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Abstract. LetMd be the moduli space of one-dimensional, degree d ≥ 2, complex

polynomial dynamical systems. The escape rates of the critical points determine a

critical heights map G : Md → Rd−1. For generic values of G, we show that each

connected component of a fiber of G is the deformation space for twist deformations

on the basin of infinity. We analyze the quotient space T ∗
d obtained by collapsing

each connected component of a fiber of G to a point. The space T ∗
d is a parameter-

space analog of the polynomial tree T (f) associated to a polynomial f : C → C,

studied in [6], and there is a natural projection from T ∗
d to the space of trees

Td. We show that the projectivization PT ∗
d is compact and contractible; further,

the shift locus in PT ∗
d has a canonical locally finite simplicial structure. The top-

dimensional simplices are in one-to-one correspondence with topological conjugacy

classes of structurally stable polynomials in the shift locus.

1. Introduction

This article continues the study, initiated by Branner and Hubbard in [3, 4], of the

global structure of the moduli space of polynomials f : C → C determined by the

dynamics on the basin of infinity,

X(f) = {z ∈ C : fn(z)→∞ as n→∞}.
Associated to a pair (f,X(f)) are analytic invariants, such as the uniformized Böttcher

coordinates of its critical points, and combinatorial invariants, such as the tree T (f)

defined in [6, 13] or the tableau of [4]. In this article and its sequel [9], we investigate

the extent to which such invariants determine the dynamics of the polynomial f on

its basin of infinity.

This study is partly motivated by a desire to understand the shift locus in the

moduli space, the set of polynomials f where all critical points lie in X(f). In the

shift locus, the conformal conjugacy class of a polynomial is uniquely determined

by its restriction to the basin of infinity, and all such polynomials are topologically

conjugate on their Julia sets. The shift locus has complicated topology, which can be

seen in the rich variation of the global dynamics of these polynomials [2], and there

is currently no known invariant which classifies its topological conjugacy classes. In a

sequel, we provide a combinatorial method to complete the classification of polynomial
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dynamical systems restricted to their basins of infinity. Here we concentrate on the

general topological features of conjugacy classes and how they fit together in the

moduli space.

1.1. Critical heights. Suppose f is a complex polynomial of degree d ≥ 2. Its

escape-rate function is given by

Gf (z) = lim
n→∞

1

dn
log+ |fn(z)|.

Let {c1, . . . , cd−1} be the multiset of critical points of f , each repeated according to

its multiplicity, and labeled so that Gf (c1) ≥ . . . ≥ Gf (cd−1). Finally, let

Hd = {(h1, . . . , hd−1) : h1 ≥ h2 ≥ . . . ≥ hd−1 ≥ 0}.
The map

f 7→ (Gf (c1), . . . , Gf (cd−1))

descends to the critical heights map

G :Md → Hd

on the space Md of complex affine conjugacy classes of polynomials of degree d.

We begin with the following observation:

Theorem 1.1. The critical heights map G : Md → Hd is continuous, proper and

surjective.

The continuity and properness of G follow easily from [3]. Surjectivity follows from

basic properties of analytic maps, since the lift of G to the space of maps with marked

critical points is pluriharmonic on the locus where all critical points have positive

heights. Details are given in §2.

We study the decomposition of Md into connected components of the fibers of G.

This critical-heights decomposition is related to twisting deformations on the basin

of infinity:

Theorem 1.2. For generic values of G :Md → Hd, the fiber of G is a finite, disjoint

union of smooth real (d − 1)-dimensional tori; each connected component coincides

with a twist-deformation orbit. In particular, the connected components of a generic

fiber are precisely the topological conjugacy classes of polynomials within that fiber.

The generic values of Theorem 1.2 have a precise characterization: we show that

a value (h1, . . . , hd−1) of G satisfies the conclusion of Theorem 1.2 if and only if

hi > 0 for all i and hi 6= dnhj for all i 6= j and n ∈ Z. Dynamically, these generic

critical heights correspond to polynomials in the shift locus with all critical points in

distinct foliated equivalence classes. The twist deformation, introduced in [17], is a

quasiconformal deformation of the basin of infinity of a polynomial which twists its

fundamental annuli and preserves its critical heights; the turning curves of [3] are a

special case. See §5.
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1.2. Monotone-light factorization. A closed, proper map between Hausdorff spaces

factors canonically as a monotone map (i.e. one whose fibers are connected) followed

by a light map (one whose fibers are totally disconnected); see [5, Theorem I.4.3].

Below, we apply this to the critical heights map.

The critical heights map factors as a composition of continuous, proper, and sur-

jective maps

Md → Bd → Td → Hd.

Here, Bd is the space of conformal conjugacy classes (f,X(f)) of restrictions of poly-

nomials to their basins of infinity, equipped with the Gromov-Hausdorff topology,

introduced in [7]; Td is the space of polynomial metric trees with self-maps (F, T ),

also equipped with the Gromov-Hausdorff topology, introduced in [6]. We remark

that the space Td differs somewhat from its original definition, in that we have in-

cluded the unique trivial tree associated to polynomials with connected Julia set. See

§4 for details.

The main result of [7] states that the projection Md → Bd is monotone. On the

other hand, the critical heights map on the space of trees Td → Hd is light (Lemma

4.1).

The fibers of the projection Bd → Td can be disconnected, and the reason is not

too surprising. In forming the tree T (f) of a polynomial f , connected components of

the level sets of Gf are collapsed to points, thus “forgetting” the complicated planar

graph structure of the singular components. We give explicit examples in the sequel

[9], but we remark here that even for generic height values in degree d = 3, there are

distinct topological conjugacy classes of polynomials with the same tree.

We define T ∗d to be the quotient space of Md obtained by collapsing connected

components of the fibers of G to points; it is a parameter-space analog of the tree

for a single polynomial. The facts that Td → Hd is light and Md → Bd is monotone

imply that we obtain a new sequence of continuous, proper, surjective maps

(1.1) Md → Bd → T ∗d → Td → Hd

through which the critical heights map G must factor. By construction, the quotient

space T ∗d is the unique monotone-light factor for G. That is, the fibers of Md → T ∗d
are connected (and, in fact, always contain a non-degenerate continuum), while the

fibers of T ∗d → Hd are totally disconnected. Moreover:

Theorem 1.3. The fibers of the projection T ∗d → Td are totally disconnected; and the

fibers are finite over the shift locus in Td. Furthermore, for each h ≥ 0, the fiber over

the unique tree with uniform critical heights (h, h, . . . , h) is a single point.

