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Abstract

~ In 1989 M.V. Tratnik found a pair of multivariable biorthogonal polynomials P,(x) and
P (x), which is not necessarily the complex conjugate of Py, (x), such that
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where x = (21,...,2p), n = (n1,...,np), m = (m,...,mp), N =3 n;, M =30 my,
Hn,m is the constant of biorthogonality (which Tratnik did not evaluate),
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and the a’s, b’s, x’s, c and d are real. In the g-case we find that the appropriate weight function
is a product of a multivariable version of the integrand in the Askey-Roy integral and of the
Askey-Wilson weight function in a single variable that depends on x1,...,zp.

In a related problem we find a discrete 2-variable Racah type biorthogonality:
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and Fi, n(2,y), G (T,y) are certain bivariate extensions of the g-Racah polynomials.
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1 Introduction

Wilson polynomials [13], defined by

- -n,n+a+b+c+d—1,a—1iv,a+iv
(1.1) Pofz) = (a+b)nla+ c)nla+ d)n 4F3[ a+ba+ca+d ,1]

satisfy an orthogonality relation on the real line

where
(1.3) w(z) = ‘F(a+ix)F(b+ix)P(c+ix)r(d+z'a;) 2
['(2ix)
is the positive weight function (under the assumption that a,b,c,d are real or occur in complex
conjugate pairs), and
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(1.4) hy, = 4mn! (ntatbtetd—1),

is the normalization constant. By Whipple’s transformation it is easy to see that P, (x) is symmetric
in a, b, c,d, and that

(1.5) Pu(z) = (a+Db)n(c—ix)y(d—ix), 4F3
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Corresponding to each of these forms M.V. Tratnik [10] introduced a multivariable polynomial:
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(1.9) Qn(x) = (c+iX)n({d+iX)n ku+ak
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where x = (21,22,...,7p), n = (n1,n2,...,1p), j = (J1,J2,---,dp), and X = >F_ xp, N =
S g, M =30 my, A=3"_ar, B=Y% _1bg, J =>"_, jk, and the sums in (1.6)—(1.9)
are from jp = 0 to ng, k = 1,...,p. Each of the polynomials in (1.6)—(1.9) is of (total) degree 2N
in the variables 1,2, ..., x,. The overbars in (1.7), (1.9), and in (1.21) below are used to denote
distinct systems of polynomials and should not be confused with complex conjugation. Tratnik
proved that

1.10 . ooanmewx pda: =0, ifN#M,
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where
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Note that in (1.12) and (1.13) the biorthogonality holds in all of the indices n1,ng, ..., ny, while in
(1.10) and (1.11) the biorthogonality is for polynomials of different degrees (N # M).

Since Whipple’s 4F3 transformation does not apply for p > 2 the P’s and @Q’s are no longer
equivalent and hence the orthogonality in a single variable becomes biorthogonality in many vari-
ables.

We were curious to see what their g-analogues would be. At first sight it might appear that
they could be found in a pretty straightforward manner. We were in for a surprise. The first hurdle
is an appropriate analogue of the weight function in (1.14). There are many possible candidates
but the one that works for a g-analogue of (1.10) is:
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where —1 < 6, < 7, 0, = x,1ogq so that e = ¢k for k =1,...,p, © = 25:1 6;, A= H§:1 aj,
B =T_, bj, h(cos ©; ¢, d; q) is defined as in [2, (6.1.2)], § is an arbitrary complex parameter such
thatﬁ;éqi”forn—01 and

Bk

1.16 - Ok
(1.16) Br+1 o~

k=1,2,....p—1,

with 81 = . By making repeated use of the Askey-Roy integral [2, (4.11.1)] followed by the use of
the Askey-Wilson integral, we shall prove in section 2 that

(1.17) Wolg) = [ o [ 0P xiq) T] o
- - k=1

2(ABcd; q)oo TTh—o (bkBrs 4/ bkBr; @)oo
(¢;9)%(Ac, Ad, Be, Bd, cd; q) oo [ Th—1 (akbi; 9) oo

which is also valid for p = 1. It is understood that the (p — 2)-fold product in the numerator is
taken to be 1 when p = 1.

