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Abstract

We establish an existence theorem for entropy solutions to the Euler equations
modeling isentropic compressible fluids. We develop a new approach for construct-
ing mathematical entropies for the Euler equations, which are singular near the
vacuum. In particular, we identify the optimal assumption required on the singular
behavior on the pressure law at the vacuum in order to validate the two-term asymp-
totic expansion of the entropy kernel we proposed earlier. For more general pressure
laws, we introduce a new multiple-term expansion based on the Bessel functions
with suitable exponents, and we also identify the optimal assumption needed to
validate the multiple-term expansion and to establish the existence theory. Our re-
sults cover, as a special example, the density-pressure law p(ρ) = κ1 ρ

γ1 + κ2 ρ
γ2

where γ1, γ2 ∈ (1, 3) and κ1, κ2 > 0 are arbitrary constants.

1. Introduction

In this paper we establish an existence theory for the Euler equations modeling
isentropic compressible fluids:

∂tρ + ∂x(ρ v) = 0,

∂t
(
ρ v
)+ ∂x(ρ v

2 + p(ρ)) = 0,
(1.1)

where ρ � 0 denotes the density, v the velocity, and p(ρ) � 0 the pressure of the
fluid. Under the standard assumption

p′(ρ) > 0 for ρ > 0, (1.2)

the system (1.1) is strictly hyperbolic, away from the vacuum ρ = 0 at least. De-
noting the sound speed by c(ρ) := √

p′(ρ), the two wave speeds of the system,
v− c(ρ) and v+ c(ρ), are real and distinct for ρ > 0. The partial differential equa-
tions (1.1) provide an example of particular interest in the mathematical theory of
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nonlinear hyperbolic systems of conservation laws. Recall that the main difficulties
towards proving the existence of an (entropy) solution to (1.1) are as follows:

(1) Discontinuities may form at a later time even for initially smooth data and,
therefore, (entropy) solutions must be understood in the sense of distributions.

(2) Since the equations come from continuum physics modeling, we are interested
in solutions that are defined globally in time and start out from arbitrary large
data at time t = 0, and should not impose any “smallness” condition on the
solutions.

(3) Additionally, the equations under consideration are “degenerate” near the vac-
uum, in the sense that strict hyperbolicity of (1.1) fails at the vacuum: at ρ = 0,
the two wave speeds coincide if p′(0) = 0, which is satisfied by pressure laws
arising in continuum physics and will therefore be assumed from now on.

The existence of entropy solutions for the Cauchy problem associated with (1.1)
was established, in the case of polytropic perfect gases

p(ρ) = κ ργ , κ > 0, γ > 1, (1.3)

first by DiPerna [6], Ding, Chen & Luo [5], and Chen [1] based on compen-
sated compactness arguments, and then, motivated by a kinetic formulation of
hyperbolic conservation laws, by Lions, Perthame & Tadmor [8], and Lions,
Perthame & Souganidis [9]. General pressure laws p(ρ) were covered first by
Chen & LeFloch [2]; the existence of entropy flux-splittings for (1.1) was estab-
lished by Chen & LeFloch [3].

The purpose of this paper is to deal with more general pressure functions,
including for instance the function

p(ρ) = κ1 ρ
γ1 + κ2 ρ

γ2 , γ1, γ2 > 1, κ1, κ2 > 0. (1.4)

We refer to the statements (2.1) and (3.2) below for our precise assumption on
the function p(ρ). Recall that the results in [2] apply to (1.4) when γ2 > 1 + γ1.
The “Green-function approach” introduced here turns out to be more accurate than
the “energy-estimate approach” we developed earlier. It allows us to cover more
general pressure functions and, in particular, to cover general exponents γ1 and γ2
in (1.4).

It was pointed out by DiPerna [6] that, in the case (1.3) for polytropic perfect
gases, the mathematical entropies associated with the Euler equations admit an ex-
plicit formula, based on a fundamental solution of the entropy equation. We refer to
this fundamental solution as the entropy kernel. In [6, 5, 1, 8, 9], the explicit formula
for the entropies associated with (1.3) is central to establishing the reduction of the
Young measures governed by Tartar’s commutation equations [10]. The approach
developed in [2] for general pressure laws p(ρ) requires less explicit calculations
and only certain properties of the entropy kernel (singularities and cancellation).
Studying the existence of the entropy kernel and its regularity is delicate since the
equation for entropies contains singular coefficients near the vacuum.

Our general strategy is as follows. We first apply the Fourier transform in the
velocity variable so that the linear hyperbolic equation governing the entropy kernel
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is transformed into a family of second-order differential equations with singular
coefficients, in which the Fourier variable is as a parameter. To determine the reg-
ularity of the entropy kernel, we then determine the asymptotic behavior of the
solutions in the Fourier variable, that is, derive a suitable asymptotic expansion
which is based on Bessel functions.

Our main results are as follows. In Section 2, we determine the optimal assump-
tion on p(ρ) which is required to validate the two-term expansion derived in [2].
For the example (1.4), that condition is γ2 −1 > 3(γ1 −1)/2. However, for smaller
values of γ2 the two-term expansion does not accurately describe the asymptotic
properties of the entropy kernel. A multiple-term expansion is derived in Section 3
for a large class of pressure laws which, in particular, cover the example (1.4) for
arbitrary exponents γ1, γ2 > 1. Finally, in Section 4, relying on the convergence
framework established by the authors in [2], we arrive at the general existence theory
for (1.1) with exponents in the physically relevant interval (1.3). The compactness
of the solution operator and the decay of periodic entropy solutions follow as in [2].

