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Abstract: A class of extended vector fields, called extended divergence-measure fields,
is analyzed. These fields include vector fields in L? and vector-valued Radon measures,
whose divergences are Radon measures. Such extended vector fields naturally arise in
the study of the behavior of entropy solutions of the Euler equations for gas dynamics
and other nonlinear systems of conservation laws. A new notion of normal traces over
Lipschitz deformable surfaces is developed under which a generalized Gauss-Green
theorem is established even for these extended fields. An explicit formula is obtained
to calculate the normal traces over any Lipschitz deformable surface, suitable for ap-
plications, by using the neighborhood information of the fields near the surface and the
level set function of the Lipschitz deformation surfaces. As an application, we prove the
uniqueness and stability of Riemann solutions that may contain vacuum in the class of
entropy solutions of the Euler equations for gas dynamics.

1. Introduction

We are concerned with a class of extended vector fields, called extended divergence-mea-
sure fields, or D M-fields for short. These fields include vector fieldsin L?, 1 < p < o0,
and vector-valued Radon measures, whose divergences are Radon measures. The DM -
fields naturally arise in the study of the behavior of entropy solutions of nonlinear
hyperbolic systems of conservation laws, which take the form

us + Vy - f(u) =0, ueclR" x eR"?,

where f : R — (R™)" is a nonlinear map. One of its most important prototypes is the
Euler equations for gas dynamics in Lagrangian coordinates:
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T — vy =0, (1.1)
v+ pe =0, (12)
U2
<e 4 7) T (p) =0, (1.3)
t

where T = 1/p is the specific volume with the density p, and v, p, e are the velocity,
the pressure, the internal energy, respectively; the other two gas dynamical variables are
the temperature 6 and the entropy S. For ideal polytropic gases, system (1.1)—(1.3) is
closed by the following constitutive relations:

pT = RO, e =cyb, p(t,8) =kt VS, (1.4)

where ¢;, R, and k are positive constants, and y = 1+ ¢, /R > 1. For isentropic gases,
the Euler equations become

T — vy =0, (1.5)
v+ p(t)y =0, (1.6)

where p(t) =«xt 7,y > 1.

The main feature of nonlinear hyperbolic conservation laws, especially (1.1)—(1.3),
is that, no matter how smooth the initial data is, the solution may develop singularities
and form shock waves in finite time. One may expect solutions in the space of functions
of bounded variation. This is indeed the case by the Glimm theorem [15] which estab-
lishes that, when the initial data has sufficiently small total variation and stays away
from vacuum for (1.1)—(1.3), there exists a global entropy solution in BV satisfying the
Clausius inequality:

S >0 (1.7)

in the sense of distributions. However, when the initial data is large, still away from
vacuum, the solution may develop vacuum in finite time, even instantaneously as ¢ > 0.
In this case, the specific volume T = 1/ may then become a Radon measure or an L'
function, rather than a function of bounded variation. This indicates that solutions of
nonlinear hyperbolic conservation laws are generally either in M (R4 x R"), the space
of signed Radon measures, or in L” (R4 x R"), 1 < p < o0. On the other hand, the
fact that (1.1)—(1.3) and (1.7) hold in the sense of distributions implies, in particular,
that the divergences of the fields (t, —v), (v, p), (e + v2/2, pv), and (S, 0) in the (¢, x)
variables are Radon measures, in which the first three are the trivial null measure and
the last one is a nonnegative measure as a consequence of the Schwartz Lemma [21].
This motivates our study of extended divergence-measure fields (see Definition 1.1
below).

In this connection, we recall that Wagner [25] proved that the well known Lagrangian
transformation carries entropy solutions of the Euler equations in Eulerian coordinates
to entropy solutions of (1.1)—(1.3) in a one-to-one and onto manner. However, since
solutions of the former which contain vacuum are carried into solutions of (1.1)—(1.3)
which are vector-valued measures, the concept of entropy solutions for the latter has to
be strengthened. We will return to this point in Sect. 4.

Understanding more properties of DM-fields can advance our understanding of the
behavior of solutions (cf. [5—7]). One of the fundamental questions is whether the normal
traces can still be defined and the Gauss-Green formula, i.e., integration by parts, still
works for these extended fields, which are very weak.
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We begin with the definition of D M-fields. For opensets A, B C RV, by the relation
A € B we mean that the closure of A, A, is a compact subset of B.

Definition 1.1. Ler D C RY be open. For F € LP(D;RN), 1 < p < o0, or F €
M(D; RN), set

|div F|(D) := sup {/ Vo-F : goeCé(D), lp(x)] <1, xeD}.
D

For 1 < p < oo, we say that F is an LP-divergence-measure field over D, i.e., F €
DMP (D), if F € LP(D; RN) and

IFlIpate(p) = I Fll o (pzw, + div FI(D) < oo, (1.8)

We say that F is an extended divergence-measure field over D, i.e., F € DM®' (D), if
F € M(D:RN) and

IF | pagen (py = |FI(D) + |div F|(D) < oo. (1.9)
If F € DMP(D) for any open set D € RN, then we say F € DM{;C(RN); and, if
F € DM (D) for any open set D € RN, we say F € DM @RM).

It is easy to check that these spaces under the norms (1.8) and (1.9), respectively,
are Banach spaces. These spaces are larger than the BV -space. The establishment of the
Gauss-Green theorem, traces, and other properties of BV functions in the middle of last
century (see Federer [13]) has advanced significantly our understanding of solutions of
nonlinear partial differential equations and nonlinear problems in calculus of variations,
differential geometry, and other areas. A natural question is whether the D M-fields have
similar properties, especially the normal traces and the Gauss-Green formula. At a first
glance, it seems unclear.

Example 1.1. Thefield F(x, y) = ( 77 nyTyZ) belongs to DM, .(R?). As remarked

in Whitney [26], for Q = (0, 1) x (0, 1),
/divF:O;ﬁ Fvan' =7,
Q Bl 2

if one understands F - v in the classical sense, which implies that the classical Gauss-
Green theorem fails. In this paper, we succeed in using the neighborhood information
via the Lipschitz deformation to develop a natural notion of normal traces, under which
our generalized Gauss-Green theorem holds, even for F € DM (D).

Example 1.2. For any © € M(R) with finite total variation,
F(x,y) = (dx x u(y),0) € DM(I x R),
for any bounded open interval / C R. A non-trivial example of such fields is provided

by the Riemann solutions of the Euler equations (1.1)—(1.3) for gas dynamics, which
develop vacuum. See (4.12) below.
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Some efforts have been made in generalizing the Gauss-Green Theorem. Some re-
sults for several situations can be found in Anzellotti [1] for an abstract formulation
for F € L*°, Rodrigues [20] for F € L?, and Ziemer [28] for a related problem for
div F € L' (see also Baiocchi-Capelo [2], Brezzi-Fortin [4], and Ziemer [29]). In Chen-
Frid [5], we observed an explicit way to calculate the normal traces for F € DM
by the neighborhood information, under which the Gauss-Green formula holds for such
fields.

In this paper, motivated by various nonlinear problems from conservation laws, we
propose a natural notion of normal traces by the neighborhood information via Lips-
chitz deformation under which a generalized Gauss-Green theorem is established for
F € DM®(D) in Sect. 3, where our main results concerning extended divergence-
measure fields are stated and proved, after establishing some auxiliary results in Sect. 2.
In particular, we show an explicit way to calculate the normal traces over any deformable
Lipschitz surface, suitable for applications, by using the neighborhood information of
the fields near the surface and the level set function of the Lipschitz deformation sur-
faces. We also show a product rule for these extended fields. Their proofs require some
refined properties of Radon measures and the Whitney extension theory, among others.

In Sect. 4, we give an important application of the theory of D.M-fields to the Euler
equations (1.1)—(1.3) for gas dynamics and establish the uniqueness and stability of
Riemann solutions of large oscillation that may contain two rarefaction waves and one
contact discontinuity or vacuum states (i.e. measure solutions) in the class of entropy
solutions, which may not belong to either BV}, or L°°, without specific reference on the
method of construction of the solutions. The proof, motivated by [11] and [7-9], is heav-
ily based on our explicit approach to calculate normal traces over Lipschitz deformable
surfaces, in the generalized Gauss-Green theorem, and the product rule for D M-fields.
The same arguments clearly also yield the uniqueness and stability of Riemann solutions
in the class of entropy solutions for the Euler equations (1.5) and (1.6) for isentropic
gas dynamics.

