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1. INTRODUCTION

We are concerned with the existence and stability of multidimensional transonic
shocks for the Euler equations for steady potential compressible fluids. The Euler
equations, consisting of the conservation law of mass and the Bernoulli law for the
velocity, can be written as the following second-order nonlinear equation of mixed
elliptic-hyperbolic type for the velocity potential ¢ : 2 C R™ — R:

(1.1) div (p(|Dy|*) Dy) = 0,
where the density function p(¢?) is
(12) p(a®) = (1-6¢%)%

with § = 251 > 0 for the adiabatic exponent v > 1.
The second-order nonlinear equation (1.1) is strictly elliptic at Dy with |[Dy| = ¢

if

(1.3) p(d®) +24°p'(¢%) > 0,
and is strictly hyperbolic if

(1.4) p(d®) +2¢°p'(¢*) < 0.

The elliptic regions of equation (1.1) correspond to the subsonic flow, and the
hyperbolic regions of (1.1) correspond to the supersonic flow.

Some efforts have been made in solving the nonlinear equation (1.1) of mixed
type. Shiffman [30], Bers [5], and Finn-Gilbarg [16] proved the existence and unique-
ness of solutions for the problem of subsonic flows of (1.1) passing an obstacle and
showed that, if the uniform outflow speed at infinity is sufficiently subsonic, then
there exists a unique subsonic solution of this problem, in which the nonlinear
equation (1.1) is uniformly elliptic; also see Dong [15] for further results. When
the uniform outflow speed at infinity is near sonic, Morawetz in [27] showed that
the flows of (1.1) past the obstacle may contain transonic shocks in general. One
exception is that, when the obstacle forms a wedge or conical body with a sharp
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head and an angle smaller than a certain degree, the uniform outflow with su-
personic speed may produce a nontransonic shock (hyperbolic-hyperbolic shock)
attached to the sharp head; the existence and stability of such shocks can be found
in [11, 12, 19, 22, 25, 29, 32] and the references cited therein.

Transonic shocks also arise in many other situations of physical importance. For
example, when a plane shock hits a wedge head on, a self-similar pattern of regularly
reflected shock travels outward as the shock moves forward in time, provided either
the wedge angle is large or the strength of the plane shock is large; then some
part or all of the reflected shock may form a transonic shock dividing two regions of
smooth flow, which is hyperbolic outside the shock and elliptic inside it (see [18, 28]).
Steady transonic shocks are also very useful for constructing global solutions for
some time-dependent problems (see [10]).

In this paper, we prove the existence and stability of steady multidimensional
transonic shocks (hyperbolic-elliptic shocks) for (1.1) under a C?>% a € (0,1),
steady perturbation of the upstream supersonic flow. We consider (1.1) in a
bounded domain © := Q™! x (—Ny, N2) with Q"1 = (0,a)"!, with Neumann
boundary conditions d,u = 0 on Q™! x (—Ny, N»), and Dirichlet conditions on
Zn = —Nj and z,, = No; that is, a flow in a channel (with quadratic cross-section if
n = 3). Our results indicate that, for any given upstream supersonic flow ¢~ which
is sufficiently close in C?% to a uniform flow in the direction ,,, there exists a unique
solution ¢ of (1.1) with boundary data described above such that ¢ = ¢~ in the
supersonic region 2~ of ¢, and equation (1.1) is elliptic in Qt := Q\Q~. The shock
surface S dividing QF and Q~ is C%%; that is, S is a graph z,, = f(z1, -+ ,Tn_1)
with f € C%2. The solution ¢ is stable under the C%® steady perturbation of the
supersonic flow ¢~.

The transonic shock problem can be formulated into a free boundary problem:
The free boundary is the location of the transonic shock, and the free boundary
condition is the Rankine-Hugoniot jump condition on the shock. The equation is
hyperbolic in the upstream region where the given C?* perturbed flow is super-
sonic. We are looking for the location of free boundary such that the free boundary
condition holds and equation (1.1) is elliptic in the downstream region.