Let
p P p P
k=j k=j k=j r=j
P p p
N; = an, M; = ka, 0, = ZQIm
k=j k=j k=j
so that
(1.19) A=A Bi1=B, 1 =J, K1=K, Ny=N, My =M, 6, =06.

Analogous to Tratnik’s polynomials in (1.6) and (1.7) we introduce the functions

p
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Both Py(x;q) and Py (x;q) are Laurent polynomials in the variables ¢**1, ..., ¢"». Note that if we
divide P,(x;q) by (1 — ¢)3" and replace its parameters aj, ... ,ap, b1, ..., by, c,d, respectively, by
., q%,q%, ..., %, q% %, and then let ¢ — 1, we obtain P,(x) as a limit case. Similarly, we
see that Py (x) is limit case of Py(x;q). In section 3 we shall do the integration and in section 4
prove the following g-analogue of (1.10):

P
(122)  PuPui= [ o [ Pabio)Pulxio)w®(xi) [[ doh =0, it N £,
o k=1

where w(®)(x; q) is given by (1.15), and

mi mp—1 _ .
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when N = M, with ng =1 and my = 0, and L, is as defined in (3.7).

Discrete multivariable extensions of the Racah polynomials were considered in Tratnik [12] as
well as in van Diejen and Stokman [1] and in Gustafson [5]. For other related works see, for
instance, [4, 6, 9, 11]. We have found g-extensions of Tratnik’s systems of multivariable Racah and
Wilson polynomials, complete with their orthogonality relations, see this Proceedings [3] for our
multivariable extension of the Askey-Wilson polynomials. However, there seems to be at least one
more extension that, to our knowledge, has not yet been investigated. The seed of this extension
lies in Rosengren’s [8] multivariable extension of the ¢g-Hahn polynomials as well as in Rahman’s [7]
2-variable discrete biorthogonal system. In sections 5 and 6 we shall prove the following 2-variable
extension of the g-Racah polynomial orthogonality [2, (7.2.18)]:

N N

(1.24) Z Z wn(, y)Fm,n (m, y)Gm’,n’ (z,y) = Vm,ném,m’(sn,n’a
=0 y=0

where 0 < m,n,m’,n’ <N,
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and the weight function is

(aq/vY v [e,acq/v5q)N
(agq,1/c,acq/vyq)N
=@ ao)(1 — g M) (9y'g N ac v @) (g™ v 5 0y
(1 =g N ac) (1 —cgN) (g, 7N /ac; q)u(q. ca* =N /71 q)y
(1/05 Q)xfy(q_N§Q)x+y afx( I)xfy‘
(V' /ac; Q) ay(V' TN /X @)asy

(1.27) wy(z,y)

The normalization constant in (1.24) is given by

l—a  (q,acq/v;@)m(q, 7 /e @)n(agq/yvY, ag™t 7Q)m+ncn m g,

(1.28) Vi =
Tl — a2 (y,1/eq)m (Vs acq/ vV @)n (0 N @) man

Notice that both Fy,,(z,y) and Gy, (2, y) are Laurent polynomials in the variables ¢* and ¢Y,
and Gy, (7,9) is a polynomial of (total) degree n + m in the variables ¢~% + v7/¢* V! /ac and
q Y+ eqv N

We wish to make the observation that the summation in (1.24) is over the square of length
N, although the vanishing of the weight function above the main diagonal, because of the factor
(¢ q)z+y in the numerator, makes it effectively over the triangle 0 < z+y < N. A very innocuous
observation but it will help simplify the calculations somewhat as we shall see in section 6.

It seems reasonable to expect that there is a multivariable extension of (1.24), but we were
unable to find it, mainly because an extension of the g-shifted factorials of the type (a;q)z—y
doesn’t appear too obvious to us.