Before closing this introduction, we recall some correlated results. In DiPerna [11],
a uniqueness theorem of Riemann solutions was first established for 2 x 2 systems in
the class of entropy solutions in L>* N BVj,. with small oscillation. We also refer to
Dafermos [10] for the stability of Lipschitz solutions for hyperbolic systems of con-
servation laws. In [8, 9], the uniqueness and stability of Riemann solutions of large
oscillation without vacuum (possibly containing shocks) was proved for the 3 x 3 Euler
equations, in the class of entropy solutions in L°° N BV}, which stay away from vacuum.
Another related connection is the recent results on the L!-stability of the solutions in
L N BV obtained either by the Glimm scheme [15], the wave front-tracking method,
the vanishing viscosity method, or more generally satisfying an additional regularity,
with small total variation in x uniformly for all # > O (see the recent references cited in
Bianchini-Bressan [3] and Dafermos [10]).

2. Radon Measures and the Whitney Extension

In this section, we establish some auxiliary properties about Radon measures and the
Whitney extension of Lipschitz continuous functions, which are required for our anal-
ysis on extended divergence-measure vector fields in Sect. 3. We begin with some
properties about Radon measures. Let 2, D C RY be open. For u€, u € M(Q),
we denote u€ — u the weak convergence of 1€ to u in M(£2). The next three lemmas
are standard, but we include their proofs for completeness.
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Lemma 2.1. Let uf, n € M(RQ) be signed Radon measures over Q with u* — . Then
el (€2) < limi(f)lf 151 (82).
E—>

This can be seen as follows: For any ¢ € Co(L2), |p]| < 1,
(1, ¢) = lim (u°, ) < liminf [1*|(Q).
e—0 e—0
Lemma 2.2. Let uf, u € M(S2) be such that
w—pu, lim [p®[(R) = |1](R).
e—0
Then, for every open set A C €2,

||(AN Q) = limsup [u°|(AN Q).

e—0

In particular, if || (0A N Q) = 0, then

Il (A) = gij)I})IMEI(A)~

Proof. Set B =Q — ‘A, which is open. Then
[](A) < limi(l)lflugl(A), |u|(B) < limi(1)1f|,u£|(3).
E—> E—>

On the other hand,
1A Q) +[1](B) = |p|(R) = lim |1°](Q)
> limsup |uf|(A N Q) + liminf |4 |(B)
> lim sup |1°|(A N Q) + |u|(B),
which yields the desired result. O

Lemma 2.3. Let ® be a sequence of positive symmetric mollifiers in RN and u e
M(2). Set uf = u * ¥, the mollified measures. Then, for any open set A CC Q2 with
lnl(dA) =0,
|[(A) = lim |u®[(A).
e—0

Proof. Since u® — u, Lemma 2.1 implies
[ul(A) < lim i101f 1?1 (A).
e—
Notice that, for any g € Co(A), |g] <1,

(n, 8) = (u. g,
where g = g % w®. Since |gf| < 1 and spt(g°) C A, := {x : dist(x,A) <e} C Q
for ¢ « 1, then

(s @)l < [1ul(Ae),

which implies
IL°1(A) < |nl(Ag).
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Hence,
lim sup |u*[(A) < ggnO [l (Ag) = |ul(A),

£—0
which yields
lim sup [1°](A) < [ul(A),
e—0

since |u|(0A) =0. O
In particular, Lemma 2.3 indicates that, if 4 > 0 and (30 A) = 0, then

u(A) = 81i_1310M5(A)-

Proposition 2.1. Let D C RY be open, n € M(D), and u® = pu* w®. Let @ CC D be
open and ||1|(0S2) = 0. Then, for any ¢ € C(D),

lim (1°, pxa) = (K, pxa).

e—0

Proof. Write
Ms — M€+ _ Msf
where 1* = u* % »® are nonnegative measures. The condition | |(3€2) = 0 implies
wt(0Q) =0.

From Lemma 2.3, we have

lim 1 (Q) = ().

e—0
Hence

Lim, ne () = lim nHQ) — lim 1) = pH(Q) — nT(R) = w(R).

Let A be open with  CC A CC D. Then, for ¢ € C(D) and § > 0, we may
construct a partition of R by means of parallelepipeds:

1
Qo = ¥, XM o Y T a = (e, an) € 2V,
such that

Ugnazs Qo C A,
ll(d0Qy N D) =0, aeZV,

and
lp(x) — (W] <9, X,y € Qa.
Let ay = ¢(x}) for some x) € Qq if Qy N Q2 # @, and a, = 0, otherwise. Then

(W, pxa) = <u€, ZaaXQaﬂQ> + <uf, (¢> - ZaaXQa) st),
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and

limsup (1, px0) < (11, duxgune) +8lil(4)

e—0
< (1, dpxa) +28|ul(A).

Analogously,
liirggf (e, dxa) = (1, pxa) — 28|1l(A).

Since § > 0 is arbitrary, we complete the proof. O

We now discuss some concepts and facts about the extension of Lipschitz continuous
functions defined on a closed set C C RY to RY, following the theory set forth by
Whitney [27] (see also [23]), which play an important role in Sect. 3.

Let k be a nonnegative integer and y € (k, k + 1]. We say that a function f, defined
on C, belongs to Lip (y, C) if there exist functions f(j), 0 < |j| < k, defined on C,
with @ = £, such that, if

. G+
w= Y TP g Ry,

lji+ll<k
then
IFP001 < M, o
IRj(x, )| < M|x — y|*~ll, foranyx,yeC, |j| <k. ‘
Here j and [ denote multi-indices j = (ji,---, jy) andl = (I1,---,Iy) with j! =

Jile- jnL 1l = ji+ja4- -+ jn,andx! = xi'xéz .. -xﬁ\’,V.ByanelementofLip (y, )
we mean the collection { £ /) (x)} |j|<k- The norm of an elementin Lip (y, C) is defined as
the smallest M for which inequality (2.1) holds. We notice that Lip (y, C) with this norm
is a Banach space. For the case C = R”, since the functions f/) are determined by
£©_ this collection is then identified with f©.

The Whitney extension of order k is defined as follows. Let { f/)}j| <« be an element

of Lip (y, C). The linear mapping & : Lip (v, C) — Lip (v, RM) assigns to any such
collection a function & ( f () defined on RY which is an extension of f O = f to RN,
The definition of & is the following:

Eo(fHx) = fx) for x € C,
E(Hx) =Y, f(pgi(x)  for x e RN —C,

and, for k > 0,

E(fNx) = fFOw) for x € C,
E(f(x) =3 P(x, pi)ei(x) for x e RN —C.

Here P (x, y) denotes the polynomial in x, which is the Taylor expansion of f about the
point y € C:

Oy ir — vy
P(x,y) = ZM for x eRY, y e C.
1<k &

The functions ¢; form a partition of unity of RY — C with the following properties:
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(1) spt(g;) C Q;, where Q; is a cube with edges parallel to the coordinate axes and
cypdiam (Q;) < dist (Q;, C) < cp diam (Q;),

for certain positive constants ¢ and ¢ independent of C;
(i1) each point of RY — C is contained in at most Ny cubes Q;, for a certain number
Ny depending only on the dimension N;
(iii) the derivatives of ¢; satisfy
921 -+ 9%0p; (x)| < Ag(diam Q)71 for x € Q;. (2.2)

N

Here p; € C is such that dist (Q;, C) = dist(p;, Q;), || = a1 + - -+ 4+ an, and the
symbol Y indicates that the summation is taken only over those cubes whose distances
to C are not greater than one.

The following theorem, whose proof can also be found in [23], is due to Whitney [27].

Theorem 2.1. Suppose that k is a nonnegative integer, y € (k, k+ 1], and C is a closed
set. Then the mapping & is a continuous linear mapping from Lip (y, C) to Lip (y, RN)
which defines an extension of f© to RN, and the norm of this mapping has a bound
independent of C.

We will need the following proposition, which seems to be of interest in itself and is
useful in establishing the generalized Gauss-Green theorem in Sect. 3.

Proposition 2.2. Let C be a closed set in RN and
Cs:={xeRN : dist(x,C) <8} for §>0.