From the definitions we deduce:

Corollary 1.4. The space T ∗d is the unique monotone-light factor for the tree projec-

tion map Md → Td.
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The objects of the space T ∗d are at present somewhat mysterious; the notation

T ∗d has been chosen because elements should represent polynomial trees, augmented

by a certain amount of combinatorial information. The extra information needed to

specify an element of T ∗d from the corresponding element of Td is the subject of [9].

In particular, we provide examples there showing that the cardinality of the fibers of

T ∗d → Td is uniformly bounded if and only if d = 2 (in which case it is a bijection).

Theorem 1.2 shows that T ∗d is generically the orbit space for the twisting deformation;

in [8] we showed that the full space T ∗d can be interpreted as the hausdorffization of

the twist-orbit space.

1.3. Cone structures and stretching. Stretching is a quasiconformal deformation

of a polynomial, introduced in [3], which expands (or contracts) the basin of infinity

in the gradient direction of its escape-rate function. While not continuous in the

polynomial, stretching nevertheless defines a continuous action of R+ on each of

the quotient spaces in (1.1), which is free and proper on the complement of the

connectedness locus (Lemma 5.1). The R+-actions are equivariant with respect to

the projection maps in (1.1). The critical heights map G satisfies

G(s · [f ]) = sG([f ])

for all s ∈ R+. The connectedness locus of each quotient space is the unique fixed

point of the stretching action, and it contains the set of accumulation points of each

orbit as s decreases to zero. We obtain:

Theorem 1.5. The stretching operation induces a cone structure on each of the spaces

Bd, T ∗d , Td, and Hd. Specifically, they are cones over the compact sets Bd(1), T ∗d (1),

Td(1), and Hd(1), consisting of points with maximal critical escape rate equal to 1,

with origin at the quotient of the connectedness locus.

Because of the cone structure, there is a natural projectivization of each quotient

space ofMd in (1.1), identified with the slice with maximal critical height 1. For the

space of trees Td, this projectivization is the space PTd of [6].

In [7], we introduced a deformation of polynomials which “flows” critical points

upward along external rays until they reach the height of the fastest escaping critical

point. While this cannot be canonically defined onMd(1) or Bd(1) (even in the shift

locus, due to the collision of external rays), the ambiguity is avoided when passing to

the quotient space T ∗d . Using this upward flow, we deduce:

Theorem 1.6. The projectivization PT ∗d is compact and contractible.

The corresponding statement for the projectivized space of trees PTd was proved in

[6].
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Figure 1.1. The simplicial projections of Theorem 1.7 in degree d = 3,

drawn for critical heights 1/35 ≤ h2/h1 ≤ 1 (not to scale). The edges of

PST ∗3 correspond to structurally stable topological conjugacy classes of

polynomials in the shift locus of M3. Note that PST ∗3 has one vertex

more than PST3 at height 1/35.

1.4. Stratification of the shift locus. The shift locus in each of the spaces of (1.1)

is the subset of points with all critical heights positive. It forms a dense open subset

of each of these quotient spaces ofMd. Restricting to the shift locus yields a sequence

of surjective proper maps

(1.2) SMd → SBd → ST ∗d → STd → SHd.

The first map is a homeomorphism [7, Theorem 1.1], and SHd is the subset of Hd

with all coordinates positive.

Each of the spaces in (1.2) is stratified by the maximal number of independent

critical heights, where positive real numbers x and y are independent in degree d

if there is no integer n such that x = dny. Dynamically, the N -th stratum SMN
d

consists of polynomials with exactly N distinct critical foliated equivalence classes.

By the quasiconformal deformation theory of [17], the connected components of the

open stratum SMd−1
d are precisely the topological conjugacy classes of structurally

stable polynomials in the shift locus.

We denote the N -th stratum on each of the spaces in (1.2) with the superscript

N . The strata ST ∗Nd , ST Nd , and SHN
d are non-connected real manifolds, with each

component homeomorphic to RN−1. The maps in (1.2) preserve the strata, and the

strata are invariant under stretching. Passing to the quotients by stretching, which we

denote with the prefix P for projectivization, we obtain a new sequence of surjective

proper maps

(1.3) PSMd → PSBd → PST ∗d → PSTd → PSHd.

It follows that the stratifications descend to the projectivized shift loci, and that the

maps in (1.3) also preserve the corresponding strata.
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Theorem 1.7. The spaces PST ∗d , PSTd, and PSHd carry a canonical, locally finite

simplicial structure, and the projections PST ∗d → PSTd → PSHd are simplicial.

By the above-mentioned description of structurally stable maps in the shift locus

from [17], we obtain:

Theorem 1.8. The set of globally structurally stable topological conjugacy classes of

polynomials in the shift locus of Md is in bijective correspondence with the set of

top-dimensional open simplices in PST ∗d .

It would be useful, therefore, to understand the projectivized shift locus better. A

classification of the stable conjugacy classes in the shift locus is one of the goals of

the article [9]. In degree d = 2, the projectivization PST ∗2 is a point, while for degree

d = 3 it is an infinite simplicial tree. See Figure 1.1. Using the combinatorics of [9],

a computational enumeration of the edges of the tree PST ∗3 is carried out in [10].

2. Polynomials

In this section we define the moduli space Md and present some basic properties

of the critical heights map G :Md → Hd. We prove Theorem 1.1, showing that G is

surjective.

2.1. Monic and centered polynomials. Every polynomial

f(z) = a0z
d + a1z

d−1 + · · ·+ ad,

with ai ∈ C and a0 6= 0, is conjugate by an affine transformation A(z) = az + b to

a polynomial which is monic (a0 = 1) and centered (a1 = 0). A monic and centered

representative is not unique, as the space of such polynomials is invariant under

conjugation by A(z) = ζz where ζd−1 = 1. In this way, we obtain a finite branched

covering

Pd →Md

from the space Pd ' Cd−1 of monic and centered polynomials to the moduli space

Md of conformal conjugacy classes of polynomials. Thus, Md has the structure of a

complex orbifold of dimension d− 1.

It is sometimes convenient to work in a space with marked critical points. Let

H ⊂ Cd−1 denote the hyperplane given by {c = (c1, . . . , cd−1) : c1 + . . . + cd−1 = 0}.
Then the map

ρ : H × C→ Pd
given by

(2.1) ρ(c; a)(z) =

∫ z

0

d ·
d−1∏
i=1

(ζ − ci) dζ + a
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gives a proper polynomial parameterization of Pd by the location of the critical points

and the image of the origin. Setting P×d = H × C, we refer to P×d as the space of

critically marked polynomials. The marked shift locus is the subset of P×d defined by

S×d = {(c ; a) ∈ P×d : Gf (ci) > 0 for all i}
where f = ρ(c; a) of equation (2.1).