2 Calculation of W(p)(q)

The key to the proof of (1.17) is to observe that by periodicity we can change 61,65, ...,60), to, say,
©,0s,...,0, (so that §; = © — O3), with the limits of integration unchanged. So the total weight
transforms to

1 /ﬂ (€Zi@ 6721‘9. ) dO
(2m)P~t Jor (4719, Bei®; q)o h(cos ©; ¢, d; q) (45670, L52e=19; q)og
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(22)  Ia(6s,....00) = o (ane?®2, byl (@3—O)+i0 pe—i02 g oi(O—Oa)—2; q)

dbs.

However, this integral matches exactly with the Askey-Roy integral [2, (4.11.1)], provided we assume
that max(|ai|, |b1], |az|, |b2]) < 1 (with, of course, |g| < 1). By [2, (4.11.1)], it then follows that

(2B, q/b2Ba, arasbiba, a1 B2 ®~03) ¢e(®370) /a1 By: q) o

2.3 I(0s,...,0,) =
(2.3) 2(03,...,0p) (¢, a1b1, aaba, 102" @03 b 1hyei©5—0): g)

6



Substitution of (2.3) into (2.1) makes it clear that the integration over 8, presents exactly the same
situation, and so does the remaining integrations up to and including ¢,. Finally, one is left with
an Askey-Wilson integral over ©:

(2.4) W) — (AB; @)oo [Tho (b6 Brs a/bkBr; D)oo 1 ™ (€%©,e7%9 ) 6
. (¢;9)% " TTE_, (akbr; @)oo 21w J—x h(cos ©; A, B, ¢, d; q)
2(ABcd; @)oo ITh—o (bkBky 4/ bk Br; @)oo
(¢;9)%(Ac, Ad, Be, Bd, cd; q) oo [ Th— (arbr; @)oo

by [2,(6.1.1)], which completes the proof of (1.17).

3 Computation of the integral in (1.22)

We shall carry out the integrations in (1.22) in much the same way as we did in the previous section.
We transform the integration variables 01, ...,0, to 02,...,0, and © as before; then we isolate the
Os-integral by observing that the factors (ale i(0-63) i, 1q)jy (a2e?%2; q)j, (b1e(O3 =040z, ¢y,
X (bae~102; q)y,, €02(11k2)+ik2(O3-0)+i103 can be glued on to the mtegrand of WP)(g), to get

(=) thag(82) e L [T (ﬁ2€i92, gt he ¢l(O3O)F0 /g aintha gl(O=Os) =il =il /3,1 )
q T <a2qj2 €i02, blqkl 6i(@3—@)+i927 b2qk‘2 e—i@g , alqjl ei(@—@g)—i@g; q)oo

2 d6

which via [2, (4.11.1)] equals, on a bit of simplification,
ak2pl1 gtk i@ (b232, q/b22, araghibag?t T2 R1TR2 )
(g, alblqﬂ““1 azbaqi>th2; q)

(a1326"(®793) qei(®370) /a1 By q)
(a1a2q71172€H(O=03) [b1bygh1+h26i(O3-0); g)

(3.1)

Since O3 = 63+ 04, we may now isolate the #3—integral in exactly the same way, carry out a similar
integration, simplify, and obtain
(3.2) alf2 (a1a2>k3 (b2b3)j1 b?f 6i(j1-i-jz)(94qj1kz-i—(jl—l-jz)ks
% (bzﬁQ»Q/bQﬁm535374/173537a1a2a3b1bzb3qj1+j2+j3+k1+k2+k3§Q)oo
(9,,a1b1¢71 751 azbag72 k2 agbsqisthaq)

(a1a233e1(©~Oa), qei(@‘l’e)/a1azﬁ3;q)Oo
(a1azazgi t92173 1(0=04) b1bybyqh1 thaths ¢i(©2-0) 1)

X

A clear pattern is now emerging. The 6, integral is

(3.3) gk ety (o R sl i i)
p—1
(Aq" K kesq)  TT(6rBrs a/b0Br @)oo
% r=2
p—1 _
(¢:90)5% % [] (arbrd® 73 q) oo
r=1

z(Gp

e~ 1Okp / <5p 7ma ge™ % /By, (a1 - "ap—2)ﬂp—1€i(®79”);Q)