Let & : Lip (y, C) — Lip (y, RN) withy € (k, k+ 1] be the Whitney extension of order
k. Then, for any ¢ € Lip (v, RN) and any y' € (k, y),

1E(PIC) — DliLipy,c;y = 0 as § — 0. (2.3)

Proof. We will prove the proposition in detail only for the cases k = 0 and k = 1 since
the case k > 1 can then be obtained by induction.
For k =0, & is given by & (f)(x) = f(x) if x € C, and

o0
SN = fpyei@)  if xeRY —C, (2.4)
i=1
where p; and g; are as above. Now, for any ¢ € Lip (y, RY), we have

&(P10)(x) — o (x) = Z(¢(Pi) — ¢ (x))gi (x).

i=1

Clearly,
sup [E0(@|C)(x) —p(x)| <c  sup  [p(y) —d(x)] > 0, asé — 0. (2.5)
x€eCs yeC,xeCs

[x—y|<coé

Here and in what follows in this proof cg and ¢ are positive constants which are inde-
pendent of § > 0 and C, whose values may change at each appearance.
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Set g = Ey(p|C) — ¢. We now show that

18(x) — g(¥)| < M@)|x —y|"" for x,y € Cs, (2.6)
where M (8) — 0 as § — 0. Indeed,
g — g =Y @) — dNG ) — Y @(p) — dgi ()
xeQ; YEQ;
We split each of these sums into two, respectively:

IIEDIEDIIDNSEPS

x€Q; x€Q;  xeQ; yeQ; yeQ;  x€Q;

YEQi  yeQ; x¢Q;i  yeQi
and denote o 1 )
=2 =2 X=X
xeQ; x€Q; yeQ;
yeQ; YEQi X¢Q;
We have

> (@) — 600 () — @ (p1) = SO ()
=300 - 60+ 3 @) — b @) — ().

Since, if x, y € Q; N Cs, |x — y| < cod, for a given constant ¢y > 0, we obtain, for the
first sum,

’ ’
<8V x —yl”,

‘Z(’(mx) — (@i (x)

and, for the second sum,

’Z°<¢(pi> —pON @@ — | > Ipi - vl @iam 0V x — y|

!’ 4
<clx =yl <c8 77 |x—y|”.

Now, for Zl, we have

1 1
D @) = d)ei(x) =D (@ (pi) — $0)) (@i (x) — 9i(g)),

with ¢; = dQ; N [x, y], where [x, y] is the straight line segment connecting x to y.
Therefore,

S 6 — e llgi(0) — i@ < ¢ 3 Ipi — xI7 diam 0~ x — gl
<Y —al =8 V=

The sum 22 is treated similarly. We have then proved (2.6) which, together with (2.5),
gives (2.3) for k = 0.



260 G.-Q. Chen, H. Frid

For k = 1, we have £ (f)(x) = f(x) for x € C, and

E(N)x) =) Pr(x, p)gi(x)  for x eRV —C,

i=1
where
N
Pr(x,y) = fO) + D 0 fN) — ¥)),
j=1
and the functions ¢;, conveniently renumbered together with Q; containing spt (¢;),

satisfy dist (Q; , C) < 1. Since ¢ € Lip (y, ]RN), y > 1, we clearly have

@IC) (y) = 0y;¢(y)  for yeC.
Hence o
ELPIC)(x) — p(x) = Y (Py(x, pi) — $(x))gi (x).
i=1

Setting g1 = &1 (¢|C) — ¢, we have

o
1811 < D 1Ps(x, pi) — $(0)]lgi ()]
i=1
<Y lx—pillgi@)] <cs” >0 ass— 0.
xeQ;

Also,
0 8100) = Y By (Py(x, pi) = p (@i (x) + D (Py(x, pi) — (x))d i (x)

xeQ; x€Q;
= hi(x) + ha(x),

where

hi(x) =Y @y d(p) =y ()@ (x),  ha(x) = Y (Pp(x, pi)—¢(x))d i (x).
xeQ; x€Q;

Hence,

g1 <c Y Ipi—x" +c Y |x— pi|?diam (Q)~
xeQ; xe€Q;
<8150 as§ — 0.

We now show
|0, 81(x) — B g1 (M| < M@B)|x — y|"' 1,
with M (8) — 0 as § — 0. First we obtain

[hi(x) —h1 ()| < M@)|x — yly,_l, with M(§) - 0 asd — 0,
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exactly as in the case k = 0. Now,

ha(x) = ha(y) = D (Py(x, pi) — ¢ () 0i (x) — Y (Py(x, pi) — (1) 0i ()

xeQ; xX€Q;
= Y ROx, pi)aypi(¥) — Y Ry, p)dui(y),
xeQ; y€Q;

where we set R(x, y) := Py(x,y) — ¢(x). Again, we split each of the last two sums
above into two, respectively:

XEXQ:. ZZO+ZI, yeZQ:.ZZO—an

as in the first part of the proof, and compute
0 0
1> RGx, pi)dg @i (¥) = Y Ry, pi)dxi ()]
0 0
<D (R, pi) = R(y, pi))og @i ()] + Y R, pi) (001 (3) — O i ()|
0 . _ 0 . -
<cy  lx—yl(diam Q)+ ) |y — pil? (diam Q) |x — y|
<cd" e —yr
For the remaining sums, we have
1 1
1> R, @i (0] =D R, pi) (0,0 (x) — 0,01 (i)
l . —
<c)y lx— pil” (diam 0)?|x — g
<" x =y
where ¢; is as that in the first part of the proof; and the sum ZZR(y, Di)0x, @i (y) is

treated similarly. This concludes the proof in the case k = 1. As indicated above, the
case k > 1 follows similarly by induction. 0O

3. Normal Traces and Generalized Gauss-Green Theorem

In this section, we prove our main results concerning extended D M-fields, including a
new notion of normal traces, a generalized Gauss-Green theorem, and a product rule for
DM -fields. We begin with the definition of deformable Lipschitz boundaries.

Definition 3.1. Let Q C RN be an open bounded subset. We say that 3K is a deformable
Lipschitz boundary, provided that

(i) Vx € 9, 3r > 0 and a Lipschitz map y : RN™! — R such that, after rotating
and relabeling coordinates if necessary,

QN OGN ={yeRY : y(yi,---,ynv-1) <yn}N O, 1),

where Q(x,r) ={y e RN : |x; —yi|<r,i=1,---,N};

() IV : aQ x [0, 1] = Q such that ¥ is a homeomorphism bi-Lipschitz over its
image and ¥ (w, 0) = w for all € 3K2. The map V is called a Lipschitz deformation
of the boundary 02.



262 G.-Q. Chen, H. Frid

The following lemma is a direct corollary of the boundedness of F and div F' over
Q as Radon measures. Since the theory of DAM®°-fields has been addressed in [5],
henceforth we focus on DM *-fields, where * stands for either p € [1, co0) or ext.

Lemma 3.1. Let F € DM*(Q2) with Q2 an open set whose boundary 92 has a Lips-
chitz deformation V with 0Q2; = Ws(0R2), s € [0, 1]. Then there exists a countable set
T C (0, 1) such that

|F|(3S%) = |div F|(3Q) =0  forany s € (0,1) —T.

We now establish the generalized Gauss-Green theorem for DM *-fields, by intro-
ducing a suitable definition of normal traces over the boundary 92 of a bounded open
set 2 with Lipschitz deformable boundary.

Theorem 3.1 (Normal Traces and Generalized Gauss-Green Theorem). Assume F €
DM*(RQ). Let @ C RN is a bounded open set with Lipschitz deformable boundary.
Then there exists a continuous linear functional F - v|yq over Lip (y, 9R2), y > 1, such
that, for any ¢ € Lip (y, RN),

(F~v|39,¢>=/¢divF+/ V- F. 3.1)
Q Q

Leth : RV — R be the level set function of 32, that is,

0, for x e RN —Q,
h(x) .= 1, for x € Q —W(ORQ x [0, 1]),
s, for x € 02,0 <s <1.

