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Abstract

Compressible vortex sheets are fundamental waves, along with shocks and
rarefaction waves, in entropy solutions to multidimensional hyperbolic systems of
conservation laws. Understanding the behavior of compressible vortex sheets is an
important step towards our full understanding of fluid motions and the behavior
of entropy solutions. For the Euler equations in two-dimensional gas dynamics,
the classical linearized stability analysis on compressible vortex sheets predicts
stability when the Mach number M > ﬁ and instability when M < ﬁ; and
Artola and Majda’s analysis reveals that the nonlinear instability may occur if
planar vortex sheets are perturbed by highly oscillatory waves even when M > /2.
For the Euler equations in three dimensions, every compressible vortex sheet is
violently unstable and this instability is the analogue of the Kelvin—Helmholtz
instability for incompressible fluids. The purpose of this paper is to understand
whether compressible vortex sheets in three dimensions, which are unstable in the
regime of pure gas dynamics, become stable under the magnetic effect in three-
dimensional magnetohydrodynamics (MHD). One of the main features is that the
stability problem is equivalent to a free-boundary problem whose free boundary is a
characteristic surface, which is more delicate than noncharacteristic free-boundary
problems. Another feature is that the linearized problem for current-vortex sheets
in MHD does not meet the uniform Kreiss—Lopatinskii condition. These features
cause additional analytical difficulties and especially prevent a direct use of the
standard Picard iteration to the nonlinear problem. In this paper, we develop a
nonlinear approach to deal with these difficulties in three-dimensional MHD. We
first carefully formulate the linearized problem for the current-vortex sheets to
show rigorously that the magnetic effect makes the problem weakly stable and
establish energy estimates, especially high-order energy estimates, in terms of the
nonhomogeneous terms and variable coefficients. Then we exploit these results to
develop a suitable iteration scheme of the Nash—-Moser—Hormander type to deal with
the loss of the order of derivative in the nonlinear level and establish its convergence,
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which leads to the existence and stability of compressible current-vortex sheets,
locally in time, in three-dimensional MHD.

1. Introduction

We are concerned with the existence and stability of compressible current-
vortex sheets in three-dimensional magnetohydrodynamics (MHD). The motion of
inviscid MHD fluids is governed by the following system:

o+ V- (pv) =0,
3 (pv) +V - (pv@v—H®H)+V(p+LH? =0,
00H -V x (vx H) =0,
o (0 (300 + 2By +)) + V- (pv (HolP+e+2) + H x (v x H)) =0,
(1.1)
and
V.H =0, (1.2)

where p,v = (vi,v2,v3), H = (Hi, H>, H3), and p are the density, velocity,
magnetic field, and pressure, respectively; e = e(p, S) is the internal energy; and
S is the entropy. The Gibbs relation

6ds = de — L ap
o
implies the constitutive relations:

p:p2e,0(pvs)a QZeS(pss)a

where 0 is the temperature. The quantity ¢ = ,/p,(p, §) is the sound speed of the
fluid.
For smooth solutions, the equations in (1.1) are equivalent to

@ +v-V)p+pcV-v=0,
p@+v-VYv+Vp—-(Vx H)x H=0,
@ +v-VYH—(H -VYv+ HV -v=0,
0 +v-V)§=0,

(1.3)

which can be written as an 8 x 8 symmetric hyperbolic system for U = (p, v, H, S)

of the form:
3

Bo(U)3,U + Y Bj(U)dy,U =0. (1.4)
j=1

Compressible vortex sheets occur ubiquitously in nature (cf. [2-5, 11, 14, 24, 26,
27]) and are fundamental waves in entropy solutions to multidimensional hyper-
bolic systems of conservation laws. For example, the vortex sheets are one of the
core waves in the Mach reflection configurations when a planar shock hits a wedge
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and, more generally, in the two-dimensional Riemann solutions, which are buil-
ding blocks of general entropy solutions to the Euler equations in gas dynamics.
Therefore, understanding the existence and stability of compressible vortex sheets
is an important step towards our full understanding of fluid motions and the beha-
vior of entropy solutions to multidimensional hyperbolic systems of conservation
laws, along with the existence and stability of shocks and rarefaction waves (cf. [1,
14, 20, 21]; also see [12, 16]).

For the Euler equations in two-dimensional gas dynamics, the classical linea-
rized stability analysis on compressible vortex sheets predicts stability when the
Mach number M > +/2 since there are no growing modes in this case, and insta-
bility when M < +/2 since there are exponentially exploding modes of instability
(see [22, 23] for the definitive treatment). The local nonlinear stability for the two-
dimensional case with M > /2 was recently established by COULOMBEL-SECCHI
[9, 10] when the initial data is a small perturbation of a planar vortex sheet. In a
series of papers, ARTOLA and MAIDA [2-4] studied the stability of vortex sheets by
using the argument of nonlinear geometric optics to analyze the interaction between
vortex sheets and highly oscillatory waves. They first observed the generation of
three distinct families of kink modes traveling along the slipstream bracketed by
shocks and rarefaction waves and provided a detailed explanation of the instability
of supersonic vortex sheets even when M > +/2. Therefore, one cannot expect
nonlinear stability globally for two-dimensional compressible vortex sheets.

For the Euler equations in three-dimensional gas dynamics, the situation is even
more complicated. In fact, it is well known that every compressible vortex sheet
is violently unstable and this instability is the analogue of the Kelvin—Helmholtz
instability for incompressible fluids.

The purpose of this paper is to understand whether compressible vortex sheets
in three dimensions, which are unstable in the regime of pure gas dynamics, become
stable under the magnetic effect, that is, the nonlinear stability of current-vortex
sheets in three-dimensional MHD. One of the main features is that the stability
problem is equivalent to a free-boundary problem whose free boundary is a cha-
racteristic surface, which is more delicate than the noncharacteristic free-boundary
problems derived from the multidimensional shock problems that are endowed with
a strict jump of the normal velocity on the free boundary (cf. [12, 20, 21]; also [7,
11]). Another feature is that the linearized problem for current-vortex sheets in
MHD does not meet the uniform Kreiss—Lopatinskii condition (cf. [18, 20]); see
the analysis in BLOKHIN and TRAKHININ [6] and TRAKHININ [25]. These features
cause additional analytical difficulties and, in particular, they prevent a direct use
of the standard Picard iteration to prove the existence of solutions to the nonlinear
problem.

In this paper, we develop a nonlinear approach to deal with these difficulties
in three-dimensional MHD. We first carefully formulate the linearized problem for
the current-vortex sheet to show rigorously that, although any compressible vortex
sheet may be violently unstable in the regime of pure gas dynamics and does not
meet the uniform Kreiss—Lopatinskii condition, the magnetic effect makes the li-
nearized problem weakly stable as observed in [6, 25]. In particular, we successfully
establish high-order energy estimates of the solutions for the linearized problem in
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terms of the nonhomogeneous terms and variable coefficients. Then we exploit these
results to develop a suitable iteration scheme of the Nash—-Moser—Hormander type
and establish its convergence, which leads to the existence and stability of com-
pressible current-vortex sheets, locally in time, in the three-dimensional MHD.
We observe that, even though the energy estimate given in Theorem 4.2 for the
linearized problem (3.1)—(3.3) keeps the same order regularity for the solutions,
nonhomogeneous terms, and coefficients formally, in system (3.1), the nonhomo-
geneous term F* depends on the first derivative of U® and the derivatives of ¥+
up to order two, and the coefficient matrices depend on the first derivative of vt
which leads to the loss of regularity in estimate (4.14). This observation motivates
us to develop the iteration scheme of the Nash—-Moser—Hormander type to deal with
the loss of regularity in the nonlinear problem.

We remark that, in order to establish the energy estimates, especially high-order
energy estimates, of solutions to the linearized problem derived from the current-
vortex sheet, we have identified a well-structured decoupled formulation so that the
linear problem (3.1)—(3.3) is decoupled into one standard initial-boundary value
problem (3.10) for a symmetric hyperbolic system and another problem (3.11)
for an ordinary differential equation for the front. This decoupled formulation is
much more convenient and simpler than that in (58)—(60) given in [25] and is
essential for us to establish the desired high-order energy estimates of solutions,
which is one of the key ingredients for developing the suitable iteration scheme of
the Nash—-Moser—Hormander type that converges.

This paper is organized as follows. In Section 2, we first set up the current-vortex
sheet problem as a free-boundary problem, and then we reformulate this problem
into a fixed initial-boundary value problem and state the main theorem of this paper.
In Sections 3—4, we first carefully formulate the linearized problem for compressible
current-vortex sheets and identify the decoupled formulation; and then we establish
energy estimates, especially high-order energy estimates, of the solutions in terms
of the nonhomogeneous terms and variable coefficients. Then, in Section 5, we
analyze the compatibility conditions and construct the zeroth-order approximate
solutions for the nonlinear problem, which is a basis for our iteration scheme. In
Section 6, we develop a suitable iteration scheme of the Nash—-Moser—Hormander
type. In Section 7, we establish the convergence of the iteration scheme towards
a compressible current-vortex sheet. Finally, in Section 8, we complete several
necessary estimates of the iteration scheme used in Section 7.

2. Current-vortex sheets and main theorem

In this section, we first set up the current-vortex sheet problem as a free-
boundary problem and then reformulate this problem into a fixed initial-boundary
value problem, and finally we state the main theorem of this paper.