2.2. Critical escape rates. The escape rate functionGf (z) = limn→∞
1
dn

log+ |fn(z)|
is continuous in (f, z) ∈ Pd × C. The maximal escape rate

M(f) = max{Gf (c) : f ′(c) = 0}
is a continuous, proper function on Pd; see [3]. The definition implies that the escape

rate satisfies the functional equation Gf (f
n(z)) = dnGf (z) for all n ∈ N. On the

open subset of Pd × C where Gf (z) > 0, the function (f, z) 7→ Gf (z) is a locally

uniform limit of pluriharmonic functions d−n log |fn(z)|. So the map (f, z) 7→ Gf (z)

is pluriharmonic where Gf (z) > 0. Since GA◦f◦A−1 = Gf ◦ A−1 for all complex affine

maps A, the critical heights map

G :Md → Hd

induced by sending

f 7→ (Gf (c1), . . . , Gf (cd−1))

is well defined; recall that we listed critical points according to their multiplicity,

and labeled them so that Gf (c1) ≥ . . . ≥ Gf (cd−1). The critical heights map G is

proper since it is a factor of the proper map f 7→M(f). (We remark that the choice

of labeling for the critical points is somewhat artificial; we could just as well have

defined G as a map to the space of unordered (d − 1)-tuples. The decomposition of

Md formed by the distinct connected components of fibers of G withinMd would be

the same. )

The critical heights map G lifts to a map G× : P×d → [0,∞)d−1 on the space

critically marked polynomials by setting

G×(c ; a) = (Gf (c1), . . . , Gf (cd−1)),

where f = ρ(c; a) is given by equation (2.1) and c = (c1, . . . , cd−1). Since f = ρ(c; a) is

continuous in c and a and Gf (z) is continuous in f and z, the map G× is continuous.

It is proper since the diagram

P×d
ρ

��

G×// [0,∞)d−1

��
Pd

G // Hd

commutes and the left-hand vertical and bottom maps are proper. We conclude:
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Lemma 2.1. The restriction of the critical heights map to the marked shift locus

G× : S×d → (0,∞)d−1

is pluriharmonic and proper.

2.3. Proof of Theorem 1.1. It remains only to show surjectivity of G :Md → Hd.

Referring to the commutative diagram above, it is enough to show that the lifted

map G× : P×d → [0,∞)d−1 is surjective. Since it is proper, in order to show that

it is surjective, it will suffice to show that the restriction to the marked shift locus

G× : S×d → (0,∞)d−1 is both open and closed. That it is closed is a consequence of

its properness, proved in Lemma 2.1 above. To prove that it is open, we work with

holomorphic maps, and appeal again to Lemma 2.1.

Given f ∈ Pd, the Böttcher map w = ϕf (z) is the unique analytic isomorphism

ϕf : {z : Gf (z) > M(f)} → {w : |w| > eM(f)}
tangent to the identity near infinity and satisfying ϕf ◦ f ◦ ϕ−1

f (z) = zd. The map

(f, z) 7→ ϕf (z) is analytic in f and z (see e.g. [4, Prop 3.7]).

Fix an integer n ≥ 1.

• Let

S×d (n) = {(c; a) ∈ S×d : Gf (f
n(ci)) > M(f) for all 1 ≤ i ≤ d− 1}

where f = ρ(c; a). That is, S×d (n) is the set of critically marked polynomials

f for which the nth iterates of the critical points of f lie in the domain of the

Böttcher map ϕf . By [7, Lemmas 5.1, 5.2], the set S×d (n) is connected.

• LetW×d (n) ⊂ Cd−1 be the set of (d−1)-tuples (w1, . . . , wd−1) such that |wi| > 1

and

dn log |wi| > max
1≤j≤d−1

log |wj|
for each i = 1, . . . , d− 1.

• Let H×d (n) ⊂ (0,∞)d−1 be the set of (d− 1)-tuples (h1, . . . , hd−1) such that

dnhi > max
1≤j≤d−1

hj

for each i = 1, . . . , d− 1. Since

H×d (n) = ∩d−1
i,j=1{(h1, . . . , hd−1) : dnhi > hj},

the set H×d (n) is convex, hence connected.

The functional equation satisfied by the escape rate implies that the function Φn :

S×d (n)→W×d (n) given by

Φn(c ; a) = (ϕf (f
n(c1)), . . . , ϕf (f

n(cd−1)))

indeed takes values in W×d (n). Restricted to S×d (n), the map G× is a composition of

maps of domains

S×d (n)
Φn−→W×d (n)

Λn−→ H×d (n)
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where Λn(w) = (log |w1|, . . . , log |wd−1|) is an open map. The map Φn is analytic map

between domains in Cd−1. It is also proper since it is a factor of the proper map G×;

see Lemma 2.1. By [20, Theorems 15.1.15, 15.1.16], the map Φn is open; we remark

that it is also surjective, and that the set of regular values is open.

Since the domains S×d (n), n = 1, 2, 3, . . . exhaust S×d , we conclude that G× : S×d →
(0,∞)d−1 is open. �

2.4. Critical heights in degree 2. Finally, we point out that the critical heights

map is a well-known object in degree d = 2 where there is a unique critical point.

The moduli space M2 ' C is parametrized by the polynomials

fc(z) = z2 + c, c ∈ C

and the critical heights map G : C→ H2 = [0,∞) is given by

G(c) = Gc(0).

It is known to be equal to 1/2 times the Green’s function for the Mandelbrot set C2.

As the Mandelbrot set is connected, all fibers of G are connected. The fibers over

positive heights are the equipotential curves, thus each is a simple closed loop around

C2. See [11].

3. The quotient space T ∗d
Recall that T ∗d is the quotient space of Md obtained by collapsing each connected

component of a fiber of G : Md → Hd to a point. In this section, we describe some

basic topological properties of T ∗d , and we see that there are only finitely many points

in each shift locus fiber.

3.1. Degree 2. As described in §2.4, the critical heights map in degree 2 is sim-

ply (a multiple of) the Green’s function for the Mandelbrot set C2 in M2, so all

fibers are connected. It is immediate to see that the critical heights map induces a

homeomorphism

T ∗2 −→ H2 = [0,∞).

Thus in degree 2, the space T ∗2 coincides with the space of trees T2.