If F e DMP(Q), 1 < p < o0, then

1
(F-vlpe, ¥) = —lim - EW)Vh - Fdx
s=0 5 Jwaex,s)

1
— gim EW) IVAIF - vdx (3.2)
s=0 5 Jwaex,s)

for any W € Lip (9R2), where E(W) is any Lipschitz extension of ¥ to all RN and
VWO x [0,1]) — RY is such that v(x) is the unit outer normal vector to 92
at x € 9%, defined for a.e. x € W(02 x [0, 1]). Formula (3.2) also holds if F €
DMEN(Q), for any € Lip (y, 9Q), y > 1, and E(Y) € Lip (y, RN) any extension
of ¥ to RN, provided that the set of non-Lebesgue points of Vh(x) on W(3Q x (0, 1))
has | F|-measure zero. Finally, for F € DMP(Q) with 1 < p < oo, F - v|3q can be
extended to a continuous linear functional over WY=1/P-P(3Q) N C ().

Proof. We divide the proof into four steps.

Step 1. We first treat the more general case F € DM (Q). For ¥ € Lip (y, 982), let
E () be the Whitney extension of ¢ of order k = 1. Then, by the classical Gauss-Green
formula, we have

/ Fé vydHN! =/ 5(1//)divF8+/ VEW) - F¢, (3.3)
02 Q Q

where F¢ = F * w, with the standard mollified sequence w,.
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To begin with, we first focus on F € DM®! (D), for Q € D € RN, satisfying
|F|(0€2) = |div F|(S2) = 0. (3.4)

The right-hand side of (3.3) defines a uniformly bounded family of continuous linear op-
erators [ over Lip (y, d2). Moreover, for each ¢ € Lip (y, 9€2), the limit lim,_, ¢ I (¥)
exists and equals

/ E(tﬁ)divF+f VEW) - F,
Q Q
as a consequence of (3.4) and Proposition 2.1. Hence, we may define

(F -v|gq, ¥) = lin})lg(tp) for any ¢ € Lip (y, 0Q2).
e—>

Now, for any ¢ € Lip (y, RY), we let ¢ — 0 in the Gauss-Green formula:

/ F"3~v¢d7—{N—1=/¢divF€+/ V¢ - FE,
aQ Q Q

and obtain the identity (3.1).

For the general case that F € DM (Q) without the assumption (3.4), we consider
a Lipschitz deformation of €2, W : 92 x [0, 1] — Q. Let s € (0, 1) be such that

|F|(8S2) = |div F|(3%) = 0. (3.5)

Since we have HY~1(8Q;) < 400, Federer’s extension of the Gauss-Green theorem
(see [13]) holds for ¢ F* over €2,. Thus, we know from the previous analysis that F-v|yq,
is defined as a continuous linear functional over Lip (y, d€25), whose norm is bounded,
independent of s € (0, 1). Now, for ¥ € Lip (y, 0€2), we have

(F - viag,, (EW)10D)) = /Q E(w) div F + /Q VEW)-F. (36)

Again, the right-hand side of (3.6) defines a uniformly bounded family of continuous
linear functionals [* over Lip (y, dR2), for s € (0, 1) — 7, where 7 is defined in Lemma
3.1. Furthermore, limy_, ¢ /* () exists for any ¢ € Lip (y, 0€2), as a consequence of
the Dominated Convergence Theorem applied to both integrals on the right-hand side
of (3.6). Hence, we may define

(F-vige, ¥) = ‘}i_r)fg)ls(iﬂ),

which is then a continuous linear functional over Lip (y, d€2). Finally, for any ¢ €
Lip (y, RY), we obtain (3.1) by taking the limit as s — 0 in the formula:

(F - v]sq,, (¢10€2%)) :f ¢diVF+/ V¢ - F,
Qs Qs

observing that
{F - viaa,, (@1082) — (E(P02)|0%2%))]
< cll(@l9825) — (E(P1OR)02) lILip (v7,005)
<cll¢ = E@IIDLip ', w@ex0s)) —> 0, ass— 0,

for 1 <y’ < y, as a consequence of Proposition 2.2.
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Step 2. We now consider the more regular case that F € DMP(Q2),1 < p < oo. Let
F? be as above. Again, for any ¢ € Lip (R"), we have

GFE - vdHN ! =/ ¢divF8dx+/ V¢ - F¢dx. (3.7)
Qs Q,

S

EIoR

Now we integrate (3.7) ins € (0,65), 0 < § < 1, and use the coarea formula (see, e.g.
[12, 13]) in the left-hand side to obtain

8 $
—f ¢F8~Vhdx=/ {/ ¢divF5dx}ds+/ {/ V¢~F8dx}ds.
W(0R2x(0,5)) 0 Qq 0 Q

(3.8)

Let ¢ — 0. Observing that, by Proposition 2.1, the integrand of the first integral con-
verges for a.e. s € (0, §) to the corresponding integral for F', we obtain

s s
—/ ¢F-Vhdx=/ { ¢>divF}ds+/ {/ V¢~Fdx}ds.
W (0€2x(0,8)) 0 Q 0 s

(3.9)

We then divide (3.9) by 4, let 6 — 0, and observe that both terms in the right-hand side
converge to the corresponding integrals inside the brackets over €2, by the dominated
convergence theorem. Hence, the left-hand side also converges, which yields

1
— lim — ¢F-Vhdx:/¢diVF+/V¢-Fdx. (3.10)
§=00 Jwmax(.8) Q Q

Now, for ¢ € Lip (92), let £(¥) € Lip (RM) be a Lipschitz extension of i preserving

the norm || - [lLip := I| - loo + Lip () (see, e.g., [12, 13]). We then define
1
(F -v]g, ¥) = — lim —/ EW)Vh-Fdx. (3.11)
520 5 Jw@ex(0,s)

Because the right-hand side of (3.10) is independent of the particular deformation W for
02, we see that the normal trace defined by (3.11) is also independent of the deformation.

We still have to prove that the normal trace as defined by (3.11) is also independent
of the specific Lipschitz extension £(y) of ¥. This will be accomplished if we prove
that the right-hand side of (3.10) vanishes for ¢|3q = 0. Denote it by [F, ¢]yq, that is,

[F, ¢laq = (div F, ¢)a + (F, Vo)q.

We claim that [F, ¢]sq = 0 if ¢|sq = 0. In fact, we may approximate such ¢ by a
sequence ¢/ € C§°(Q), with [|¢/]loc < [I$lloc, such that ¢/ — ¢ locally uniformly
in @ and Vép/ — V¢ in LIQ)V, for p > 1, Vé/ > V¢ in LX)V, for p = 1,
with % + % = 1. Hence, [F, ¢lyg = limj_, [ F, ¢J] = 0, as asserted. In particular, for
1 < p < o0, the values of the normal trace, (F - v|jq, ¢|sq), depend only on the values
of ¢ over 0€2.

Step 3. The fact that formula (3.2) alsoholdsif F € DM (), forany ¥ € Lip (y, 9€2),
y > 1, provided that the set of non-Lebesgue points of VA (x) on V(92 x (0, 1)) has
| F|-measure zero, is clear from the above proof for DM?P-fields, 1 < p < oo.
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Step 4. As for the last assertion, we recall a well-known result of Gagliardo [14] which
indicates, in particular, that, if 92 is Lipschitz (that is, satisfies (i) of Definition 3.1) and
V¥ € WI=1/P.P(3Q), then it can be extended into €2 to a function £(y) € WP (), and

IEW Iwrr) < cl¥ lwi-eroa), (3.12)
for some positive constant ¢ independent of . From the definition of £(y) given in

[14], it is easy to verify that, when ¥ € C(9R), E(Y) € C(R2) and |E(W) L= <
IV |l L9y Hence, using these facts and (3.10), we easily deduce the last assertion. O

Remark 3.1. When F € DM (D), the normal trace F-v|yq isinfactin L® (32, HN 1)
as the weak-star limit of (F - vy) o W, in L (32, HN 1) for any Lipschitz deformation
W

F - vlyg = w* — lim (F - vy) o Vs, L®0Q, HN Y,
which is independent of W;; and the weak-star topology for this limit is optimal to define
F - v|yq in general (see Chen-Frid [5]). However, for F € DM™* (D), the normal traces

F - v]3q may no longer be functions in general. This can be seen in Example 1.1 for
F e DM}UC(Rz) with Q = (0, 1) x (0, 1), for which

T
Fvlae = 80,0 = d(H'[09),

where H! |9 is the one-dimensional Hausdorff measure on 9<2.