Let a piecewise smooth function U (¢, x) be an entropy solution to (1.1) with
the form:

Ut(t,x) for x; > ¥ (¢, x2, x3),

ve.» = {U(t,x) for x| < ¥ (1, x2, X3). @D
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Then, on the discontinuity front I' := {x; = ¥ (¢, x2, x3)}, U (¢, x) must satisfy the
Rankine—Hugoniot conditions:

[[mn1=0,
[Hy] =0,
mylon]+ (1 +¥2 +¥2)lg] =0,

vel = Hy[He ), @2)

my|
mN[%] = HN[UTL
myle + 3P + 5] + [quy — Hy(H -v)] =0,

where [«] denotes the jump of the function « on the front I', (vy, v¢) (resp.
(Hy, Hy)) are the normal and tangential components of v (resp. H) on I', that
is,

UN = U1 — Y, U2 — Y3,

Ve = (Vg V) T = (U V1 4 02, s v1 4 03) T

Hy :=H| — 1psz_IZ - wx3H31

H; = (Hy, Hy,) " = (Yo, Hy + Ha, Yoy Hy + H3) T,

where my = p(vy — V) is the mass transfer flux, and ¢ = p + # is the total
pressure.

If my = O0onT,then (U, I') is a contact discontinuity for (1.1). In this paper,
we focus on the case:

Hy = Hy =0, (2.3)
H Y H,, 2.4)

for which U (¢, x) in (2.1) is called a compressible current-vortex sheet. Then the
current-vortex sheet is determined by (2.3) and

- |H|?
¥, = vl = vy, [p+T] =0, 2.5)
on which generically
([p], [ve ], [SD) # 0. (2.6)

When H = 0, U(¢, x) becomes a classical compressible vortex sheet in fluid
mechanics without magnetic effect.

Since H:,' = Hy onI' = {x; = ¥ (¢, x2, x3)}, it is easy to see that condition
(2.4) is equivalent to the condition:

H; H;
(H?) Iy (Hi_) onT. 2.7

Indeed, when H X,r = Hy onI", we have

HE = (1 + Vi) HS + YoV Hy YoV Hy + (L Y2 HD) T



374 GUI-QIANG CHEN & YA-GUANG WANG

which implies that e H.* + BH_ = 0 if and only if ozH,:r + BH,_ = 0 hold for
k=2,3.

Furthermore, system (1.1) has the following property: Let (U*, ) be the
current-vortex sheet to (1.1) fort € [0, T) for some T > 0. Then, ifV'H:t(O, X) =
0, we have

V- -H*(t,x)=0 forall 7e[0,T). (2.8)

This can be seen as follows: From (1.3), we find that, on both sides of T",

@ +vE VNV -HY + (V- o5V -HY =0. (2.9)
On T, we use ¥, = v,j\E, to obtain
¥ +vE -V =3 + (5 + Y, 03 + Yy v3) e + 030, + 0350 =5 (8, V),

where the vectors 7+ = (1, vE Nt Y, v2 + Vs v3 , ”2 , U3 )T are orthogonal to
the space—time normal vector n = (Y, —1, ¥y, wx3) on . Thus, 9; + v= -V
are tangential derivative operators to I', and the equations in (2.9) are transport
equations for V - H on both sides of I", which yields (2.8).

Set

1 %HT O1x3
) with DA, U) := | \pH I3 —prl3
O3x1  —Al3 I

D U) 0

DA, U) = ( 0 |

As in [25], property (2.8) implies that system (1.1)—(1.2) is equivalent to the follo-
wing system on both sides of I'":

3
D (A*,U%) (Bo(Ui)B,Ui+Z B,-(Ui)aiji) +AEGEV-HE =0, (2.10)
j=1
provided V - H i(O, x) = 0, where
G* =—(1,0,0,0, H*,0)",

and AT = AF (v, v3 JHE H i) will be determined later so that

() < — ! (2.11)
p*E + [HE?/(c*)?
are satisfied for the sound speeds ¢*.
We rewrite system (2.10) as
3
AgUS)U* + D Aj(UH)d,,UT =0, (2.12)

J=1

which is a symmetric hyperbolic system. Then the problem of existence and stability
of current-vortex sheets of form (2.1) can be formulated as the following free-
boundary problem.
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Free-boundary problem: Determine U* (t, x) and afree boundary T = {x| =
Y (t, x2, x3)} for t > 0 such that

3
Ag(UHJU=+ X Aj(UHd, ,UF =0 for = (x; — (1, x2,x3)) > 0,
j=1

Uf(x) for xi > Yo(x2, x3),

Uli=o = -
UO (x) for x| < 1//0()62,)63)
(2.13)

satisfying the jump conditions on T":

N + _ - _ |H|2 o + _
Yy =vy =vy, Hy=Hy =0, [p+T]_O’ H WH , (2.14)
where Yo(x2, x3) = ¥ (0, x1, x2), V- Hoi(x) = 0, and condition (2.11) is satisfied
for AF given by (3.9) later.

For a piecewise smooth solution U (¢, x) of problem (2.13)—(2.14) with smooth
(U*, ) for t € [0, T), it can be similarly verified that V - H*(¢, x) = 0 for all
t €[0,T) since V - Hoi(x) = 0. Hence the equations in (2.13) and (1.1)—(1.2) are
equivalent for such a solution in the domain QF = {+(x; — ¥ (1, x2, x3)) > O}.

Furthermore, unlike the shock case, the new difficulty here is that the free
boundary I' in problem (2.13)—(2.14) is now a characteristic surface of the equations
in (2.13), rather than the noncharacteristic surface endowed with a strict jump of
the normal velocity as in the shock case (see [7, 11, 12, 20, 21]).

To deal with such a free-boundary problem, it is convenient to employ the
standard partial hodograph transformation:

1=1, = 1, = 13,
f~ ~X2~ st X3 2.15)
Xy =W¥=(t, x1, X2, X3)
with '+ satisfying
+Wh); > 0,
N o 2> o (2.16)
U 5=0 =¥ |5=0 = ¥ (&, X2, X3)

for some constant ¥ > 0. Under (2.15), the domains Q% are transformed into
{x1 > 0} and the free boundary I" into the fixed boundary {x; = 0}.

Then we define U* (7, ¥) := U (¢, x). From the first jump condition in (2.14),
the natural candidates for ¥ * are those that satisfy the following eikonal equations:

JWE — v + I8, F +030,WE =0 in {x; > 0}, (2.17)

where we drop the tildes in the formula here and from now on for simplicity of
notation. ~
It is easy to check that, under (2.15), U7, %) = U@, x) satisfy

LU ¥ UTE=0 in{x >0}, (2.18)
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the boundary conditions on {x; = 0}:

v |x1:0 = lI/7|x1:0 = w’

2.19
B (U, U= 9) o = 0 :

and the initial condition at {r = 0}:

(UE, ¥) limo = (UF ), Yo(x2, x3)) (2.20)

where the tildes have been also dropped for simplicity of notation,

3
LU, ¥)V = AgU),V + A1 (U, )3, V + D Aj(U)dy,V
j=2
with A1 (U W) = 5= (A1(U) = % Ao(U) — 3}, ¥, A; (V).

§
BUH U ) = (Y — Uy, Up yoa* —4")
with Uy = US — Y, U — v, UL U = US — ¥, UE — ¥, U, and

1
q=U+ 5|UH|2 for Uy = (Us, Us, U7)".

With these, the free-boundary problem has been reduced into the initial-boundary
value problem (2.17)—(2.20) with a fixed boundary {x; = 0}.

To solve (2.17)—(2.20), as in [1, 8, 15], it is natural to introduce the tangential
vector M = (M, My, M3) of {x; = 0}:

My =o0(x1)0x;, Mz =0y,, M3= 0y,
with

( ) X1 for 0 é X1 é 1,
o (X =
! 2 for x; =2,

and the weighted Sobolev spaces defined on Q7 := {(¢, x) € [0, T]><]R3 c x>0}
B(Qr) == {u € L*(Qr) : e " M*3} u € L*(Qr) for|a|+ 2k < s}

forall s € Nand u > 0, imposed with the norms

T 1/2
lells,er == (/ flu(z, -)||?,#df) )
0

2 . 2(s—|a| -2k —ut k 2
lute, I3, = D w220 e MY w17,
la|+2k s

where
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We will also use similar notation as above for the spaces with u = 0, B*(Q27),
whose norm is defined by

1/2
lulls.r :=( > llM“af.ulliz<QT>) -

lo|+2k s

Also denote by b2y = {(t, x2,x3) : t € [0, T], (x2,x3) € R?}.

Then, when the initial data ( USE, Y) is a small perturbation of a planar current-
vortex sheet (U*, ) for constant states U+ and ¥ = 0 satisfying (2.3)—(2.5), we
have the following main theorem of this paper.

Theorem 2.1. (Main theorem). Assume that, for any fixed o« 2 14 and s € [o +
5, 200—9), the initial data functions o € H*13(R?) and Ugt —U* € B2STD(R3)
satisfy the compatibility conditions of problem (2.17)—(2.20) up to order s 4+ 2 (cf.
Section 5). Then there exists a solution (U~, W¥) of the initial-boundary value
problem (2.17)—(2.20) such that

(U= —UF v* - ) e BY(Qr) and ¢ = WF|, o € H* ' (bQ27)
for some functions U ai and El/ai satisfying
(UF —UF, wFFx) e B (R xRY).

We remark that, since 4=(¥ %) 7 = k > 0, the corresponding vector function of
the solution (U*, &) in Theorem 2.1 under the inverse of the partial hodograph
transform is a solution of the free-boundary problem that is the current-vortex sheet
problem, which implies the existence and stability of compressible current-vortex
sheets to (2.1)—(2.2) under the initial perturbation. To achieve this, we start with the
linear stability in Sections 3—4 and then establish the nonlinear stability by develo-
ping nonlinear techniques in Sections 5—7. Some estimates used in Sections 5—7 for
the iteration scheme of the Nash—Moser—Hormander type are given in Section 8.