3.2. Monotone-light factor.

Proposition 3.1. The quotient space T ∗d is Hausdorff, separable, and metrizable, and

the projection Md → T ∗d is proper and closed.

Proof. Properness follows since the map Md → T ∗d is a factor of the proper map

Md → Hd. From [5, Thm. I.3.5], the decomposition of Md into the fibers of G is

upper semicontinuous, and the quotient space obtained by collapsing fibers of G to

points is homeomorphic to the image Hd. By [5, Prop. I.4.2], the decomposition of

Md into the connected components of the fiber of G is also upper semicontinuous.
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By [5, Prop. I.1.1, I.2.1, I.2.2], the quotient space T ∗d obtained by collapsing these

components to points is Hausdorff, separable, and metrizable, and the projection map

is closed. �

3.3. Finiteness of fibers. By the definition of T ∗d , the map T ∗d → Hd has totally

disconnected fibers. We observe here that these fibers are finite when all critical

heights are positive. There is, however, no uniform bounded on their size in any

degree d ≥ 3 (see Corollary 4.3).

Lemma 3.2. Fibers of G in the shift locus of Md have finitely many connected com-

ponents.

Proof. Recall that we can lift G to a pluriharmonic map G× : S×d → (0,∞)d−1 on the

critically marked shift locus, as described in §2.2. The fibers of G× in S×d are locally

connected [1] and compact (by properness), thus have only finitely many connected

components. �

It is well known that the connectedness locus Cd in Md is connected. See [11] for

a proof in degree 2, [3] for degree 3, and [16] for a proof that Cd is cell-like in every

degree. Thus, there is a unique point of T ∗d with all critical heights equal to 0. More

generally, we have:

Lemma 3.3. For any height h ≥ 0, the locus of polynomial classes in Md with all

critical heights equal to h is connected. Thus, there is a unique point in T ∗d with all

critical heights equal to h.

Proof. For h = 0, the locus is simply the connectedness locus Cd, which is connected.

For h > 0, we argue as follows. Given a polynomial f , let S(f, h) ⊂ Md be the

subset represented by polynomials g such that (i) there is a holomorphic isomorphism

{Gf > h} → {Gg > h} conjugating f to g, and (ii) Gg(c) ≥ h for all critical points c

of g. The set S(f, h) depends only on the conjugacy class of f in Md. We proved in

[7] that for all polynomials f and all h > 0, the set S(f, h) is connected. In particular,

for any f with maximal escape rate M(f) ≤ h, this set S(f, h) is precisely the fiber

G−1(h, h, . . . , h) in Md. Proofs for h > 0 were also given in [14] and [12]. �

4. Trees

In this section, we remind the reader about trees and the space of trees. We prove

that the critical heights map Td → Hd has totally disconnected fibers, which implies

that the projection T ∗d → Td is well defined. We also observe that the fibers of

Td → Hd have unbounded cardinality for all d ≥ 3, showing that the critical heights

map T ∗d → Hd also has unbounded degree, even in the shift locus. Finally, we prove

Theorem 1.3 about the projection T ∗d → Td.
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4.1. The tree of a polynomial. Fix a polynomial f , and let Gf : C → [0,∞)

denote the escape rate, as defined in the Introduction. The tree associated to f is the

monotone-light factor of Gf : the quotient C → T (f) is obtained by collapsing each

connected component of a level set of Gf to a point. There is a natural simplicial

structure on the subset of T (f) which is the quotient of the basin of infinity X(f),

realizing this open subset as an infinite locally-finite simplicial tree. The dynamics of

f induces a map F : T (f)→ T (f) which preserves the natural simplicial structure.

4.2. The space of trees. We begin by recalling the topology on the space Td of

degree d polynomial trees. Fix a polynomial f and let (F, T (f)) be its associated tree

equipped with dynamics. The escape-rate function Gf of f induces a height function

h : T (f)→ [0,∞) and a metric on T (f) so that the distance between adjacent vertices

is their difference in height. Trees (F1, T1) and (F2, T2) are equivalent if there is an

isometry i : T1 → T2 which conjugates F1 to F2. There is then a unique tree (F0, T0)

associated to all polynomials with connected Julia set; we call this the trivial tree.

Let Td denote the set of equivalence classes of such pairs (F, T (f)).

The topology on Td can be defined as a Gromov-Hausdorff topology, just as on Bd.
The maximal escape rate M(f) of a polynomial is exactly the height of the highest

branch point in T (f). The level l ∈ Z of a vertex v in T (f) is the number of iterates

n so that M(f) ≤ h(F n(v)) < dM(f). Roughly speaking, trees are close in the

topology on Td if the truncated dynamical systems (FN , TN) are close for some large

N , where TN is the subtree of vertices of levels |l| < N .

Specifically, a basis of open sets can be defined in terms of two parameters ε > 0

and N ∈ N. An open neighborhood of a nontrivial tree (F, T ) consists of all trees

(F ′, T ′) for which there is an ε-conjugacy of the restricted trees (F ′N , T
′
N). Open

neighborhoods of the trivial tree (F0, T0) are all trees with maximal escape rate < ε.

With these definitions in place, the proofs of [6] can be used to show that the

projection Md → Td is continuous and proper. See [6, Theorem 1.4], where the

projection was only defined on Md \ Cd.

4.3. Critical heights on trees.

Lemma 4.1. The fibers of the critical heights map Td → Hd are totally disconnected;

the fibers are finite in the shift locus.

Proof. Suppose a fiber U of the critical heights map Td → Hd contains at least two

points (F, T ) 6= (F ′, T ′). There must be a level N at which the truncated trees

(FN , TN), (F ′N , T
′
N) fail to coincide. There are only finitely many possibilities for

these truncated trees. So U is a disjoint union of relatively open subsets where the

truncated tree is constant. Therefore U is totally disconnected.

The second statement follows immediately from Lemma 3.2 and the fact that the

critical heights map Md → Hd factors through the space of trees: Md → Td → Hd.
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One can also see this directly: by [6, Theorem 5.7] a tree in the shift locus is uniquely

determined by the subtree down to the level of its lowest critical point. There are

only finitely many combinatorial options once the critical heights are fixed. �

4.4. Critical heights and the realization of trees. The tree-realization theorem

[6, Theorem 1.2] asserts every abstract metric polynomial tree (F, T ) arises from some

polynomial.