Remark 3.2. As mentioned in the proof of Theorem 3.1, if F € DMP(Q),for1 < p <
00, the values of the normal trace, (F - v|yq, ¢|3d€2), depend only on the values of ¢ over
9. In contrast, for F € DM (Q), the values of (F - v|yq, ¢|dR) also depend, in
principle, on the values of the first derivatives of ¢ over 92, since ¢|9<2 must be viewed
as elements of Lip (y, 9€2), for some y > 1.

Finally, we establish the following useful product rule.

Theorem 3.2 (Product Rule). Let F = (Fy,---, Fy) € DM*(D). Let g € C(D) be
suchthat dx;g(x) is | Fj|-integrable, for each j = 1, - - -, N, and the set of non-Lebesgue
points of dx; g(x) has |Fj|-measure zero. Then gF € DM*(D) and

div(gF)=gdivF +Vg-F. (3.13)

Proof. For any ¢ € Cé (D), we have

(div(gF), ¢) = —(F,gVe) = —(F,V(gp)) + (F,pVg). (3.14)
Therefore, it suffices to show that
(F,V(gg)) = —(div F, g¢). (3.15)

Set g = g * w®. We have

N
—(div F. g°¢) = (F.V(g°9)) = Y (Fj.d:;(s°$))
j=1

N
Z {(Fj. $0x;8°) + (Fj. 8°0x;9)}. (3.16)
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Let ¢ — 0. Then the right-hand side converges to

N

D H(Fj, ¢0x,8) + (Fj. g0x,0)) = (F., V(g9)),

Jj=1

by the assumption on the set of non-Lebesgue points of dy; g, while the left-hand side
of (3.16) converges to —(div F, g¢) by the Dominated Convergence Theorem, which
implies (3.15). Then (3.13) follows. O

Remark 3.3. The continuity assumption of g(x) in Theorem 3.2 can be relaxed. In par-
ticular, when F € DM (D), it requires only that g € BV (D;R) to have gF €
DM (D).

Remark 3.4. The results in this section for the extended vector fields over RY extend to a
general context over Riemannian manifolds. In particular, if a;; (x) are smooth functions

on the open set D C RY and the N x N matrix (a; j)(x) is symmetric, positive definite,
the results can easily be generalized to the extended vector fields F = (Fy,--- , Fy) in
LP(D; RN), 1 <p<oo,or M(D; RN), satisfying the condition:

Za,'ja,'Fj € M(D)

i.j
This is clear from the fact that no specific property of the Euclidean metric has been
used in our analysis.

4. Applications to the Euler Equations for Gas Dynamics

In this section, as a direct application of the theory developed in Sect. 3, we establish the
uniqueness and stability of Riemann solutions that may contain vacuum for the Euler
equations for gas dynamics in Lagrangian coordinates.

Denote Ri = (0,00) x R and R%r = [0, 00) x R. We consider T € M+(Ri)

satisfying t > ¢ £ for some ¢ > 0, where £* is the k-dimensional Lebesgue measure.
Letv € LOO(Ri) and 70 € MT(R) with 79 > ¢ £!. We assume that 7, v, and 7o satisfy

// (¢t — vy dtdx) +/ @0, x) 1p(x) =0, “4.1)
RZ R

forany ¢ € Cé (R?).

Definition 4.1. Let t and ty be as above. We say that a function ¢ (t, x) defined on E
is a t-test function if it satisfies the following:

1. spt(¢) is a compact subset of Ri and ¢ is continuous on R2 ;

2. ¢, and ¢, are T-measurable; and ¢, is T-integrable over R%, that is, the integrals
f f R2 (¢¢)+T exist and at least one of them is finite;

3. ,h_I)I(I) ¢, x) = ¢(0,a) for tp—a.e. a € R.

X—a
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Theorem 4.1. Let T, v, and t¢ be as above. Then

1. the nonnegative measure t admits a slicing of the form v = dt Q@ p,(x) with u,; €
MTR) for L' -a.e. t > 0. More precisely, for all ¢ € CO(R%F),

/fmt,x)r =f(/¢(t,x)m(x)) dr;

2. the points (t,x) € Ri such that u;(x) > 0, with the exception of a set of’Hl—mea—
sure zero, form a countable union of vertical line segments, called vacuum lines. In
particular, T(l) = 0 for any non-vertical straight line segment I,

3. the identity (4.1) holds for any t-test function ¢ (t, x).

The proof of Theorem 4.1 is given in Sect. 5. As a corollary, we have

Corollary 4.1. Let T, v, and to be as above. Let p(t, x) be a nonnegative function over
]R%_, continuous on Ri, such that ¢ p is a t-test function for any ¢ € Cé R?), p; <0,
T-a.e., and py € L} (Ri). Then, for any nonnegative function { € Cé (R),

loc

lim Sup/f(X)ﬁ(l,X),ur(X) < /C(X)ﬁ(O, x) T0(x). (4.2)

t—0+

Proof. First we have from Theorem 4.1 that (4.1) holds for ¢ = py with ¢ € C}(R?).
Then we choose ¥ = ¥¢(¢, x) := o®(t — )¢ (x) with £(x) > 0, o > 0, and

0<0®eCiR),
ot (t —10) = X(—o0.10) (1),
d
86(t —19) = _Eas(t —10) = by, as £ =0,

where §;, is the Dirac measure concentrated at fy, and the convergences are in LY(R)
and M(R), respectively. We obtain from (4.1) that

0= f/ 0((1//815)t/tt dt — (y°p)yvdr dx) +f(1//8150) 70
>

=—f6€ (/cm) dr+//ﬁ,wmdz—f/wsmxvdtdx+/<w€ﬁo>ro.

Now, using that p; < 0, T-a.e., we obtain

_/yf(/cm) dt +Cy // (|15x|+IC’I)dfdxﬁL/(Wsl;O)TO30'

0<t=<ty
xespt(()

Assuming that 7o is a Lebesgue point of g(r) = [ ¢ p i and letting ¢ — 0 yield

/cﬁutosc // (Iﬁx|+|§’l)dtdx+/§ﬁofo~ 43)

0<t<tg
xespt(¢)

Now, taking the lim sup as #p — 0 in both sides of (4.3), we finally arrive at (4.2). O
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We now consider the solutions of the Euler equations (1.1)—(1.3) for gas dynamics
in the sense of distributions such that t is a nonnegative Radon measure, with 7 > cL?
for some ¢ > 0, and v(¢, x) and S(¢, x) are bounded t-measurable functions, along with
our understanding that the constitutive relations (1.4) for (z, p, e, 6, S)(¢, x) hold L£3-
almost everywhere out of the vacuum lines, in the set where 7 is absolutely continuous
with respect to L2, and both p(t, x) and e(z, x) are defined as zero on the remaining set
with measure zero in Ri, including the vacuum lines.

We consider the Cauchy problem for (1.1)—(1.3):

(t, v, $li=0 = (70, vo, So)(x), 4.4)

where 7¢(x) is a nonnegative Radon measure over R, 79 > cL! for some ¢ > 0, v (x)
and Sp(x) are bounded tp-measurable functions, and eg(x) = e(tp(x), So(x)) a.e. out
of the countable points {x;} such that to(x;) > 0, the initial vacuum set.

SetIly = (0, T) x Rand IT}, = (—o0, T) x Rfor T > 0. Let D and F be functions
or measures over [1r. Let Dy be a function or a measure over R. By weak formulation
on I17 for the Cauchy problem:

D, + F, =0, 4.5)
D|;=o = Dy, (4.6)

we mean that, for a suitable set of test functions ¢ (¢, x) defined on IT%,,

[ @psor+ [ s0.00 =0 47
Ir R

Analogously, if the identity “ = ” in (4.5) is replaced by “ > ” or “ < ”, the weak
formulation of the corresponding problem (4.5) and (4.6) is (4.7) with “ = replaced

by “ < ”or “ > 7, respectively, for a suitable set of nonnegative test functions defined
on IT7.

Denote W = (z, v, 5), f(W) = (=v, p(z, $),0), n(W) = e(z, ) + &, (W) =
vp(t, S), and

a(W, W) = n(W) —n(W) — V(W) - (W — W),
BW, W) =q(W) —q(W)— V(W) - (f(W)— f(W)).
Observe that V(W) = (—p, —1, 0).