In order to solve this free boundary problem, we first consider a one-phase prob-
lem for a uniformly elliptic equation obtained by a modification of (1.1) away from
the elliptic region: A solution satisfies the modified equation in the downstream
region and the modified free boundary condition, and coincides with the given hy-
perbolic phase in the upstream region. Then, by a gradient estimate, we show that
the solution in fact solves the original problem. In order to avoid the difficulties
related to the study of the free boundary up to the fixed boundary, we use a re-
flection technique to extend the domain so that the whole free boundary lies in the
interior of the extended domain.

One of the main difficulties of the modified free boundary problem (Problem C
below) is that it does not directly fit into the variational framework in Alt-Caffarelli
[1] and Alt-Caffarelli-Friedman [2]. Indeed, according to Remark 3.1, Problem C
can be reformulated into the following form: Find a nonnegative solution u € C'()
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satisfying suitable boundary conditions on 9Q2 and
(1.5) div A(z, Du) = f(z) in QF := {u >0},
(1.6) A(z,Du) -v=G(z,v) on S:=0907% )\,

where v is the unit normal vector to S towards the unknown phase. The equa-
tion is quasilinear, uniformly elliptic, while the dependence on v in the function
G(z,v) has a certain structure. The methods of [1] and [2] are directly applicable if
A(z, Du) = a(z,|Du|)Du, where a(z, s) is a scalar function, and G is independent
of v. However, both conditions do not hold in our problem. On the other hand,
the nonlinearity in our problem makes it difficult to apply the Harnack inequality
approach of Caffarelli [6]. In particular, a boundary comparison principle for pos-
itive solutions of elliptic equations in Lipschitz domains is still unavailable in the
case that nonlinear equations are not homogeneous with respect to D%u, Du and
u, which is our case.

The approach we develop here is an iteration scheme, which is based on the
nondegeneracy of the free boundary condition: The jump of the normal derivative
of a solution across the free boundary has a strictly positive lower bound. The
nondegeneracy is also essential in other approaches to free boundary problems, for
example, see Alt-Caffarelli [1], Alt-Caffarelli-Friedman [2, 3], and Caffarelli [6]. In
terms of the problem (1.5) and (1.6), the iteration process is the following: Let
the domain Q] be given so that S; := Q] \ 0Q is in C2®. We solve the oblique
derivative problem (1.5) and (1.6) in Q] (where the fixed boundary conditions

on 90} N AN are also used) to obtain the solution u; € C**(Q}). However, u;
is not identically zero on S; in general. Using the nondegeneracy and geometry
of our problem, we extend u; to the whole domain Q so that u; € C>*(Q) and
Oz, u; > a > 0in Q. Thus, the level set S;y1 := {u; = 0} N Q is a C>* surface.
We define Q;:_l := {u > 0} for the next step. The fixed point Q% of this process
determines a solution of the free boundary problem, since the corresponding solution
u of (1.5) and (1.6) satisfies u > 0 on Q* and v = 0 on S. On the other hand, since
the right-hand side of the free boundary condition (1.6) depends on v, the elliptic
estimates alone are not sufficient to get the existence of a fixed point. However, the
structure of our problem allows us to obtain better estimates for the iteration and
to prove the existence of a fixed point.

The uniqueness and stability of solutions of the free boundary problem are ob-
tained by using the regularity and nondegeneracy of solutions.

The nonlinear approach we develop here can be applied for solving other multidi-
mensional transonic shock problems. As a direct example, in Section 7, we establish
the existence and stability of multidimensional transonic shocks near spherical or
circular transonic shocks. Another advantage of this approach is that it can be ap-
plied to multidimensional free boundary problems with more general fixed boundary
conditions. Furthermore, our approach and results in this paper can extend to the
problems with a steady C1'* a € (0,1), perturbation of the upstream supersonic
flow and/or the problem with unbounded domains (see Chen-Feldman [9]).