Using this, one can give an alternative proof of Theorem 1.1. Indeed, using the

axioms for polynomial trees, it is easy to construct an abstract tree (F, T ) with any

given collection of heights in Hd. The simplest construction would place all critical

points along a line which joins the Julia set J(F ) with ∞ and which is fixed by F ,

building the dynamical tree inductively as the height descends. Because G :Md → Hd

factors through the space of trees Td, we see immediately that G is surjective.

As another application of tree realization, we find:

Lemma 4.2. The cardinality of the fibers of the critical heights map Td → Hd is

unbounded for all d ≥ 3.

Proof. Suppose a tree of degree d ≥ 3 has exactly two critical vertices v and v′, with

heights h(v) > h(v′) > 0, with v of multiplicity 1 and v′ of multiplicity (d−2). There

are then 3 edges adjacent to v, two below and one above. The two edges below v are

distinguished, as one has degree 1 and the other has degree d−1 > 1. If v′ takes > N

iterates to reach the height of v, then there are at least 2N choices for its itinerary

on the edges below and adjacent to v. All such itineraries are realizable as trees,

using the axioms for abstract polynomial trees, and realizable as polynomials, by the

realization theorem of [6]. �

Corollary 4.3. The cardinality of the fibers of the critical heights map T ∗d → Hd is

unbounded for all d ≥ 3.

Proof. The projection T ∗d → Hd factors through Td → Hd, so the statement is imme-

diate from Lemma 4.2. �

4.5. Proof of Theorem 1.3. We first prove that the the map T ∗d → Td is well

defined and that its fibers are totally disconnected. Consider the diagram

Md
mon //

��

mon

##HHHHHHHHH
T ∗d

light

��

{{w
w

w
w

w

Md/ ∼
light

zzvvv
vvv

vvv
v

Td
light

// Hd
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where the middle space is the canonical monotone factor of Md → Td. Lemma 4.1

implies that the bottom map is light, so the uniqueness of monotone-light factoriza-

tions yields that the spacesMd/ ∼ and T ∗d are the same, i.e. that the map indicated

by the dashed arrow is the identity.

From Lemma 3.3, we know that the fiber of G over heights (h, h, . . . , h) is connected.

Therefore, the fiber of T ∗d → Td over trees with uniform critical heights is a point. �

5. Quasiconformal deformations

In this section, we discuss quasiconformal deformations of polynomials supported

on the basin of infinity. We prove Theorems 1.2 and 1.5. We begin with a continuity

statement that we will use several times.

5.1. Branner-Hubbard motion. The upper half-plane H = {τ = t + is : s > 0}
may be identified with the subgroup of GL2R consisting of matrices(

1 t

0 s

)
with t ∈ R and s > 0, regarded as real linear maps τ of the complex plane to itself

via τ · (x + iy) = (x + ty) + i(sy). Note that the parabolic one-parameter subgroup

{s = 1} acts by horizontal shears, while the hyperbolic subgroup {t = 0} acts by

vertical stretches.

The Branner-Hubbard wringing motion of [3] is an action H×Md →Md. Explicitly,

for each polynomial f with disconnected Julia set, we consider the holomorphic 1-

form ωf = 2 ∂Gf on the basin of infinity X(f). In the natural Euclidean coordinates

of (X(f), ωf ), the fundamental annulus

A(f) = {M(f) < Gf (z) < dM(f)}
may be viewed as a rectangle in the plane, of width 2π and height (d− 1)M(f), with

vertical edges identified. The wringing action is by the linear transformation τ on

this rectangle, transported throughout X(f) by the dynamics of f . For polynomials

in the connectedness locus, where M(f) = 0, the action is trivial.

More precisely: suppose f ∈ Pd and let µf be the f -invariant Beltrami differential

given by
ωf
ωf

on X(f) and by 0 elsewhere. By the Measurable Riemann Mapping

Theorem, for each τ ∈ H, there is a unique quasiconformal homeomorphism ϕτ :

C→ C tangent to the identity at infinity and satisfying

∂̄ϕτ
∂ϕτ

=
−iτ − 1

−iτ + 1
µ.

If we then set fτ = ϕτ ◦f ◦ϕ−1
τ , the map fτ is again an element of Pd. The escape-rate

function of fτ satisfies

(5.1) Gfτ (ϕτ (z)) = sGf (z).
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where s = Im(τ). The map τ 7→ fτ is analytic. Composing with the projection to

Md, we obtain a map H→Md obtained by wringing f . Suppose now g = A◦f ◦A−1.

Then ωf = A∗ωg, hence µf = A∗µg. It follows that gτ = A ◦ fτ ◦A−1 and hence that

wringing gives a well-defined action

H×Md →Md

whose orbits are analytic.

The action of the above parabolic subgroup is known as turning; it preserves critical

heights. The action of the hyperbolic subgroup is called stretching. Stretching is

known to be discontinuous onMd due to the phenomenon of parabolic implosion [19,

Cor. 3.1]; see also [21], [15]. Nevertheless we have

Lemma 5.1. The wringing motion descends to a continuous action on each of the

spaces Bd, T ∗d , Td, and Hd. In each of these spaces, the point corresponding to the

connectedness locus is a global fixed point. Away from this fixed point the action by

stretching is free and proper. The turning action is nontrivial on Bd but trivial on

T ∗d , Td, and Hd.

Proof. We begin by verifying that wringing descends continuously to the space Bd.
Suppose fn, f are polynomials representing elements of Md, we fix τn → τ in H,

and assume that basins (fn, X(fn)) → (f,X(f)) in the Gromov-Hausdorff topology

on Bd. Since the forgetful map Md → Bd is proper, we may assume fn → f for

concreteness. Let µn be the fn-invariant Beltrami differentials on C corresponding to

the wringing of X(fn) by τn; they are supported on X(fn). Similarly, let µ correspond

to τ ; it is f -invariant and supported on X(f). Suitably normalized, there are unique

quasiconformal maps hn : C → C and h : C → C whose complex dilations are

almost everywhere µn and µ, respectively [3, Prop. 6.1]. Let gn = hn ◦ fn ◦ h−1
n and

g = h ◦ f ◦ h−1. By construction, the maps hn are uniformly quasiconformal, so we

may pass to a subsequence so that hn → h̃ and gn → g̃. It follows that h conjugates

f to g, while h̃ conjugates f to g̃. Let µ̃ be the complex dilatation of h̃.

By [3, Lemma 10.1], µ = µ̃ on X(f). It follows g and g̃ are holomorphically

conjugate on their basins of infinity, thus g = g̃ in Bd. So wringing is continuous on

Bd.
By equation (5.1), wringing scales the critical height vector associated to each

polynomial. It follows that on Bd, wringing preserves the fibers of Bd → T ∗d and so

descends continuously to an action on T ∗d . The remaining assertions follow easily. �

5.2. Twisting and the Teichmüller space. Given a polynomial, there is a canon-

ical space of marked quasiconformal deformations supported on the basin of infinity.