B K_ - —i0, A _J—j, i(6—0,).
27 (apqypewp,qu kpei(0p=0) b ghve zop’@qj Jpi(© e,,)’q)

5.9 eiep(«]*jp+kp)d9p



The expression in [ ] above can, once again, be computed by use of [2, (4.11.1)], and simplified to

. k J—jp Aﬁpe. qap —i© J+K.
(3 4) <AqJ ]p> P bp (bpﬁpﬂq/bp/@pv ap  ABp € 7ABQ 7Q>OO

: : — ——
(q, apbpq’r e, Aq’e’®, BqKe~i®, kgt Ky ’“P,q)

ap

Since, by repeated application of (1.16) we get AB3,/a, = (Bb1/B, the O-integral simply becomes
the Askey-Wilson integral

| (621'@ =210, q)
21 J_x h(cos ©; Aq?, B¢K ¢, d; q)
2(ABed "t q)oo
- (q,cd, ABq7+K  Acq’, Adq’, Beq™, Bdq®; q) o
Collecting these results and substituting into the integral in (1.22), we find that

_ (ABcdg™ 5 q) 1 (ABedg™ 9k 5
3.6 Pn I'm = L : : o
(3.6) ZZ (ABediq) )1k !

(3.5) de

Xﬁ a"50)5,. (@™ @k, (arbrs @)k,
_ (Q7arbTQQ)jy-(%arbT;CI)k,«
. Ermalio-1 (e N s (M)

bl

where

P
(3.7) Ly, = (Ac, Ad; q)n(Be, Bd; q) W' (q) T (arbrs @)m, (arbr; )i, -
r=1

4 Biorthogonality

The sum over j; and kp in (3.6) gives
ABedg™ ™3 9)1,(ABedg™ " )y i,
(ABcd; q) jy+ Ky

" % (7™, ABedgM 5271 q)y, 5 g™, ABcdgV T2l agbigh g, g TN
(¢, ABedg”>52; q)y,, ABcdg’2 K2t qip 0 '

(a1) L

k1 =0
Since, by [2, (3.2.7)], the above 3¢9 equals

(ABCd7 Q)J2+K2+k1(q1+K2 N»Q)n1 ¢ qikla ABquN+J2717 alblqnl .q ql+K7N
(ABcd; q) gyt iyt (qHHE2=N Y 372 ABedg™m 2Kz g 1, o

we can now do the summation over kj via [2, (1.5.3)] to obtain that the expression in (4.1) reduces
to

)

(ABedg™ ™15 q) 1, (ABedg™ =Y q) i, (ABedg™ 271 )y (527N q),

(ABed; @)ny+.5+ 15 (@ 527N q)m,
X (—=1)™ q(wél )+(1+K2—N)mi+J2+ K>

(4.2)

X 46 g™, abig™, ABcdgNt27l ABedgM TRl
493 a1by, ‘ABcqu-‘er—l7 ABqunH_JQ"'K? 14,41 .



Note that the 4¢3 series is balanced. Now, the sum over jo and ko gives

(ABedgN =15 q) 1, (ABedg™ =5 ) iy (ABedg™ 271 q) 1, (¢ F5 7N ),

(ABCd; q)n1+J3+K3 (qHKB_N; Q)ml
> <_1)m1q(7r;1 )+(1+K3—N)m1+J3+K3

(4.3)

« % (q_ml 3 alblqnl ) ABquN+J3_17 ABquM+K3_1; Q)kl k1
k (Q7 albla ABqunl+J3+K3’ ABquM2+N71; Q)k1