Note in passing that the genuine nonlinearity assumption

ρ p′′(ρ)+ 2p′(ρ) > 0 for ρ > 0 (1.5)

is not needed for the proof of existence of the entropy kernel, but solely to establish
that it remains non-negative. We refer to [4] for other applications of the techniques
and ideas developed here.

2. A two-term asymptotic expansion

To begin with, we treat a class of pressure laws that includes, for instance, the ex-
ample (1.4) for large deviation between γ1 and γ2, specifically for γ2 > (3γ1−2)/2.
In the present section only, we assume that there exists an exponent γ ∈ (1,∞), a
smooth function P = P(ρ), and some real ε > 0 such that

p(ρ) = κ ργ
(
1 + ρθ(1+ε) P (ρ)

)
,

P (ρ) and ρ3 P ′′′(ρ) are bounded as ρ → 0,
(2.1)

where κ := (γ − 1)2/(4γ ) after normalization. Of course, the function P(ρ) may
exhibit some singularities at ρ = 0. In fact, (2.1) implies solely that ρ P ′(ρ) and
ρ2 P ′′(ρ) remain bounded.

The following notation will be used:

k(ρ) :=
∫ ρ

0

c(y)

y
dy, θ = γ − 1

2
, λ = 3 − γ

2 (γ − 1)
, ν = λ+ 1

2
= 1

2 θ
.

Recall that the case γ ∈ (1, 3) and ε � −1 + 1/θ is treated in [2]. The entropy
kernel solves the following Cauchy problem associated with a linear hyperbolic
equation (see [2]):

(a) χρρ − k′(ρ)2 χvv = 0,
(b) χ(0, v) = 0,
(c) χρ(0, v) = δv=0.

(2.2)
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The equation (2.2a) is a singular Euler-Poisson-Darboux equation, in which

k′(ρ)2 = θ2 ρ2 (θ−1) (1 + o(ρ)
)

with 2 (θ − 1) ∈ (−2,∞).

Using the Fourier transform in the variable v and denoting by ξ the Fourier variable
in (2.2), these yield

(a) χ̂ρρ = −k′(ρ)2 ξ2 χ̂ ,

(b) χ̂(0, ξ) = 0,
(c) χ̂ρ(0, ξ) = 1.

(2.3)

Thus, the problem reduces to a family of second-order differential equations in the
density variable ρ, depending on the parameter ξ ∈ R.

In the particular case (1.3), it is not hard to check that the solution of (2.3) is
closely related to the Bessel function Jν = Jν(y) defined for all y > 0 by

Jν(y) = c0,λ y
ν

∫ 1

−1
cos(y x)

(
1 − x2)λ dx =: c0,λ y

ν f̂λ(y),

where the constant c0,λ is given by c0,λ =
(∫ 1

−1

(
1 − x2

)λ
dx
)−1

. See for instance

[7]. More precisely, using the fact that Jν is a solution of the second-order differ-
ential equation

d2Jν

dy2 + 1

y

dJν

dy
+
(

1 − ν2

y2

)
Jν = 0, (2.4)

we can check that the solution of (2.3) in the case p∗(ρ) := κ ργ is exactly

χ̂∗(ρ, ξ) := |ξ |−ν ρ1/2 Jν
(|ξ | ρθ ).

Let us review first some properties of Bessel functions which motivate the
forthcoming discussion. First of all, we have the asymptotic expansions

Jν(y) =
{
yν +O(yν+1) when y → 0,
c1,λ y

−1/2 cos
(
y − (λ+ 1) π/2

)+O(y−3/2) when y → ∞,
(2.5)

for some constant c1,λ > 0. On the other hand, the second Bessel function Yν =
Yν(y) satisfies (after normalization)

Yν(y) =
{−y−ν +O(y−ν+1) when y → 0,
c2,λ y

−1/2 sin
(
y − (λ+ 1) π/2

)+O(y−3/2) when y → ∞,
(2.6)

for some constant c2,λ > 0. Similar formulas are available for the derivatives J ′
ν(y)

and Y ′
ν(y).

To handle the above expansions, it is convenient to set, for y �= 0,

Q±ν(y) :=
{ |y|±ν for |y| � 1,

|y|−1/2 for |y| � 1.
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From the asymptotic formula (2.5) we see that, for some C1 > 0,

|Jν(y)| � C1 Qν(y), y > 0. (2.7)

Consider also the kernel K associated with the two Bessel functions (ρ, s > 0 and
ξ ∈ R):

K
(
ρ, s; ξ) = Yν(ξ k(ρ)) Jν(ξ k(s))− Jν(ξ k(ρ)) Yν(ξ k(s)).

Based on (2.5) and (2.6), it is easy to check that, for some C2 > 0,

|K(ρ, s; ξ)| � C2 Qν (ξ k(ρ)) Qν (ξ k(s))
−1 R (ξ k(s)) , 0 � s � ρ, ξ ∈ R,

(2.8)

where the function R is defined by

R(y) :=
{

1 if |y| � 1,
1/|y| if |y| � 1.

(2.9)

Finally, since Jν and Yν are two independent solutions of (2.4) with the expansions
(2.5) and (2.6) at 0, we see that their Wronskian is

w(ρ, ξ) : = Yν (ξ k(ρ)) J
′
ν (ξ k(ρ))− J ′

ν (ξ k(ρ)) Yν (ξ k(ρ))

= 1

ξ θk(ρ)
= 2 ν

ξ k(ρ)
. (2.10)

For the general problem (2.3), we now prove the following theorem.