The general theory, developed in [17], shows that this space admits the following

description.
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Fix a polynomial f ∈ Pd. The foliated equivalence class of a point z in the basin

X(f) is the closure of its grand orbit {w ∈ X(f) : ∃ n,m ∈ Z, fn(w) = fm(z)} in

X(f). Let N be the number of distinct foliated equivalence classes containing critical

points of f . These critical foliated equivalence classes subdivide the fundamental

annulus A(f) into N fundamental subannuli A1, . . . , AN linearly ordered by increasing

height. It turns out one can define wringing motions via affine maps on each of the

subannuli Aj independently so that the resulting deformation of the basin X(f) is

continuous and well defined. The deformations of each subannulus are parameterized

by H, so as in §5.1 we obtain an analytic map

HN →Md.

By varying the map f as well, we get similarly an action

HN ×MN
d →MN

d

where now MN
d is the locus of maps with exactly N critical foliated equivalence

classes. The wringing by τ = t+ is ∈ H applied to f ∈MN
d is the action of vector(

2πm1 t

(d− 1)M(f)
+ is , . . . ,

2πmN t

(d− 1)M(f)
+ is

)
∈ HN

where mj is the modulus of the j-th subannulus of A(f), so that∑
j

mj = (d− 1)M(f)/2π.

The action of RN by the parabolic subgroup in each factor is called twisting. By

construction, the twisting deformations preserve critical heights.

Let SNd ⊂ Sd be the locus represented by polynomials in the shift locus with exactly

N distinct critical foliated equivalence classes.

Lemma 5.2. The wringing motion on each fundamental subannulus defines a con-

tinuous action

HN × SNd → SNd .
For each f , the orbit map HN × {[f ]} → SNd is analytic, and the stabilizer of [f ] is a

lattice of translations in RN .

Proof. Continuity follows from the same arguments given in the proof of Lemma

5.1; analyticity follows from the analytic dependence of the solution of the Beltrami

equation. To prove the second assertion, suppose f represents an element of SNd . Let

Aj be the jth fundamental subannulus of f . Since f belongs to the shift locus,

dj = lcm{deg(fn : Ãj → Aj)} <∞
where the least common multiple is taken over all connected components of all iterated

inverse images Ãj of Aj. Let hj : Aj → Aj be the dj-th power of a right Dehn twist

which is affine in the natural Euclidean coordinates on Aj. From the definition of dj it
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follows that hj extends uniquely to a quasiconformal deformation hj : X(f)→ X(f)

which commutes with f . It follows that the stabilizer of [f ] contains the lattice in

RN generated by

(0, . . . , 0, dj/mj, 0, . . . , 0),

where mj is the modulus of Aj, j = 1, . . . , N . Since in addition the stabilizer of [f ]

is discrete, it is a lattice in RN . �

5.3. Proof of Theorem 1.2. We now prove that for generic critical heights in the

shift locus, the fibers of G are tori coinciding with twist orbits. In other words, the

quotient space T ∗d is generically the orbit space for the twist deformation. We begin

by characterizing these generic critical heights.

A critical height value (h1, . . . , hd−1) is generic for G if

(1) hi > 0 for all i, and

(2) hi 6= dnhj for each i 6= j and all n ∈ Z.

It is clear that condition (1) corresponds to the shift locus, while condition (2) corre-

sponds to the stratum Sd−1
d where all critical points lie in distinct foliated equivalence

classes. In this stratum, the twisting deformation space has maximal dimension d−1.

Lemma 5.2 implies that f lies in a (d−1)-dimensional analytic torus of maps obtained

from twisting.

On the other hand, the existence of d−1 independent stretches in the fundamental

subannuli implies that G has maximal rank d− 1 along a generic fiber:

Lemma 5.3. For each [f ] ∈ SNd , we have rank[f ] G ≥ N .

Proof. The heights map G : Sd → SHd is smooth. The locus SHN
d ⊂ Hd is a smooth

submanifold of dimension N . By Lemma 5.2, for each f , independent stretching of

the fundamental subannuli of f provides a real-analytic analytic section of G over a

neighborhood of G([f ]) in SHN
d and so rank[f ] G ≥ N .

In detail, suppose f represents an element of SHN
d , and let G be the escape rate of

f . For each escaping critical point c, let l(c) be its level: the least integer such that

G(f l(c)(c)) ≥ G(c1). Choose a critical point cj representing each foliated equivalence

class, and relabel them as c1, . . . , cN so that

G(f l(cj)(cj)) < G(f l(cj+1)(cj+1))

for all j < N . The moduli mj of the fundamental subannuli Aj satisfy

m1 =
d− 1

2π
G(c1)
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when N = 1; otherwise,

(5.2)


m1

m2

m3
...

mN

 =
1

2π


−1 1 0 0

0 −1 1 · · · 0

0 0 −1 0
...

. . .

d 0 0 −1




G(c1)

G(f l(c2)(c2))

G(f l(c3)(c3))
...

G(f l(cN )(cN))


The matrix has determinant (−1)N−1(d − 1), so it is invertible. The moduli mj can

be freely adjusted under analytic stretching deformations. Recalling that G(fk(z)) =

dkG(z), we see that the rank of G at [f ] is at least N . �

As a consequence of Lemma 5.3, the generic fiber of G is a smooth compact sub-

manifold of real dimension d− 1. Because the twist orbit is both open and closed in

the fiber, it must coincide with a connected component.

We complete the proof of Theorem 1.2 by observing that the conclusion only holds

for the generic heights defined above. Indeed, for non-generic critical heights, the

dimension of the twisting deformation orbit is strictly less than d− 1. �

5.4. Proof of Theorem 1.5. The existence of the cone structures on spaces Bd,
T ∗d , Td, and Hd, and their basic properties follow immediately from Lemma 5.1 and

equation (5.1). �

6. The projectivization PT ∗d
Recall from Theorem 1.5 that there is a well-defined projectivization PT ∗d of the

space T ∗d via stretching. In this section we prove Theorem 1.6 which states that PT ∗d
is compact and contractible. The proof is very similar to the proof in [6] that the

projectivized space of trees PTd is compact and contractible. Compactness will follow

easily from the properness of G. To prove contractibility, the idea is to construct a

deformation retract of PT ∗d which “lifts” the corresponding retract of PTd.