3. Linear stability I: linearized problems

To study the linear stability of current-vortex sheets, we first derive a linearized
problem from the nonlinear problem (2.17)—(2.20). By a direct calculation, we have

d
a( LWU 4 sV, ¥ +5®)(U +5V))ls=0

= LU, ¥)W + E(U, ¥)W + %I(L(U, Uy,

where
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is the good unknown as introduced in [1] (see also [12, 21]) and

3
EWU. W =W - Vy (AU W) Uy, + > W - VyA;(U)Us,.
j=2

Then we obtain the following linearized problem of (2.17)—(2.20):
LUE, vHW* + EU*, wHwt = F+ in {x; > 0} (3.1)
with the boundary conditions on {x; = 0}:

¢ — (Wi = Y, Wi — v, W) + U gy, + U g, = b,
Wi — Yo WE — Y Wi — Uy, — Ui by = I3,

; (3.2)
Wi — Wi+ X (U= U W) = ha,
=5
and the initial condition at {r = 0}:
(W=, ¢)li=0 = 0, (3.3)

for some functions F* and h := (hi, hzi, h3) ", where (¥, ¢) = (¥, D) |y, =0-
To separate the characteristic and noncharacteristic components of the unknown
W=, we introduce J* = J U £, 'Jli) as an 8 x 8 regular matrix such that

Xt =) lw* (3.4)

satisfies
+ + LA,
XT =W, +ZsUj Wi,
j:

X = Wi — (0 H), Wi — (05) WS,
X5 = WE = W), W — (05) Wi,
(X3, X5, Xg, X3, Xg) = (W55, WE5, WG, Wir, W),

Then, under transformation (3.4), problem (3.1)—(3.3) for (W, ¢) is equivalent to
the following problem for (X*, ¢):

L(UE, %) XE+ E U v Xt = F* in{x; > 0) (3.5)
with the boundary conditions on {x; = 0}:

¢ — X5 + Ui ¢y + Uy by = h,
XF — Uy, — Uy, = h3, (3.6)
XT — X[ =hs,

and the initial condition at {r = 0}:

(X*,¢) li=0 =0, 3.7)
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where F£ = (J¥)TF=,
3
L™, %) = AgWU* 5o + 3 A;UF w5y,
j=1

with AU, 04 = (A, (U, w3 =, A4; (U, w*) = (J%)'A;(U) %,
Jj # 1,and

EWU*, ¥5)X* = (UHTEWUS, vHIH)X* + (U5 TLWU*, wH ) x*.

For simplicity of notation, we will drop the tildes in (3.5). By a direct calculation,
we see that Aj(U*, ¥¥) can be decomposed into three parts:

AyUE UE) = AT 4 AT AT

with

+ + +
+0 _ 1 [0 a } i,lzlpf —Uin -4 A2 _ U n iE2
1 (wi)xl aT 077 ’ 1 (lpi)xl | 1 (lpi)xl 1 >

where a = (1,0,0, —2%,0,0,0), Uy y = Uy — (¥%),, U5 — (¥*),,U;, and
Upy =Us — (WH,Us — (@5, Us

When the state (U*, &%) satisfies the boundary conditions given in (2.19), we
know from (3.5) that, on {x; = 0},

AUT, o) 0 XH\ XY\ s
<( 0 A1(U,11/))(X)’(X)>—2X1 [X2 — AXs5], (3.8)

when [X{] = 0 on {x; = 0}.
Furthermore, from (3.6), we have

[X2 — AX5] = ¢x, [Us — AUl + ¢x;[Us — LU7] — [h1 + Mh2].

Thus, from assumption (2.4) that is equivalent to (2.7), there exists a unique
2t = )Li(véc, vgc, Hzi, H3i) such that

+ - + -
v Y (v Y_,+(H \_,-(H
()-(2)= () (i) oo
that is, [Uz — AUg] = [Us — LU7] = 0, which implies
[X2 —AXs] = —[h1 + Ahz].
Therefore, with the choice of AT in (3.9), problem (3.5)—(3.7) is decomposed
into
LU, vHXE+ EU*, ¢HXE=F* in {x; >0},
[X2 — AXs] = —[h1 + Ah2] on {x; =0},
X —X7 =h;3 on {x; = 0},
XE|i<0 =0,

(3.10)
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which is maximally dissipative in the sense of LAX and FrIEDRICHS [13], and on
{x; =0},

-1
ulr uf X+ —nt N
¢f=x;E—(U§E,Uf)( 6 7) (5 2 )+t
u; U, X5 —h; (3.11)
¢li=0 = 0.

Remark 3.1. To have the identities in (3.11) requires compatibility, that is, that the
right-hand side of (3.11) for the plus sign is equal to the term for the minus sign.
This is also guaranteed by the choice of A* in (3.9).

4. Linear stability I1: energy estimates

In this section, we establish the energy estimates for the linear problem (3.1)—
(3.3), which implies the existence and uniqueness of solutions. We know from
Section 3 that it suffices to study the linear problems (3.10)—(3.11).

As noted as above, when the state (U * lI/i) satisfies the eikonal equation
(2.17) in {x; > 0} and the boundary conditions on {x; = 0} in (2.19), we know
that the boundary {x; = 0} is the uniform characteristic plane of multiplicities 12
for the equations in (3.10).

First, we have the following elementary properties in the space B*(€27), whose
proof can be found in [1].

Lemma 4.1. (i) For any fixed s > 5/2, the identity mapping is a bounded embed-
ding from B*(Q21) to L*° (1),

(ii) If s > 1 and u € B*(Q7), then ulx,—o € HS~ Y (bQr), the classical Sobo-
lev space. Conversely, if v € H? (bQ2r) for a fixed o > 0, then there exists
u € Bt (Qr) such that u|y,—o = v.

Denote by coef (¢, x) all the coefficient functions appeared in the equations in
(3.10), and coe f(t,x) = coef(t, x) — coef (0). With the decoupled formulation
(3.10)—(3.11) for the linearized problem, we can now employ the LAX—FRIEDRICHS
theory [13] to establish the desired energy estimates, especially the high-order
energy estimates, of solutions for the linear problem.

Theorem 4.1. For any fixed sy > 17/2, there exist constants Co and po depending
only on ||coef ||s,.T for the coefficient functions in (3.10) such that, for any s 2 so
and u 2 g, the estimate

max || XT(@)|? X*|?
oo I1X=OI5, . + vl XI5, r
Co
< Z()FE)? 2 4.1
< 2 F R o + 10014, @1

+llcoef |12, 1 (||Fi||§0,r + ”h“irfo*‘(bﬂr)))
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holds, provided that the eikonal equations (2.17) and

Upy=Us —(@HnUs — (@HU;7 =0

381

are valid for (U, W*) on {x; = 0}, where h = (hi, h2dE h3) T and the norm in

H li (bS27) are defined as that of B;, (Q2r) with functions independent of x,.

Proof. The proof is divided into two steps.

Step 1. We first study problem (3.10) with homogeneous boundary conditions:

hf=hi¥=h3=0 on{x; =0}

Define
L 0 0 +
pr=(0 P 0 (Pé 10)
0 0 I 3
with
010 10 0
Pr={00 1), PF=[01 aF
1 00 00 1
Then
ARl 4l
A:t — (PZE)TA:ltP:t — :ltll 1i21
Ayl Ay
with
+1 01 +1 +1 +1
Al =(1 0)’ A =4y =Ay =0
on {x; = 0}.

Thus, from (3.10) and (4.2), we find that the vector function
vt = (PH)Ix*
satisfies the following problem:

LWUT, oyt XU+, vHyt =F*  in{x; > 0},
(Y11=[Y2]1=0 on {x; = 0},
Y¥|,<o =0,

where F* = (P%) T F*,

3
LU WF) = AT0 + D ATd,
j=1

4.2)

(4.3)

(4.4)
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with A7 = (P¥)TATP%,0 < j £3,and
3
EX = (PHTEPT + (P D AT(PY),,.

j=0

L2-estimate: With setup (4.4), we can apply the Lax—Friedrichs theory to obtain
the following L?-estimate:

Co
max ||[YE(1)||3 YER o< 20 EE2 45
0o, IY=ON5,, + 1l Y15 7 = . 1FE13 7 45)

when u 2 o > 0, where
Co = Co(llcoef || Lo, IV - coef || L).

