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Abstract

We analyze a class of L vector fields, called divergence-measure fields. We
establish the Gauss-Green formula, the normal traces over subsets of Lipschitz
boundaries, and the product rule for this class of L* fields. Then we apply this
theory to analyze L entropy solutions of initial-boundary-value problems for hy-
perbolic conservation laws and to study the ways in which the solutions assume
their initial and boundary data. The examples of conservation laws include multidi-
mensional scalar equations, the system of nonlinear elasticity, and a class of m x m
systems with affine characteristic hypersurfaces. The analysis in L also extends
to LP.

1. Introduction

In this paper we analyze a class of L°° vector fields, called divergence-measure
fields, defined in some domain of R". This class of L™ vector fields especially
includes the class of BV vector fields and shares some important features with it,
although there are essential differences between them. Our main motivation for
studying the divergence-measure fields is from hyperbolic conservation laws to
analyze the behavior of weak entropy solutions in L, determined by the Lax en-
tropy inequality for convex entropy-entropy flux pairs in the sense of distributions.
For this purpose, we establish the Gauss-Green formula, the normal traces, and
the product rule for the divergence-measure fields. Then we apply this theory to
establish a general framework for L entropy solutions of initial-boundary-value
problems for hyperbolic systems of conservation laws in several space variables,
and to study the ways in which the solutions assume their initial and boundary data.
We also discuss some examples of conservation laws and show that L*>° weak en-
tropy solutions satisfying (4.7)—(4.9) behave as one expects, when approaching the
boundary. The existence of normal traces of the divergence-measure fields and the
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way by which we obtain the normal traces are the decisive tools for our applications
given here. This theory has been also applied to studying the asymptotic behavior
and uniqueness of L° entropy solutions of conservation laws in [4]. Some results
in this paper were announced in [3].

Definition 1.1. Let D C RY be an open set. For F € L*°(D; RY), set
|div F|(D) = sup{ JpF -Vedx | ¢ € Cé(D; R),

(1.1) lp(x)| <1, xeD}.

Definition 1.2. We say that F is a divergence-measure field over D if

(1.2) F e L®°(D;RY), |divF|(D) < oo.

We define Z_74(D) as the space of divergence-measure fields over D. In par-
ticular, if F € Z_#4(D), then div F is a Radon measure over D.

Remark 1.1. This class of vector fields was first considered by ANZELLOTTI [1].
We emphasize that the notion of normal traces is introduced here with a different
point of view from that in [1], in which a normal trace was defined as a repre-
sentation function of a linear functional, in a more abstract fashion. However, the
Gauss-Green Theorem (Theorem 2.2 below) is the same, which means that both
notions are consistent. Our new notion has the advantage of providing essential
information about the normal trace on a certain hypersurface from the knowledge
of the normal traces on its neighboring hypersurfaces. This advantage is made pos-
sible by introducing deformations, which are important not only for our definition
of the normal traces, but also for all the applications of this theory here and in [4].
Compare the discussions here with those in ANZELLOTTI [1].

Remark 1.2. The L°° assumption on F in Definitions 1.1, 1.2 can be relaxed. Many
results in this paper also hold for F € L?.

Theorem 1.1. Let D C RY be an open set. Let {F}} be a sequence of fields in
SLAE(D) converging in L (D; RN) to a field F. Then

loc

\div F|(D) < lim inf |div Fj|(D).
Jj—00

Proof. Let¢ € Cé(D), |¢(x)] £ 1. Then

/ F-V¢dx = lim F; - V¢ dx < liminf [div F;|(D). O
D Jj—> Jp j—00
Corollary 1.1. Under the norm

IFllze = IIF L + |div F|(D),

Y A#(D) is a Banach space.
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Proof. Let {F;} be a Cauchy sequence in Z_Z4(D). Since L™ is complete, there
exists a field F € L®(D; RV) such that F; — Fin L*™. By Theorem 1.1, we have

\div F|(D) < lim inf |div Fj|(D),
J—>00

which implies that F € Z.7£(D). Furthermore, for any ¢ > 0, we use Theorem
1.1 again and the fact that |div (F; — Fy)|(D) — O when j, k — oo to find

|div (Fj — F)I(D) = liminf |div (F; — F)|(D) <,

for sufficiently large j. Therefore, F; — F in Z_#4(D). O

Another consequence of Theorem 1.1 is given in the following proposition,
which is in the line of analogous results known in the theory of BV functions
(compare with Proposition 1.13 of [15]).

Proposition 1.1. Suppose {F;} is a sequence in Z.#4(D) such that F; — F in
L} (D) and

lim |divFj|=/ \div F|.
D D

Jj—>00

Then, for every open set A C D,

(1.3) / |div F| = limsup/_ |div Fj].

AND j—oo JAND

In particular, if [, ,~p |div F| = 0, then

(14) /|divF|= lim / div F.
A j—oo Ja

Proof. Let B=D — A. Then, by Theorem 1.1,

|div F| §liminf/ |div Fjl, |div F| §liminf/ |div Fj].
A B B

A J—>00 j—0o0

On the other hand, we have

/ |divF|+/ |divF|:/ |div F| = lim / |div Fj]|
AND B D Jj—~Jp

> limsup/ |div Fj| +1iminf/ |div Fj|
j—oo JAND J—oo JB

> limsupf |div Fj| +/ |div F|,
j—oo JAND B

and then (1.3) follows. O
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We use the so-called positive symmetric mollifiers w : RN — R satisfying
w(x) € CPRY), w(x) 2 0, w(x) = w(x]), [gy &) dx = 1, supp o(x) C
Bi = {x € R" | |x] < 1}. A standard example of such mollifiers is

0, IxI =1,
1
Cexp<|x|2—_1>, |x| < 1,

where C is the constant such that fRN w(x)dx = 1. We set w.(x) = S_Nw(x/s)
and F; = w, x F, that is,

Fa(x)=e—N/ w(u)m)dy:/ w()F(x +&y) dy.
RN & RN

We use some well-known properties of the mollifiers. In particular, we recall that,
for any f(x), g(x) € L'(RV),

(1.5) / fegdx Z/ fgedx.
RN RN

We now establish a fact for &7 fields, which is analogous to a well-known
property of BV functions.

Theorem 1.2 (Approximation by C* functions). Let F € Z_#4(D). Then there

exists a sequence {F;} in C*°(D; RY) such that

lim [ |Fj— Fldx =0, lim [ |div Fj|dx = |div F|(D).

j— Jp j—o Jp

Proof. The proof is similar to that for BV functions (cf., e.g., [15]). Let & > 0.
There exists an M > 0 such that

|div F|(D — Dy) < e,

where k =0,1,2, ..., and

Dkz{xeD|dist(x,8D)> }ﬂ{xeRN||x|<M+k}.

1
M+ k

Consider the sets 2; = Dy and Q; = Djy1 — Dj—1,i =2,3,.... Let {¢;} be a
partition of unity subordinate to the covering {€2;}, that is,

o
P eCPQ), 0Z¢ S1, Y gi=1
i=1

Let w be a positive symmetric mollifier. For every index i, we can choose ¢; € (0, €)
such that

(1.6) supp wg; * (F¢;) C Ditp — Di—2 (D-1 =0),



Divergence-Measure Fields and Hyperbolic Conservation Laws 93

£
(1.7) / 00, % (Fgi) — il dx < 2.
D

(1.8) / s, % (F - V) — F - Vi dx < —.
D 2!