6.1. The root point of PT ∗d . Recall that the projectivization PT ∗d is identified with

the slice T ∗d (1) of Td. From Lemma 3.3, for any h ≥ 0, there is a unique point in

X(h) ∈ T ∗d corresponding to polynomials with uniform critical heights equal to h.

Let X(1) ∈ T ∗d (1) be this point for height h = 1. We will call this the root point of

PT ∗d .

6.2. Paths through the shift locus. Assume f lies in the shift locus and has

maximal escape rate M(f) = 1. We begin by recalling the construction of [7, Lemma

5.2] which defines a path ft from f to a polynomial with all critical heights equal to 1,
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in such a way that for every time 0 ≤ t ≤ 1, the restriction f |{Gf > t} is conformally

conjugate to ft|{Gft > t} and ft satisfies

Gft(c) ≥ t

for all critical points c of ft. The idea is to push the lowest critical values of f up along

their external rays until they reach height d. This pushing deformation is uniquely

defined as long as the critical values do not encounter the critical points of Gf . When

this occurs, multiple external rays land at a critical value, so there are finitely many

choices for continuing the path. Nevertheless, for any choice and every t > 0, the

class [ft] ∈ Md lies in the connected subset of Md we called S(f, t) (cf. the proof of

Lemma 3.3 above and [7]). The set S(f, t) is thus contained in a single connected

component of a fiber of the critical heights map G.

We will use this “pushing-up” deformation to define canonical paths in PT ∗d .

Lemma 6.1. Suppose {fn} is a sequence of polynomials, f is a polynomial, (fn, X(fn))→
(f,X(f)) in Bd, and tn → t in [0,∞). If [gn] ∈ S(fn, tn) and [gn] → [g] in Md then

[g] ∈ S(f, t).

Proof. We may assume gn → g in Pd. By hypothesis, for each n, the restriction

gn|{Ggn > tn} is conformally conjugate to fn|{Gfn > tn}, and Ggn(c) ≥ tn at all

critical points c. Since (fn, X(fn)) → (f,X(f)) in Bd, the restrictions fn|{Gfn > 0}
converge to f |{Gf > 0} in the Gromov-Hausdorff sense. See [7] for details. In par-

ticular, the restrictions fn|{Gfn > tn} must converge to f |{Gf > t} (geometrically).

It follows that the restriction g|{Gg > t} is conformally conjugate to f |{Gf > t}.
Furthermore, the critical heights of gn converge to those of g, so [g] ∈ S(f, t). �

Lemma 6.2. Fix an element q ∈ T ∗d , and let Q be the fiber over q in Md. Then for

all t > 0, the union

Qt =
⋃

[f ]∈Q

S(f, t)

is connected and lies in a unique connected component of a fiber of the critical heights

map G.

Proof. By construction, the fiberQ is connected. Also from the definitions, the critical

heights map G is constant on the set Qt. It suffices to show that Qt is connected.

Recall that for each fixed f , the set S(f, t) is connected. Let A and B be disjoint

open sets such that Qt ⊂ A ∪ B. If Qt has nonempty intersection with both A and

B, then at least one of the sets

QA = {[f ] ∈ Q : S(f, t) ⊂ A}
or

QB = {[f ] ∈ Q : S(f, t) ⊂ B}
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is not closed. Suppose it is QA. Since Q = QA ∪QB is compact and connected, there

is a sequence [fn] ∈ QA which converges to [f ] ∈ QB. By Lemma 6.1, elements of

S(fn, t) ⊂ A must converge to S(f, t) ⊂ B. This is a contradiction, so Qt must be

connected. �

6.3. Proof of Theorem 1.6. Compactness follows immediately from the properness

of G. Indeed, PT ∗d is homeomorphic to the slice T ∗d (1) of T ∗d consisting of points with

maximal critical height equal to 1. The slice T ∗d (1) is the quotient of the preimage

G−1(1, h2, . . . , hd−1)

in Md where 1 ≥ h2 ≥ · · · ≥ hd−1 ≥ 0. By properness of G, this locus is compact, so

its quotient in T ∗d is also compact.

For contractibility, we define a map

R∗ : [0, 1]× PT ∗d → PT ∗d
by setting R∗(0, q) = q for all q ∈ T ∗d (1) and R∗(t, q) = qt for t > 0, where qt is the

unique element in T ∗d (1) associated to the set Qt of Lemma 6.2. We observed in the

proof of [7, Proposition 4.6] that for any polynomial f , and any family of polynomials

ft with [ft] ∈ S(f, t), we have (ft, X(ft))→ (f,X(f)) in Bd as t→ 0+. Consequently,

the elements qt converge to q in the quotient space PT ∗d . Further, the convergence is

easily seen to be uniform on a compact neighborhood of q, by the structure of the

open sets which define the topology of Bd. It follows that R∗ is continuous at t = 0.

It remains to show continuity of R∗ for all t > 0. Suppose qn is a sequence in

T ∗d (1) converging to q ∈ T ∗d (1), and choose any sequence tn → t in (0, 1]. For each

n, choose a polynomial fn so that [fn] ∈ Md is in the fiber Qn over qn, and choose

gn with [gn] ∈ S(fn, tn). By compactness, we may pass to a subsequence so that

(fn, X(fn)) → (f,X(f)) in Bd. By continuity, f must project to q in T ∗d (1). By

Lemma 6.1, every accumulation point of the sequence {[gn]} lies in S(f, t). But

under the projection Md → PT ∗d , the class [gn] projects to (qn)tn , and all of S(f, t)

projects to qt. Therefore, R∗(tn, qn)→ R∗(t, q), so R∗ is continuous. �

7. Simplicial structures and stable conjugacy classes

In this section, we prove Theorems 1.7 and 1.8. In particular, we define a locally

finite simplicial complex structure on PST ∗d and show that the open simplices of

top dimension correspond to the topological conjugacy classes of structurally stable

polynomials in the shift locus. Our description of the simplicial structure differs from

the proof in [6] of the analogous statement for PSTd, since we do not have an intrinsic

description of the points of PST ∗d .
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7.1. The open simplices. For each N ∈ {1, . . . , d− 1}, let

σN = {(x1, . . . , xN) ∈ RN : xi > 0 ∀i, x1 + · · ·+ xN = 1}
be an open simplex of dimension N − 1. Fix f in the shift locus and with exactly

N critical foliated equivalence classes and maximal critical height M(f) = 1. As

described in §5.2, the fundamental subannuli A1, . . . , AN of f can be independently

stretched, to freely adjust the moduli of the Aj. We define a continuous, injective

map

σN → Sd
sending (x1, . . . , xN) to the unique point in the stretch-orbit of [f ] with

modAj =
(d− 1) xj

2π
.