1=0
- M+Ks+ki—1 ,14+K3—N>.
m2’ABqu +K3+k1 .q +K3 2)q)k2 ko

m2
X Z (q it JatKatks 1+Ks—N+my. q
o= (@, ABedgmtlstiathy, g+l 5 @k

— N+J3+k1—1 k
q n27 ABqu stk ) a2b2q 2 1+K3—N3

X 2 )
302 ABedgmt7s+E | goby DY

As in the previous step we apply [2, (3.2.7)] to the 3¢o series above, use [2, (1.5.3)] to do the ks
sum and simplify the coefficients to reduce (4.3) to the following expression
(ABedg™™"; q) 5y (ABedg™ ™5 q) iy (ABedg™ 37 @) iy m (075N @)y ng

(ABCd; Q)n1+n2+J3+K3 (q1+K37N; Q)m1+m2
) (—1)mtme (") (14 Ke—N) (ma-+mz)+ s+ K

(4.4)

o (@™ arbi g™ @)k (675 42090 Dby (ny—ma ks
x> P o g
k1=0 ko =0 (Q7al 17q)k)1(Q7 a Qaq)kz
(ABcedg™ 7571 ABedg™ 571 )i, i,
(ABcdgmitnatJst s ABedgMs+N=1: q)p, 14,

qk1 +k2.

A clear pattern of terms is now emerging, and by induction we find that at the (p — 1)-th step the
sum over ji,ki,...,jJp—1,kp—1 in (3.6) equals
(ABcdq™ =1 q) g, (ABedg™ 5 q) k, (ABedg™ ™M= q) v, (M9 )N,

(ABcd, q)N—Np+Jp+Kp (qHK”_N; Q)M—mp
X (_I)M—mpq( M_Qmp )+H(A+Kp—=N)(M—mp)+Jp+Kp

(4.5)

-1 _ _ _
g " anbe g Q) | (ABedgN T ABedgM e ) gy,

(q
X
kl,é,,l T:Hl (¢, arbr; @), (ABcdgN=ro /vt B ABedqMr V=1 q) gy,

% qk1+k2(1+n1—m1)+~~+kp71 (I4+n14-4np_o2—mi——mp_2)

Using (4.5) we obtain that the sum over j and k in (3.6) equals

(ABcdg™ ™Y ) v—im,,

M—m
4.6 —1 M—mp ( 2 P)+(1=N)(M—myp)
mi mp—1
> Z Z qk1+k2(1+n1—m1)+-~+kp71(1+n1+~~~+np72—m1—"'—mpr)

k1=0 kp—1=0
p—1

" H (g™, arbrq"; @)k, (ABcdgN =1, ABcdg™—1; Dby etk
(@ arbeq)g, (ABcdgN="r, ABedgNtmr =1 @)y 4ok,

Sp,



myp (q_mp,ABquM+k1+"'+kp*l_l; Q)kp (q1+M—N—mp+kp; Q)oo

(4.7) Sy, = ~ ~ q*
8 kpz::() (g, ABedgN =kt thoi ) (qHHFe=m0; q)og
q ", ABcdgN TRttt apbpg®r
X 302 ABquN—np+k1+...+kp71+kp’ apbp ; 4,41 -
Note that the 3¢9 series is balanced, so by [2, (I1.12)] it has the sum
(ql-i—kp—np’ zzﬁjiqu—np-i-kl_F..._ka,l;q)np
1—np 7 :
(L, ABedg" K ),
Hence,
(),
(48) Sp == (ql*np ABquN+k1+N.+kp71_np. q)
apbp ) ) Tip
my (g7, ABedg Rt the=lyg) - (glEMoN ety g)
% Z kp ooqkp.

o (ABedgN+hittho=1:q), (4 ¢)s

First, let us suppose that N > M > 0. Then it is clear from the right side of (4.8) that S, is zero
unless k, > N — M + m,, as well as m;, > k,. So, we must have

(4.9) my + (N — M) < k, <m,.
This is a contradiction unless NV = M, and then k, = m,,. In that case

(ABedgN=nothitthoiiq) (g=me, ABedgN it thei-lig)
pYp Ny Mp

(4.10) Sp =q""

1-n
(5 :0),,, (ABedgVthsthmamnsg)

mp+np
On the other hand, if M > N > 0 then

(4.11) my — (M — N) <k, <m,.