Estimates on the tangential derivatives. From (4.4), we find that M@ Y+, |or| < s,
satisfy

LMOYE 4 EEMAYE = MYFE 4+ [L 4 EF, M*]YE  in{x; > 0},
[M?Y{] = [M®Y>] =0 on {x; =0}, (4.6)
MaYi|t§0 =0,

which, by the Lax—Friedrichs theory again, yields

+ 2 +,2
max |Y—(¢ + nlY
0§[§T| ()|sv”' I'L| |5’M,T

Co
< 7(|f*|§,M,T + (leoef 132 1Y*2 ¢ @.7)

+,2 y 2 +,2
+IVYE R aleoef 2 r + 106 Vi)

where Y;—L = (Yi, Yzi), the norms | - |, and | - |, 7 are the special cases of the
norms | - [ls,,. and || - ||, 7, respectively, without the normal derivatives 8)’5‘1, and

lully = D M ullo@py + D 1M 05 ull Lo 0r).-
| =2 <1

Estimates on the normal derivatives. Set A; = diag[A}F, .A;], 0= <3,

with
+,j +,j
A* = (A;gj. Aliz;).
! Ayt Ay
From (4.3)-(4.4), we find that Y;* = (Y, ¥5%) and Y = (Y5, ..., ¥5) satisfy
the following equations:

AT 0, YE = coef - MYE + coef - YE + FF — Af 0, Y, (4.8)
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and

3 +,j + + 4+ + 3 +,j + + 4+
{Z,/:OAzz O, Yy + CuYy =Fp — 200 Ay 0, Y — Cy YT,

4.9)
Yi'tgo =0,

where the linear operator Z;=0 Az’j Oy, + C;EZ is symmetric hyperbolic and tan-
gential to {x; = 0}.
Thus, from (4.8), we obtain

19y, YEO ls—1.00 S 1FF O 51, + llcoef | Lipa) | YE @) s

Y E N Liper)lcoef (s,

with || - ||ip(r) denoting the usual norm in the space of Lipschitz continuous
functions in Q7 and, from (4.9), we deduce the following estimate on 9y, Y ﬂi by
using the classical hyperbolic theory:

(4.10)

+,.42 +2
max |0y, Y7 (£)|5_, , + |0y, Yy |5
0§t§T| X1 y()|s 2,14 Ml xaly |s 2.1, T

Co
= 7(|3x17:1:1t|?—2,uj + ”coef”%ip(T)('YIiI?,u,T + |0y, Y1i|g—1,u,r) (4.11)

. .
+ (lcoef I 1Y 1Y 0> + (IIYiII*}IcoeflﬁYM,T)2),
where

N
|u|s,u,T = |u|s,u,T + |Mx1 |s—2,M,T-

Combining estimates (4.7) with (4.10)—(4.11), applying an inductive argument
on the order of normal derivatives 8)’(‘1 , and noting that all the coefficient functions
of £ and £F in problem (4.4) depending on (U*, Vt,xllli) and (U™, V,,in,
{00 Vi s ¥ N 1 0 | 2,01 + | <2)» TESDECtiVEly, we can conclude estimate (4.1)
for the case of homogeneous boundary conditions by choosing sg > 17/2.

Step 2. With Step 1, for the case of nonhomogeneous boundary conditions in
(3.10) with (hy, hy, h3) € HF([0, T x R?), it suffices to study (3.10) when
F*=0.

By Lemma 4.1, there exists X§ € B*t2(Qr) satisfying

[X0,2 —AXo5] = —[h1 +Ah2], [Xo.1]l=h3 on{x; =0}. (4.12)

Thus, from (3.10), we know that Y = x* - th satisfies the following
problem:

LU, vHy* + EUT, ¢Hy* = f+  in{x; > 0},
[Yi]=[Y2 —AY5] =0 on {x; = 0}, (4.13)
Y:t|t§0 =0,

with f* = —L(U*, w5 XT — E(UF, ¥*)X5 € B (Qr).

Employing estimate (4.1) in the case & = 0 for problem (4.13) established in
Step 1 yields an estimate on Y+, which implies an estimate of X* = Y+ + X(“)—L.
Combining this estimate with that for the case of homogeneous boundary conditions
yields (4.1) for the general case.
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By choosing first i >> 1 and then T so that u7 < 1 in (4.1), we can directly
conclude:

Theorem 4.2. For any fixed so > 17/2, there exists a constant Co > 0 depending
only on |[coef ||s,. T such that, for any s 2 so, the following estimate holds:

1X*12 1 = Co(NFEI2 7 + 110
(4.14)

+licoef I2 7 (IFE12 7 + 11301 )

5. Nonlinear stability I: construction of the zeroth-order approximate
solutions

With the linear estimates in Section 4, we now establish the local existence of
current-vortex sheets of problem (2.17)—(2.20) under the compatlblhty conditions
on the initial data. From now on, we focus on the initial data (Uo Yo) that is a
small perturbation of a planar current-vortex sheet (U*, ¥) with constant states
U* and ¢ = 0 satisfying (2.3)~(2.5).

We start with the compatibility conditions on {r = x; = 0}. For fixed k € N,
it is easy to formulate the j"-order compatibility conditions, 0 < j < k, for the
initial data (Uoi, Y¥o) of problem (2.17)—(2.20), from which we determine the data:

{8/ U li——odo<;<x and {8/ ¥li=odo< <1 (5.1)
For any fixed integer s > 9/2 and given data o € H*~!(R?) and UOi with
Uf =U§ —U* e B*(RY),
by using Lemma 4.1 for T = 0, we can extend /g to be IPO € B’ (R ) satisfying
Uss — (W)aUse — (¥ )xUyz =0 in {x; > 0}, (5.2)
which is possible by using assumption (2.4). Let yE = d}()ﬂ[ = x1 be the initial data
for solving ¥* from the eikonal equations (2.17).
Let Ui(x) =9/ U%|,_o and wi = 3/ w*|,_ forany j > 0.
For all k < [s/2], from problem (2.17)—(2.20), we determine
+ +
Wihgjze and ¥ o< < (5.3)
in terms of (Uoi, llloi) and

UF e BS2IR3), 1< )<k,
[, R, 1=7= (5.4)

wE e BIRY), lp;—“ e BS2UDMR3), 25 j k41
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Furthermore, we have the estimate

[s/2] [s/2]+1
+ + +
DU g2y + D 1 I gziaeyy + 197 v

< Co(lUy Nl gy + 10l s )

. . <4+
with Cp depending only on s, ||U; ”WLOO(Ri)’ and ||y | WLoo(R2)-
Set s1 = [s/2] + 1. We now construct the zeroth-order approximate solutions
(UZE, wF). First, by using a classical extension argument (cf. [19]), we construct

W e BTN (Ry x RY) (5.6)
satisfying 8lj UE| o= lf’f, 0<j<s,and ¥ |y—0 = ¥, |10, and

Us € B Ry xRY), [#2, (5.7)
satisfying 3szfl|z=0 = Ufl, 05 <s— 1

Moreover, by using the compatibility conditions of problem (2.17)—(2.20), we
have

+ + + + +
Ua,S - (wﬂ )x2 Ua,6 - (Wa )x3 Ua,7 = O on {.X] = 0}’ (58)
[Ua1 + 5|Uaul1=0 on {x; = 0},
where U = U 4+ UF, W =¥* +x,and Uy iy = (Uas, Uag, Ua7) |
Finally, we construct U, :2 € B (R x Ri) by requiring
(W) — U + (W)U + (W5, U, =0 in {x; > 0} (5.9)

Then we conclude

Lemma 5.1. For any fixed integers > 9/2, assume that the initial data (Uoi, Yo) =
(USE —U*, yo) € B (Ri) x HSV(R?) is bounded in the norms. Then there exists
(UE, wF) such that U = UE — U* e BS/2HI (R x R3), ¥F =wtxx e
B[S/ZH-Z(IR+ x Ri)’

0 (LWE WHUH)) =0 =0 for0 < j <[s/2] -1, (5.10)

and (5.8)—(5.9) hold.

With this, we set ¢, = lI/ajE |x;=0. From the compatibility conditions of problem
(2.17)—(2.20) and Lemma 5.1, we have

O (BWS, U, Ya))limo =0 for0 < j < [s5/2]. (5.11)

Set
vi=vU*t-UuF ot =vt_yt (5.12)
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Then it follows from Lemma 5.1 and (5.11) that problem (2.17)—(2.20) is equivalent
to the following fixed initial-boundary value problem for (V*, @%):

LVE dF)VE = £+ in{r >0, x; >0},

E(VE, dF) =0 in{r >0, x; >0},
Pt 0 = P |x=0 = &, (5.13)
BV, V=,¢)=0 on {x; = 0},

VE <o =0,0%|,<, =0,
where [ = —L(UF, v HUF,
LVE @F)WE = LWUF + VE ¥F + 05 UF + V) - LWUE, wHUE,
E(VE %) = 0% — Vi + (V" + U, @ + (V5 + U )0, 0F
HWE) L V5 + (WL V
and

BT,V ,¢)=BU+ VYU + V7, ¢, +¢).

6. Nonlinear stability II: iteration scheme

From Theorem 4.1, we observe that the high-order energy estimates of solutions
for the linearized problem (3.10) in terms of the nonhomogeneous terms F* and the
variable coefficients coef keep the same order in the linear level. Based on these
estimates and the structure of the nonlinear system, we now develop a suitable
iteration scheme of the Nash—-Moser—Hormander type (cf. [17]) to deal with the
loss of regularity for the nonlinear problem (5.13).