A similar problem was considered in Canié¢-Keyfitz-Lieberman [8] for the two-
dimensional transonic small-disturbance (TSD) equation, which governs the be-
havior of the first nontrivial term in the geometric optics expansion to (1.1) near a
certain physical point. The TSD model can be written as a second-order nonlinear
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equation of mixed type in two dimensions with coefficients depending only upon
the unknown function itself. The main difference between the T'SD model and (1.1)
is that the coefficients of (1.1) depend on the gradient of the unknown function,
while the coeflicients of the TSD equation are independent of the gradient of the
unknown function that generates additional compactness on which the approach in
[8] relies. For other related results, we refer the reader to Majda [26] on the exis-
tence and stability, locally in time, of multidimensional shock fronts for the Euler
equations for compressible fluids.

In Section 2, we formulate the multidimensional transonic shock problem into a
free boundary problem, and then we describe the main theorems of this paper. In
Section 3, we introduce a subsonic truncation procedure and an extension procedure
to reformulate the free boundary problem for the equation of mixed type into the
free boundary problem for a second-order, nonlinear, uniformly elliptic equation
with a nondegenerate free boundary condition and to resolve the difficulties for the
study of the free boundary up to the fixed boundary. In Section 4, we introduce an
iteration scheme and prove the existence of a fixed point, that is, the existence of a
solution of the truncated free boundary problem. By choosing the C%:® perturbation
small in the hyperbolic region, we obtain an a priori gradient estimate to ensure
that our solution is the solution of the original free boundary problem. We show the
stability and uniqueness of the solution of the free boundary problem in Sections
5 and 6. In Section 7, we give another application of our approach for establishing
the existence and stability of multidimensional transonic shocks near spherical or
circular transonic shocks.

2. TRANSONIC SHOCKS, FREE BOUNDARIES, AND MAIN THEOREMS
In this section we formulate the multidimensional transonic shock problem into
a free boundary problem for (1.1), and then we describe the main theorems of this
paper.
A function ¢ € W1>°(Q) is a weak solution of (1.1) if
(i) |Do(x)| <1/V8 ae. ze€Q (physical region);
(i) for any w € C§°(Q),

(2.1) /Qp(|Dg0|2)Dg0 -Dwdx = 0.

We are interested in the weak solutions with shocks. Let QT and Q~ be open
nonempty subsets of Q such that
QatnQ =0, QtuQ- =0,
and S = 9QF \ 9Q. Let p € WH>(Q) be a weak solution of (1.1) so that ¢ €
C? (%) N CY(QF) and Dy has a jump across S.
We first derive the conditions on S which is an (n — 1)-dimensional smooth

surface. First, the requirement ¢ € W1>(Q) yields curl(Dy) = 0 in the sense of
distributions, which implies

(2.2) ¢r=¢, on &,

where
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are the tangential gradients of ¢ on S in the tangential space with (n—1)-dimension
on the QF sides, respectively, and v is the unit normal vector to S from Q~ to QF.
Then we simply write ¢, := cpf on S and assume

(2.3) et =¢p~ on S.
Now, for w € C§°(2), we use (1.1) and (2.1) to compute

0 = / p(|Dp|>) Dy - Dw da

(/ /) (IDg*) Dy - Dw do

= [ sDeDgvwar T+ [ gD vw e
oQt o0~

= [ (D" PIDg* v+ p(1Dp Dy v waH .

Thus, another condition on S, which measures the jump of the normal derivative
of ¢ across S, is

(2.4 #(1Def) D v =0

where the bracket denotes the difference between the values of the function along
S on the O and Q~ sides, respectively. That is,

(2.5) p(IDe*P)ey = p(IDe™ g, on 8,
where ¢ = Dp® - v are the values of the normal derivative of ¢ on the QF sides,
and

1
p(ID ) = (1= Blp P — 6ot )™ |
respectively.