So we get

(ABcqu—np+k1+m+kp,l : q) §

apb.
pOp »

<q1—np : ABquN—np+k1+---+kp71 : q)

apbp

(4.12) S, = gmtNM

np

(q—mp7 ABedgM it k11, q)
N4ki+-~+kp_1.
(ABqu Fhittkp 1aQ)mp+N_M

[qNM, ABedgNtmetkitekp-1-1 1

mp+N—M

X201 ABedg?N—M+mpthitethp-q 4| -
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However, the above 3¢ equals

(q1+N—M. q)
"/ M-N NAmptkidtky_1—1\M—N
ABecd pTHL p—1
(ABcdg?N—MFmyThit-—+kp—1 o) _N( q )

(4.13)

)

which vanishes unless N = M. This completes the proof of (1.22).
Also, with N = M, (3.6), (4.6) and (4.10) give

- bpg' ~ NV
(ABedg™ Y q)n (“Skeg—:a)

(4.14) Po-Pm = L, P (—1)N g~ =me=m (A Bedg )™

(ABcd; @) Nym, (apbp: @)n,
m1 mp—1
% Z Z qk1+k2(1+n1*m1)+---+kp71(1+n1+---+np72*m1*m2*-"*mp72)

k1=0  kp_1=0

N—1 ABcedgV
(ABedgN =, 424171 )
PUP ki4-+kp—1
anp

ABcdgN+my ABeda_ "
’ apbp " kit

p—1

H (g™, arbrq"™; Q)kr

X
r=1 ((L arbr; Q)kr

which is, of course, the same as (1.23). By taking p=2, e.g., in which case the series on the right
hand side of (4.14) becomes a terminating balanced 4¢3 series, it is easily seen that in general the
above inner product does not vanish when N = M and n # m.

In closing this section we would like to point out that unlike the ¢ — 1 case that corresponds
to the Tratnik biorthogonalities, the g-analogues of Py - Qm, Pa - Qm 0or Qn - Qm do not seem to
work out the same way as P, - P.

5 Transformations of F,, ,(z,y) and G,,,(z,y)

We shall now address the problem of proving the biorthogonality relation (1.24). First of all, it is
very simple to use [2, (II.20)] to prove that

N N
(5.1) S Waley) = 1.
z=0y=0

The forms of F, »(z,y) and Gy, n(z,y) that turn out to be most convenient for the summations in
(1.24) are as follows:

(5.2) Fonlz,y) =

e N, ) (ﬂ’ )
( a ) T4y e 4 oy (Oé)x an+n+1 qun
(@Y Qary(c @)y \ Y vy

1Y j—m—n. —z 7Y jx—N-1 .
z Y (7(1 " ",q)j+k (q Y acd” ,vqm,q)

3 7Y —N. a"™.
7=0k=0 ( o 4 ’q)jJrk (q/yv ac ,Q)J

J

(Q> quimv ’YI; q)k
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(5.3) Cumnlz,y) = (a q_NH s Dmn (ac/qu) ac(ll;q)n <7/q—N_1>m (cq_,N>n
(@™ @) mtn (?;q) ( ﬂ,q) oc

3 2": T ACIRRL R ‘;?qN "),
=0 k=0 anJrla Q)]+k(Q7 v, ~ anrl’ Q)
!/ N—y
Yy q
X (e 7", 7Q)kqﬁk assuming 0 < m+n < N.
(g,7, 7% ,q)
Since
ibs l g™, agitmin, g W gemN-l . q]
Yq" i-N ’
77 C M q
Jj+1 )
B (%,QQN—HH—I;(])WL V/qufl m 5 g, aq]-i-m—i-n’ ,anc.’ ?zyquN 41
N (’Y q" - N’q) ac 493 v, oacqjl*l’ an+n+1 34,4
and
q—n qz—l—m—i—n q—y7 qu N
4¢3 ’)/ acq't! m—N 4,4
) ,y/ bl
~'q™ N+1+i. _ n . / N—
( c y g 7q)n cq N 4¢3 q*n7 aqm+n+l, ,Y/qy7 'ch Y 0
i !.m ., q,
(%ﬁl’qm N,Q) ’Y/ ,7/7 ’Yg ’ an+l+z

by [2, (IIL.15)], (5.3) follows from (1.26) with a bit of simplification.
To derive (5.2) from (1.25) we need two applications of [2, (III.15)] on each of the two 4¢3 series
involved in (1.25). First