Theorem 2.1. Suppose that the function p = p(ρ) satisfies the assumptions (1.2)
(hyperbolicity) and (2.1) (behavior near the vacuum) for some γ ∈ (1,∞) and
some arbitrary ε > 0. Then there exists a solution of the problem (2.3), χ̂ =
χ̂(ρ, ξ), defined for ρ � 0 and ξ ∈ R. It is smooth for ρ > 0, continuous when
ρ → 0, and is given by the expansion

χ̂(ρ, ξ) =
(
θ k(ρ)

k′(ρ)

)1/2
(
Jν
(|ξ | k(ρ))∣∣ξ ∣∣ν +N(ρ)

Jν+1
(|ξ | k(ρ))∣∣ξ ∣∣ν+1 + r(ρ, ξ)

)
,

(2.11)

where

N(ρ) := −c3

∫ ρ

0
k−λ−1k′−1/2

(
kλ+1k′−1/2

)′′
dτ

for some constant c3 := (2λ+ 1)c0,λ/
(
4(λ+ 1)c0,λ+1

) = (4λ2 − 1)/(8λ(λ+ 1)).
The remainder satisfies

|r(ρ, ξ)| + ρ |rρ(ρ, ξ)| � C
Qν

(
ξ k(ρ)

)
|ξ |min(2,1+ε)

for some C > 0. (2.12)
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Note that, in fact, N = N(ρ) only depends on second-order derivatives of the
function k at most, since

N = −c3 k
−λ−1k′−1/2 (

kλ+1k′−1/2)′
+ c3

∫ ρ

0

(
k−λ−1k′−1/2)′(

kλ+1k′−1/2)′
dτ.

Proof. To simplify the notation, we assume ξ > 0 throughout the proof. The
functions

χ̂
*
1(ρ, ξ) :=

(
θ k(ρ)

k′(ρ)

)1/2 Jν
(
ξ k(ρ)

)
ξν

,

χ̂
*
2(ρ, ξ) :=

(
θ k(ρ)

k′(ρ)

)1/2

ξν Yν
(
ξ k(ρ)

)
are two independent solutions of the “modified” equation (cf. (3.26) in [2]):

χ̂ *
ρρ +

(
k′(ρ)2 ξ2 − β(ρ)

)
χ̂ * = 0, (2.13)

where
β := k−λ−1 k′1/2

(
kλ+1 k′−1/2

)′′
.

On the other hand, the remainder

r̃(ρ, ξ) :=
(
θ k(ρ)

k′(ρ)

)1/2

r(ρ, ξ)

satisfies a non-homogeneous version of the same equation (cf. (3.30) in [2]). Indeed,
we have

r̃ρρ +
(
k′(ρ)2 ξ2 − β(ρ)

)
r̃ = H(ρ, ξ)− β(ρ) r̃ (2.14)

with (cf. Section 3, Step 1, in [2] for an explicit expression of α., α*, and A):

H(ρ, ξ) : = −
(
α′′
. (ρ)+ 2λ+ 3

2(λ+ 1)
α′′
* (ρ)

)
f̂λ+1

(
ξ k(ρ)

) =: A(ρ) f̂λ+1
(
ξ k(ρ)

)

= A(ρ)

c0,λ+1

Jν+1
(
ξ k(ρ)

)
|ξk(ρ)|ν+1 .

A tedious but straightforward calculation based on the assumption (2.1) shows that

g : = −β
k

k′ = −λ(λ+ 1)
k′

k
− 3

4
k k′−2

k′′2 + 1

2
k k′−2

k′′′

= O(ρ−1+θ(1+ε)) (2.15)

and

B(ρ) :=
(
θk(ρ)

k′(ρ)

)1/2
A(ρ)

c0,λ+1 k(ρ)ν
= O(ρ−1+θ(1+ε)). (2.16)
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Using the fact that χ̂ *
1 and χ̂

*
2 are two independent solutions of the homoge-

neous equation (2.13) and relying on the method of variation of parameters, we
easily arrive at the following integral formulation for the solution of (2.14):

r̃(ρ, ξ) =
(
θk(ρ)

k′(ρ)

)1/2∫ ρ

0

K
(
ρ, s; ξ)

W(s, ξ)

(
θk(s)

k′(s)

)1/2 (
H(s, ξ)− β(s) r̃(s, ξ)

)
ds,

(2.17)

where the kernel K was defined earlier and the Wronskian W is

W(ρ, ξ) := (
χ̂
*
1 χ̂

′
2,* − χ̂ ′

1,* χ̂
*
2

)
(ρ, ξ)

= ξ θk(ρ)
(
Jν(ξk(ρ)) Y

′
ν(ξk(ρ))− J ′

ν(ξk(ρ)) Yν(ξk(ρ))
)

= ξ θk(ρ)w(ρ, ξ) = 1,

thanks to (2.10). Hence, (2.17) becomes

r(ρ, ξ) = θ

∫ ρ

0
K
(
ρ, s; ξ)

(
B(s)

Jν+1
(
ξk(s)

)
ξk(s)

+ g(s) r(s, ξ)

)
ds. (2.18)

Introduce now the notation

G(ρ, ξ) :=
∫ ρ

0
R
(
ξ k(s)

)
s−1+θ(1+ε) ds.