To do this, we first recall a standard family of smoothing operators (cf. [1, 10]):

{Soto=0 = Bj(Qr) —> N;>0B5(Qr) (6.1)
satisfying
ISoulls. 7 < COC~ O+ |[ullg.7 for all s, 2 0,
ISoue — ulls,r < CO|lulle,r  foralls [0, ], (6.2)
4 Soulls,r < CO~*ullgr foralls,a >0,
and
I(Sputt — Spu)lx,=oll s pay) < COST | (ug — u)ly—ollo7 (6.3)

forall s, = 0.
Similarly, one has a family of smoothing operators (still denoted by) {Sp}s=0
acting on H® (bS27), satisfying (6.2) as well for the norms of H* (b27) (cf. [1, 10]).
Now we construct the iteration scheme for solving the nonlinear problem (5.13)
inR; x R3.
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ITERATION SCHEME: Let V0 = @0 = (. Assume that (VX @+X) have
been known for k = 0, ..., n, and satisfy

+.k +.ky : <
[(V LOEN =0 in{r <0}, 6

otk =@k =¢k on{x; =0).
Denote the (n + 1)™ approximate solutions to (5.13) in R, x R3 by

V:I:,I‘l-‘rl — v:l:,l‘l +8vi,n’ qj:l:,l‘l-‘rl — (p:t,n +8¢:|:,n’ ¢n+1 — ¢n +5¢n (65)

Letfy = 1 and 6, =, /63 +nforany n = 1. Let Sy, be the associated smoo-

thing operator defined as above. We now determine the problem of the increments
(SVEL §PEM) as follows.
Construction of §V=": First, it is easy to see
E(Vi,n+l (p:t,n+l)V:I:,n+l _ ,C(Vi’” cz5:|:,n)V:|:,n
(6.6)

7/ 7+.n
=L IS R . 1% + e+t p,
ev(Ua +V 2 ’lpa +S9n =)

where Vi’""’% is the modified state of S, V*E7 defined in (6.24)—(6.25) later, which
guarantees that the boundary {x; = 0} is the uniform characteristic plane of constant
multiplicity at each iteration step,

L/ 5"/:|:,n

e (UE+VETY W sy @)
= L(UZE + VE™S 0k 45, @=n)syEn ©.7)
+ EUE + VEY wE 45, ot msyEn

is the effective linear operator,

(UE +VES

sVEN = syt _ st (6.8)
(Wa + S5, P,
is the good unknown, and
4
exn= ) (6.9)

j=I
is the total error with the first error resulting from the Newton iteration scheme:
eg,)n :L(Uazl: + Vﬂ:,n+1’ lI/a:I: + ¢i'n+1)(Uj: + Vﬂ:,n+l)
— LWUZE4+VvE Ut Loty UE 4 vE (6.10)

’ +,n +,n
- (U‘?:-‘,-Vi*”,ll’ai-i-@i*")(av B 5P )7

the second error resulting from the substitution:
2 +, +,
e :L/(Ufwiv",waiwf") EV=", 8051

/ +.n +.n
L(U$+sen viEn gE LS, oEm) @V=1, 8077,

6.11)
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the third error resulting from the second substitution:
3 _g +.n +.n
i =Lyt s, vin wt sy, 00 @V IPTT)

_ L/ 1 (Svi,n’(s@:t,n)’
(UE+VE"2 wF 45, o)

6.12)

and the remaining error:

sptn 1 1
@ _ ( + +n+l gt +.0\ (5 7% :I:,n-i-f)
Pl p——— S VA ISR A ST A
2= wErs, o, U @+ SNV,
(6.13)
Similarly, we have
B(V+,n+1 V—,n+l ¢n+1)_B(V+,n Y ¢n)
— B 1 GV SV 80y + 6, 01
WE+VE"2 YatSg,4")
where
4 .
=2 (6.15)
j=1

with the first error resulting from the Newton iteration scheme:

E’g]) =B(U;‘ + V+,n+1, Uu_ + V—,n-i-l’ wa +¢n+1)
—BWUS + VT U+ V" Yy + ") (6.16)

_ / +,n —,n n
Byt rven yorgm @V 8V, 800,

the second error resulting from the substitution:

~(2) _ p’ +.,n —,n n
ey _B(Uf-i-Viv”,l//a-i-aS”)(SV P 2% s 5¢ ) (6 17)
_n/ +.n —.,n n '
(Ui +So, Vi*",wa+So,,¢”)(8V 8V, 867,
the third error resulting from the second substitution:
~(3) =B/ S +.n —.n n
=By ven sy OV OV 89) o
— B . (V" sVT" 89", '
(UE+VE"2 yut S, 47)
and the remaining error:
~4) _p/ +.n —.n n
fn = (Ui+Vi’"+% VatSo,6") BV, 8V, 89")
‘ e (6.19)
— B (VT sV 8¢").

(Uai+vi*"+% Va+S0,4")
Using (6.6) and (6.14) and noting that

l:(v:l:,o’ d)i,O)Vi,O — O7 B(V-‘r,o’ ‘/—,07 ¢0) — O7
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we obtain
L (V:I: n+1 @:I:,n—t-l) V:l:,n+1
=> (L SVEI +ey ),
go( e (UE+VEI*T, Wi +Sp; @) 2 (6.20)
B(V+,n+l vV ,n+1 , ¢n+1) ’

=>"_o (B VI, 8VT 8¢7) +&;).

WELVEITT y, +50,97)

Observe that, if the limit of (V*7", @®") exists which is expected to be a solution
to problem (5.13), then the left-hand side in the first equation of (6.20) should
converge to fai, and the left-hand side in the second one of (6.20) should tend to
zero when n — oo. Thus, from (6.20), it suffices to study the following problem:

L svEN = in Qr,
e (UE+VE™ T w5, on) o

B’ 1 SV sV 8" =g,  onbQr, (6.21)
(UE+VE"2 Yy +Sg, ™)
V:I:,n|t§0 — O,

where fni and g, are defined by

n n—1
Zf +Sen(zei])—59,,fa, > gi+8,0O =0, (622
j=0 j=0

j=0

by induction on n, with f5* = Sg, £ and g = 0.

1
We now define the modified state V"% to guarantee that the boundary {x; =
0} is the uniform characteristic plane of constant multiplicity at each iteration step
(6.21). To achieve this, we require

(B(V“*z Vot s, P )) =0 =0 for i=1,2, alln e N, (6.23)

which leads one to define

1
VT = 5, VET for j € (3,4.6,7), (6.24)
and
1 1 1
V0" = W 4 S, @) VT 4 (W 4 sy, 0E vy
+(Sp, EM), + Ui3(59 DEM) 4+ Uy 4 (S5, @),
1
Ve o (wE s 0%,V vEE Lt s, PEM) Y £ty
—i_Uj:6(S«9n(bjE n)X2 a,7(S9nd>i n)x,%'
(6.25)

Construction of §®*" satisfying §®*"| x;=0 = 6¢". Clearly, we have

E(V:t n+1 ¢:|: n+l) E(V:I:n ®:|: ﬂ) _5;Vin+2 . )(Svi,n’8@i,n)+éi,na
o n
(6.26)
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where
Elys gz, (WE ©F) =3,0% — Wi + (UE; + V59)0,,0% + (UL, + VH)d,,0*

+ (FF 4+ 05, WS + (P + oH) W
(6.27)
is the linearized operator of £ and

4
G = o), (6.28)
j=1

with the first error resulting from the Newton iteration scheme:

&), = EVEML @EI) _ g(vEL @) £l g BVE 5OEN)

= (8D LV 4 (30N L8V,
(6.29)
the second error resulting from the substitution:

ég:z’)n Zgév:t.n,(p:t,n)(avi,n, (S@i,n) - g(/S(;n V:t,n’senq):t,n)((svi,n’ (S@i,n)

=((I = Sg) D), 8V + (I — Sp,) D), 8V,
(I = Sg) Vi D), + (I — Sg,) Vi ($DEM) .y,

(6.30)
the third error resulting from the second substitution:
-(3) _ o/ +.n 0y or +.n +.n
ei’n = g(S(;n V:t,n,Senq):t,n)((SV s 8D ) 5(ViYn+%’Sen¢i,n)(8V s 5D ),
(6.31)

which vanishes due to (6.24) and that all the coefficients of the linearized operator

& .+ .. are independent of (Vi, Vi), and the remaining error:
(Vi o) 2075
~(4) / +.n +.n ! 7+.n +.n
ey, =E& sV="50 ") = & SV=", 507",
+.n (Vi"lJr%,Sg,l(Pi*”)( ) (Vi,il‘*’%’sgll(pj:n)( )
(6.32)
Thus, from (6.26), we have
n
gEM pEntly =N (g SVEI sy 4 ey ), (6.33
( ) ,Zo( itk 5, 00 )+ex). (6.33)
which leads to define §&*" to be governed by the following problem:
g BVE, &) = on Qr,
(VE"E2 55, 0% (6.34)
‘Sd)i’”tﬁo =0,

where 4" is defined by

n n—1
D hi+85,(D exx) =0 (6.35)
k=0 k=0
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by induction on n starting with haE =0.
By comparing (6.34) with (6.21), it is easy to verify
SPEM | —o = 8¢". (6.36)

From (5.10)—(5.11) and (6.34), we know that the compatibility conditions hold for
the initial-boundary value problem (6.21) for all n = 0.

The steps for determining (8V*", §&") are to solve first SVE" from (6.21)
and then 8@+ from (6.34), and to obtain finally 8§V *" from (6.8).

7. Nonlinear stability III: convergence of the iteration scheme and existence
of the current-vortex sheet

Fix any so = 9, « = so + 5, and 51 € [« + 5, 2 — s0]. Let the zeroth-order
approximate solutions for the initial data (Uat, Yp) constructed in Section 5 satisfy

NOE s 3.7 19 s 1437 1 s i—a1 S & £ lagrr/e s small, (7.1)

for some small constant & > 0.

Before we prove the convergence of the iteration scheme (6.21) and (6.34), we
first introduce the following lemmas, under the inductive assumption that (7.10)
holdforall0 <k <n—1.

Lemma 7.1. Foranyk =0, 1, ..., n, we have

{n(visk, D) .7 + 168 | a1 v,y S Ce log b, 72

IVER, @R g 7 4+ 1081 51 ) S Ce 6,
fors € [so, s1] with s # «,

[||(Sekvi~k, S0 PE M o1 + 150, 0¥ | o1 2,y < Ce log b, -

IS0, VK, S, D) + 115,851 02y < Ce 6,
fors = so with s # a, and
1 =S VEH, (1= Sg) @) 5.7+ 11U = Sg)¢ | -1 o2y S Co 6% (7.4)
fors € [so, 51]-

These results can be easily obtained by using the triangle inequality, the classi-
cal comparison between series and integrals, and the properties in (6.2) of the
smoothing operators Sp.

