalizable.

3.0.4Theorem. Any first-order deformation of a strictly renormalizable theory is in the same
universality class as a renormalizable first-order deformation.

Unfortunately, this is not true for higher order deformations. If we have a first or-
der deformation which involves both relevant and irrelevant terms, then these can
combine at higher order to create extra marginal or relevant terms which are not

present in any renormalizable deformation.

4. Calculations in ¢* theory

In this section, we will calculate explicitly the one-loop counter-terms for ¢* the-
ory, with interaction

1:10,4=c/¢4.

This allows explicit calculations of the local renormalization group flow to the first
non-trivial order (lemma 1.7.1).

Let us fix a renormalization scheme with the property that the functions e*! and
log ¢ are purely singular.

4.0.5Proposition. The one-loop counter-terms for the action I are
1CT (¢ :2#57r#2ce#1/ )2
12(€) . ¢(x)

I[1(e) =#n" 22782 loge /x$R4 ¢(x)*

If7(e) = 0ifi=2,4.

The rest of this section will be devoted to the proof of this proposition.
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4.1. The first counter-term arises from the graph

P(e, L)

Y1 =

It is easy to see that the weight is

L

wy, (Ple,L), 1)(¢) = |

1=

[ K0’
L
—¢ S/R4(47rl)#2¢(x)2

1=
(5#1# L#l) . P>

~ Yoz

Recall that we are using a renormalization scheme where ¢#! is purely singular. Then,
the first counter-tem

IEZT(e) =c

1 4 2
e / O

(the extra factor of 1 arises from the automorphism of the graph).

Because -1 (l¢) is purely singular, this graph does not contribute to the local renor-
malization group flow.

The next graphs we need to consider are
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These graphs contribute with opposite signs. The singularity in the graph y; arises
from the loop on the second vertex; this singularity is counter-acted by the counter-
term 11CZT (¢) in the second graph. Thus, the sum of contributions of these two graphs
is non-singular, so they do not contribute any new counter-terms.

4.2. The next graph that needs to be considered is

Y4 =

The weight for this graph is

— 2 K , K , 2 2
wy, (¢) = ¢ ]£J2$li]C“Q$R4 1 (%1, %2) Ky, (x1, %2) d (x1) " (x2)

_ sz#sn#z;/ / 1#21#26#'xl#xz'2((411)#1+(4lz)#1)¢'(x1)2q5(x2)2_
hbS[el] Jx,nSRE 12
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Let us perform a change of variables on R*. R*, by letting

(Xl + XQ)

y:
z=5(x1# x2).

N—= N[=

This introduces a Jacobian factor of 24, so that the becomes

_ 2ott4 #4/ / 228 2 Y o )2 2
On(0) = 2 s ST 2 b(y# 2)°b(y +2)

We can get an asymptotic expansion for the integral over z with the help of Wick’s
lemma. Since we're ultimately only interested in the singular part, this asymptotic
expansion contains all the information we need.

We find that

[ e = gy 2y +2)
zZ

Il
=R 1) (o)t +0 (22 ))
L +1p

(s 4 L) <q>(y)4 +0 <1111+1212>>

where O (l112/(11 + 1)) indicates some polynomial in I115/(I; + I2), where each term
in the polynomial is multiplied by a local functional of ¢.

The terms like (I; + I»)#* #KI5I% do not contribute to the singular part, because the
integral

/ (I + L) 2k dr di
I1,1,$ [O,L}

converges absolutely for any k > 0.

Thus, we find that
Sing, wy, (P(e, L), 1)(9) = Sing, (/(e)) [ ()’
where
e :7r#22#4cz/ Iy + L,)*2dldl
f(e) ll,lz$[e,L](1 2)*2dhdly

= " 22%4c2 (# log 2¢ + 21og(L + ¢) # log2L).
We will choose a renormalization scheme such that log ¢ is purely singular. Then,

Sing, f(e) = 7" 22" 4c? loge.
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The counter-term is

i = msmgs wy, (P(e, L), I)(¢)
= # m71#22#‘%2 log e /y$R4 d(y)*.
Now,
|Auty,| = 2%4
so that

IfZ(a)(d)) = # 278722 loge/y d)(y)4.