Finally, let o
F, = Zw&‘ * (Fop).
i=1

It follows from (1.6) that the sum defining F; is locally finite. Hence F, €
C®(D:; RM), and {F¢} is uniformly bounded. Moreover, since F = Z;’i] Fy;,
we have

o0
/|F8—F|dx§Z/ e, * (Fgi) — Foildx < e,
D i=1 YD

thatis, F, — F — Oin Ll(D; RN) when ¢ — 0. Theorem 1.1 indicates that

(1.9) [div F|(D) < lim inf |div F¢|(D).
E—>

Now let ¢ € CJ(D), |¢| < 1. We have
o0 o0
/ F.-V¢dx =Z/ we, *((p,-F)-Vqﬁdx:Z/ @i F - V(wg, * $)dx.
D i=1 7D i=1 YD
Thus

ng~V¢dx=/ F-V(galwal*¢)dx+2f F - V(@105 * §) dx
D D ‘5 JD

o
=3 [ o (F Vo) - F-Va)pdx,
— JD
i=1
from the identity Y o, Vg; = 0. Since |g;we, * ¢| < 1, we obtain
/ F -V(piwe, * ¢)dx < |div F|(D).
D
That the intersection of more than any three of the sets Dy is empty yields
o0
Z/ F - V(gjwe, % ¢)dx < 3|div F|(D — Dy) < 3e.
< D
i=2

Therefore, we obtain fD F, - V¢ dx < |div F|(D) + 4¢, and hence
(1.10) |div F|(D) < |div F|(D) + 4e.
Thus (1.9) and (1.10) give the desired result. O
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2. The Gauss-Green Formula and Normal Traces

The main difference between .7/ fields and BV fields is that the former may
have much worse behavior. One obvious example of such a Z 7 field in R? is
(v(x — y), v(x — y)), where v is any function in L*°(R).

Our motivation for studying this class of fields comes from the entropy inequal-
ity in the distributional sense, characterizing admissible solutions for hyperbolic
systems of conservation laws. In this case, applying Schwartz’s lemma on nonneg-
ative distributions [26], one concludes that, if u(¢, x) € L°°((0, T) x R"; R™) is
an entropy solution of a hyperbolic system of conservation laws in (0, ) x R”,
then, for any entropy-entropy flux pair (1, ¢), ¢ = (¢',--- ., ¢"), of the system,
the field (n(u(t, x)), q(u(t, x))) isin Z_24((0, T) x V), for any bounded open set
V C R". As we will see, for such a field, one can define its normal traces through
Lipschitz hypersurfaces and extend the Gauss-Green Theorem.

Given F € Z.Z6(D), we fix a precise representative F* for F chosen as
follows. By the definition of the sequence Fj in the proof of Theorem 1.2, it is clear
that the C* field sequence F; converges a.e. in D. Actually, given an element in
the class F (characterized by equality almost everywhere), it converges pointwise
to this member of the class F' at all its Lebesgue points. Denote by F a specific
member in this class.

Let. /" be a Borel set of measure zero containing the set of all points that are
not Lebesgue points of this specific member F. We define

F(x), xeD-.1",

0, x e N

F*(x) = :

In particular, F* is Borel measurable, since it is a pointwise limit of C* functions
in D — .. We drop * and simply denote F* = F.

Definition 2.1. Let © be an open subset in RY. We say that 32 is a deformable
Lipschitz boundary provided that the following conditions hold.

(i) For each x € 9, there exist » > 0 and a Lipschitz mapping y : R¥~! — R
such that, upon rotating and relabeling the coordinate axes if necessary,

QNOG, N ={yeRY | yO1, ..., yv—1) < yn 1N Qx,7),

where Q(x,7) ={y e RN | |y; —x;| <r, i =1,...,N}. We denote by 7 the

map y = (3, ¥(3), ¥y = V1, -+« s yN—1)-

(i1) There exists amap ¥ : Q2 x [0, 1] — Q such that ¥ is a homeomorphism

bi-Lipschitz over its image and ¥ (-, 0) = I, where [ is the identity map over 9<2.
Denote 02, = ¥ (02 x {t}), T € [0, 1], and denote 2, the open subset of 2

whose boundary is 92;. We call ¥ a Lipschitz deformation of 9€2.

Definition 2.2. We say that the Lipschitz deformation is regular if

2.1) lim V¥, 07 =Vy inL] (B),
7—0+
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where y is a map as in condition (i) of Definition 2.1, and ¥; denotes the map of
0% into €2, given by Y7 (x) = ¥ (x, ). Here B denotes the greatest open set such
that y(B) C 992.

Remark 2.1. Ttshouldbe recognized that bounded domains with smooth boundaries
(say, C?) always have regular deformable Lipschitz boundaries. Indeed, since there
is an everywhere defined (say, outward) unit normal field v(r), one can define the
deformation ¥ (y, ) = y — etv(y), which satisfies all the required conditions for
sufficiently small ¢ > 0.

Remark 2.2. Conditions (i), (ii) of Definition 2.1 are also satisfied for star-shaped
domains and for the domains whose boundaries satisfy the cone property. For the
former, there exists apoint yg € 2 such that, forany y € 0€2,onehas y+6(yp—y) €
Q for 6 € (0, 1) and can then define ¥ (y,7) = y + %r(yo — ). For the Iatter,
there exists a vector vg € RY such that, for any y € 0Q and any 0 < s < 1, one
has y 4+ svp € 2 and then takes ¥ (y, ) = y + tvo. In both cases, the deformation
is regular.

Remark 2.3. 1t is also clear that if €2 is the image under a bi-Lipschitz map of a
domain 2 with a (regular) Lipschitz deformable boundary, then €2 itself possesses
a (regular) Lipschitz deformable boundary.

Lemma 2.1. Let F € ZL/6(D). Assume that { F;} is the sequence in C*°(D; RY)
given by Theorem 1.2. Let Q@ C D be an open set with a deformable Lipschitz
boundary and a Lipschitz deformation ¥ of 9Q2. Then there exists a set. 7 C [0, 1]
with meas ([0, 11 —.77) = 0 such that, for all T € .77, Fj converges to F TBN-1.
almost everywhere in 02;.

Proof. Let. /" be the null set in the definition of the precise representative of F
and 77 =W (0Q x [0, 1]). Let h : Z7 — [0, 1] be the Lipschitz function given by
h(y) = tif y € 3Q,. We extend & to all RV by setting 2(y) = 0, for y ¢ €, and
h(y) = 1,fory € Q — Z". Let Jh(y) denote the Jacobian of & at y. By the Coarea
Formula for Lipschitz functions (see [13, 14]), we have

1
0 2/ X nz-(MJh(y)dy 2/ dr/ x1-(@) d IV (w).
RN 0 h=1(t)
Thus, for almost all T € (0, 1), we must have
FEN NN N aS,) = / x 1 (@) dIFEN N w)=0. O
h=1(z)

Lemma 2.2. Let F € Z.76(D). Let Q C D be an open set with a deformable
Lipschitz boundary and a Lipschitz deformation ¥ of 0S2. Then, there exists a
countable set 7 C (0, 1) such that |div F|(3S2;) = 0, for every t € (0,1) — Z.

Proof. Since 0Q2;, N 0Q,, =@, if 11 & 12, 71, 72 € (0, 1), then, for each n € N,
the cardinality of the set

{7 €(0,1) | [divF|(3: N BO;n) > 1/n}

must be finite, because |div F| is a Radon measure. O
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Theorem 2.1. Let F € Z.Z6(D). Let 2 C D be an open set with deformable
Lipschitz boundary. Let ¥ be a Llpschltz deformation of 02. Let .7, 7 C (0, 1)
be as in Lemmas 2.1, 2.2, and .7 * = — Z. Then, for every T € .7 * and all
¢ € CoRY),

2.2)
(div Fla, . §) = /a HOF@) (0 d 7 0) - / F(y) - Vo (y)dy,

T
where vy is a unit outward normal field defined 76N = -almost everywhere in 3$2;.

Proof. It suffices to consider the case where €2 is bounded. Take the sequence
F; € C°°(D; R") given by Theorem 1.2. Let t € .7 * and take n € N such that
T > 1/n. The classical Gauss-Green formula gives

(2.3)
¢ div F; dy = / ¢ (@) F; (@) - ve (@) d TN (@) — / F;(y) - Vé(y) dy,

Q. 30 Q:

for any ¢ € Cé (RN). Since 7 € .7, the right-hand side of (2.3) converges to
the right-hand side of (2.2) when j — oo, where Lemma 2.1 is used for the
convergence of the first term. Now, for j large enough, we have

2.4) Fi(x) = wj * (Fg;j)(x), forx € Qqy,

where w; (x) = sj_Na)(x/sj), w is a symmetric mollifier, &; — 0 as j — oo, and
@ € CS"(D) satisfy ¢;(x) = 1, for x € Q1,,. We denote by w’ the divergence of
the right-hand side of (2.4). Then p/ = div Fj over Co(£21/1), and

(2.5) pw —~divF asj— oo, in.Z(Qm).