Lemma 7.2. If4 < 5o < o and o 2 5, then, for the modified state Vi’”+%, we
have

IVE — 8y VE| 1 < Ce0ST ™ foranys € [4, 51 + 2]. (1.5)
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Lemma 7.3. Let so = 5and a = so + 3. Forall k < n — 1, we have

1
et klls,r =C¢€ A ors € [sg, s1 —4],
lesills.r < Ce26F A f [ 4]
2
lexsllsr < Ce20; S Ay fors € [s0, 51 — 3], (7.6)
~ L3
12kl s by < Ce20F Ay fors € [so — 1,51 — 4],

where Ay = Ogy1 — O and

'max((s +2—a)s+so—a—1,s+s0+4—20) ifa#s+2,5+4,

Ll(s)= max(sg — o, 2(sg — @) +4) ifa =544,
[s0+2—a ifa =542,
'max((s+2—oz)++2(so—ot), s+s0+2—2a) ifa#s+2,543,

L*()={so—a—1 ifa=s+3,

[ 50 — o ifa =542,
and

max((s+3—a)++2(so—a), s +s0+3 —2a) ifa#s+3,5s+4,
L) ={so—a—1 ifoao =s+4,
S0 — « ifoa=s5+43.

Denote the accumulated errors by

n—1 n—1 n—1
Ei,= Zei,k, E,=) e, Ei,= et k. (7.7)
k=0 k=0 k=0

Then, as a corollary of Lemma 7.3, we have
Lemma 7.4. Let s = 5, a« = 50 + 3, and s1 < 2a — s9 — 1. Then

IExnlls.r < Ce%6, for s € [s0, 51 — 4],
IExalls,r < &2 fors € [s0, s1 — 31, (7.8)
IEnll s pey) < Ce?6,  fors € [so— 1,51 —4].

Lemma 7.5. For any so 2 5, a 2 5o + 5, and s; € [a + 5, 2a — so — 1], we have

1fE s £ CAO™ 7 U fE ot + 7).
Ignll prs+1 paryy S CE2 A0, (7.9)
Bl < Ce? A5~

forall s = sg.

The proofs of Lemmas 7.2— 7.3 and 7.5 will be given in Section 8. With these
lemmas, we can now prove the following key result for the convergence of the
iteration scheme.
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Proposition 7.1. For the solution sequence (SV**, 8@k 5¢*) given by (6.21)
and (6.34), we have

IVER, SSEX) s 7+ 1898 | o1 ) Se6;“ 7' Ax fors €lso, sil,
IL(VER @ERYyEE )0 < 2e05 7 i fors € [so, s1 — 41,
IBVE*, V=K R | ot oy < 6674 fors € [so, s1 — 2]
(7.10)
forany k =2 0, where Ay = 041 — 6.

Proof. Estimate (7.10) is proved by induction on k = 0.
Step 1. Verification of (7.10) for k = 0. We first notice from (5.8)—(5.9) that
(Uai, 'Pf) satisfies the Rankine—Hugoniot conditions, and yEO — 0 — ¢

imply that vE: = 0. Thus, § V*0 satisfies the following problem:

Llﬁ’s(UfJI/ai)(SVi’o = Seofai in Q7,
(0 gy @VT08V70,860 =0 onbQr, (7.11)
avi)oltg() =0.

Applying Theorem 4.2 to problem (7.11), we have

. —a—1
15VEO 7 < O8N fE g1 s foralls € [so, s1]. (7.12)

Similarly, from (6.34), we obtain
16050, < € (Ao r + 10E 1.7 175 . 7) (7.13)

where h = 8V2 ™" — (W) 6V — (wF),,8V, " satisfies

~ . s—a—1
hEllsr < CISVEls 7 < Cobd ™ I fE lasr 7 (7.14)
Thus, we have )
180% 057 < C168 ™ fE a1 7 (7.15)
Since
Y40 +.0 10U,
§VEO = sy E0 _ st 0 —a
(Z
we use (7.12) and (7.15) to find
1
18VEC s r < C205 N fiF a7 (7.16)
From (7.15)—(7.16), we deduce
IEVED s0E0) |57 < €057 Ay foranys € [so, 511, (7.17)

provided that ||ff||a+1,T/8 is small.
The other two inequalities in (7.10) hold obviously when k& = 0.
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Step 2. Suppose that (7.10) holds for all k < n — 1, we now verify (7.10) for
k = n. First, we note that, when o = s¢ + 3,
. 1 .
U + V"2 0 4 8, 5 42,7
. . 1
SN ED) g2 + IVE"F2 = S5, VE I pa 7
+ 1185, V=", S5, lsp2,7
< C8(1 +920+3—a + 95.90+27a)+) < Ce,

(7.18)

by using assumption (7.1) and Lemmas 7.1-7.2. Applying Theorem 4.2 to problem
(6.21), we have

18V="1ly.7
< C(IFE o + Ngnll e sy + leoef I, (1 fiElso,7 + 18all o1 sy
< (£ s + Ngall 102

+IUE + VEE G 4 S &5 o (1 fiE o7 + ||gn||Hso+1(bQT))).

(7.19)

On the other hand, similar to (7.18), from assumption (7.1) and Lemmas 7.1-
7.2, we have

IOE+VE 2 5 48, @5 |s0r < Cs(1+e,§+3—“+e,?”‘°‘”), (7.20)
which implies

. 1 .
IUE + VET2 dE 4 S5, @) i (1 £E 0.7 + 180l o+ payy)
< O AL (I £ et + &)

(7.21)
for all s € [sg, s1] by using o = so + 3 and (7.9).
Thus, from (7.19), we conclude
18VE" s £ €O A (Il £ Nl + &%) fors € [s0. s1]. (7.22)

For problem (6.34), we can easily obtain the following estimate:

1605 7 < € (I lsr + 105 + S5, VE" 1t Nl 7) - for anys 2 so,
_ (7.23)
where C > 0 depends only on || Uai + Sg, yEn Ilso, 7> and

hE = nE sV — (W 4 S, @5, 8V — (U4 S, @), 8V (7.24)
Obviously, we have

IAE N SIAE N7 + (1 + 19 + S5, 2% 50, 7) ISVE" |57
FIE + o, @ g1, 7 I8VE 5.7,
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which implies
Wil r < CAB ™ (1 fE T + &) (7.25)

by using (7.22) and Lemmas 7.1 and 7.5.
Substituting (7.25) into (7.23), we find

180= s < CARO (I £ s + %) foralls € [so.s1].  (7.26)
Together (7.22) with (7.26), we obtain (7.10) for (§V*", §&%™) by using

(UE + vETY,
(W5 + Sp, dEN),,

NG

JVEN = §VEN 4

and choosing ||fui lo,7/€ and &€ > O to be small.
Finally, we verify the other inequalities in (7.10). First, from (6.21)—(6.22), we
have

LVEN @EMYEN— 25 = (Sg,_ =D fi+ =S, ) Exn-1+exn-1. (1.27)
From Lemma 7.4, we have

I = S, VEsn-1lsr S COSTINELnillzr S COTTe? < cos— 162

(7.28)
by choosing § = o + 2.
From Lemma 7.3, we obtain
lesnillsr < COE®e2 < €O 162 foralls € [so, 51 — 4], (7.29)
by using o = so + 3.
When s £ « + 1, we have
1CSo,_s — D lsr < COST M £ a1 (7.30)

while s € (o + 1, 51 — 4], we have

1S,y — D fENer NS, 3 sr + 1 fENsr £ COST N fE llgrr + 6

(7.31)
by using (6.2) and (7.1).
Substitution of (7.28)—(7.31) into (7.27) yields
ILVE", @EMYEN — fE || < 266,771 fors € [so, 51 — 4],
provided that || £ |ls,—a.7 < e and || £ ||qg+1.7/€ is small.
Similarly, we have
1BV yv—n, N1 = 8927“71. (7.32)

Thus, we obtain (7.10) for k = n.
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CONVERGENCE OF THE ITERATION SCHEME: From Proposition 7.1, we have

> (H6VE" 505N 7 + 180" I geisy) ) < 0. (7.33)
n20

which implies that there exists (V*, @%) € BY(Qr) with ¢ € H*~1(bQ27) such
that

(7.34)

(vEr @Eny 5 (VE @F)  in B*(Qr) x BX(Q7r),
gt in H*~'(bQr).

Thus, we conclude

Theorem 7.1. Let « > 14 and 51 € [ + 5,20 — 9]. Let o € H*' 3 (R?) and
UofE —U* e B>5112) (Ri) satisfy the compatibility conditions of problem (2.17)—
(2.20) up to order s1 + 2, and let conditions (2.3)—(2.4) and (7.1) be satisfied. Then
there exists a solution (VE*, ®%) e BY(Qr) with ¢ € H*~'(b27) to problem
(5.13).

Then Theorem 2.1 (main theorem) in Section 2 directly follows from
Theorem 7.1.

8. Error estimates: proofs of Lemmas 7.2-7.3 and 7.5

In this section, we study the error estimates for the iteration scheme (6.21)-
(6.22) and (6.34)—(6.35) to provide the proofs for Lemmas 7.2-7.3 and 7.5 under
the assumption that (7.10) holds for all 0 < k < n — 1. We start with the proof of
Lemma 7.2.