Clearly, for ρ within any given bounded set, we have

|G(ρ, ξ)| � C, ρ > 0, ξ ∈ R. (2.19)

On the other hand, setting

S(y) :=
{

1 for |y| � 1,
1/y2 for |y| � 1

and using the assumption (2.1), it is not hard to check that, for some C3 > 0,∫ ρ

0
S
(
ξ k(s)

)
s−1+θ(1+ε) ds � C3

ξmin(2,1+ε)
. (2.20)

We will also use below the inequality

Q−1
ν (y) R(y) |Jν(y)| � S(y) for y > 0. (2.21)

We now apply a fixed-point procedure to (2.18), defining a sequence of functions
rn by r0 = 0 and, for n � 0,

rn+1(ρ, ξ) = θ

∫ ρ

0
K
(
ρ, s; ξ)

(
B(s)

Jν+1
(
ξk(s)

)
ξk(s)

+ rn(s, ξ) g(s)

)
ds.
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In view of (2.8) and, by (2.15), |g(ρ)| � C3 ρ
−1+ε for some C3 > 0, we have for

all n � 1

∣∣rn+1(ρ, ξ)− rn(ρ, ξ)
∣∣

� θ C2

∫ ρ

0
Qν

(
ξ k(ρ)

)
Qν

(
ξ k(s)

)−1
R
(
ξ k(s)

)
× ∣∣rn(r, ξ)− rn−1(s, ξ)

∣∣ |g(s)| ds
� θ C2C3

∫ ρ

0
Qν

(
ξ k(ρ)

)
Qν

(
ξ k(s)

)−1
R
(
ξ k(s)

)
× ∣∣rn(s, ξ)− rn−1(s, ξ)

∣∣ s−1+θ(1+ε) ds

= θ C2C3 Qν

(
ξ k(ρ)

) ∫ ρ

0
Qν

(
ξ k(s)

)−1 ∣∣rn(s, ξ)− rn−1(s, ξ)
∣∣Gρ(s, ξ) ds.

In other words,

Qν

(
ξ k(ρ)

)−1 ∣∣rn+1(ρ, ξ)− rn(ρ, ξ)
∣∣

� θ C2C3

∫ ρ

0
Qν

(
ξ k(s)

)−1 ∣∣rn(s, ξ)− rn−1(s, ξ)
∣∣Gρ(s, ξ) ds. (2.22)

On the other hand, we estimate r1 as follows. Using (2.8), then (2.7), (2.21),
and |B(ρ)| � C4 ρ

−1+θ(1+ε) for some C4 > 0 thanks to (2.16), yields

∣∣r1(ρ, ξ)
∣∣ � θ

∫ ρ

0

∣∣∣∣∣K(ρ, s; ξ)B(s) Jν+1
(
ξ k(s)

)
ξk(s)

∣∣∣∣∣ ds
� θ C2

∫ ρ

0
Qν

(
ξ k(ρ)

)
Qν

(
ξ k(s)

)−1

×R
(
ξ k(s)

) ∣∣∣∣∣Jν+1
(
ξ k(s)

)
ξk(s)

∣∣∣∣∣ |B(s)| ds

� θ C1C2C4 Qν

(
ξ k(ρ)

) ∫ ρ

0
S
(
ξ k(s)

)
s−1+θ(1+ε) ds

� θ C1C2C3C4
Qν

(
ξ k(ρ)

)
ξmin(2,1+ε)

=: C5
Qν

(
ξ k(ρ)

)
ξmin(2,1+ε)

, (2.23)

where we used (2.20) for the last inequality.
By induction on n, it follows from (2.21) and (2.23) that

∣∣rn+1(ρ, ξ)− rn(ρ, ξ)
∣∣ � C5

Qν

(
ξ k(ρ)

)
ξmin(2,1+ε)

(
C6 G(ρ, ξ)

)n
n! , (2.24)

where C6 := θ C1C3. We deduce from (2.24) that {rn} is a Cauchy sequence on
the space of uniformly bounded and continuous functions on each compact subset
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in ρ and that

|r(ρ, ξ)| �
∞∑
n=0

∣∣rn+1(ρ, ξ)− rn(ρ, ξ)
∣∣

� C5
Qν

(
ξ k(ρ)

)
ξmin(2,1+ε)

∞∑
n=0

(
C6 G(ρ, ξ)

)n
n! = C5

Qν

(
ξ k(ρ)

)
ξmin(2,1+ε)

eC6 G(ρ,ξ).

Since, by (2.19), the function G is uniformly bounded and the first part of (2.12) is
now established.

Finally, differentiating (2.18), we observe that the derivative rρ satisfies

rρ(ρ, ξ) = θ

∫ ρ

0
Kρ

(
ρ, s; ξ)

(
B(s)

Jν+1
(
ξk(s)

)
ξk(s)

+ r(s, ξ) g(s)

)
ds,

which has the same form as the formula satisfied by r . It is straightforward to check
from (2.5) and (2.6) that, instead of (2.8), we now have the bound

|Kρ

(
ρ, s; ξ)| � C

k′(ρ)
k(ρ)

Qν

(
ξ k(ρ)

)
Qν

(
ξ k(s)

)−1
R(ξ k(s))

for 0 � s � ρ, ξ ∈ R.

By a direct estimate, we arrive at (2.12) for rρ . ��
We now translate the above result into the original velocity variable. Because of

the hyperbolic nature of the problem (2.1), the support of the entropy kernel should
be the domain of dependence

K := {
(ρ, v) : ρ � 0, |v| � k(ρ)

}
.