_ ! —N-—-1 !/ J—m—n
(5.4) | T et e :
' 473 W™ vy aty-N-m-ntj DY
g ac ) o 4

/!

_ (¢, "V q)m (ach ot > "

(ac glty—e ogNTTuintlod vy
Y Y
1 x—N—1 .
— Y q —m o m+n—j
q e 4 7q .
X 403 ’ ac yiA’f 7 ey 1054
s q , € g

N—z—y+1+m+n
( q1+y z+m aq—/;q) , o
— Y Y r—m (’V’Y le)
(qermfN7 cflqm+nfy; q)x— ac

/
(getv-Nomen, gqltu=emniq)

X
!
(W qr=N =, eqtty—mn; q)j
— —N-—-1 ! j—m—n
O e g, e
43 v, W’q*y, ﬂ’qj+y—N—n ’
ac (0%
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Substituted into (1.25) this leads to another balanced 4¢3 series:

-n y—N !y ¥ i—m—n
I I A ) a1 Nom 3054
v, cqv~mmHL T grtymAen

which, when transformed twice in the same manner as in (5.4), leads to

—1gm+n—y agVti-vin, ) (77’ ~N-n 1/ — )
c 7 JV Y pas Y.
(5:5) (Z ), (eqpryn LE 8 e i),
(= (™ B
Yy y—n « ac i
— —N /.n Y i—m—n
Y, cq¥ q !
X 4¢3 R %/ N 14,9 -
ERY ’ Tq

After some simplifications (5.4) and (5.5) give (5.2). Denoting the left hand side of (1.24) by
Fpyn - Gy s it follows that

!/, —N—-1

N N (1—2Lg22-N- — cqv—Ny (1l .
- (1 ﬂgc PN 1) (1 cq® N) (’Y’Y qac ’%q)
(56) Fm,n Gm’,n’ - Am,n,m’,n’ xz:;)yz:% (1 ~ %q—N—l) (1 B cq—N) (q’ 'Y/g;N; )x T

g -z 1 ja—-N-1 .
(T,q)ﬂk (q Y acd” ,'qu,q)j

e N, e".
() (o ),
(Y, cq* N A" o
(¢, cq =75 @)x
o/ N—z+1
Ty (ag™ "5 q)rss (a7 7 ,#;q)r
X
S (a5 q)rrs(a, 7, %07 +5)
—n/ 1 Y N—y.
(q e, gt Y )Sqm
(qm’, e ;q)s

m'+n’ T acq

X

(ag/v' 7' [e,acq/y'; @) N (ag™ ™5 @) g (%; q) y (“jﬂ; )m

(ag. 1/e,acq/v7; ON (N Qo (%30) |, (%59)

r—N—1\™ ) Nant1\™
74 N, N\" [ &g Nn
x [ — —_ )
< QcC ) (Cq /7 ) < fyfy/ ) q
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6 Proof of (1.24)

Since each term in the weight function can be glued on nicely with the z and y dependent terms
of the two double series in (5.6), the x, y-sum can be isolated as

00 vy L
6W5< cq% N= 1,7q’"ﬂ q ¢ Nig,y g T)

x oW (cq™ ,v’q”’“ g, d" Nsq, (/g ) )

v 2j—N q*N*T. 2%k— N+1 q’N s

(@qj ) ,q) N_j (cq ,q)Nik

~/qi—T N j—N. ) (cq1*N+k*S E_N. ) ’
(e e N vy (e d )

by [2, (IL.21)]. The sum over j, k, r, s in (5.6) now reduces to

(va.Y'q, acq/yvy', 1/¢;q) 5
(¢,q, 0cq/Y' ' [e;q)n
(,y,qufnL n.