PrOOF OF LEMMA 7.2. Denote by
EFM = E(VE M), 8.1

and

EFM=VET — (UF 4 o) VET - (wF 4 o) v

(8.2)
— Ugs(@F My = Uy (@57,

as the extension of (B(V*", ¢™))F in Q.
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the definition in (6.25) for Vi’”+% , we have
+n+} +
v, =8, V5"

= S, E7" + [3;, Sp, 1DF"
(T + S0, @57), 80, V3" — So, (WF + @5, V™)
(W 4 S5, @F ), S, Vim" — Sp, (W + @57, ViE™)
+((S5, 2EM , Usy — Sg, (@M, USS))
+((S5,2EM 5 Usy — Sp, (@M UsY)). (8.3)
Vsi,n-i-% . SQ,, Vsi’n
= ((FF + S0, 21,89, Ve " — S5, (W + @5, V)
(W + S5, @57) S5, V5" — Sp, (W 4 @) Vo5™)
+((S5,2EM 5, Uz — So, (@FM) U o))
+((Sg, @) U, — Sp, (@M, UE)) — 55,67

On the other hand, we have

rglj:,n — Elzl:,n—l + (S@i’n_l)[ + (wa:t + @:I:,n)x26v3i,n—l

HWFE + oEm), 8V, - sy

+EPE) L UE + VT + oF ) (UE, + v,
EM =" — (WE 4+ oE 8V

—(F 4 ot sV sy B!

—@EPE) (U + Ve + (00 (UE, + v,

(8.4)
which implies
IET", €5 lso, 7 < Cob0™ '~ 8.5)
by using A, = 06, 1), the inductive assumption for (7.10), and Lemma 7.1. Thus
we deduce

186, (€, E5™ 5.7 < Ce6577! forany s = sp. (8.6)

The discussion for the commutators in (8.3) follows an argument from

1
CourLoMBEL and SEccHI [10]. We now analyze the third term of V;’H 2 S, Vzi’"
given by (8.3) in detail.

When s € [a + 1, 51 + 2], we have
15E + S0, D51, 86, V5™ .1
< (I + 85,95 1o 150, Vi 7

HIGE + S5, 8% 4,715, V" 1)

§ C£292+1—oz’
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and
156, (e + @EM 2 Vi) .7
< oy (I + @=LV et + 193 + O lawr V5" 1)
§ C8292+1_a
by using (7.1), the induction assumption for (7.10), and Lemma 7.1, which implies

1" + S8, 8F)1,80, V5" = S5, (W5 + @M, V5" lls.r S Ce26y7 T
(8.7)
When s € [sg, «], we have

(W +S0, D), S, V3" — So, (WF + @), V") .1
S = So ) ((WF + @5, V")l 7
FIWE + M), (S, — DV5 " lsr
+I((Sg, = DE") S5, V5" lls7
< 0O (IWE+D5M) Vi o + IS + @5 e V5" llaur)
FCOR NV N IWE + @7 [lgp1 7
(S, — DPF™)x, S8, V3" s

< C8293+1701
= n .
(8.8)
Together (8.7) with (8.8), it follows that

(W +Sg, @5, Sp, V3" —So, (WF+EM L, V") 5.1 < Ce20579H (8.9)

for all s € [sg, 51 + 2].

The other commutators appearing in (8.3) satisfy estimates similar to the above.
Thus, we complete the proof.

To show the error estimates given in Lemma 7.3, we first show several lemmas
dealing with different types of errors.

Lemma 8.1. Let a = sg + 1 = 6. For the quadratic errors, we have

ey lls.r < €267 A fors € [so — 2. 51 — 21,
1D, lle.r < Ce20; 20720, fors elso— 1,51 —1],  (8.10)

~(1 52 -1
16 | s by < Ce205 2207 A

for s € [so — 2,51 — 2]
forallk < n — 1, where

Li(s) = max((s+2—a)++2(so—a)—3, s+so— 1 —2«a, s+250—3—3c, so—a—3).
8.11)
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Proof. The proof is divided into three steps.
Step 1. From the definition of eg)k, we first have

1 _ ol ”
exr = Jo U= DL U vakpesvikut otk irsonh)

x((@VEE spEh) (sVEE soEh))dr.

(8.12)

From (7.1) and Lemma 7.1, we find

sup (10E + VEF 4 28VE 1, + 19 + 05K 4 280%H 1,
0srs1

< Ce.
(8.13)
On the other hand, we have
IL{ye gy (VEL @), (VE2, @52)) || 1
< C(IO= D)l (VEL @ED | (VE2, 052) 1 o1
(8.

+IVEL @ED | l(VE2 052) | 1x
FIOVEL 0ED i [(VE, cbi’2>||s+2,f).

Therefore, we obtain
1
leS, lls.7
< O (207 A e + IVER 0EH) a7 + 1GVEE, 505H) 42 7)

+ 00 A GV EE, 805 H) 42 7).
which implies

el lle.r < Ce207 Ay whens +2 #£a, s <51 —2,
e llsr £ Ce2praxComoe=32072720 A when s 42 = q,
’ (8.15)
by Lemma 7.1, the inductive assumption for (7.10), and Ay = 0O, where

L(s)=max((s +2 —a)y +2(so —a) — 3,5 +s0 — 1 — 2, s + 250 — 3 — 3).

Thus, we conclude the first result in (8.10).
Step 2. Obviously, from the definition of &), in (6.29), we have

~(1
18, s, < € (I8VEH 171805 K10 + 18VEE L1805 g1, 7)
(8.16)
which implies the second result in (8.10).



400 GUI-QIANG CHEN & YA-GUANG WANG

Step 3. Since EE_Ll)k|x1=0 = (ék)f, we obtain that (ék)fE satisfies the estimate

given in (8.10). Moreover, from the definition of é,(cl), we have

I@i”)% = —(0¢" )0 Ve = (304185, (8.17)

~(1 k —k
@)y = 1asvar 2 — 18V,
which implies

~(1
1@ E s bgy < C(I18¢F 1 gs+1 oy 18V | o0
H1865 w100 o2y 18VER s b2 ) (8.18)
~(1
1@ 3l s ey € CISVEX Lo IBVEX | s pay)

yielding the last estimate of (8.10) by the inductive assumption for (7.10).
For the first substitution errors, we have

Lemma 8.2. Leta = so + 1 2 6. Then, for all k < n — 1, we have

e 5.7 < Ce26,20 A fors € [so — 2,51 = 2],
+ ks, k
122, ler < Ce20 70 A forselso—Lsi =11 (819

1621 s gy < Ce265 20T AL fors € [so — 2,51 — 21,

where

2 — —a—1 f 2
LQ(S):[(S+ a)y +so—a ora #s+2, (8.20)

max(5 —a,s50 — 1 — ) fora = s + 2.

Proof. The proof is divided into three steps.
Step 1. From the definition of e(iz)k, we have

P = L'+ +
EN 0 Uz +Sg, VER+T(1=8g ) VEK W+ Sg, DF K41 (1- 85, ) DFEK) (8.21)

X (VER, 80K (1 = Sp)VEX, (1 = Sg)@E5)) dr.

As in (8.13), from the inductive assumption for (7.10), we find

sup |UE + So, VEF + (1 = Sp)VEF 100y < Ce, (8.22)
051
and
sup (15" + S @K + 1 (1 — Sp) @5 [l y1.00 gy = Ce. (8.23)

0<r<1
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Then we use (8.14) in (8.21) to obtain

2
le@ulls.r SC(IEVEE, 60F) yrcll(1 = Sy (VER, @FH) 31

x (10 ¥ s2,1 + 185, (VEH, @59 |40 7
I = S (VK @) g1, 7)
HIEVEE 8D o 7 (1 = Sg ) (VEE, @55 100
+IOVER SOER) |y (1 = $5,) (VEE, 9 15.7).
(8.24)
Using the properties of the smoothing operators, the inductive assumption for
(7.10), and Lemma 7.1 in (8.24), we conclude the first estimate in (8.19) when
s <51 —2.
Step 2. From the definition of E(f’)k in (6.30), we have

~(2
125, =C(I8VEF N 71V 3,0 (1 = Sa) 51

+ 11 = Sg) P EX 541,718V EF | o0
11 = Se)VER 5. 711V (g 8D EH || Lo

+ 18 7L = Sa)VEH 1)

(8.25)

which implies the second result in (8.19) when s < 51 — 1 by the inductive assump-
tion for (7.10) and Lemma 7.1 in (8.25).
Step 3. Noting that

+
~(2 -2
(e,({ ))1 = e( ,)k|X1—0

from the above discussion, we conclude that (é,(cz))fE satisfy the estimate given in

(8.19) when s < 51 — 2.
From the definition of é,(cz) , we have

@3 = (S — DY) 6V + ((So, — DgF) 8V
(S, — DVERGP), + (Sg, — DVIEFB¢h) ., (8.26)

@3 = (I — Sg) Vi ksvir* — (1 — SgovFsvyt,

which implies

1C5 Nswan < C(I8VE s b 11— Sa) @ Iy
HI = Sg)8" grv+1 gy 18V EX | oo
I = Sa)VER 15 b 180 1.0
189411 102 (1 = Sa)VER 1),
1ED 3l war < C(I8VE lspan (1 = $)VEH L
I = $)VEE s g 8V EH 122 ).

(8.27)
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Using the inductive assumption for (7.10) and Lemma 7.1 in (8.27), we conclude
the last result in (8.19) when s < 51 — 2.