Lemma 2.1. Let K > 0. Then the function
1
Dk (p) == (K - 6p°)* p,

defined for p € [0, \/K/G], satisfies

i) lim ®x(p) = lim ®x(p) =0;
O lin o) = lim_2x0)

(ii) ®x(p) >0 forpe (o, \/K/H);
(111) 0< (pll((p) S K% fOT‘p € (07psKonic)7 and (I)II((p) < OfOTp € ( fonic’ K/g) ;
(iv) @x(p) <0 for p € (0,pK ],

where

(26) psKonic = K/(e + 1)

Proof. Properties (i) and (ii) are obvious. For p € (0, vK /0), we compute
W) = (K=-6p) " (K- (0 +1)p7).
Sp(p) = p(K—0p")* " (0+1p - 3K),
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and note that pX .. = /K/(0 +1) (0 vEK ) Then (iii) and (iv) follow. O

Suppose that ¢ is a solution satisfying

(27) |D(P| < pionic = 1/ vVO+1 in Q+7 |D90| > pionic in Q_J
and
(2.8) Dyp*-v>0 on S,

besides (2.2) and (2.4). Then ¢ is a transonic shock solution with transonic shock
S, which divides the subsonic region QT and the supersonic region Q~. In addition,
 satisfies the physical entropy condition (see Courant-Friedrichs [13]; also see Lax

[21)):
(2.9) p(IDp~ %) < p(IDp*]?)
which implies, by (2.8), that the density p increases in the flow direction.

Note that equation (1.1) is elliptic in the subsonic region Q% and hyperbolic in
the supersonic region Q.

Let (z',z,) be the coordinates of R™ with z,, € R and 2’ = (%1, -+ ,2,-1) €
R"~!. From now on, we denote Q := (0,a)"~! x (—=Ny, Ny).

Let ¢~ € (piomc, 1/ \/5) and g (z) := ¢~ z,. Then ¢ is a supersonic solution
in Q. According to Lemma 2.1, there exists a unique ¢+ € (0,p!,,.;.) such that

(2.10) (1-0")*)* ¢ =(1-6)")*q .
Define ¢ (z) := ¢z, in Q. Then the function
(2.11) ¢o(z) = min(pg (z), ¢, (z)) for z € 0

is a transonic shock solution in (2, in which Qf)t = {£z, > 0} N Q are the sub-
sonic and supersonic regions of g, respectively. Also note that, on 8(0,a)"~! x
(=N, N»), the boundary condition (¢g), = 0 holds.

We study perturbations of the solution (2.11). We use the following Holder
norms: For a € (0,1) and any nonnegative integer k,

[ulko0 = Y sup|DPu(z)],

181=k 7S
DB — DB
(2.12) [U]k,a,Q — Z sup | DPu(x) - U(y)|7
18|=k z,yEQ,z#y |$ - y|
k
lulleo =D o0, llullk,a,0 = llullk,o0,0 + [u]k,a0.9,
=0

where 8 = (81, ,Bn), B > 0 integers, DP = 881 ... 08 and [B| = B1 + - -+ + fn.

Our transonic shock problem is the following.

Problem A. Given a supersonic solution ¢~ of (1.1) in Q, which
is a C%@ perturbation of ¢y , for some a > 0:

(2.13) lle™ — 0 ll2,00 <0,
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with ¢ > 0 small, and satisfies
(2.14) v, =0 on 9(0,a)"! x (=N, Ns),

find a transonic shock solution ¢ in 2 such that

=9 in Q7,
where Q™ is the supersonic region of ¢ in 2, defined by 2~ := Q\Q+
with QF == {2 € Q@ : |Dy(z)| < Pionic} Which is the subsonic
region of ¢, and
P=9Q Pu. =g, on  (0,a)""" x {=M},
(2.15) o=t on  (0,a)"" x {Np},
0, =0 on 8(0,a)" ! x (—Ny, N»).