Now, viewed as (signed) Radon measures over RY, u/ is clearly a sequence uni-
formly bounded in .Z(R"). Consider a Jordan decomp051t10n of u/ as u/ =

w, L — u’_, with nonnegative Radon measures 1., 4 and w’ . That is,
wh (Supp !N supp ui) =0, |w|=pl+u’.
Since ui and /Lj_ are uniformly bounded in . Z4(R"), passing to a subsequence if
necessary, we may assume that there exist py, u— € A4RYM) such that
pwho—=pr, pl—=po in LRV

In particular, we must have py — pu_ = div F in .24(S21/,), because of (2.5). Let
W = iy + p—. We claim that £ (92;) = 0. Indeed, let A;s = Q_i5 — Qr+is,
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i=1,2,withl/n <7 —25 <1+25 < 1. Hence,

1i(A) < limsup  (Ay)

j—o0o
< limsup [div Fj|(As)
Jj—o0o A

< |div F|(As) (by Proposition 1.1)
< |div F|(Azs) — 0, asd — 0.

Therefore, for T € .7 *, we have (see, e.g., [13])

W Qo) = pi Qo). 1 (Q0) > uo (), asj — oo,
Consequently, for T € .7 ¥,
div Fj (Q) = ! (Q0) — 1! (Rr) —> 111 () — p—(Qr) = div F(),
as j — 0o. More generally, the same arguments lead to
(2.6) (¢ div Fj)(2;) — (¢ div F)(R2), asj— oo,

for t € .7 * and any ¢ € Cé (RN). This means that the left-hand side of (2.3)
converges as j — oo to the left-hand side of (2.2), fort € .7 *. O

Now we use (2.2) to define the normal trace of F' through 92 so that (2.2) holds
for t = 0, that is, the Gauss-Green formula holds for any open set @ C D with
Lipschitz deformable boundary. Specifically, given an outward unit normal field
v defined .77V ~!-almost everywhere in 92, we define F - v as a Radon measure
over 92 (actually an element of L°°(9€2)) in the following way. Using a Lipschitz
deformation ¥ for 9$2, we may regard any function ¢ € Cp(9S2) as an element
of Cy(9€2;) through the mapping ¢ — ¢ o lI/T’l. And, conversely, we may regard
any element of Cp(d€2;) as an element of Cy(9<2) through the inverse mapping
¢ — ¢ o W,. Now, since F - v, is defined .72 N ~!-almost everywhere on 992, for
T €.7 * with .7 * given by Theorem 2.1, we may regard F - v, as either a Radon
measure over 02, or a Radon measure over 02. We then define

2.7 F-vjpgo=w- lim F-vy, in.Z6(0Q).

t—>01e7*
We justify (2.7) in
Theorem 2.2 (Gauss-Green Formula for .74 Fields). Let F € Z_74(D) and let

Q C D be an open set with deformable Lipschitz boundary. The limit in (2.7) exists
when F - v, are regarded as Radon measures on 0S2 through the formula

(2.8) (F-ve,¢) = / W (@) F (@) - ve (@) dTFEV ™ (w),
90
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where W, : 02 — 02 is given by ¥ (w) = ¥ (w, t). This definition for F - v
over 0X2 yields the Gauss-Green formula

(2.9) (div Fla. ¢) = /6 H@F@ - v@ d 7 ) fQ F(y)-Vé(y)dy

for any ¢ € Cé (RN), where, in the first integral, we use the formal notation
F(w) - v(w)d.FEN Y w) = F - v for the normal trace measure justified in (i)
below.

The normal trace measure F - v has the following properties:

(1) F - v does not depend on the particular Lipschitz deformation for 02 and is
absolutely continuous with respect to N =1 ‘39;

(1) If 02 C D and |div F|(0R2) = 0, the density of F - v coincides with the function
F v, N1 ae. indS, whenever ZZN 10N N") =0, where N is the null
set in the definition of the precise representative of F;

(iii) Let F - v also denote the corresponding density. Then F - v € L*°(0R), and
for some C > 0,

(2.10) IF - viiLeoe) = CIFlLeg)-

If there exists a regular deformation ¥ of 9<2, C can be taken = 1, and

(2.11) F-v=w*—esslim (F-v;)o¥;, inL>®0OR).

T—>0+

Proof. Let ¢ be any function in C(% (RN). Take t — 0 in (2.2), with t € .7~
given in the proof of Theorem 2.1. Using the Dominated Convergence Theorem
in the left-hand side for the measure div ' and the sequence of functions xq, ¢,
converging pointwise to xq¢, and in the right-hand side for the Lebesgue measure
and the sequence xq, V¢ - F, we see that the first term on the right-hand side of
(2.2) must converge as T — 0. Since ¢|5q, in (2.2) can be replaced by ¢|3q o lI/T_l
with an error that goes to 0 when t — 0, we see that the limit in (2.7) exists if ¢ is
the restriction of a function in C(]) (RM). Since the set of such functions is dense in
Cp(9€2) and the measures in 9€2, given by F - v; as in (2.8), are uniformly bounded,
this limit exists for all ¢ € Cy(9€2). Now, we can take T — 0 in (2.2) to obtain the
Gauss-Green formula (2.9).

For assertion (i), the fact that F'- v does not depend on the particular deformation
for d€2 is a direct consequence of (2.9), since the latter does not involve the defor-
mation. For the remaining part of (i), we must prove that |F - v|(A) = 0 provided
that A C 92 is a Borel set such that . 7Y ~1(A) = 0. Since |F - v| is a Radon
measure over 92, it suffices to prove this fact in the case where A is compact. Given
& > 0, we can cover A with a finite number J of balls B; = B(x;; r;) with radius
r; < e suchthat. 7ZN~1(U/_ B; N 8R) < &. Now, forany ¢ € Co(U7_, BiNIQ),

fa . ¢ () F (o) - v () d. T (w) < ellgll | FIl Lip(w)N .
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Thus (F - v, ¢) < Ce|¢|| || F||, with C = Lip(¥)¥~!, and then
|F -v|(A) £ |F -v|(UL,B; N3Q) < Cel|F].

Taking ¢ to 0 gives the expected result.

To prove (ii), let 92 C D, |div F|(dQ) = 0, and .72V~ N aQ) = 0.
Using the same arguments as in the proof of Theorem 2.1, we can prove that the
Gauss-Green formula holds in the usual sense, i.e., with F - v given by the same
scalar product of the restriction of F' over 92 and the outward unit field v normal
to 32, both defined .72V ~!-a.e. on 92. Indeed, taking the sequence of C™ vector
fields F; approaching F in D, given by Theorem 1.2, for j large enough, we have

(2.12) Fi(x) = wj * (Fg;j)(x) forx e Q,
;Na)(x/ej), w is a symmetric mollifier, &; — 0 as j — oo, and
@j € C3°(D) satisfy ¢;(x) = 1 for x € Q. Defining u1; and 1 as in the proof of
Theorem 2.1 and following the same lines, but this time taking As = {x € D :
dist (x, 0€2) < &}, for § sufficiently small, we arrive at

(¢ div Fj)(Q) — (¢pdiv F)(RQ) as j — oo,

where w;(x) = ¢

and so we can get (2.9) from the classical Gauss-Green formula for Fj, with F - v
satisfying the assertion.

Let us consider assertion (iii). For any wo € 92 and r > 0, sufficiently small,
out of a countable set, we have

1
FEN=L(B(wp; r) NON)

/ F. ud,%N—l(a))‘
B(wg;r)No2
1
= lim / F v, d7ZN ()

107N =1 (B(wo; r) N ORQ)
(2.13) Wz (B(wo;r)NIK)

< | FllsoLip(@)V 1.