Definition 4.2. We say that W (¢, x) is a distributional entropy solution of (1.1)—(1.3),
and (4.4) in It if T is a Radon measure on Il with T > cL? for some ¢ > 0, v and
S are bounded t-measurable functions such that the weak formulation of (1.1)—(1.3),
(1.7), and (4.4) is satisfied for all test functions in C(])(IT’}), and S(t, -) — So(-), as
t — 0, in the weak-star topology of L*° (R).

Observe that the weak formulation implies that u; — 79 in M(R), and v(¢, -) —
vo(-) and E(t, -) — Ep(-) in the weak-star topology of L>*(R), as t — 0, where
E = e + v?/2. We also remark that these convergences can be strengthened to the
convergences in L l] »c(R) in the case that 7 is a bounded measurable function, as an easy
consequence of the DM theory (cf. [5]).

As shown by Wagner [25], by means of the transformation from Eulerian to

Lagrangian coordinates, bounded measurable entropy solutions of the Euler equations
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in Eulerian coordinates transform into distributional entropy solutions of (1.1)—(1.3),
(1.7) and (4.4), satisfying the additional restriction that the weak formulation of (1.2),
(1.3), and (1.7) holds for test functions with compact support in [17 such that ¢; = g,
¢x = ht,where g, h € L*°(I1y, 7). It is also shown through an example in [25] that
distributional entropy solutions without the additional restriction may have no physical
meaning.

Now we consider the Riemann solution W (¢, x) associated with the Riemann problem
for (1.1)—(1.3) with initial condition:

— Wi, x <0,
Wo(x) = {W; 0 (4.8)

where Wy and W are two constant states in the physical domain {W = (t,v, ) : 7 >
0}. First, we address the case that W (¢, x) is a bounded self-similar entropy solution of
(1.1)—(1.3) which consists of at most two rarefaction waves, one corresponding to the
first characteristic family and another corresponding to the third one, and possibly one
contact discontinuity on the line x = 0. Then, W (¢, x) has the following general form:

Wi, x/t <&,
Ri(x/1), &1 <x/t <&,
Woen =10 A (4.9)
R3(x/1), §3 < x/t <y,
Wk, x/t > &4.

In what follows we use the notation W? = (r, S) and w? = (7, 5).

Theorem 4.2. Let W (t, x) be the Riemann solution (4.9), and let W(t, x) be any dis-
tributional entropy solution of (1.1)—(1.3) and (4.4) with Wy € L (R; R3). Then there
exist positive constants C and Ky, and a function w € L*°(Il7), positive a.e. in T,
such that, for any X > Q and a.e. t > 0,

fl i} <|v(t,x) — (1, )+ | WP (1, x) — Wp(t,x)|2w(t,x)) dx

<cC / <|vo(x) — ()% + |W) (x) —Wg(x)|2a)(0,x)) dx.  (4.10)

|x|<X+Kot
Proof. We divide the proof into four steps.
Step 1. Consider the measure
w i=a(W, W), + B(W, W),.
Givenany X > Oand ¢t > 0, let o € (0, ¢) and
Qo =1{(0,x) : x| < X+ Kot —0), to <o <t}

for Ko > 0 to be suitably chosen later.
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First, by the Gauss-Green formula (Theorem 3.1), we have
@ (Qy,1) = (&, B) - vIgg,,,» 1)-

Now, let ¢;,i =1, - - - , 4, be nonnegative functions in C(‘)>o (Rz) such that

4
dG=1.  on 9.,
i=1

=1 on {(0,x) : |x| < X+ Ko(t —10) },
=1 on {(t,x) : |x| <X},
(spt(¢£3) Uspt (£4)) N (({r} x R) U ({ro} x R)) = ¥.
We choose ¢3 and ¢4 so that spt (¢3) intersects the left lateral side of €2, ; but not the
right, and spt (£4) intersects its right lateral side but not the left. We have
@ (S219,1) = (@, B) - V]oe, . 1 + 52+ 83+ C4).

In what follows, we will use the notations:

1
g= / (1—-o0)glot+ (1A —-0)t,05+ (1 — 0)S)do
0

for any function g = g(z, §), and

1
§=/ glot+(1—0)7,05+ (1 —0)S)do.
0

Step 2. We now prove the following five estimates.
L {(@. B) - vlag,, . &) = 0 and (@, B) - Vlagy, . &4) = O.
Indeed, let z, = (#, x,) be the center of €2, ;. We consider the following deformation
of 082, s
W(z,s) :=z+es(z« — 2), Z € 0%, s €[0, 1],

where ¢ is chosen so small that
(spt (¢3) U spt(&4))
Nt —es(t —ty),x) : x e RFU{(tg +es(tx — 1), x) : x e R}) =0,
for s € [0, 1]. Then

(@ B) - agy - &) = lim - / / (Koot — B)|Vh| G3dodx > 0,
$208 JJ w994, %(0.5))
by choosing K such that Ko > B, which is possible by what follows.

2. Given § > 0 and bounded sets By C V5 := {(z,v,§) : 7 > 8} and By C R2,
there exists a constant Ko = Ko (8, By, B2) > 0 such that Koa(W, W) > B(W, W), for
any W € By and W € Vs with (v, S) € B;.

In fact, we first have

_ 1 _ _
(W, W) = (v - 0)% + Ere (T — 1) 4 26,5(t — T)(S — 5) + és55(S — 5)2,

BW, W) = (v—10)(p— p).
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If W(t, x) and W(t, x) belong to a bounded set B in Vs, we can find Ky depending
only on B such that Koo > B. Now, since (7, v, S) € By and (v, S) € By, it suffices
to show that, for t sufficiently large, we have B(W, W) < (W, W). Notice that

B= 30+ 3 E — D4 pepis(c — DS~ 5) + 35S 5
< S0P e - D24 S - S
On the other hand,
w2 50— B (s - %(?) (s - 37
for any K > 0. Now, p? decays faster than é;; = —p; as T — 00, ﬁ_% decays faster

than egg as T — 00, and, for K sufficiently large,

—_—
~ K +1 e%s N
ess ———— | — ) = cess,
K €rr

for some ¢ > 0 sufficiently small, since y > 1, as one can easily check from (1.4).
Hence, (W, W) < a(W, W) for t larger than a certain 7. Then the assertion
follows.
3. Similarly, we have ((«, 8) - v|39r0’t, ¢4) > 0.
4. As for ¢, we have

((a, B) - visey,,» ¢2)

1
— lim / / (@ f) - Vhordodx
s—>0 s W (8.1 %(0,5))

t
) 1 — i}
Z}gl})m f do / {n(W) —n(W) —v(v —v)
t—es(t—ty) |x|§X78K1g
+ p(Tae. — T) +0(S — S)}dx
= / (N(Wae) = (W) — 5(v — D) + p(tac. — 7) +6(S — S)}dx

l|<X—eKi 5
o=t

- / le =0+ QWL (t.x) = W' (1, x))> dx,

Ix|<X—eK L
o=t

if ¢ is a Lebesgue point of

g(s) = / o« (Wae., W) (s, x) dx,
lKl<X—eKi 5
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where Q is the quadratic form associated with the symmetric matrice

érr €
A=|%r" ArS )
€rS§ €SS
5. For ¢1, we have

((a, B) - vigey,, §1)
1
=1im—// (a, B) -v1|Vh|do dx
5208 JJ W@, x(0.5))

1 [lotes(t—to)

— 1
— lim — / a(W,W)———dodx
5208 Jy [x|<X+Ko(t—19) (tx — 10)

=- / W) —n(W) = 5(v — 0) + p(ugy — T) — 6(S — 5},

[x|=X+Ko(t—10)
o=l

v

where we have also used that u, — py aso — to + 0, for a.e. 1o > 0, with y; as in
Theorem 4.1, and that p is continuous on [#y, 7] x R.

Step 3. On the other hand,

4
() =Y @i N Q) + (N Quys) + (21N Lyt

i=1

+ @ (23N Qupt) + @ (Rpr — (U i UTU QL UQ3)),

where 21 and €23 are the left and right rarefaction regions, l~i, 1 <i < 4, are the lines
bounding the rarefaction regions 1 and Q3, and [ is the line {x = 0}, where W(z, x)
has a contact discontinuity.