In order to construct a solution of Problem A, we reformulate it into a more general
free boundary problem for the subsonic part of the solution. The following heuristic
observation motivates our formulation: Since ¢ = ¢~ in Q7, |Dy| < pionic < |De™|
in QF, |Dyp~| ~ 8,0~ > plonic in Q, and we expect that Qt = {z,, > f(2')} N Q
and |Dp| ~ 8, ¢ < pt,nic in QF with (2.3) across the free boundary, then ¢ should
satisfy

(2.16) o(z) <o (2) for x € Q.

Now we can formulate the following free boundary problem:

Problem B. Find ¢ € C(Q) such that
(i) ¢ satisfies (2.16) in Q and (2.15) on 0%;

(ii) ¢ € C**(QF)is asolution of (1.1)in QF := {2z € Q : ¢(z) <
¢~ (x)}, the noncoincidence set;

(iii) the free boundary S = QT N is given by the equation z,, =
f(a'") for ' € (0,a)" ! so that QF = {x, > f(z')} N Q, where
f = 02’(1([0,0,]"'—1);

(iv) the free boundary condition (2.4) holds on S.

Note that the definitions of the regions QF in Problems A and B are a priori
different, since the formula of Q% given in the formulation of Problem B is a new
definition, rather than an expression of the region QF defined in Problem A above.
In particular, in the free boundary problem (Problem B), we do not require that
the phase ¢~ be a solution of (1.1) and that ¢ be subsonic in Q% although we
require it in Problem A so that the free boundary is a transonic shock.

We will show that, if the perturbation ¢~ — ¢y is small enough in C**, then
the free boundary problem (Problem B) has a solution which is a transonic shock
solution to Problem A. Furthermore, the transonic shock is stable under any small
C? perturbation of ¢ . Precisely, we have the following theorem.

Theorem 2.1. Let g* € (0,pl,,.;c) and g~ € (piom-c, 1/\/5) satisfy (2.10), and let

o be the transonic shock solution (2.11). Then there exist positive constants og,
C1, and Cy depending only on n, vy, g7, and Q such that, for every o < oo and
any supersonic solution o~ of (1.1) satisfying the conditions stated in Problem A,
there exists a unique solution ¢ of Problem A satisfying

lle — of 2,0+ < Cro.
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In addition, QF = {z, > f(')} N Q where f : R"~! - R satisfies

I fll2,0,rm-1 < Cao,
Dy f=0 on 8(0,a)" ",

that is, the shock surface S = {(z',z,) : z, = f(z'),z' € R" 1} N Q is in C%2
and S is orthogonal to ON) at their intersection points.

Theorem 2.1 is a corollary of the following corresponding theorem for Problem
B.

Theorem 2.2. Let ¢t and ¢— be as in Theorem 2.1. Then there exist positive
constants oo, C1, and Cy depending only on n, v, q*, and Q such that, for every
o < oo and any function ¢~ satisfying (2.13) and (2.14), there exists a unique
solution ¢ of Problem B satisfying

lle — @f ll2,0,0+ < Cio.
In addition, QF = {z, > f(z')} N Q where f : R"~! = R satisfies

1£ll2,0,rn-2 < Ca0,
Dy f=0 on 8(0,a)" "

Remark 2.1. If the hyperbolic phase is C*, then the solution and the correspond-
ing free boundary in Theorem 2.2 are also C*°. Furthermore, our results can extend
to the problem with a steady C1*, a € (0,1), perturbation of the upstream super-
sonic flow and/or general Dirichlet data h(x'),z' € R"71, at z,, = Na satisfying

1A — ¢ [11,0,rn-1 < Co.