$R*

4.3. It turns out that all other one-loop counter-terms vanish. The calculation
which proves this is similar to the calculations we have already seen.

We say that a connected graph is one particle reducible, or 1PR, if it has a separating
edge, that is an edge which when cut leaves a disconnected graph. A graph which is
not one-particle reducible is one-particle irreducible, or 1PI. If we cut a one-particle
reducible graphs along all of its separating edges, we are left with a disjoint union
of one-particle irreducible graphs; these are called the irreducible components of the
graph.

One-particle reducible graphs do not contribute to the counter-terms, because they
are already made non-singular by the counter-terms for its irreducible components.
We have already seen this for the graphs y, and y3 in the calculation above; although
the contribution of the graph y» is singular, this singularity is cancelled out by the con-
tribution of the graph y3. The graph y3 contains the counter-terms for the irreducible
components of y».

Thus, when calculating the remaining one-loop counter-terms, we only have to
worry about 1PI graphs. Every one-loop 1PI graphs is given by a sequence of vertices
arranged in a circle, like
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Y5 =

The integral attached to each such graph converges absolutely, and so these graphs to
not contribute to the counter-terms. We will see this explicitly for ys; the calculation

for other circular graphs is similar.
Note that

Wys (P(S, L), I) (d))
- C3 /11,12,13$[6,L] /Xl,XZ,X3$R4 Kh (x2/ XS)KZZ (X3, xl)Kl3 (xll xz)qb(xl)qu(xz)qu(x?’)Z

Since we are only interested in showing that the limit as ¢ ! 0 exists, we will not
worry about constants appearing in the formulae.

Plugging the expression
' ' 2
Kl(x, y) — (47‘[1)#26# x#ty' ©/4l
into the above formula, we see that we need to show the integral
/ / (111213)#26#'xz#xs'2/411#'x3#x1'2/4l2#'x1#x2' 2/413(17(3(31)2(1)(3(2)24)(3(3)2
ll,lz,l3$[O,L] x1,x2,X3$]R4
is absolutely convergent.

Let us perform the change of variables

Z1 = %(Xz# X3)
2y = %(X3# xl)
y= %(x1+x2+x3).
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The integral we need to show is absolutely convergent is
/ / (111213)#26#'21l2/11#‘22'2/12#'Z]+22l2/13F(y121122)
11,12,l3$ [O,L] y,Zl,Zz$R4

where F is a Schwartz function on R*. R*. R*. Since F is Schwartz, for all n > 0
there exists a constant C,, such that

F(y,z1,z2) 0 C,(1+" ¢ )#”

for all y, z1, zo. Thus, it suffices to show that the integral

/ / (111213)#26#'21'z/ll#'22‘2/12#'Zl+22'2/l3
11,12$[0,L] z1,2,$ R4

converges absolutely.

Note that

' 2 ' 2 ' 2
/ . e# Z1 /ll# Z2 /lz# zZ1+22 /l3 — 7T4(detA)#1/2
21,22

where A is the matrix of the quadratic form ' z;" 2 Jlh+" 2 2 Jlo+"z1+ 22" 2 /15.

Since
det A= (I{'3 + 15T + 55T,

we are left with the integral

LI )2 (P 1EL L p#L #2:/ LD+ )2
/11,12,13$[0,L](123) (i 0 L) 11,12,13$[0,L](1 2+15)

This integral is easily seen to be absolutely convergent.

5. Proofs of the main theorems

5.1. Before we prove the main results of this chapter, we will need a lemma about
the behaviour of the change of renormalization scheme map.