Then, from the Radon-Nikodym Theorem on the differentiation of measures [13],
we get the first part of assertion (iii). Identity (2.11) follows from the area formula
(see [14]). Indeed, if ¢ € L'(3Q) and B = supp¢ C graphy, with y as in
condition (i) of Definition 2.1, then

/ F(w) - v(w)p(w)dTN N (w) = lim F-vpow daw"N " (w)
aQ =0+ Jhq,

= lim (F-v)o(Wrop)poy JW, 07d LN ()
T—>0+ };—1(3)

= lim /(F~vf)ollfr¢d-%N_l(w),
=0+ /B

which is the desired conclusion, where we have used the area formula [14] and
(2.1). Here, Jf denotes the Jacobian of the Lipschitz map f (see [13, 14]). The
fact that we can take C = 1 in inequality (2.10), in this case, follows immediately
from (2.11). This concludes the proof. O
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Remark 2.4. Tt is important to observe that, in general, one cannot define the trace
for each of the components of a &Z_Z¢ field over any Lipschitz boundary, as op-
posed to the case of BV fields. This fact can be easily seen through the example
provided by the Z_# field F (x, y) = (sin x%y, sin ﬁ); itis impossible to define
any reasonable notion of trace over the line x = y for the component sin % Nev-

ertheless, the unit normal v to the line x — y = T is the vector (—1/+/2, 1/+/2)
so that the scalar product F (x, x — 7) - v, is identically zero over this line. Hence,
we find that F - v = 0 over the line x = y and the Gauss-Green formula implies in
this case that, for any ¢ € C& (R2),

0 = (div Flysy, ¢) = —/ F -V dxdy.

x>y

This identity could also be directly obtained by applying the Dominated Conver-
gence Theorem to the analogous identity obtained from the classical Gauss-Green
formula for the domain { (x, y) |x > y + 7} whent — 0.

As a corollary of the extended Gauss-Green formula, we have

Proposition 2.1. Let Q C RY bea bounded open set with Lipschitz boundary and
Fi € (), F» € ZARN — Q). Then

Fi(y), yeg,
Fy(y), yeRN-Q

2.14) F(y) =
belongs to ZL/4L(RN), and
IFlle ey = W Fill ) + 1 P2l o w6
+Fy v — P - v 1o )72V 1 (09).
Proof. Obviously, F € L*(R"Y; R") and

||F||LOO(RN) § ||F1 ||L°°(Q) + ||F2||L00(RN_§2)-

Now, choosing ¢ € Cé (RM) such that |¢| < 1 and using the Gauss-Green formula,
we have

/F-V¢dy=/F]-V¢dy+ / F>-Vody

RY Q RV-Q

= —(div Filg, ¢) — (div F2|gy_g. #) + f{F1 V= Fy 0} d IV ()
Q2

< |div F1|(R) + |div Fo|RY — @) + | Fy v = F vl ey 7N (09).

Hence, by the definition of the Z_#4 norm in Corollary 1.1 and that of |div F|(R")
in Definition 1.1, we conclude the desired result. 0O
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3. Product Rule

Theorem 3.1. Letg € BV(D)NL®(D)and F € L.#6(D). ThengF € Z.46(D).
Moreover, if g is also Lipschitz continuous over any compact set in D, then

3.1) div (gF) = gdivF + F - Vg.

Proof. Let F; be as in Theorem 2.1. Let g; be the analogous sequence for g. We
have

/D \div (g, F)ldx = sup{ [,,g; Fj - Vedx | ¢ € Co(D), |¢| <1}
<3glloo sup{ [ Fj - Vodx | ¢ € Co(D), |p] <1}
+ 3| Flloo sup{ [, Vg, - ¢dx | ¢ € Co(D; RY), |p| 1}
<3{l1gllooldiv F} [(D) + [ Flloo I Vg Il }-

Here in the first inequality we just divided g; by its L° norm, which is less than
3llglloo by the construction, and then we considered gj¢ /[ gj lloo as a test function.
We similarly handle F; to obtain the second term in the right-hand side of the same
inequality. Hence, for any ¢ € Cé (D) with |¢| £ 1, we have

/ gF-Vodx =1imf g Fj - Vodx < 3{lIglleoldiv FI(D) + | FllooIVgll},
D D

\div (g F)|(D) < oo.

Since gF € L>®(D; RY), we have g F € Z_74(D). Now Theorem 1.2 implies that
div F; — div F as Radon measures over D. Hence, if g is Lipschitz continuous
over all compact sets contained in D, then

gdivF; + F;-Vg — gdivF + F -Vg in Z4(D).

On the other hand, clearly div (gF;) — div(gF) in the sense of distributions.
Taking the limit in the identity

div(gFj) =gdivF; + F; - Vg

in the sense of distributions and using the fact that CSO(D) is dense in Co(D), we
obtain (3.1). 0O

In fact, we can refine the above result and prove that (3.1) holds a.e. in the
general case, not only for local Lipschitz functions. In this case, we must take the
absolutely continuous part of Vg. To show this, we establish a preliminary result,
which is of interest in itself.

Proposition 3.1. Let F € Z.746(D) and let A C D be a Borel measurable set
such that FN~1(A) = 0. Then |div F|(A) = 0.
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Proof. Since there are Borel measurable sets Dy and D_, D4y U D_ = D, such
that div F is a nonnegative measure over Dy and a nonpositive measure over D_,
we may assume that A C Dy and hence |div F|(A) = (div F)4(A) = div F(A).
Also, since (div F')+ is a Radon measure, it suffices to prove the assertion for any
compact A. Now, for any ¢ > 0, we can find a finite number J of balls of radius less
than ¢ such that A C Uijle(x,-; r;) and Zilzl rl.Nf1 < ¢, since .FZN~1(4) = 0.
Now we may apply the Gauss-Green formula (2.9) with Q@ = Q, = Ul.J:1 B(x;; ri)
and any function ¢ in Cé (RV) that identically equals one over Q. Then

J
|div F(Qe)] < [ Flloe 2N~ (09) < ClIFlloe )1}~ S eClI Flloc.

i=1

Now, since xq, — x4 pointwise in D as ¢ — 0O (recall that A is compact), we
have |div F|(A) =divF(A) =0. 0O

For g € BV, let (Vg)ac and (V g)sing denote the absolutely continuous part and
the singular part of the Radon measure Vg. We can now state the refinement of
Theorem 3.1.

Theorem 3.2. Given F € Z_#¢((D) and g € BV (D) N L*°(D), the identity
div(gF)=gdivF + F -Vg

holds in the sense of Radon measures in D, where g is the limit of a mollified
sequence for g through a positive symmetric mollifier, and F - Vg is a Radon
measure absolutely continuous with respect to |V g|, whose absolutely continuous
part with respect to the Lebesgue measure in D coincides with F - (Vg)ac almost
everywhere in D.

Proof. Let g5 = ws * g, where ws(x) = 5N n(x /&) with a positive symmetric
mollifier w. From Theorem 3.1, we have

div(gsF) = gsdivF + F - Vgs.

Now, it is well known that g5 converges to a Borel function g, .7#N~1-ae. in D
(this function equals g a.e. in D). Then, using Proposition 3.1, we get

gsdivF — gdivF in (D),

as a consequence of the Dominated Convergence Theorem applied to the measure
div F'. On the other hand, as in the proof of Theorem 3.1, we can easily show that
{div (gs F)} is uniformly bounded in . Z£(D).

Now, this sequence converges to div (g F) in the sense of distributions over D.
Then, we must have div (gs F) — div (gF) in .Z4(D). Hence,

F-Vgs — F-Vg =div(gF) — gdiv F.

Now we pass to the proof of the assertions about F - Vg. Let A C D be such that
|Vg|(A) = 0. We are going to prove that |F - Vg|(A) = 0. Again, it suffices to
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consider any compact set A with |[Vg|(A) = 0. Given ¢ > 0, we can cover A by a
finite number J of balls so that

ACULB(xiir), ri<e: |Vgl(ULBxizr)) <e.
We may assume without loss of generality that |[Vg|[(0 B(x;; 7)) =0,i =1,..., J.
Let ¢ € Co(U;_, B(x;; r;)). Thus

(F-Vg, ¢) = gi_r)l})/qb(x)F(x) - Vgs(x)dx
S |I¢I|ooI|F||ooliI8nSgpIVgal(Uijle(xl'; ri))

= [¢llool Fllool Vg (UZ B(xi: 1)) £ €ll@llooll Flloo
from the fact that |[Vgs|(B) — |Vg|(B), forall opensets B C D with [Vg|(0B) =
0 (see [15]). Hence, we obtain
[F-Vg|(A) S [F-Vg|(ULB(xis 1)) < €| Flloo-
Taking ¢ — 0, we obtain the desired result.
We now prove the last assertion about F - Vg. Let x € D be such that the limit

li :

im

r—0 Ol(N)rN

/ F-Vg(y)dy
B(x;r)

exists, and
. 1
(32) tim e [ T Dune)ldy =0,
(3.3) }E}}) (NN fB(m) [F(y) - (Vg)ac(y) — F(x) - (Vg)ac(x)|dy = 0.