Furthermore, since the initial data is singular, the entropy kernel is not smooth but
its derivative contains some singularities localized on the boundary

∂K = {
(ρ, v) : v ± k(ρ) = 0

}
.

The expansion derived now for the entropy kernel is based on the two functions

(ρ, v) �→ [
k(ρ)2 − v2]µ

+ for µ = λ, λ+ 1.

Theorem 2.2. Assume that the pressure function p = p(ρ) satisfies (1.2) (hyperb-
olicity) and (2.1) (behavior near the vacuum) for some γ ∈ (1,∞) and ε > 0.
Then the problem (2.1) admits a solution χ = χ(ρ, v), supported in the set K and
smooth in its interior. For each µ < λ, the function

[
k(ρ)2 − v2

]−µ

+ χ(ρ, v) is
Hölder continuous in (ρ, v) with∣∣∣∂λ−µ

v

([
k(ρ)2 − v2]−µ

+ χ
)∣∣∣ � C k(ρ)2 (λ−µ). (2.25)

More precisely, the entropy kernel admits the expansion

χ(ρ, v) = a*(ρ)
[
k(ρ)2 − v2]λ

+ + a.(ρ)
[
k(ρ)2 − v2]λ+1

+ + e(ρ, v), (2.26)
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where

a* := cλ k
−λ k′−1/2 with

1

cλ
= 2 λ√

2 λ+ 1

∫ 1

−1
(1 − y2)λ dy (2.27)

and

a. := − cλ

4(λ+ 1)
k−λ−1k′−1/2

∫ ρ

0
k−λ−1 k′−1/2

(
kλ+1 k′−1/2

)′′
ds. (2.28)

The remainder e = e(ρ, v) is such that ∂µv e is Hölder continuous in (ρ, v) for
ρ > 0 for all µ with −1 + min(2, 1 + ε) < µ < λ + min(2, 1 + ε) and, for all
0 < β < µ, ∣∣∂βv e(ρ, v)∣∣ � C ρ−µθ+βθ+(1−θ)/2 [k(ρ)2 − v2]µ−β

+ . (2.29)

Furthermore, if the genuine nonlinearity condition (1.6) holds, the function χ is
positive in the interior of its support.

We point out that, when θ ∈ (0, 1), that is, γ ∈ (1, 3) (which is the interval of
interest in Theorem 1.1 and in [2]), the derivative ∂λ+1

v e(ρ, v) of the remainder is
Hölder continuous up to the boundary ρ = 0. For instance, in the estimate (2.29)
with the exponent (1 − θ)/2 > 0, we see that the factor ρ−µθ+βθ+(1−θ)/2 vanishes
as ρ → 0 when β = λ+ 1, provided we choose µ sufficiently close to λ+ 1.

As a corollary, the family of weak entropies for the Euler equations is described
by the formula

η(ρ, v) =
∫

R

χ(ρ, v − s) ψ(s) ds,

where ψ : R → R is arbitrary.

Proof. In Theorem 2.1, we established the existence of the solution χ̂ = χ̂(ρ, ξ) of
the problem (2.2), given by the expansion (2.11).According to (2.12), the following
estimate holds for the remainder:

∣∣r(ρ, ξ)∣∣ �
{
C |ξ |− min(2,1+ε)

∣∣ξ k(ρ)∣∣ν for k(ρ) |ξ | � 1,

C |ξ |− min(2,1+ε)
∣∣ξ k(ρ)∣∣−1/2 for k(ρ) |ξ | � 1.

(2.30)

Considering the expansion (2.11), we see that the remainder r(ρ, ξ) decays at
infinity like

|ξ |−(1/2)−min(2,1+ε)

and therefore faster than the second term Jν+1
(
ξk(ρ)

)
/ξ which is solely |ξ |−3/2

according to (2.5). This allows us to treat r(ρ, ξ) as a higher-order term.
Using the relation between Jν and f̂λ and observing that the corresponding

function fλ is closely related to the function
[
k(ρ)2 − v2

]λ
+, we now apply the

inverse Fourier transform to (2.11). Referring to [2] for the details, we find exactly
(2.26) in which e(ρ, v) is determined from the remainder r(ρ, ξ) by

e(ρ, v) = C

(
θ k(ρ)

k′(ρ)

)1/2 ∫
R

cos
(
ξ v
)
r(ρ, ξ) |ξ |−ν dξ, (2.31)
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up to some multiplicative constant C > 0. Given some µ > 0, by the definition of
fractional derivatives we have

∣∣∂µv e(ρ, v)∣∣ � C

(
θ k(ρ)

k′(ρ)

)1/2 ∫
R

|ξ |µ−ν |r(ρ, ξ)| dξ.

Then, a straightforward calculation based on (2.30) yields the Hölder bound∣∣∂µv e(ρ, v)∣∣ � C ρ(1−θ)/2, (2.32)

provided −1 + min(2, ε/θ) < µ < λ + min(2, ε/θ). Similarly, from (2.12), we
can also obtain

ρ
∣∣∂ρ∂µv e(ρ, v)∣∣ � C ρ(1−θ)/2.

By a standard embedding theorem W
1,p
ρ ⊂ C0,α

ρ , we conclude that ∂µv e are Hölder
continuous in (ρ, v).

Finally, introducing the variable z := v/k(ρ), we see that the function [1−z2]+
is positive on the support of K. We have∣∣∂µz e(ρ, v)∣∣ = k(ρ)µ

∣∣∂µv e(ρ, v)∣∣ � C ρµθ+(1−θ)/2.