Let RSy, RS; be two renormalization schemes. Let
! Rsy! R 1 O (S (R")[[H]] 1 Op(S (R™))([[H]]

be the change of renormalization scheme map, defined so that forall I $ O," (S (R"))[[#]]
I

loc
the theory associated to I and RSy is the same as the theory associated to ! rs,! rs, (I)

and RS;.
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5.1.1Lemma. ! rs, Rrs, (I) is a series of the form
Drsyt R (D) =1+ " K'Pyu(I)
a>0,b( 0

where:

(1) Each P,,(I) $ Oy (S (R™)) is homogenous of degree b as a function on S (R");
(2) P,p(I) $ Opoc(S (R™)) is a polynomial in the I,s where 2r# s 0 2a# b.
Note that the space O, (S (R")) of translation invariant local functionals on
S (R™), homogeneous of degree k, is isomorphic, as a topological vector space, to
R' =1 i$7 ,R. A polynomial map R' | R' issimply an element of

R' [t1,t2,...] = Lisz Rlt1, ta, .. ).

PROOF. The proof is by induction. As usual, let us write ! rs,i rs,(I) as a sum

I rsyl Rs, (I) =" A" Rsyt RS, (I)ap

where ! rs;1 Rrs, (I)q5 is homogeneous of degree b as a function of the field.

Let us assume, by induction, that ! rs,i rs,(I)sp is of the desired form for all
(a,b) < (A, B).

Let us write SinggRSO and SimggRs1 to denote the operator which takes the singular
part of a function of ¢ using the renormalization schemes RSy and RS; respectively.
In order to keep the notation short, let us write E,b for ! rsyt rs,(I)ap. Let Tacg(e)
refer to the counter-terms for I,;, taken with respect to the renormalization scheme
RS;. Similarly, let I () refer to the counter-terms for I, taken with respect to the
renormalization sche/me RS;.

Let us assume, by induction, that each ECIOT (¢) and IaCbT (¢) are polynomials in I, g
for2r# s0 2a# b.

Then, observe that
155 (e) = SingR% Wy 5 (P(s, L), " HLy#nIS) (5))
(a,b)<(A,B)

Note that, in a stable graph of genus A with B tails, only vertices of type (r,8) can
appearif 2r# s 0 2A# B. It follows that we can write

157 (¢) = SingR*1 Wy p (P(e,L), N A (@) _
2a# b0 2A# B
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Since everything on the right hand side of this expression is a polynomial in I, , where
2a# b0 2A# B, it follows that I3’ (¢) is such a polynomial.

In a similar way, IS,TB (¢) is a polynomial in I, , for 2a # b 0 2A# B.

By definition, we have

Iap +1lim (WA,B (P(& L, " W, # h@%(@) # ng(@)
et 0 (a,b)<(A,B)

= Ipp+lim (WA,B (P(e,L), " R # RIS (5)> # IgTB(E)> :
: (a,b)<(A,B)

Thus,

Inp=1Iap# i}ﬁ(} (WA,B <P(e, L), " Wl # h“iff(é)) # TSE(&))
' (a,b)<(A,B)

+1im (WA,B (P(g,L), " Ry # RIS (s)) # 122@)) .
’ (a,b)<(A,B)

Everything on the right hand side is a polynomial in 1,; for 2a# b 0 2A # B; thus,

I, is such a polynomial, as desired.

O

Next, we will prove proposition 1.3.2.

IfI1$ O; (S (R"))[[n]] is a local functional, then the counter-terms I (¢) depend
in a polynomial way on I. Thus, the effective actions WX (P(0,L),I) depend in a
polynomial way on I. It follows that to prove proposition 1.3.2, it suffices to prove the

following.

5.1.2Lemma. Forany I $ O;" (S (R"))[[A]],

loc

RG(I) $ O (S (RY))[[1]] & C[1,1*1,10g1].

loc

In other words, for each (i, k), RS;(I; x) is a polynomial of I, I* 1 and log | when considered as
a function of I.

PROOE. Recall that the family of theories RG;({ I[L]} ) is a smooth family of theo-
ries paramterized by [, in the sense of definition 3.1.1. It follows from this and from
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theorem 3 that the local functionals RS (I) are a smooth family parametrized by /, that
is,
R (I> $ C)loc(S <Rn), C! ((O/ ! )l))

Recall that
RS ="' 10, R

where ! | is the change of renormalization scheme map.