Almost every x € D has this property. Fix r > 0 such that
(3.4) [(V&)sing| (3B (x; 7)) = 0.
We have
V(ws * g) = ws x Vg = ws * (Vg)ac + ws * (V)sing-

Hence, for any ¢ € Co(B(x;r)), we use |ws * (V&)sing(V)| = ws * [(VE)sing (¥)]
to find

1
s /Bm) PONFG) - w5 x (Ve)O) = Fx) - (Vghae))dy

= ar /B(x;r) ($OIHF () - @5 5 (V@laey) = F) - (Ve)ae ()} dy

@ llooll £ lloo

+ a(N)rN

/ 05 % |(V§)sing (Idy.
B(x;r)
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Now, the last term of the right-hand side in the inequality converges to

l[@llooll Flloo

a(N)rV /Bu;» (V8ane 31

since ws * |(Vg)sing] — [(V&)sing| and (3.4) holds. Then we take § — 0 to obtain

1 -
B fB POV = F@ - (Vg
@100l Flloo
< I = .
~ eV /B<x;r>'(vg)s‘“g(y e
+ a(N)yrv /;(x;r) [@OIFR) - (V&)ac(y) — F(x) - (V8)ac()} dy.

Now, taking ¢ — 1 pointwise in B(x; r) so that [|¢|| < 1, we get
‘ 1

T /B oy V8D = F@) - (V8)ae () dy|

I Flloo /
< Vg)si d
= 2NN s [(V)sing(¥)|dy

1

(3.5) + NPV

/ [F(y) - (V&ac(y) — F(x) - (Vg)ac(x)|dy,
B(x:r)

by the Dominated Convergence Theorem. Finally, we take » — 0 in (3.5) and use
(3.2), (3.3) to get the desired result. O

4. Applications to Initial-Boundary-Value Problems
for Hyperbolic Conservation Laws

In this section we apply the theory developed in §§1-3 to establish a general
framework for L weak entropy solutions of initial-boundary-value problems for
hyperbolic conservationlaws. Let Q € R"*! be adomain, whose points are denoted
by (#,x),withQ = Q0 N{r=0} + @, ' = 9Q. Consider

(4.1) Ju+Vy- f)=0 inQN{r>0),
“4.2) uly=0 = uo,
4.3) ulrn(r>0) = Up.

Hereu € U C R™, f € CH(U; (R™)") for some domain U C R™. We assume
that the initial-boundary data satisfy

4.4) ug € L°(Q2; R™), up e LT N{t > 0}; R™).
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We consider the domain Q of the following form. Let % : R**! — R+ be
a bi-Lipschitz map:

L(t,x) = (1, y(t,x)) forall (1, x) € R**1,

where y : R"*! — R" is a certain Lipschitz map satisfying y (¢, x) = x, fort < 0.
Let 2 C R” be an open domain with regularly deformable Lipschitz boundary 9€2.
Set
0=YSRxQ), '=%Rx039Q),
Or = 2(0,T)xQ), Tr=2(0,T)x93Q).

Assume that ® : 9Q2 x [0, 1] — Qisa regular Lipschitz deformation for 9€2. We
fix a standard regular Lipschitz deformation ¥ : I x [0, 1] — Q for I" given by

U(rs) =% (nl(r), O(m o Z~1(r), s)) ,

where 71 : R"*! — Rand 7, : R*™t! — R” are given by 7 (7, x) = 1, m2(t, x) =
x.WesetWs(r) =W¥(r,s), [ =¥('),and I}, = ¥;(I'7). By A € B we denote
that A is an open subset of B and its closure A is a compact subset of B.

The discussion which follows is partly motivated by the analysis carried out
by OtTO [25] for the initial-boundary-value problem for multidimensional scalar
conservation laws in cylindric domains of the form (0, 7)) x €2, €2 having a smooth
boundary. In [25], the existence and uniqueness of entropy solutions of the initial-
boundary-value problem were established for L°° initial and boundary conditions.
This result extends the earlier one for BV initial and boundary conditions, by
BArDOS, LEROUX & NEDELEC [2]. Other attempts to extend partially in various
ways the results in [2] have been made in some references such as in [12, 7, 18, 28]
and those cited therein.

4.1. General Framework

Definition 4.1. We say that n € C'(R™) is an entropy for (4.1), with associated
entropy flux g = (q', -+, q") € C'(R™; R"), if

4.5) Vgi(u) =Vnw)Vfiw), i=1,...,n.

We call F(u) = (n(u), g(u)) an entropy pair. If n(u) is convex, we say that F(u)
is a convex entropy pair. An entropy pair .7 (u, v) = («(u, v), B(u, v)) is called a
boundary entropy pair if, for each fixed v € R, a(u, v) is convex with respect to
u, and

4.6) a(v,v) = B, v) =d,a(v,v) =0.

We say that .7 (u, v) = (@ (u, v), B(u, v)) is a generalized boundary entropy pair
if it is the uniform limit of a sequence of boundary entropy pairs over compact sets.

In this section, with the aid of the theory of divergence-measure fields, we focus
on any weak entropy solution u € L>°(Qr; R™) of (4.1)—(4.3) in Q7, in the sense
given by the following definition.
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Definition 4.2. We say that u(z, x) € L*°(Q7; R™) is a weak entropy solution of
(4.1)-(4.3) in Q7 if it satisfies

o Conservation Laws (4.1): For all ¢ € C3°(Qr), ¢ = 0, and any convex entropy
pair (17, ¢),

4.7) // (n(w)¢r +q(u) - Vi¢) dxdt 2 0.
or
o Initial Condition (4.2): For any Qeq,
4.8) ess lim lu(t, x) —ug(x)|dx = 0.
=0+ JO

e Boundary Condition (4.3): For any y € L'(I'7), y = 0 .74"-ae., and any
boundary entropy flux .7 = («, B8),

4.9) ess lir(1)1+ T (u o Ws(r), up(r)) - vy (¥ (r)y (r)d-76" (r) = 0,
s—> Iy

where vy is the outward unit normal field defined .72"-a.e. in '}

The main focus in this section is to investigate classes of equations and the
boundary data for which the solutions satisfying (4.7)—(4.9) assume their boundary
data in the usual sense, with the aid of the theory of divergence-measure fields.

For convenience of presentation, we extend the weak entropy solution u(t, x) €
L>®(Q71; R™) tou(t, x) € L*°(Q; R™) by setting

u(t,x) =0, (t,x) e Q—0r.

We observe from Proposition 2.1 thatif u; and f; denote the jth component of u and
the jth row of the m x n matrix f, respectively, j = 1, --- , m, and if (n(u), g(u))
is any convex entropy pair for (4.1), then (4.7) implies that the fields

Ej(u) = (uj, fi(w) € Zt6(D), Fu) = (n(w), qw)) € ZALD)

for any bounded open set D C Q as a consequence of the Schwartz lemma on
nonnegative distributions [26]. In particular, the normal traces EJi ) - v|S, j =
1,---,n,and F(u)-v|S are defined for any open subset S of the Lipschitz boundary
of any open set D € Q.

We next establish the first important fact about the solutions of (4.1)—(4.3) in
the sense of (4.7)—(4.9).

Theorem 4.1. Assume that (4.1) is endowed with a strictly convex entropy. A func-
tionu(t,x) € L>®(Q7; R™) satisfies (4.7)—~(4.9) if and only if it satisfies:

1. Equation (4.1) holds in Q7 in the sense of distributions.
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2. Given any boundary entropy pair (a(u, v), B(u, v)), there is a constant M > 0
such that, for any nonnegative ¢ (t, x) € Cgo ((—oo, T) x R"),

(4.10)
foT (ce(u(t, x), v); + B(u(t,x),v) - Vi) dx dt
+ Jq@(uo(x), V)P0, x)dx + M [, ub(ry — vl (r) d.76" (r) 2 0,

for any constant v € R™.