The function e = e(ρ, v) is Hölder continuous with exponent µ and vanishes
outside K. Therefore, we have

|e(ρ, v)| � C sup
z

∣∣∂µz e(ρ, v)∣∣ [1 − z2]µ+
� C1 ρ

µθ+(1−θ)/2 [1 − z2]µ+
� C2 ρ

−µθ+(1−θ)/2 [k(ρ)2 − v2]µ
+,

which gives (2.29) for β = 0. More generally, for β < µ, we obtain

|∂βv e(ρ, v)| � C ρβθ sup
z

∣∣∂µz e(ρ, v)∣∣ [1 − z2]µ−β
+

� C1 ρ
−βθ+µθ+(1−θ)/2 [k(ρ)2 − v2]µ−β

+ ,

which gives (2.29). This completes the proof of Theorem 2.2. ��

3. A multiple-term expansion

We now turn to the general situation of a pressure function p = p(ρ) satisfying
the following: There exists a sequence of exponents

1 < γ := γ1 < γ2 < · · · < γN � (3γ − 1)/2 < γN+1 (3.1)

and a sufficiently smooth function P = P(ρ) such that

p(ρ) =
N∑
n=1

κn ρ
γn + ργN+1 P(ρ),

P (ρ) and ρ3 P ′′′(ρ) are bounded as ρ → 0,

(3.2)
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for some coefficients κn ∈ R, where κ1 := (γ − 1)2/(4γ ) after normalization.
From the exponent γ we also define θ , λ, and ν as in Section 2, so that the reminder
in (3.2) takes the same form as we had in (2.1).

The two-term expansion derived in Section 2 is no longer valid when, besides
the singularity with exponent γ , the pressure contains singularities with exponents
strictly less than (3γ − 1)/2. Instead, we must introduce the Bessel functions of
exponents νi , i = 1, . . . , I , ordered in increasing order and determined in the
following way. Set{

µ1, µ2, . . . , µI

} = [0, θ ] ∩
{

N∑
n=1

en (γn − γ1) : en = 0, 1, . . .

}

and then

νi − 1

2
:= λi := λ+ µi

θ
for i = 1, . . . , I. (3.3)

Clearly, µ1 = 0 and
λ = λ1, ν = ν1.

But, it is important to notice that the coefficients νi are not associated with the
coefficients γi directly by the same formulas as in Section 2. Finally, we denote by
µI+1 the smallest of

∑
n en (γn − γ1) which is greater than θ , and we set

µI+1 = θ (1 + ε).

To motivate the introduction of the exponentsµi , we point out that (3.2) implies
that, for instance,

c(ρ) = ρθ

(
I∑
i=1

qi ρ
µi + ρµI+1 Q(ρ)

)
,

where qi , 1 ≤ i ≤ I , are constants and Q is a more regular function. The function
k defined as before by

k(ρ) :=
∫ ρ

0

c(y)

y
dy

admits a completely similar expansion.
We now prove the following theorem.

Theorem 3.1. Suppose that the function p = p(ρ) satisfies the assumption (3.2)
for some sequence of exponents satisfying (3.1). Then there exists a solution of the
problem (2.2), χ̂ = χ̂(ρ, ξ), defined for ρ � 0 and ξ ∈ R. It is smooth for ρ > 0,
continuous as ρ → 0, and is given by the expansion

χ̂(ρ, ξ) =
(
θ k(ρ)

k′(ρ)

)1/2

×
(

I∑
i=1

Ki

Jνi
(|ξ | k(ρ))
|ξ |νi +N(ρ)

Jν+1
(|ξ | k(ρ))
|ξ |ν+1 + r(ρ, ξ)

)
, (3.4)

where the function N = N(ρ) was already defined in Theorem 2.1, and the con-
stants Ki are determined in the proof below with K1 = 1. The remainder also
satisfies the estimate (2.12) in Theorem 2.1.
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Proof. We follow the same strategy as in the proof of Theorem 2.1. As before, we
take ξ > 0. Now, the remainder

r̃(ρ, ξ) :=
(
θ k(ρ)

k′(ρ)

)1/2

r(ρ, ξ)

satisfies

r̃ρρ +
(
k′(ρ)2 ξ2 − β(ρ)

)
r̃

= −β(ρ) r̃ +H −
(
∂ρρ + k′(ρ)2 ξ2

) I∑
i=2

Ki

(
θ k(ρ)

k′(ρ)

)1/2 Jνi
(|ξ | k(ρ))
|ξ |νi

= −β(ρ) r̃ +H −
(
θ k(ρ)

k′(ρ)

)1/2 I∑
i=2

Ki βi(ρ)
Jνi
(|ξ | k(ρ))
|ξ |νi

=: −β(ρ) r̃ + H̃ , (3.5)

where the functions βi = βi(ρ) are defined by

βi := k−λi−1 k′1/2
(
kλi+1 k′−1/2

)′′
. (3.6)

We now rely on the expression of the function H in the proof of Section 2.
Using the assumption (3.2), we have

A(ρ) =
I∑
i=1

qi ρ
µi−1 + ρµI+1−1 Q(ρ) (3.7)

for some qi and Q. Since, by (2.5), all of Jδ
(|ξ | k(ρ))/|k(ρ)ξ |δ are equivalent to 1

as ρ → 0, the behavior of the function H̃ (ρ, ξ) near the vacuum is given by

E(ρ) : = A(ρ)

c0,λ+1
−
(
θ k(ρ)

k′(ρ)

)1/2 I∑
i=2

Ki βi(ρ) k(ρ)
−νi

= A(ρ)

c0,λ+1
− θ1/2

I∑
i=2

Ki

(
kλi+1 k′−1/2

)′′
.