We will prove the result by the usual inductive argument. Fixsome I $ O;" (S (R"))[[A]].

loc

Letusfix (a,b) $ Z~o. Z(o,and let us assume, by, induction, thatforall (r,s) < (a,b).
RG(I)rs $ Ope(S (R™)) & C[1,1#1,1og]1].

The operator ! | is “upper-triangular”, as proved in theorem 5.1.1 in chapter 2.
We have

RGi (1) = RGm (RS (1)) =1 moRo (RGi(1)).

It follows that, for all m,1 $ R, we have a difference equation of the form
RGu (D oy = RRG1 (D + ]

where
J$ O1c(S (R™)) & C[1,1#1,1og]).
We are using the induction assumption to specify the form of the dependence of | on

I. Of course, | is homogeneous of degree a in the field ¢. Also, | depends on m, but
this dependence is suppressed.

Let us write
RG(Dap =" RG(1)g,

c
where RS, (I); , is of dimension ¢ $ 17. Then, we find that
@ RGmi(1)gp, = m RG (1) + ]
for some J* $ Ojoc.(S (R")) & C[I,I#1,10g 1] of dimension c.

This is the point at which we use the fact that RG;(I) is smooth as a function of I.
Because of this, the difference equation () for RG;(I); , implies that RS, (I); , satisfies
a differential equation of the form

| _
lﬁRSI(I)Z,b = cRG(N)gp +J°

for some J© $ Olocc(S (R™)) & CJI,1#1,10g 1] of dimension c.
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Any solution of this differential equation is an element Oy, (S (R")) & C[I,I#1,1og].

O

Next, we can prove theorem 1.5.1. The following is an equivalent statement of the
theorem.

5.1.3Theorem. Let
I$ 0y (S (R"))[[n]]

be any local functional of dimension 0. Then, there exists a unique
I'$ 1Oype,—(S (R"))[[1]]

which is a sum of terms of non-zero dimension, such that the theory associated to I + Iis
marginal, that is, an element of M (),

Similarly, for each local functional
I'$ Oy (o(S (R[]
which is a sum of terms of non-negative dimension, there exists a unique
I'$ 1Oype,—(S (R"))[[R]]

which is a sum of terms of negative dimension, such that the theory associated to I + Iis
relevant, that is, an element of R (),

PROOF. We will prove the first statement; the proof of the second statement is
essentially the same.

We need to show that there is a unique I which is a sum of terms of non-zero
dimension such that

RG(I+1)$ OF (S (RM))[[h]] & C[log].

loc

The proof is similar to the proof of lemma 5.1.2. Let us assume inductively that
there are unique I for all (r,s) < (a,b) such that:

(1) Each I, is translation invariant, homogeneous of degree r in the field ¢ $
S (R"), and is a sum of terms of non-zero dimension.
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(2) Let

I<(g,b) _n 1" hrﬁ,s'
¢ (rs)<(ab)

Then,
RG1 (I+ Teap)), $ Ofl(S (R")[[1]] & Cliog]]

for all (r,s) < (a,b).

Let RG; (I + I~<(a,b)>; , denote the part of dimension ¢ $ %Z. As in the proof of the

~ Cc
previous lemma, we can see inductively that RG; ( I+ 1 u,b)) , satisfies a differential
a,

equation of the form
| ~ c ~ c ~
lﬁygl (I + I<(“'b)>a,b = RSy (I + I<(”'b)>a,b +
for some J° $ Ojoc(S (R")) & C[log!] of dimension c.
If c = 0, we see immediately that
~ c
R, (1 + I<(u,b)>a ,$ Oloc,0(S (R")) & Cllog ]
varies only logarithmically with [, as desired.
If ¢ = 0, this differential equation implies that
RSy (1+Tqay)) = IH + H
! ( + <(“'b))a,b N *

for some H $ Oj,.o(S (R")) and H' $ Oy (S (R")) & C[log!], both of conformal
weight c.