Proof. Given any convex entropy pair (1, ¢),

(4.11) au,v) =n) —nw) — Vo) —v),
(4.12) Bu,v) =qw) —q) —Vn@)(f) — f(v))

form a boundary entropy pair. Since u satisfies (4.1) in the sense of distributions,
we easily deduce (4.7) from (4.10).

We now prove (4.8). We consider « and 8 as in (4.11), (4.12) for a strictly
convex entropy 7. Let 6 < T be small enough. Choose ¢ (¢, x) = ¢(t)&(x), with
¢ € CP(=00,8),E € Ci°(),¢ 20,& 2 0. We get

s s
f {’(t)/ oz(u,v)é(x)dxdt+C/ {(t)dt~|—/ a(ug(x), v)Ex)dx = 0.
0 Q 0 Q

Hence, choosing { = x(—s,s) (after mollifying and passing to the limit) and making
6 — 0, we get

ess lim a(u(t,x),v)E(x)dx < / a(ug(x), v)€(x)dx,
=0+ Jo Q

where the limit on the left-hand side exists because of Theorem 2.2. Proceeding as
above, we conclude from the last inequality that, for any &, vg € L! (R2), we have

ess liI(l)l a(u(t, x), vo(x)Ex)dx £ f o (ug(x), vo(x))&(x) dx.
Q Q

t—0+
Therefore, choosing vg = ug, and using the strict convexity of n and the fact that
u and ug are uniformly bounded, we arrive at (4.8).
We finally prove (4.9). Let i : R"*! — [0, 1] be defined by setting i (z, x) = s

if (¢, x) € I'%; h(t,x) = 0if (¢r,x) € Q, and h(z, x) = 1 otherwise. In (4.10), we
choose

o, x) = y(llfh_(ll,x)(t, x))¢(h(t,x)) for (¢, x) € Image(¥),

where v € Lip(T"), suppy Cc 'y, v 20, ¢ € Cgo(—oo, 1), and ¢ (7, x) is set
equal to O for (¢, x) € Q — Image(¥). We then extend ¢ to all Rt asa Lipschitz
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function with compact support contained in (0, 7) x R". With this choice of ¢ in
(4.10), using the coarea formula [13, 14], we obtain

1
/ T w(r), v) - vy (&7 () d.TE" ()¢ (5) ds
0 JIs

1
+ C/ r(s)ds —i—M/ lup(r) — vly (r) d.F6" (r)c (0) = 0.
0 I'r

Choosing ¢ (s) = x(-s.5), 0 < 6 < 1 (mollifying and passing to the limit), and then
making § — 0, we get

ess lim / T (u(r),v) - vs(r)y(lllsfl(r)) d.76" (r)
s—0+ Js

= -M lup(r) — vly (r) d.F6"(r),
I'r

where we used Theorem 2.2 to ensure the existence of the limit on the left-hand side.
By approximation, we conclude that this inequality holds forany y € L'(I'7), y =
0, F£"-a.e. Using the area formula [14], we obtain

ess lim T (o Wy(r),v) - vy(Ws (r))y (r) d.FE" (r)
s—0+ Iy

> -M lup(r) — v|y (r) d.FE" (r).
'r

Now, considering first simple functions vy (r) and using a standard approximation
argument again, we deduce from the last inequality that

esstim [ 7 (uo W), up(r) - v (W (r)y () d-F" ()
s—0+ I'r

z-M - lup(r) — vp(N)y (r)d-FE" (r)

for any vy, € LY(T'7). Taking vy = up, we then recover (4.9).
Conversely, from (4.7) with n(u) = fu, we deduce that u is a solution of (4.1)
in the sense of distributions. Also, (4.7) and (4.8) imply that
“.13) f/Q (W + ) - Vo) dx di + /Q 1o ()Y (O, ¥) dx 2 0
T

for any ¥ € C°(Q N {t < T}) with ¢y = 0. Now we choose (n(u), q(u)) =

(a(u, v), B(u,v)) and ¢ in (4.13) as ¥ (¢, x) = ¢ (¢, x)(1 — ¢ (h(z, x))), with ¢ €
Cgo((—oo, T)xR"),¢ 20, and h as above. Again, choosing {(s) = x(—s.5)(5),
0 < § < 1, letting § — 0, and arguing as above, we arrive at

4.14) /f (a(u, v)p; + B(u, v) - Vi) dx dt +/ a(up(x), V)¢ (0, x)dx
Oor Q

—ess h%lJr T (U o Wy(r),v) - vy(Ws(r))p(r)d.FE" (r) = 0.
S—> FT
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Observe that there is an M > 0, depending on .7 and an L bound for u, such
that

|7 (o Ws(r), v) — 7 (uo Ws(r), up(r)| = Mlup(r) —vl.
Thus, using (4.9) and the above inequality, we finally obtain (4.10) from
4.14). O

We now investigate some cases in which the boundary data turn out to be
assumed in a way closer to the usual sense. We start with a result for the scalar case
m = 1, which extends that in [25] to the present context of non-cylindric domains
with Lipschitz boundary.

For m = 1, we denote by 'y the subset of I'r given by

Pact ={r € I'r | u > E(u) - v(r) is decreasing },
where E (1) = (u, f(u)),and v(r) is the outward unit normal field defined . 72" -a.e.

in FT.

Proposition 4.1. Ifu € L>®°(Qr) anduy € L (T'r) satisfy (4.9) for any boundary
entropy pairs associated with (4.1), then

ess lim lu o Ws(r) — up(r)| d. 78" (r) = 0.

50+ Jr,y

Proof. The entropy pair
T (u,v) = (lu —vl, sign(u — v)(f () — f(v)))

is the uniform limit of boundary entropy pairs. Hence, (4.9) implies that

ess 1ir(I)l+ T (o Wy(r), up(r)) - vy (¥ (r))y(r)dr 2 0
Ned FT

forall y € Ll(FT), y 2 0,.74"-a.e. Now, choose y as the characteristic function
of I'yct and observe that

T (w,v) - v(r) = —|E@) - v(r) — E@) -v(r)|

forall r € I'y¢. The regularity of the deformation ¥ implies that vy (W (1)) — v(r)
as s — 0+, for .7Z" almost all » € I'r. Hence, the Dominated Convergence
Theorem gives

ess 111&r |[E(uoWs(r)) - v(r) — E(up(r)) - v(r)|d.FE" (r) = 0.
Nard Fact

Now, given any sequence {s;} in [0, 1], converging to 0, which is not contained in
a certain fixed set of measure zero, we may extract a subsequence (still denoted s;)
such that

llim E(uoWy(r))-v(r) = E(up(r)) - v(r), F" —ae.r € Iy
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By the definition of 'y, we deduce that lim;_, oo # 0 ¥y, (r) = up(r), for F6"-a.e.
r € T'yet- By the Dominated Convergence Theorem, we then conclude that

lim |u o Wy, (r) — up(r)|d.78" (r) =0,

I—o00 Jr,
which gives the desired result. O

We now look for an analogue of Proposition 4.1 in the general case of systems,
m > 1. Foreach v € R”, let (wy(u, v), ..., wy(u, v)) denote a certain change of
coordinates for R™. Let .7/ (u,v), j =1,...,m,be a certain fixed generalized
boundary entropy pair associated with (4.1). We also assume that there are given
certain functions

pj € L®(T'r; CR%; [0, 00))),

satisfying p; (r)(A, u) > 0, if A % pu, apd pir)Y(A, X)) =0,.7" ae.r € I'r,
j=1,...,m.Corresponding to w;, .7 /, and p;, we define

Tt/ = {r e T | .77 (u, v) - v(r) £ —p/ (r) (w)(u, v), w; (v, v)) },
j=1,...,m,and, for any subset {ji, ..., jk} C{l,2,...,m}, we set
lﬁactjl’m k= 1_‘actj1 n---N 1ﬁactjk-

The following proposition is the result analogous to Proposition 4.1. The proof
is entirely similar and so we omit it.

Proposition 4.2. Ifu € L*°(Q7) and up € L*™°(U'r) satisfy (4.9) for all boundary
entropy pairs associated with (4.1), then

ess lir(r)l+ Nwj(u o Ws(r), up(r)) — wj(up(r), up(r)| d.72" (r) = 0,
s— Caci/

act

j=1,... ,m

We now give some examples of applications of Proposition 4.2.