We first observe that, on €27, ; — (U?:Ji Ul U Q1 U Q3), the measure @ reduces to

-0 d; S which is nonpositive. Now, we have
w = —div (F| + F, + F3),

where

Fi=t(w—10,p—p), Fh=-pr—7,0-v), F3=0(8-5,0),
and div := div, . Applying the product rule (Theorem 3.2), we get

divFi=v(v—-v)+0(p—p), divFr=—p/(t—7)+ px(v—0).
Hence,

div Fi1(I; N Qy0) = div F1(1N Q) =0, j=1,--,4,

since div F] is absolutely continuous with respect to £2. Also,

div F5(; N Qyy0) > 0, j=1,--- 4.
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On the other hand, since F3 € DM®°(€,, ;) and v|; = (0, 1), we have
div F3(I N Q2 ¢) = [(F3-v];, 1)] =0,

where the bracket denotes the difference between the normal traces from the right and
the left, which make sense for F3 € DM because the normal traces of DM fields
are functions in L over the boundaries.

Concerning F>, we have

div BN Q) =0,  j=1,---,4,

since py is T-integrable and 1:(l~ j)=0,j=1,---,4.0n the other hand, p, vanishes on
[ so that

div Fo(I N Qy4) = 0.

Finally, using the product rule (Theorem 3.2), the fact that W(z, x) and W, x)
are distributional solutions of (1.1)—(1.3) and (4.4), and S(¢, x); = 0, we obtain, for
j = 17 3’

@ (2 N Q1)
=- // {@@—=0) 4+ @(p — P)x — (Pt — D)) + (P — 1) + (6(S — 5));}
QjﬂQ,O,,
= — f {50 —0) + 5x(p — p) = pr (T — ) + px(v — 0) +6,(S — 5) + 65}
QjﬂQto,t
- / {0:(p = P) = Prin(T = T) 4+ 0:0:(5 = )}
QjﬂQt(),r

_ // 5 (p— P — Pe(tac. — ©) — ps(S — 5)) dxds + ff By e Tring < 0,

Qijl‘(),l QijI()J

IA

IA

4.11)
since p; < 0, v, is bounded, v, (¢, x) > 0 everywhere over €2] and 23, and V%V,, p>0.

Step 4. Putting all these estimates together, we have

f (|v(t, X) = 5t ) + Wy o (£, x) —W(z,x)|2w(z,x)) dx
<X
<2 / W) —n(W) — 5(v — v) + p(g, — 7) — 6(S — S)}.

[x|<X+Ko(t—10)
o=l

Now, applying Corollary 4.1, we finally get (4.10). O

Corollary 4.2. Let W (¢, x) and Wz, x) satisfy the conditions of Theorem 4.2 and
Wo(x) = Wo(x). Then t(t, x) is absolutely continuous with respect to L2 in Ty and
W(t,x) = W(t, x) ae. inIlr.
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Proof. From Theorem 4.2, we have
Waet,x) = W(t, x), a.e. in Iy7.
Hence, 74ing must satisfy the weak formulation of
7 =0, Tl;=0 =0,
for the test functions in C& (IT3). In particular, there exists y € BVj,¢(I17) such that
0xY = Tsing: &y =0.

Therefore,
Tsing = dt @ v (x),

where v;(-) = %(r, ), a.e. t € (0, T). Since y is independent of ¢, we have that v, is
also independent of ¢, say, v;(x) = vp(x) and

Tsing = dt ® vg.
Furthermore, since v; — 0 as t — 0, we conclude
V) = 0.
O

We now consider the case that the Riemann solution, with the initial condition (4.8),
has a vacuum line at x = 0. In this case, the Riemann solution W (¢, x) has the following
form:

Wi, x/t <&r,
Ri(x/1), §L <x/t <0,
W(x,t) = 3 (07 + 02)/2, (1 — 01)tdt ® 8o(x), (Sp. + Sr)/2), x =0,
R3(x/1), 0 <x/t <&,
Wgr, x/t > &g,
(4.12)

Here Ry (x/t) and R3(x/t) are as above the rarefaction waves of the first and third char-
acteristic families, respectively, v1 = limgo_ v(§), v2 = limg_o, v(§), and Jp(x) is
the Dirac measure over R concentrated at x = 0. It is easy to check that W, x)is a
distributional solution of (1.1)—(1.3) and (4.4). The values of v and S on the line x = 0

could be taken as any other constants instead of 'j‘zﬂ and @, respectively, while
the formula of 7 at x = 0, (v — v1)tdt ® 8p(x), is dictated by the fact that (1.1) must
hold in the sense of distributions.

Theorem 4.3. Let W (t, x) be a Riemann solution containing vacuum as described in
(4.12). Let W (¢, x) be a distributional entropy solution of (1.1)-(1.3) and (4.4) in T1t
with Wy € L®°(R; R3). Then there exist positive constants C and Ky, and a function
w € L°(I17), positive a.e. in T, such that, for all X > 0 and a.e. t > 0,

/ (|v(t,x) — 5, )2+ WP (1, x) —Wp(t,x)|2a)(t,x)) dx
lx|<X

<c / <|vo(x) — ()% + [W) (x) —W{,’(x)|2w(o,x)) dx.  (4.13)
[x|<X+Kot
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Proof. Let Fy, F,, and F3 be as in the proof of Theorem 4.2. We observe that, since
p = 0 for x = 0, we have

Fy=—p(T —Tue, v —v),

so that the analysis for F, remains the same. Also, nothing needs to be changed con-
cerning F3. As for F1 = v(v — v, p — p), we have a new aspect which is the fact that
v(t, x) is discontinuous at /. Then we have

div F1(lig,0) = [(F1 - vy, DI,

where [;,, = [ N Q. and again v|; = (0, 1). Let p_(#, x) and p (¢, x) denote the
functions in L*° (1), given by the theory of DM fields developed in [5], such that

(p—v g) = ((U, P) ° U|l9 ;)la
(P+:¢) = {(v, p)- (=1, &)1, for any ¢ € Co(l).
Hence, we have

t t

p+(s)ds — v1/ p—(s)ds.

fo

div Fily) = vz

fo
On the other hand,
p+(s) = p_(s), a.e.s >0, and vy > V1,

where the first follows from (1.2), and the second is a consequence of the construction
of the Riemann solution containing vacuum. Therefore, we conclude

div F1(lsy,1) = 0.
The remainder of the proof follows exactly as in Theorem 4.2. O
Again, we have the following corollary.

Corollary 4.3. Let W(t, x) and W(t, x)_satisfy the hypotheses of Theorem 4.3 and
Wo(x) = Wo(x). Then (v, S)(t, x) = (0, S)(¢, x), L2-a.e.inTly, andt = T in M(TI7).

Proof. From Theorem 4.3, we deduce that W, (¢, x) = Waelt,x), L2-ae.in I17. Thus,
as in the proof of Corollary 4.2, we deduce that 7,;,, must be concentrated at {x = 0}.
Then 7, must be equal to (v — v1)tdt ® §p(x) as a consequence of (1.1) in the sense
of distributions. O

5. Proof of Theorem 4.1

In this section, we give a detailed proof of Theorem 4.1. The arguments are strongly
motivated by those in Wagner [25].
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Proof. We divide the proof into ten steps.

Step 1. There exists y € BVj,.([0, 00) x R) such that
Oy =1, 9y =v, (5.1

in the sense of distributions for r > 0.
Indeed, let @® be a positive symmetric mollifier in R2, and set ¥ = 7 * ® and
v¥ = v * w®, where we have extended 7 and v as zero for t < 0. Define

X t
ye(t, x) =/ 8(t,5)ds +/ v (o, 0) do. (5.2)
0 0

Then y* € BV N c! (]R%r). We easily check that y®(¢, x) satisfies
0y y® =1°, 9;y° =1°, t > e¢.

Now, ||y®llpv(e) < Mg, for any open set Q@ CC R2, where Mq is a positive constant

independent of €. Hence, by the compact embedding of BV (£2) into L (), there exists
y € BVjoc(R%) such that

ye(t, x) = y(t, x), in L}OC(REL),

by passing to a subsequence if necessary. Clearly, y(, x) satisfies (5.1) in the sense of
distributions in R? ..

Step 2. The measure t (¢, x) admits a slicing of the form 7 = dr ® u;, where, for Ll-ae.
t >0, u € MTR).