Also, the Dirichlet data in Problem B may be replaced by the corresponding Neu-
mann data satisfying the global solvability condition. Furthermore, the bounded
domain in the problem can be replaced by unbounded domains, especially the un-
bounded cylinder up to x,, = co. See Chen-Feldman [9] for the details.

The following features of equation (1.1) and the free boundary condition (2.5)
will be employed in the proof of Theorems 2.1 and 2.2. The nonlinear equation (1.1)
is uniformly elliptic only if [Dy| < p!_ ... — € in QF for some £ > 0; the quantity
[Det| = ((¢h)? + |g07|2)1/2 on S is subsonic only if ¢, is sufficiently small; and the
free boundary condition (2.5) is uniformly nondegenerate (i.e., ¢, — ¢} is bounded
from below by a positive constant on S) only if ¢, > pE . +¢con S for some € > 0
with K = 1 —6|p,|>. By (2.13), these conditions hold if, for any = € S, the unit
normal vector v(z) to S is sufficiently close to being orthogonal to {z,, = 0}.

To establish Theorem 2.2 (hence Theorem 2.1), we first introduce and solve a
truncated problem, by modifying both the nonlinear equation (1.1) and the free
boundary condition (2.5), in order to make the equation uniformly elliptic and the
free boundary condition nondegenerate. Then, for small o, a gradient bound for the
solution implies that it indeed solves the original free boundary problem, Problem
B, hence Problem A.
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3. SUBSONIC TRUNCATIONS

In this section, we introduce a truncated free boundary problem, by modifying
both the nonlinear equation (1.1) and the free boundary condition (2.5), to make
the equation uniformly elliptic and the free boundary condition nondegenerate; we
also extend the domain ) to the domain €2, to overcome the difficulties for the
study of the free boundary up to the fixed boundary for Problem B.

3.1. Truncation of equation (1.1). The truncation procedure below is motivated
by the argument in [3, pp. 87-90].

First, we note that the ellipticity condition for (1.1) at |Dy| = ¢ is (1.3), which
is equivalent to

(3.1) ®(q) >0,

where @k (p) is the function introduced in Lemma 2.1.

By Lemma 2.1(iii), the inequality (3.1) holds for g € (0,p},;.). We modify the
function ®;(g) so that the new function ®;(q) satisfies (3.1) uniformly for all ¢ > 0
and, around g7, the function &, (q) = ®1(q).

Let

_ piom'c — q+
(3.2) e = eomie =

Let y = coq + ¢1 be the tangent line of the graph of y = ®1(q) at ¢ =
Then, using Lemma 2.1(iii), we obtain

Co = (I)Il(pionic - E) > 0.
Now the function ®; : [0,00) — R, defined by

1
Psonic — €-

. ®1(q)  if 0<q<Plonic—5
3‘3 (} — . sonic
(3.3) 1(9) { cog+ec i q> Pyon — &,
satisfies ®; € C'([0, 00)).
Define
)
(3.4) pa) =L or e oo,
that is,
~ p(s) . if 0 S § < (pionic - 5)25
p(S = Co + ﬁ if s> (p.ionic - 6)2'

Then € C11([0,0)), and
(3.5) p@*)=p(@®) i 0<q< Poonic — &
By Lemma 2.1(iii)—(iv) and the definition (3.3) of @1,
0<co < ®(q) = pe*) +2¢°F'(¢°) < C, for g € (0,00),
for some constant C' > 0. Thus, the equation
(3.6) Ly := div (p(|Dy|*) D) = 0

is uniformly elliptic, with ellipticity constants depending only on ¢t and 7.
We also perform the corresponding truncation of the free boundary condition
(2.5):

(3.7) #(1DeP)p, = p(IDg~")Dp~ v on 5.
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On the right-hand side of (3.7), we use the nontruncated function p since p # p
on the range of |[Dy~|%. Note that (3.7), with the right-hand side considered as
a known function, is the conormal boundary condition for the uniformly elliptic
equation (3.6).