Now set
g,b = # H.
Then,

~ ace Cc
RS (1+ Tepy +1T5)

~ C a ~
= RS, (1+ I<(a,b))ab +h°L
~ C, a
— RS, (1+ I<(ﬂ’b))ab# HICH
= H ’
$ Oloc,c(S (Rn)) & C[log l]

as desired.



142 4. RENORMALIZABILITY

We do this for all ¢; for all but finitely many ¢, we find T;,b = 0. Thus, we can set

Ia,b =

n C
a,b
c=0

and we can continue the induction. O

6. Generalizations of the main theorems

The main results of this chapter hold in a more general context. This generalization
will be needed when we consider Yang-Mills theory in chapter 4.

In this section, everything will depend on some auxiliary manifold with corners
X, equipped with a sheaf A of commutative super-algebras over the sheaf of algebras
Cy . The space of global sections of A will be denoted, as before, by A .

Let us assume we are in the situation of chapter 2, subsection 3. Thus, we have

(1) A finite dimensional super vector space E. Let
E=E&S (R").

Thinking of E as a trivial vector bundle on R", E this is the space of Schwartz
sections of E.
(2) An even symmetric element

K $C (R". R")&E%&C' ((0,! ))&A,

playing the role of the heat kernel. We assume that in some basis ¢; of E, K;
can be written

1 . .
K=" P ;(x#y, 1#72)e# Hy 2/lei& e

where the
P $ A [x# y,1*1/2

1
are polynomials in the variables x; # y; and I* 2, with coefficients in A .
Then, we can write the propagator as
P(e, L) = K;dl

as an integral of the kernel K;.
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Let us further assume that E is equipped with a direct sum decomposition
E= D E
i$37
into super vector spaces. E; is the space of elements of E of dimension i.

The direct sum decomposition on E induces an R+ actionon E =S (R") & E, by

R (f(x)e;) = f(Ix)l'e;
where f(x) $ S (R")and¢; $ E;.

We require that the propagator scales as

Ri(P(e, L)) = P(m*2e, m*2L).

As explained in chapter 2, subsection 3, we have a notion of theory defined using
this propagator; let T (! )(E, A ) denote the set of theories, and let T (n) (E,A ) denote
the set of theories defined modulo "1, The choice of renormalization scheme leads
to a bijection

*
T U )(E,A) =0 (E,A) A

between theories and local functionals I $ Oy, (E)[[}1]] which are even and at least cu-
bic modulo 7. As always, both theories and local functionals are translation invariant.

There is an action
RS :TIE,A)L TUIEA)

of the local renormalization group on the space of theories. And, just as in the case of
scalar field theories, we have:

6.0.4Proposition. For any theory { I[L]} $ (T ¢ )(E,A )),

RG(I[L]) $ O (E,A)[[H]] & C[L,I*1,10g1].

Then, we define the spaces R ' )(E, A ) of relevant theories to be the space of those
theories such that

RG,(I[L]) $ O (E,A )[[1] & C[1, log ).

Similarly, the space M (' )(E,A ) of marginal theories is defined to be the space of
theories such that
RG(I[L]) $ OT(E,A )[[#]] & Cllog]].
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Let
Oloc,k(E/A ) " Oloc(ErA )

be the space of local functionals which are of dimension k $ %Z. Then, there are
projection maps

Oloc(ErA ) ! Oloc,O(E/A )

Oloc(ErA ) ! Oloc,( O(EIA )

onto the space of local functionals of dimension zero and the space of local functionals
which are sums of terms of non-zero dimension.

The main theorem is analogous to before:

6.0.5Theorem. The space R ")(E, A ) is a torsor over R "V (E, A ') for the abelian group
Oy, o(E, A ) of local functionals of non-negative dimension. The space R %) (E, A ) is canon-
ically isomorphic to the subspace of Oy o(E, A ) of functionals which are at least cubic.

Similarly, M (") (E, A ) is a torsor over M (" 1)(E, A ') for the abelian group O (E, A )
of local functionals of dimension zero, and M (°)(E, A ) is canonically isomorphic to the sub-
space of O; o(E, A ) which are sums of terms which are at least cubic.