4.2. Hyperbolic Systems with Space-like Boundary Data

First we analyze whether the boundary condition (4.9) can recover the intuitive
notion for space-like boundaries, in the context of one-dimensional systems of
hyperbolic conservation laws. In other words, suppose the space domain at each
time ¢ is a bounded interval 2 (¢), whose, say, left-hand extreme yo(#) moves with
speed less than the minimum of the slowest characteristic speed, in the region of
the phase space where the solution assumes its value, for 7 in a certain subset of
(0, 00). Then one expects that the boundary condition is assumed in a strong sense,

say, that of convergence in Llloc.
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Consider a one-dimensional m x m hyperbolic system of conservation laws:

(4.15) oru + 0 f(u) =0,
endowed with a strictly convex entropy pair (17(«), g(u)). Let A1 (u) < -+ < Ay (1)
be the eigenvalues of V f (1), which is diagonalizable for all u, and r{ (1), . . ., rp (1)

be the corresponding eigenvectors forming a basis of R™. We take Q2 = [0, 1],
consider % as above, and denote Qno = £ ((0, 00) x Q), T~ = Z£((0, 00) x {0)),
't = (0, 00) x {1}). We form the initial-boundary-value problem for (4.15)
with initial data:

(4.16) uli=0 = uo(x)
and the boundary data:

4.17) Ulx=yor) = Up(t), Ulx=y, (1) = ug(?),

where yo(t) = y(¢,0) and y;(¢) = y(¢, 1). Then we have

Theorem 4.2. Let U be a bounded domain in R™ and M > 0 be such that
|Bu,v)| £ Ma(u,v), for u,v € U, where a, B are given by (4.11), (4.12) for
given strictly convex entropy n. Suppose u € L>*°(Q ) satisfies (4.17) in the sense

of (4.9) and takes its values in U. Assume that B is a Borel subset of (0, 00) such
that y\(t) < —M — & for a.e. t € B, for some 8o > 0. Then

(4.18) ess lim |u o Ws(r) —up oy (r)| d.%l(r) =0.
s=>0+ J 2 (Bx{0})
Furthermore, let .~ = inf,cy A1 (u). Then, given u € U, for any ¢ > 0, there
exists 8 > 0 such that, ify(/)(t) < AT —¢fora.e t € B, and if
(4.19) lu —ulloos Nlus — tlloo, llug —illeo <6,
then (4.18) holds.

Proof. Set.7 (u, v) = (a(u, v), B(u, v)). For the first part, we observe that

mﬁ'(u, v) - v(r)

= yo(Da(u, v) — Bu, v) £ —a(u, v) < —cdlu — v|?,

where t = 71 (r). In particular, this shows that L(Bx{0}) C Taet" ™, if we take
T, v) =7 w,v), wj = uj, pj(r)(h, p) = (A — )%, j = 1,...,m. Hence
Proposition 4.2 applies. For the second part, we first observe that

I+ 2@ F (u,v) - v(r) £ (A7 —e)a(u, v) — Bu, v).

Proceeding asin[11, p. 155], we show that, for p(u, v) = (A~ —¢&)a(u, v)—B(u, v),
we have p(u, v) < —%sa(u, v), provided that |u — v| is sufficiently small. Hence,
as in the proof of the first part, we can apply Proposition 4.2 to get (4.18). O

Remark 4.1. The analogous statements for the right-hand boundary curve are ob-
tained by changing x by —x and f(u) by — f(u) and applying the result for the
left-hand boundary curve.
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4.3. Systems with Affine Characteristic Hypersurfaces

Now we apply Proposition 4.2 to initial-boundary-value problems for the one-
dimensional m xm systems introduced in TEMPLE [31], which are strictly hyperbolic
and endowed with a complete set of independent Riemann invariants w;, j =
1, ..., m, whose level sets are affine hyperplanes.

Again, let @ = [0, 1], and let 4, O, and '+ be as before. Assume now
that (4.15) is a system with affine characteristic hypersurfaces. We consider again
the boundary-value problem (4.15)—(4.17). Let A; (u) be the eigenvalues of V f (u),
l; (u) the associated left-eigenvectors, and w; () the associated Riemann invariants,
j = 1,---,m, respectively. For the purpose of this section, it is convenient to
assume that /; (u) = Vw; (1) without loss of generality by normalization. Then the
following are entropy pairs (see, e.g., [27, 17]):

oj(u,v) = |lj() - (u—v),

(4.20) ,
Bj(u, v) = sign(l;(v) - (u = V) I(W) - (f (@) = fW)),
o (u,v) = (V) - (u — V),

4.21) L
B, v) = HUi(v) - (= v) () - (f (@) = f(©)),
o (u,v) = () - (=),

(4.22)

B; (w,v) = H({jw) - (—u)l;)-(f@) — f©))),

where (s)4+ = max{s, 0}, (s)— = max{—s, 0}, and H(s) = x(0,00)(s) denotes the
Heaviside function.
We will need

Lemmad.l. Let 7/ = (o), Bj) and ﬂ] = (ozjc, ,Bji). Then 77 and ﬂ] are
generalized boundary entropy pairs.

Proof. Indeed, let us consider first the case of Z_J .Let ¢ : R" — R denote a
symmetric mollifier. Define

o (u, v) = / GU@W) - (= Uw)), &e(w — W+ cel;(v) dw,

B = [ H @U@ @ - vw))
X U @) - (F@) = U @))) &(w — W(v -+ cel; (v) dw,

where u = U(w) and w = W (u) are the changes of coordinates from w to u and
vice-versa, and ¢ will be suitably chosen. We denote .7,* = (a;rs, ,8;“8 ). Since
W is a bi-Lipschitz map, there exists § > 0 such that |W (v) — W(D)| = §|v — D|.
Taking v as v + cel; (v), we see that it is possible to choose ¢ as a positive constant
independent of ¢ such that |W(z) — W(v + cel;(v))| 2 &, for any point z with
w;(2) < wj (v). Here we have used the fact that W (v) is the point of the image of
the hyperplane w; (z) = w; (v) which has the smallest distance from v + cel; (v).
Therefore, ajf"a (v,v) = ,BJT"E (v, v) = 0 for any ¢ > 0.
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We now pass to the verification of the second condition that Vuozfs (v,v) =0.
Notice that

Oéfs(u, v) = / Li(Uw)) - (w—U)e(w — W(v + celj(v))) dw,
wj Swj(u)
and so we have

Vuozjﬁ(v, v) = / LU w))ee(w — W+ celj(v)) dw,
wj Swj(v)
where we used that /; (U (w)) - (v — U(w)) vanishes identically on the hyperplane
w; = w;(v). By the reasoning above, it follows that the right-hand side of the last
identity is zero, so the second condition is verified.
Finally, the fact that the Hessian V,fajﬂ (u, v) is a nonnegative matrix follows
from the formula

Vi (u, v)(§, €)

- / (U W) - £ (w — W+ cel; () d. " (w)

j=w; (v)

for any & € R™. Hence, Zj ® are boundary entropy pairs, for any ¢ > 0, j =

1,...,m. It is now evident that Z] ® converges uniformly over compact sets to
Z] ase — O+ for j = 1,...,m. So we have proved that Z] are generalized

boundary entropy pairs.
Analogously, define

o () = / (GUW)) - (= Uw))_ &e(w — W — cel;(v) dw,

B (w, v) =/H(lj(U(w))-(U(w)—M))
X Li(Uw)) - (fw) = fUwW))) &e(w — W(v— cel;(v)) dw,

and . 77¢ = (aj*g , ,3;5). We can show that .7 /¢ are boundary entropy pairs and

consequently that .77/ are generalized boundary entropy pairs. Finally, defining

TI¢ = 77° + 7%, we conclude that.77 / are also generalized boundary entropy
pairs, j=1,...,m. O

The existence of solutions of the initial-boundary value problem (4.15)-(4.17),
satisfying (4.7)—(4.9), for such a system can be established as in [5], for uy, uz €
L*®(R4), ug € L°°(0, 1), in non-cylindric domains with Lipschitz boundaries. We
are now ready to establish our application of Proposition 4.2.