Thus, we solve the following free boundary problem, which is a truncated version
of Problem B.

Problem C. Find ¢ € C(f2) such that

(i) ¢ satisfies (2.16) in Q and (2.15) on 9;

(i) ¢ € C%*(QF) is a solution of (3.6) in QF := {p(z) < ¢~ (2)} N Q, the
noncoincidence set;

(iii) the free boundary S = QT N Q is given by the equation z,, = f(z') for
z' € (0,a)" ! so that QF = {z,, > f(2')} N Q, where f € C>*([0,a]" 1)
and Dw’f =0on 8((07(1)"71 x (_NI;NZ));

(iv) the free boundary condition (3.7) holds on S.

Remark 3.1. Introduce the function
ui=p" -,

and rewrite Problem C in terms of the function u(x). Then, by (2.16), the problem
is to find a nonnegative u € C(Q), with boundary conditions determined by (2.15)
and ¢, satisfying (1.5) and (1.6) with

A(z, P) = p(|Dyp~ (z) — P|*)(Dy~ (z) — P) = p(|Dyp~ (z)|*) Dy~ (z), P €R",

f(@) = —div(5(|Dy (2)]*) Dy (2)),

G(z,v) = (p(|Dy~ (@)]*) — p(IDy~ ()|*)) Dy~ (z) - v.

3.2. Extension to the domain Q, = T"! x (—=N{, N;). We now extend the
domain 2 of the free boundary problem to the domain 2, to overcome the difficulties
for the study of the free boundary up to the fixed boundary.

Observe that, if a function ¢ € C*%(Q) with Q := (0,a)" ! x (=N, N2) and
(3.8) ¢, =0 on 8(0,a)"* x (=N, Ny),

then ¢ can be extended to R™ ! x [—Ni, Na] so that the extension (still denoted)
¢ satisfies
¢ € C**(R"! x [-Ny, Ny)),
and, for every m =1,--- ,n—1and k =0,£1,4+2,---,
(3.9
(@1, T,k — 2, T, T0) = G150 Tmo1, k0 + 2, Ty, 0, Th),

that is, ¢ is symmetric with respect to every hyperplane {z,, = ka}. Indeed, for
k= (k1, -+ ,kn—1,0) with ky,--- , k,—1 integers, we define

d(z +ak) = p(n(z1, k1), - ,n(@n-1,kn-1),2n)  for z € (0,a)" " x [=Ny, V2],
with

t if k is even,
n(t,k)—{ a—t ifkisodd.
It follows from (3.9) that ¢(2', z,,) is 2a-periodic in the directions z1,- - , Zp_1:

o(x + 2ae,,) = é(x), for z e R" ! x [-Ni,No], m=1,--- ,n—1,
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where e, is the unit vector in the direction of z,,.

Thus, with respect to this 2a-periodicity, we can consider ¢ as a function on
Qe := T ! x [-Ny1,Ns], where T" ! is an (n — 1)-dimensional flat torus with
its coordinates given by the cube (0,2a)" . Note that (3.9) represents an extra
symmetry condition, in addition to ¢ € C%®(T"~! x [~Ny, N2]), and (3.9) implies
(3.8).

Thus we can extend ¢~ in this way, that is, ¢~ € C?*(€),) satisfies (3.9). Also,
©F can be considered as the functions in Q. satisfying (3.9), since pF(z) = ¢*z,
in R"! x [~ Ny, N»], which are independent of z'.

Then we focus on the free boundary problem, Problem C, on (..

4. EXISTENCE OF SOLUTIONS

In this section, we develop a nonlinear approach to prove the existence of solu-
tions of the free boundary problem. Our approach is an iteration scheme, which is
based on the nondegeneracy of the free boundary condition: The jump of the nor-
mal derivative of solutions across the free boundary has a strict lower bound. The
iteration procedure in §4.1 has no additional compactness effect, which is different
from that in [8]; the elliptic estimates in §4.2 alone do not produce what we require
to get the existence of a fixed point. We use certain cancellations in order to get
(4.20) and thus to close the argument for the existence of a fixed point.