The image of σN contains [f ] and lies in the stratum SNd (1) consisting of classes of

polynomials in the shift locus with exactly N fundamental subannuli and maximal

critical height = 1.

The critical heights of all maps in the image of σN can be computed directly from

G(f) and (x1, . . . , xN), using equation (5.2). It follows that the composition

σN → Sd(1)→ T ∗d (1)→ Td(1)→ Hd(1)

is injective.

In fact, the image of σN is an entire connected component of the stratum PSHN
d .

We shall see that these σN fit together to define the simplicial structure on each of the

projectivizations PST ∗d → PSTd → PSHd, and the projection maps are simplicial.

We begin by describing the simplicial structure on PSHd in detail.

7.2. Simplicial structure on the space of critical heights. Recall that the pro-

jectivization PSHd is naturally identified with the set of vectors

{h = (1, h2, . . . , hd−1) ∈ Rd−1 : 0 < hd−1 ≤ hd−2 ≤ · · · ≤ h2 ≤ 1}.
In §1.4 of the Introduction, we introduced a partition

PSHd = PSH1
d t · · · t PSHd−1

d

based on the maximal number of independent heights in degree d. Positive numbers

x and y are independent if x 6= dny for any integer n.

The height vectors in PSH1
d form a discrete set and will be the 0-skeleton of PSHd.

Now let h = (1, h2, . . . , hd−1) be a vector with exactly two independent heights.

Choose hj independent from 1, and let nj be the unique integer such that

1 < dnjhj < d.

There is a unique continuous map

(0, 1)→ PSHd



CRITICAL HEIGHTS ON THE MODULI SPACE OF POLYNOMIALS 21

Figure 7.1. The simplicial structure on PSH4, the space of heights

in degree 4, depicted as the triangle {0 < y ≤ x ≤ 1} in R2. Though

not drawn to scale, the lines represent height relations {x = 1/4n},
{y = 1/4n}, and {y = x/4n} for all positive integers n.

with image containing h, sending x ∈ (0, 1) to a height vector with exactly two

independent heights and j-th coordinate equal to

hj =
1 + (d− 1) x

dnj
.

Thus, the map is a bijection from the open 1-simplex (0, 1) to the component of PSH2
d

containing h; it is easy to see that it extends continuously to a simplicial map

[0, 1]→ PSH1
d t PSH2

d.

In this way, we define the locally-finite simplicial structure inductively on strata, so

that the union PSH1
dt· · ·tPSHN

d forms the (N−1)-skeleton of PSHd. The simplices

are shown for degree 3 in Figure 1.1 and for degree 4 in Figure 7.1.

7.3. Proof of Theorem 1.7. Fix a polynomial f with [f ] ∈ Sd, with maximal escape

rate M(f) = 1, and with N critical foliated equivalence classes. Let

σN = {(x1, . . . , xN) ∈ RN : xi ≥ 0 ∀i, x1 + · · ·+ xN = 1}
be a closed simplex of dimension N − 1. We map the interior σN to the stretching

orbit of [f ] within Sd(1), as described above in §7.1.

We have already seen in §7.2 that the maps σN → PSHN
d extend to continuous,

injective maps

σN → PSHd
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to define a simplicial structure on PSHd. Because the fibers of T ∗d → Td → Hd are

finite in the shift locus, by Lemma 3.2, the maps from σN extend continuously and

injectively through the sequence of spaces

σN → PST ∗d → PSTd → PSHd.

It follows from [6, §2], and specifically the Proposition 2.17 there, that the (N−1)-

dimensional open simplices σN → PTd either coincide or are disjoint, because the

height metrics on a given combinatorial tree are parameterized by σN . Using the fact

that the extended maps σN → PSHd define the simplicial structure on the space of

heights, we conclude that the closed simplices σN → PTd provide the maps for a well-

defined simplicial structure on PSTd, compatible with the projection PSTd → PSHd.

See [18, Lemma I.2.1]. See also [6, §11] where the simplicial structure on PST3 is

described in detail.

It remains to show that the images of two open simplices in PST ∗d either coincide or

are disjoint. Fix a critical height vector h in PSHd, and let Q ⊂ Sd(1) be a connected

component of a fiber of G over h. The continuity of stretching from Lemma 5.1 implies

that the image of Q under any stretch must remain in a connected component of a

fiber of G. This shows immediately that the image of simplices either coincide or are

disjoint in PST ∗d . �

7.4. Remark: closed simplices in Sd. While not needed for the proof of Theorem

1.7, it is useful to observe that the open simplices σN → Sd defined in §7.1 extend

continuously and injectively to the closure

σN → Sd.

One way to see this is to use the Gromov-Hausdorff topology on the space of restric-

tions (f,X(f)) to the basins of infinity; this topology is equivalent to the topology

of uniform convergence on Md in the shift locus [7]. The stretching deformation

adjusts the relative heights of annuli in the metric on X(f), leaving other invariants

of the dynamics of f unchanged. In particular, the external angles of rays landing at

critical points are fixed, and the collection of polynomials with given critical heights

and external angles form a discrete set in the shift locus. It follows immediately that

the extension to σN → Sd is well defined and continuous.

7.5. Proof of Theorem 1.8. We conclude this article with the proof that the set of

globally structurally stable topological conjugacy classes of maps in the shift locus is

in bijective correspondence with the set of top-dimensional open simplices of PST ∗d .

Recall that for maps in the shift locus, quasiconformal and topological conjugacy

classes coincide and are connected. Further, the structurally stable polynomials co-

incide with the top-dimensional stratum Sd−1
d [17]. Let f be a polynomial with d− 1

independent heights in the shift locus and let σf be the open simplex containing the
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image of f in PST ∗d ; thus σf is an open simplex of maximal dimension. The connect-

edness of topological conjugacy classes and the definition of the simplicial structure

on PST ∗d shows that the assignment f 7→ σf descends to a well-defined function on

the set of topological conjugacy classes of such maps. This is clearly surjective. It

remains to show injectivity. Suppose σf1 = σf2 . Then there are elements in the topo-

logical conjugacy classes of f1 and f2 which lie in the same connected component of

a fiber of G. For generic heights, these connected components coincide with twist-

deformation orbits by Theorem 1.2. Therefore f1 and f2 are quasiconformally, hence

topologically, conjugate. �
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