Now, again using the assumption (3.2), we find

(
kλi+1 k′−1/2

)′′ = ρθλi+(θ−3)/2


 I∑
j=1

κj ρ
µj + ρµI+1 Q̃(ρ)


 (3.8)

for some constants q̃j and some regular function Q̃, with in particular q̃1 =
θ−1/2

(
θλi + (θ − 1)/2

) (
θλi + (θ − 3)/2

) �= 0. Furthermore, by our definition
(3.3), we have exactly

θλi + (θ − 3)/2 = µi − 1.
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That is, the exponents in the expansion (3.7) coincide with the principal exponent
arising in (3.8) for i = 1, . . . , I . This implies that, by a suitable choice of the
constants Ki , we can remove all of the singularities in the function E so that

E(ρ) = O(ρµI+1−1). (3.9)

Returning to the function H̃ , we conclude that

|H̃ (ρ, ξ)| �
{
C ρµI+1−1 for |k(ρ)ξ | � 1,
C |k(ρ)ξ |−3/2 for |k(ρ)ξ | � 1.

(3.10)

The rest of the proof follows as in Section 2, by using the following integral
formulation for the solution of (2.14):

r̃(ρ, ξ) =
(
θk(ρ)

k′(ρ)

)1/2 ∫ ρ

0

K
(
ρ, s; ξ)

W(s, ξ)

(
θk(s)

k′(s)

)1/2 (
H̃ (s, ξ)−β(s) r̃(s, ξ)

)
ds,

where the kernel K was defined earlier. In other words, we have

r(ρ, ξ) = θ

∫ ρ

0
K
(
ρ, s; ξ) ( k(s)

k′(s)
H̃ (s, ξ)+ r(s, ξ) g(s)

)
ds. (3.11)

The only new feature is the treatment of the term r1. We now use (3.10) and,
in fact, arrive at exactly the same estimate. This completes the proof of Theorem
3.1. ��

From Theorem 3.1, we deduce the existence of the entropy kernel.

Theorem 3.2. Assume that the pressure-function p = p(ρ) satisfies (1.2) (hyperb-
olicity) and (3.1), (3.2) (behavior near the vacuum). Then the problem (2.2) admits
a solution χ = χ(ρ, v), supported in the set K and smooth in its interior. For each
µ < λ, the function

[
k(ρ)2 − v2

]−µ

+ χ(ρ, v) is Hölder continuous in (ρ, v) with∣∣∣∂λ−µ
v

([
k(ρ)2 − v2]−µ

+ χ
)∣∣∣ � C k(ρ)2 (λ−µ). (3.12)

More precisely, the entropy kernel admits the expansion

χ(ρ, v) =
I∑
i=1

a
*
i (ρ)

[
k(ρ)2 − v2]λi

+ + a.(ρ)
[
k(ρ)2 − v2]λ+1

+ + e(ρ, v),

(3.13)

where

a
*
i (ρ) := Ki k(ρ)

−λi k′(ρ)−1/2 (3.14)

and a.(ρ)was defined in Theorem 2.2. Furthermore, all of the regularity properties
stated in Theorem 2.2 hold.

Finally, we can also study the entropy kernel.
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Theorem 3.3. Under the assumption of Theorem 3.2, there exists an entropy-flux
kernel σ = σ(ρ, v), supported in the set K and smooth in its interior. For each
µ < λ, the function

[
k(ρ)2 − v2

]−µ

+ σ(ρ, v) is Hölder continuous in (ρ, v) with∣∣∣∂λ−µ
v

([
k(ρ)2 − v2]−µ

+ χ
)∣∣∣ � C k(ρ)2 (λ−µ). (3.15)

More precisely, the entropy kernel admits the expansion

σ(ρ, v)− v χ(ρ, v) =
I∑
i=1

b
*
i (ρ)

[
k(ρ)2 − v2]λi

+

+ b.(ρ)
[
k(ρ)2 − v2]λ+1

+ + f (ρ, v), (3.16)

where

b
*
i (ρ) := a

*
i (ρ)

ρ k′(ρ)
k(ρ)

(3.17)

and b. = b.(ρ) is some function of ρ. Furthermore, the regularity results stated in
Theorem 2.2 for the entropy kernel carry over to the entropy-flux kernel.

4. Existence theory

Our main existence result is the following.

Theorem 4.1. Consider the isentropic Euler equations (1.1) under the assump-
tions (1.2) (hyperbolicity), (3.1), (3.2) (behavior near the vacuum), and (1.7)
(genuine nonlinearity) with γ ∈ (1, 3). Then, given any measurable and bounded
initial data (ρ0, v0) at time t = 0, there exists a corresponding entropy solution
(ρ,m) = (ρ, ρv) of the Cauchy problem associated with (1.1), globally defined
in time, such that 0 � ρ(x, t) � C and |m(x, t)| � C ρ(x, t) for some constant
C > 0 and for almost every (x, t).

Recall that (2.1) is just a special case of (3.1), (3.2). Note also that the condition
γ < 3 and the genuine nonlinearity condition (1.3) are assumed in this section
only.