Let y(¢, x) be a solution of (5.1). Since y € BVI,,C(REL), then, for a.e. t > 0,
y(t, -) € BVj,(R). Hence,

dy
=dt® —(t, -).
T ®dx( )

Step 3. The points (¢, x) € Ri such that u;(x) > 0, with the possible exception of a set
of H!-measure zero, form a countable union of vertical line segments.

Again, since y € BVj,c(R?), then, fora.e. x € R, y(, x) € BV,c(Ry). Hence, 3,y
admits a slicing as

d
0y = d_)t](.’ X)®dx =v(-, x)dt @ dx.

That is, for a.e. x € R, y(-, x) is a Lipschitz function on [0, co) whose derivative is
v (-, x). On the other hand, the jump set of y(¢, x), with the possible exception of a set
of H!-measure zero, is a countable union of C! curves {/; }xex, by the structure theory
of BV functions (see, e.g., [12, 13]). We then conclude that the lines /; must be vertical,
because, otherwise, we would have a subset A C R of positive measure such that, for
xX €A, d—f(-, x) would be a singular measure, rather than an L°° function v(-, x), which
proves the assertion.

Observe that u; — 19 as + — 04, which follows from standard arguments by
choosing suitable test functions in (4.1).
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Step 4. Let xo € R be such that 79(xp) = us(x9) = 0, a.e. t > 0, and xq is a Lebesgue
point of fot v(o, -)do, for all rational r > 0 and hence all fixed ¢t > 0. Then there exists
a solution of (5.1) satisfying

X
lim y(z, x) :/ 70, fora.e.x € R. 5.3)
t—0+ X0

Consider a mollifier ¢, withe = (g1, £2), of the form w® (¢, x) = §°1(¢)§%2(x), where
8%, j = 1,2, are standard positive symmetric mollifiers in R. If y®(¢, x) is defined by
(5.2), with O replaced by x¢, then sending & to O first and next ¢, — 0 yield

lim lim y®(z, x) = / Ut +/ v(o, xo) do, ae. (t,x) € Ri.

g0—>0e1—0
Hence,
x t
y(t, x) :/ u,—i—/ v(o, xg) do
X0 0

provides the desired solution because of Step 4.
Now, since, for each t > 0, y(¢, x) is a strictly increasing function of x, there exists
a well-defined monotone increasing continuous function x (¢, y) such that

x(t, y(t, x)) = x, (t,x) € RZ, (5.4)

where we have defined y(¢, x) on the vacuum lines by, say, (y(¢, x +0) + y(¢, x — 0)) /2.

Let Q and T be the transformations of R2, Q(r, x) = (z, y(t, x)) and T(t, y) =
(t,x(t,y)) so that T(Q(t,x)) = (t,x). Observe that, given an open rectangle R =
(11, 1) X (a,b) C Ri, if @ and b are such that y(¢, a) and y(¢, b) are continuous func-
tions of ¢, then Q(R) is an open set in R2, which implies that 7 is continuous in Ri.
Let

To(x) = lim y(z, x), Qo(y) = lim x(z, y).
t—0+ t—04

Step 5. Ty L?> = 1 and Tog L' = 10, with notation from [13].

In fact, for a.e. r > 0, y(f,x) is a strictly increasing BV}, function of the variable
x,and T = dt @ u;(x) with p; (x) = dx Y(¢t, ). Now, T(t, y) = (¢, x(t, y)) and, for any
open interval (a, b) and for each fixed r > 0,

x(t, ) Na, b) = (y(t,a +0), y(t, b —0)) = t(a, b).

Hence, the measure Ty L2 equals dt ® f[i;, where fi; is the Stieltjes measure associated
with y(z, x), thatis, i; = p;, whichimplies T4 £? = 7. Similarly, we obtain Tos L' = 7.

Step 6. The map T is proper and onto.

The fact that T is onto follows from the fact that it is the inverse of Q which is defined
everywhere in R%r. Now, since Q(t, x) is a continuous function of 7, fora.e. x € R, given
any compact K C R2, we may find a rectangle [1, £2] X [a, b] containing K such that
Q(t, a) and Q(t, b) are continuous functions of ¢. Hence, the set

{t,y) : yt,a) =y <y, b), 1 <t=<t)

is compact and contains 7! (K), which is then also compact by the continuity of 7.

Let p = QsL?%. Let 5 be the density of £ with respect to T in R%r and let T be the
density of 7, with respect to £2 so that 57 = 1, £?-a.e. in Ri. The following result
was proved by Wagner ([25], p.132).
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Step7. p=0yx =poT.

Indeed, p = Q4L admits a slicing of the form p = dr ® i, where fi; is the Stieltjes
measure associated with the inverse of y(z, -), which is x(¢, y), and hence fi; = 0yx.
Furthermore, the Lipschitz continuity of x (¢, y) yields

P = Byx,

where as usual we have identified absolutely continuous measures with their densities,
with respect to the corresponding Lebesgue measure. Also, we have

Typ = Ty QuL? = L% = p7 = pt = pTeL>.
Now, for all ¢ € Co((0, 00) x R),

(0,0) = (Typ, ¢ o Q),

while
(BoT, )= (pTxL?, ¢ o Q),
which implies
p=poT,

where we have used that p = 0 a.e. over 7~!(V) and V is the union of the vacuum
lines, because of the first part of the assertion.
Now, let po = Qo#L" and v(t, y) = v(T (1, y)).

Step 8. For all ¢ € C(% (R?), we have

// 0(p¢t + pvey) dt dy +/ O¢(0, Ypeo(y)dy =0. (5.5)
> 1=

Observe that p and pg are uniformly bounded since p = po T, p7 = l,and T > ¢
for some ¢ > 0. The same holds for pp. Now, for any ¢ € Cé (R?), we have

/ / e wpdidy+ / 0. 0p00)dy

= //»o(@ 0Q+¢yoQuo Q)dtdx + /t:0¢(o, 00(x)) dx
= /ft>o(¢t o Q+vpyoQ)drdx + /t:o¢(0’ 00(x)) dx

B //,>0 9 (o Q)didx+ LOWQ Qo(x)) dx =0,

where we have used that v o Q = v. In particular, we have

pr + (pv)y =0, (5.6)

in the sense of distributions. Now, let xo € R be such that y(, xo) is a Lipschitz contin-
uous function on [0, co) and, for a.e. ¢, y(¢, x¢) is a Lebesgue point for both p (¢, y) and

v(t, y).
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Step 9. There exists a solution x (¢, y) of
dyx = p, 0 x = —puv, 5.7

such that x (¢, y(¢, x0)) = xo. In particular, x(¢, y) = x(¢, y).
Indeed, let p* = p * ® and (pv)* = (pv) * w*, where w® is a standard mollifier. Set

y
x(t,y) = f pf(t, s)ds + xo.
)(,X0)

Then x?(¢, y) is a Lipschitz function satisfying

dyx® = p°(t,y),
0xf = —(pv)* (1, y) — p°(t, y(t, x0)v(t, y(t, x0)) + (pv)°(z, y(t, X0)).

Also,
|x¥(t, y) — xol < M|y — y(t, x0)|.

Hence, x°(¢, y) converges in L} (R ) to a Lipschitz function x (¢, y) which satisfies

loc
[X(z, ) — x0l = M|y — y(z, xo)|.
Thus, we have x(t, y(t, x9)) = x¢. Since
|p° (2, y(t, x0))u(t, y(t, x0)) — (p)* (¢, y(t, x0))| — O, ase — 0,

for a.e. t > 0, we conclude that x(z, y) satisfies (5.7). Now, since d,x(z, y) = p(z, y)
and x (¢, y(t, x0)) = xo, we must have x (¢, y) = x(¢, y).

Step 10. Equation (4.1) holds for any t-test function ¢ (¢, x).
Indeed, for any t-test function ¢ (z, x), we have

// <¢,r—v¢xdrdx>+/ $(0, )70
>0

// (pr —v pP)T +/ (0, x)7

=// <¢,oT—¢xopr>drdy+/0¢oTody
1=l

// —(¢ T)dtdy+/ ¢oTody
>0 0f -0

——/ 1im¢oT(y,8)dy+/ ¢ oTydy
R =0 =0
=0.

O
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