The representations of the second substitution errors (eg)k, é,(g)) are similar to

those of (ef)k, é,(cz)). Thus, using Lemma 7.2 and the same argument as the proof

of Lemma 8.2, we conclude

Lemma 8.3. Let o = sg + 1 = 6. For the second substitution errors, we have

3 K
’||e(i}k||” < Ce2079 A fors el =251 =2l o0

1691 ms gy S Ce26, 022 AL for s € [s9 — 2,51 — 2]
forallk < n — 1, where
L3(s)=max (s+s0—|—2 — 20,5 +250+3 -3, (s +2 —a)+ +2(s0 — @) + 1).

Lemma 8.4. Let so = 5 and a = so + 3. For the last errors, we have

lePllsr < Ce20VAc fors € [so, 51 — 41,
16l r < Ce20150 VA, fors € [so.s1 - 3], (829

L

127 1 wer) < Ce26,° A fors € [so = 1si — 4]

forallk < n — 1, where

max((s +2 —a)+ +24+2(so — ), s+4+s0—2w)
ifa#s+2,5s+4,

La(s) = .
max(sg — o, 2(so — ) + 4) ifa =5 +4,
so+2—«o ifa=s+2,
and
max((s +3 —a)+ +2(so —«), s+ 3+ 50— 2x)
ifa#s+3,s+4,
Ls(s) = o
S0 — « ifa=s+3,
so—1—« ifa=s5+4.

Proof. The proof is divided into three steps.
Step 1. Set

1
RE = (LUE + VERL W 4 5y oB5)(UE + vER)) (8.30)

X1’
Then we have
1 1
IRE s 7 SILUE + vER2 @k 5y Bk (UE  vEI+)
— LUF + VEL w4 o2 UF + VEY| o7
+ILvER @ER yEE s
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which implies that, for all s € [so — 2, 51 — 4],

IRE N5,
1 . 1 .
< C(nvi”‘*z — VE e (1UE + VER 2o 7 + 195 + Sp, @55 | gqa7)
. 1
FIUE + VENqar (IVERT2 = VER o + (T = Sg) @5 [l 1.00)
. 1
+IUE + VE o (IVEF2 = VER o 7 + 11T = Sp) @ ls4a.7)
1
FIVEEE —VER g LR 0B VER - g )

<

Ce2gl T totlme | cpgrtS=a for s 44 #£a,
C829,f°+2_a + Ceby for s +4 = a.
(8.31)
Thus we find that

+ +.k
BT (WE 4 spoth),,

satisfy

4 —1— —1- s+2—
eyl <Ce(IRE Nsg—27 (6,7~ Ak + 627~ Ax(e + 26 7))

—1—=
+ 00 AR N7 ),

(8.32)
when s + 2 # «, and
el SCe(IRE Nsg—27 (6,7~ Ak + 6~ Ax(e + e log 1)
(8.33)

_1—
+ 00 AR N7 ).

when s 4+ 2 = «, which yields the first estimate in (8.29) for any s € [sg, s1 — 4],
provided @ = 59 + 3 by using (8.31).
Step 2. Set

1
Rl = B(UEF + VE*2 g, + 55,05). (8.34)
Then we have
AR

1
SNIBWUE + VvERZ g+ S5.05) — BWUE + VER vy + 0 s e
+ IBVEER ¢8| s by
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which implies

ICRDY Wl s w2
:i:,k—&-l +.k
< C(I6Sa = DS rgan + Va2 = Vi lwsoan

+1(Se, — DVFF o W0 + So.0" | s+ w2y

+11(Sae = DVER s wop) 1a + Saed* .00 (8.35)
+ 11(Sa, = D Ml s ooy 107+ VEF oo

+ 1Sa, — D" llwrepap 107+ VEH s vy

+IBOVEE, ) s van )-

Therefore, we have the estimate

Cg@]lnax((s+27a)++s07a,5+27(x) if o 75 s+ 17 s+ 27

IR s wep) <  Cebi ifa=s+1,
Ce fa=s+2
(8.36)
forall s € [so — 1, s — 2]. Thus we find that
i (RO
(e/(¢4))1i _ k’/17X1 8(/>k

(W 4 Se, @) 14y =0

satisfy

~(4 §— —1- +3—
1@ I wan < C(IRDTE s par (6 Ak + 26~ Ao ")

+8291fo—1—a Ak"(R/lg)li ||H.v+2(bQT)) )
(8.37)
when s + 3 # «, and

~(4 _ so—1—
1l per) < C(||<R,€>1*||H4(mf>(ae,§ YA+ 2677 A log )

+2200 " AN RDE 2 o))

(8.38)
when s + 3 = «, which yields the estimate of (¢(")% given in (8.29) for any
s € [so — 1,51 — 4] by using (8.36).

Estimate (8.29) for the other components of é,(:‘) can be proved by the same
argument as above.

Step 3. Noting that the restriction of éi")k on {x; = 0} is the same as (é,(:‘))ft,
we conclude the estimate of é(ﬁ)k in (8.29) for any s € [s0, s1 — 3].
PrROOF OF LEMMA 7.3 . Summarizing all the results in Lemmas 8.1-8.4, we obtain
the estimates given in Lemma 7.3.
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PROOF OF LEMMA 7.5 . From the definitions of (f;F, g,, i) given in (6.22) and
(6.35), respectively, we have

1= (So, — So, ) 5 — (So, — So, )E+.n—1 — So,etn—1,
gn=—(So, — So,_ ) En_1 — Sp,€n—1, (8.39)
hE = (Sp,_, — So)Ex.n—1 — S84 n—1-

Using the properties of the smoothing operators, we have

1S, = Sa, ) fiENls.r < COT T AN £ N5, 7 fors = 0,
1(Sa, = S, VE+n—1lls,7 S COT T AN EL -t ls. 7
CSCEGTA, for§ € [so, s1 — 41,
IS0, ex.n-1ls.7 < COF ™ lewnrlls.r
. |-
< 2T A for§ € [so, s1 — 4].
(8.40)
Estimate (8.40)3 can be represented as the following three cases.
Case 1. s = sg. For this case, if we choose § € [sg, @ — 5], then
L1(§) =max(so—a— 1,5 +s0+4—20) =59 —a — 1,
which implies from (8.40)3 that
1Sg,en-1lls9.7 < CE20L 1A, (8.41)

Case 2. s = 59 + 1 or s = so + 2. For these two cases, if we choose § = o — 4 2>
so + 1, then

L' (§) = max(so — o, 2(sp — ) +4) = 50 — «,

which implies
1S5, exn-1lls,7 < Ce20;7 7 A, (8.42)

Case 3. s = so + 3. For this case, if we choose § = o — 2 = s, then
=54 +L'G)=@6+2—a)y+s0+2—a<s—a—1
by using o = so + 5, which implies from (8.40)3 that
I1Sg,ex.n1lls.7 < Ce?6, 1A, (8.43)
On the other hand, we have
1(Sa, = So,- ) En—tlls,r < Ce26,77 A, (8.44)

by setting § = « + 1 in (8.40); if s; = a + 5.
From (8.41)—(8.44) with (8.39), it follows that

Il r S COST T Au(e® + 1 fEla,7) foralls = so. (8.45)
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Similarly, we have
1658, = So,-) En—1llrs+1 ) < COS S Apll Entll g5 sy
< Ce205T15A,,

- 41-5 -
158,11l s+1 02y < €O T w11l s gy
< Ce(s+l—§)++L3(§)82A
= n n

(8.46)

fors € [so — 1,51 —4].
Estimate (8.46), can be represented as the following three cases.

Case 1. s = sp. For this case, if we choose § = o —4, then L3 (0 —4) = 5o —a — 1,
it follows from (8.46)3 that

156, En—11l o1 papy < CE26,°7 1 Ay

Case 2. so+1 < s < o —3. For this case, if we choose § = « —3, then L3(Ol—3) =
so — o, which implies

180, 8n—1 | s+1 payy < CE200 %Ay < Ce?05 % A
Case 3. s = «a — 2. For this case, if we choose § = « — 5 = s, then L3(5) =
5o — 2 — «, which implies

~ +1-5)4+L3G —a—

||Sg,le,,_1||Hs+1(bQT) § Cé‘z@ygs -+ (S)An g C820’§ o lAn.
In summary, we obtain
1S6,én—1 1l s+1payy < Ce*03 1A, foralls = s. (8.47)

From the assumption s; = « + 6, it is possible to let § = o + 2 in (8.46)1,
which yields
lgnll ot1 parpy = CE*05 7' A, foralls = s, (8.48)

by using (8.46); and (8.47) in (8.39),.
Furthermore, we have
[ll(Se,, = Sou ) Exncilsr £ COTS T AN EL o llsr £ Ce205757 1A,

10,650 167 < COV Vel < COTTHOe2a,
(8.49)
fors e [S(), S1 — 3].
Estimate (8.49), can be represented as the following three cases.

Case 1. s = sp. For this case, if we choose § = o« — 3, then L2(5) = s —a — 1,
which implies from (8.49), that

_ 2 p50—a—1
”SQ,,e:I:,n—l”So,T g Ce 9:;0 “ Ay

Case 2. s = so + 1. For this case, if we choose § = « — 2, then L*(5) = 59 — «,
which implies

I1S6,e+n—1llsp+1.7 < CE2007% Ay
n 0 n
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Case 3. s = so + 2. For this case, if we choose § = o — 4 > s, then L2(5) =
so — 2 — a, which implies

I1Sg,6xn—1lls.,7 = Ce205 771 A,.
In summary, we obtain
IS0, 8+.n—1lls.7 < Ce2057%7 1A, foralls > s. (8.50)
Letting s = « in (8.49)1, we find
IhE|ls.r £ Ce?05797 A, foralls > s, (8.51)

by using (8.50) in (8.39)5.
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