Proof. Most of the arguments in [2] carry over with the more general expansion
discovered in Section 3. Thus, we only need here to discuss some new observations
required in the central part of the proof, i.e., the reduction of the Young mea-
sures. Denote by ν = ν(x,t)(ρ, v) a Young measure associated with the sequence
of approximate solutions to (1.1). It is known that ν satisfies Tartar’s commutation
relations (at almost every point (x, t)):〈

ν, η1 q2 − η2 q1
〉 = 〈

ν, η1
〉 〈
ν, q2

〉− 〈
ν, η2

〉 〈
ν, q1

〉
(4.1)

for any two weak entropy pairs (η1, q1) and (η2, q2) of (1.1). The objective is to
deduce from (4.1) that the support of ν in the (ρ, v)-plane is either a single point or
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a subset of the vacuum line
{
ρ = 0

}
. To this end, the cancellation properties stated

in Lemmas 4.2 and 4.3 in [2] play the central role.
Using the notation in [2], in particular,

Gλi (ρ, v) := [
k(ρ)2 − v2]λi

+ ,

we reconsider the distribution in the variables (ρ, v, s1, s2, s3):

E : = ∂λ+1
2 χ2 ∂

λ+1
3 σ3 − ∂λ+1

3 χ3 ∂
λ+1
2 σ2

= ∂λ+1
2 χ2 ∂

λ+1
3

(
σ3 − v χ3

)− ∂λ+1
3 χ3 ∂

λ+1
2

(
σ2 − v χ2

)
= ∂λ+1

2

(
I∑
i=1

a
*
i Gλi,2 + a.Gλ+1,2 + g2

)

× ∂λ+1
3

(
(s3 − v)

(
I∑
i=1

b
*
i Gλi,3 + b.Gλ+1,3

)
+ h3

)

− ∂λ+1
3

(
I∑
i=1

a
*
i Gλi,3 + a.Gλ+1,3 + g3

)

× ∂λ+1
2

(
(s2 − v)

(
I∑
i=1

b
*
i Gλi,2 + b.Gλ+1,2

)
+ h2

)
,

where for instance χ1 := χ(ρ, v − s1), etc. Thus, we have

E =
(

I∑
i=1

a
*
i ∂

λ+1
2 Gλi,2 + a.∂λ+1

2 Gλ+1,2 + ∂λ+1
2 g2

)

×
(
(s3 − v)

(
I∑
i=1

b
*
i ∂

λ+1
3 Gλi,3 + b.∂λ+1

3 Gλ+1,3

)

+ ∂λ+1
3 h3 + (λ+ 1)

(
I∑
i=1

b
*
i ∂

λ
3Gλi,3 + (λ+ 1) b.∂λ3Gλ+1,3

)

+
(

I∑
i=1

a
*
i ∂

λ+1
3 Gλi,3 + a.∂λ+1

3 Gλ+1,3 + ∂λ+1
3 g3

)

×
(
(s2 − v)

(
I∑
i=1

b
*
i ∂

λ+1
2 Gλi,2 + b.∂λ+1

2 Gλ+1,2

)

+ ∂λ+1
2 h2 + (λ+ 1)

(
I∑
i=1

b
*
i ∂

λ
2Gλi,2 + (λ+ 1) b.∂λ2Gλ+1,2

)

= : EI + EII + EIII.
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To decomposeE, we rely on the crucial observation that, by (3.17), the ratios b*i /a
*
i

are independent of the index i. We define

EI := (s3 − s2)

(
I∑
i=1

a
*
i ∂

λ+1
2 Gλi,2

) (
I∑
i=1

b
*
i ∂

λ+1
3 Gλi,3

)
,

EII :=
I∑
i=1

a
*
i ∂

λ+1
2 Gλi,2

(
(s3 − v) b.∂λ+1

3 Gλ+1,3 + (λ+ 1)
I∑
i=1

b
*
i ∂

λ
3Gλi,3

)

−
I∑
i=1

a
*
i ∂

λ+1
3 Gλi,3

(
(s2 − v) b.∂λ+1

2 Gλ+1,2 + (λ+ 1)
I∑
i=1

b
*
i ∂

λ
2Gλi,2

)

+a.
I∑
i=1

b
*
i

(
∂λ+1

2 Gλi+1,2(s3 − v) ∂λ+1
3 Gλ,3

−∂λ+1
3 Gλ+1,3(s2 − v) ∂

λi+1
2 Gλ,2

)
,

and EIII is the remainder.
We must determine the limit of the first two terms as s2, s3 → s1 in the sense

of distributions. Dealing with EIII is easy since it involves only products of Höld-
er-continuous functions by measures or more regular products. By symmetry, we
get

EIII ⇀ 0 as s2, s3 → s1 (4.2)

weakly in the sense of distributions, uniformly in (ρ, v).
On the other hand, EI contains the favorable factor s2 − s3. Therefore, by the

arguments developed in [2], we have again

EI ⇀ 0 as s2, s3 → s1 (4.3)

weakly in the sense of distributions and uniformly in (ρ, v).
Finally, the term EII contains products of functions of bounded variation by

bounded measures. However, it is not hard to see that only the specific product
treated in [2] generates a non-trivial contribution. The reason is that the terms con-
taining Gλi for i �= 1 are more regular than those associated with the first term
Gλ1 = Gλ. This completes the proof of Lemma 4.3 in [2] for the multiple-term
expansion and, in turn, establishes the reduction theorem for Young measures. By
relying on the framework developed in [2], this also completes the proof of Theorem
4.1. ��
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