,q). ,lag
x ZZZZ (e =

a q>j+l<: (an_H; Q)T—I—s

(6.1) Fm7n * Gml7n/ = Am7n7m/7n/

m/4+n’

; Q)r+s

(q NI g ) (67N 'q" casa) (a7 258 va™iq)
D) (0 et ) (4.7, 4 ),

(¢ /e @) (e (Vi Dstk ki
(q y, 2 ) (V€ Dr+§ (V'@ D sk
S

(g, 2%

The sum over j is a multiple of

(6.2) iy l a, g, T e 1L gh=m=n . q]
Ng Y, WL W geeN
) Yg T, —r. gt N
_ (g;9)n (P 7q)n(q L) (105 ,q)mein ey

() (" 5a) (i ahm (Zab N
by [2, (1.9.10)]. Together with a similar expression for the sum over k£ we now have

(6.3) Fn - Gt

i s
- m,n,m’ n’ ( an+1

acq/v, ' [e;q)n G4 Drs
) (a7, 2 g™ Q)T(Q‘”alﬁ'qml’q)s s
(q, acq", H,q) (q, 7’%'” ;q)s !
N
(V9 (q) (i@ (e Vi)
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qufmfs . quf'rf.s . —s.
% ( v ’q>m ( a ’q>N7mfn (q aQ)n (,Y/qs)N
(YN @) s (e Q) m (Vs O (”gq‘N"“; q)N
—m—n

(/>)<> (55 ), (35750) s
N

¥ e (7’7 . q_”,q) (Vs eq' =™ @)m (%/q*N;q)
n’; Q)rJrs (q " ’ O‘anJrl ’ q) (q_” ’ e q ’q> (q—r; Q)m

x ZZ aqm+n+1 Dr+s (q, et +1;q)r(qv e ?q)s

’Yl

= Am,n,m’,n’ (

N—m—n

« (qfs; q)nq(m+1)r+(n+1)s.

The 7, s sum is

m'+n’. —m’ acg™t!, —n/ y'q™.
man (m+1)+(n+1)(aq aQ)m-i-n (q ) ~ 7Q)m (q P 7Q)n
(64) (_1) q 2 2 mantl acqn/+l ,qum/
(ag FDmen ( L ;q)m ( z ;q)n

m'—mn'—n (o qm+n+m +n'. Qrts <qum/ acgntmtl q) (qn n' y¢" ™ q"+m : q)

’ ~ ’ ’ r+s
X Z Z m+n/+1 7 n+m . q
r=0 s=0 (aq2m+2n+1; Q) <Q7 La Q)T (q) il c ) Q)
which vanishes unless m’ > m and n’ > n.
The sum in (6.4), via [2, (II.12) and (I1.6)], equals
<q1+m m’'+n—n’ , 3cqm+n+1, q) - (ql—i-m—m’; Q)m’—m ot

/ /
(aqm—i—n—f—m +n )

c 1—m/—n'
(aq2m+2n+17 q = ;q)n/_n (ag2mrntn’+l gy,

which vanishes unless m’ < m and n’ < n. Thus we must have

(6.5) Fon G =0 unless (m,n)=(m',n’), and then

acq 7. oq N+,
_ 11—« (q: ~ MJ) (q7 c 7Q) (’Y"// y g ’q)ern et
(66) Fm,n ) Gm,n o 1 — 2m+2n ) acq. N ¢ q
aq (v, 1/c5 @) (7', 2%; q) (@ ¢™N; Qmin

which completes the proof of (1.24) and (1.28).

)

It may be mentioned that there are other double series representations for Fy, ,,(x,y) that one
could use instead of (5.2) in the derivation of the biorthogonality relation (1.24) which do not
contain the factor 1/(¢~";q)+, that cancels out the (¢=%; q),+, factor in the weight function, but
the subsequent computations turn out to be quite tedious, while the final result is, of course, the
same.
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