Theorem 4.3. Assume that u € L®(Qso; R?), and uy, ug € L°(I'*; R?) satisfy
(4.17) in the sense of (4.9). Let u, uy, uy assume their values in a domain O of the

form O={ueR": |wjw) —wj@ <M, j=1,....m},
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where U is a given constant state and M;, j = 1, ... ,m, are given positive con-
stants, in which

M) S-S Sk <0 < kg S A1) S -0 S A (u)

for certain positive constants k. Then there exists a positive constant § such that,
l:nyl( ) 0)”003 ||y[( T 1)”00 < 8’ then

ess lir(1)1+/ |l (up o 1 (1)) - (u oW (r) — uyom (r))|d.,“7«§l(r) =0,
Naxd r—

(4.23) forl=k+1,...,m,
ess lim |1j (ug o w1 (r)) - (u oW(r) —ugo nl(r))l Az (r) =0,
s—=0+ Jp+
(4.24) forj=1,..., k.

Proof. Again our task is to find suitable (generalized) boundary entropy pairs.%7 /,
corresponding to which I' 7, 't are Factk+1"“ S WREES ok respectively. We use a
lemma in HEIBIG [17] which asserts that, if (4.15) is a Temple system, then there
exists a smooth matrix-valued function M : R” x R™ — M,,«,»(R), with the
following properties:

l.Foru,v e R", f(u) — f(v) = M(u,v)(u —v) and M (u,u) =V f(u).
2. M(u, v) and V f (v) have the same (left and right) eigenvectors.

Here M, x» (R) denotes the space of m x m Ieal matrices. Furthermore, a lemma
in [4] states that the eigenvalues of M (u, v), A;(u, v), satisfy

min;(z) < )_\j(u, v) Smaxij(z), forallu,veO, j=1,...,m.

ze0 z€e0
In particular, we have Aj(u,v) < k_, for j = 1,... k and Ai(u,v) = kg, for
l=k+1,... ,m,forall u,v € O. Now, let 7/ = (@, Bj) be the generalized

boundary entropy pairs given in (4.20). Then

B, v) = A, V)W) - = V)| Sk-[lj@W) - @—=v), j=1....k
Bi(u,v) = A, @) - (=) Z ki lh() - (w—v), I=k+1,...,m.

Now it is easy to deduce that, if ||y:(-,0)|lcos [1Y:(:, Dlloo < 8, foré < ko =
min{|x_|, K4}, then

T u,v) - vir) £ —cli(v) - (w—v)|, forrel ", I=k+1,...,m,
.97"'(u, v) -v(r) < —c|lj(v)-(u—v)|, forre r+, j=1,...,k,

where ¢ may be taken as (ko — 8)/+/1 + 82. Hence, for the changes of coordinates

wj(u,v) = Ilj(v) -u, j = 1,...,m, for the boundary entropy pairs T (u, v)
given in (4.20), and for p; (r)(u, A) = clu — A, j = 1,... , m, Proposition 4.2 is

applicable.
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4.4. Remarks on 2 x 2 Systems of Conservation Laws

One cannot expect to extend Theorem 4.3 to general systems endowed with
globally defined Riemann-invariant coordinates. The following simple example
serves to illustrate this fact.

Let (4.15) be any 2 x 2 strictly hyperbolic system of conservation laws. We
consider the initial-boundary-value problem in the domain x > 0, t > 0, with
boundary data given by a constant state uy and initial data by a constant state
uRr. Assume that u; can be connected to ur by an admissible 1-shock with speed
o < 0.Thenitis desirable that u (¢, x) = ug,t, x > 0, be a solution of this problem
satisfying (4.7)—(4.9). This fact can be shown for quite general cases. Then, except
in the case of a system for which the 1-shock and 1-rarefaction curves coincide, one
would be able to choose uy, and ur such that wy(ug) £ w(ur), in contradiction
to (4.23).

Nevertheless, it has been shown by Lax [20], in the case where the first char-
acteristic field is genuinely nonlinear, that |wy(ur) —w2(ugr)| = O(lup —ug 1?) if
|up, —u gl is small. This confronts us with the question whether, for general bound-
ary and initial data, condition (4.9) implies a certain smallness of |w2 (1) — w2 (uy)],
near the boundary x = 0, compared with the oscillation of the solution. This ques-
tion can be generalized to more general domains.

Consider the problem (4.15)—(4.17) satisfying

4.25) M) < —ko <0< ko < rou)

for u in some domain U C R? and for a certain positive constant k.
A typical example is the 2 x 2 system of nonlinear elasticity:

(4.26) oruup — oxupy =0,  Orup — 9o (uy) =0,

where o € C%(R) satisfies o’ (k) > 0, forall k € R, and k" (k) > 0, for k = 0.
For (4.26), we have f(u) = (—u2, —o (u1))". For each u € R?, the Jacobian
matrix V f(u) of f has two eigenvalues

M) = —+/o'(uy), r) =+/o'(uy).

The functions
uj up
wi(u) = us +/ Vo'(k)ydk, wa(u) =us —/ Vo'(k)di
are two independent smooth Riemann invariants satisfying
Vw; @)V f(u) = ri(u)Vw; (u), i=1,2.

The function

“4.27) n(u) = u% + /ul o(k)dk
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is a strictly convex entropy for (4.26) with associated entropy flux
(4.28) q(u) = uz0 (uy).

The existence of a solution of (4.26) and (4.16), (4.17) satistying (4.7)—(4.9)
can be established as in [5] for up, uy € L*(Ry), up € L*°(0, 1), even in non-
cylindric domains with Lipschitz boundaries. Regarding the question mentioned
above, we have

Proposition 4.3. Assume that (4.15) is a 2 x 2 strictly hyperbolic system satisfying
(4.25). Suppose that u € L®(Qq0; R?), that u, ug € Lo°(I'*; R?) satisfy (4.9),
and that B C (0, o0) is a bounded Borel set such that ||y, (t)|lcc < ks« < ko for
a.e.t € B. Given any constant state u € U, there exists a positive constant 8y such
that, for any § < 8o, if

lu = utlloos llup —ttlloo, llug —itlloo <8,

then
(4.29)
ess lim sup / lwa (1 o Wy (r)) — wa(uy o 1 ()| d-FE (r) < C83,
s—0+ J L (Bx{0})

where C > 0 depends only on f, k, and B.

Proof. We first construct a boundary entropy pair, .7 !, associated with I'". We
recall from [11] that, for 2 x 2 strictly hyperbolic systems, in a sufficiently small
neighborhood of a constant state u, there exist the entropy pairs n; (u, wi(v)),
qj(u, wp(v)), j, k =1,2, j % k, with the following properties:

(4.30) ¢ (we() — wr()? < nju, we(v)) £ er(we) —wr(W)?, k * j,
@431)  VipiGa,wp@) 20, j=12, k=%
(4.32)  q1(u, w2(v)) 2 c3n1(u, wa(v),  ga(u, wi(v)) < —cana(u, wi(v)),

for certain positive constants ¢;, [ = 1, ... , 4. Although the pairs
G, v) = @;(u, v), Bj(u, v))
(4.33) = (nj(u, we(v), gj(w, we(v)), Jj. k=12, j*k,

fail to be boundary entropy pairs since &, j = 1, 2, are not convex functions of
u, property (4.30) indicates that the other conditions for a boundary entropy pair
are satisfied by &, j = 1, 2. Let («(u, v), B(u, v)) be obtained from (n(u), g (u)),
by (4.11), (4.12). Property (4.31) ensures that there exists ég > 0 such that, when
8 < do, the entropies

aj(u,v) = a;(u,v) +cda(u,v), j=1,2,

are convex functions of u, for some positive constant ¢ depending only on f, so
that. 7/ (u, v) = (o (u, v), Bj(u, v)), j = 1, 2, are boundary entropy pairs, where

Bi(u,v) = Bj(u,v) +cdBu,v), j=1,2.
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Now, by the assumption on y(,, one easily sees that
T, v) - v(r) £ —eslwa@) — wa () +¢68°,  forr € (B x {0),

where c5 and cg are positive constants depending only on f and k.. Hence, using
(4.9) and the regularity of the deformation to assure that v(¥(r)) — v(r), in
Ll (I'*)ass — 04, we obtain (4.29). O

loc

Remark 4.2. An entirely similar statement concerning the first Riemann invariant
holds at the right-hand boundary curve.
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