4.1. Tteration procedure. Let M > 1. We set

(41) Ky ={eC**Q.) : |Iv—o¢dl2a0. <Ma, 1 satisfies (3.9)},

where ¢ () = qTx,. According to the definition, K, is convex and compact in
C*8(Q,),0< B < a.
Let 9 € K. Since ¢~ > g™, it follows that, if

a —q"
4.2 < -
(4.2 7=C0M+1y
with large C' depending only on n, then (4.1) and (2.13) imply
- a —q*
(4.3) (¢" =)z, (@) 2 =5 >0.

Then, by the implicit function theorem, the set Q% (¢) := {¢(z) < ¢~ ()} NQ, has
the form:
(4.4) Q@) ={zn > f(@)}NQe,  [|fll2,0,00-1 < CMo,
with C' depending upon ¢~ — ¢*. The corresponding unit normal vector
—Dg f(z"),1
@) = (=D f @)D
V1+[Da f(a')]?

€ Cl,a(Tnfl; Snfl)’

and
(4.5) lv — woll1,0,rn-+ < CMo,
where vy is defined by

D +
(4.6) vo = =20 —(0,---,0,1)7.
| Dy |
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Also, v(:) can be considered as a function on Sy := {z, = f(z')}. From the
definition of f(z'), it follows that, for z € Sy,

~ |Dy(z) - Dy(z)|’
By the definition of Kjs and (4.2), the formula (4.7) defines v on Q., and

(4.8) lv = vollia0. < CMo,  C=Clg",q ).
Motivated by the free boundary condition (3.7), we define the function Gy on Q.:
(4.9) Gy(z) = p(IDp™ (2)|*) Dy~ (z) - v(z),

where v(-) is defined by (4.7).
We now solve the following fixed-boundary value problem in the domain Q7 (3):

(4.10) div (5(1Dpl)Dp) =0 in QF(y),
(4.11) p(1Dpl)p, =Gy on Sy,
(4.12) p=Nogt on {2, = No} =00 (%) \ Sy,

and we show that the solution ¢ can be extended to the whole domain 2, so that
p €.

4.2. Existence and uniqueness of the solution for the fixed boundary
value problem (4.10)—(4.12). Now we show the existence and uniqueness of the

solution ¢ for the problem (4.10)—(4.12) and show that ¢ is close in C%*(Q+ (1))
to the unperturbed subsonic solution ¢ .

Proposition 4.1. Let M > 1. There exists oq > 0, depending only on n, v, qT,
Q, and M such that, if o € (0,00) so that ¢~ satisfies (2.13) and ¢ € Ky, then
there exists a unique solution ¢ € C%*(Q+ (1)) of the problem (4.10)-(4.12) that
satisfies (3.9) and

(4.13) lle — 5|

where C depends only on n, v, g7, and Q, and is independent of M, v € Kyr, and
o € (0,00).

2,0,0+() < Co,

Proof. In the argument below, the constants C and C; depend only on n, 7,
q", and ), and are independent of M, 1) € Ky, and o € (0,00), unless other
dependence is specified. We divide the proof into four steps.

Step 1. We first rewrite the problem (4.10)—(4.12) in terms of the function
vi=p— (,06". The problem then takes the form:

(4.14) divA(Dv) =0 in Qt(¥),

(4.15) ADv)-v=ygy on Sy,

(4.16) v=0 on T;:=T""1x{Ny}=00"()\ Sy,
where

A(P) = p(IP + qtwvo|*)(P + gtwo) — p((¢7)?)g vy for P eR™,
9y(x) = Gy(x) — p((¢")) gt v(z) - vo.

Thus, v(z) satisfies the uniformly elliptic equation with the same ellipticity con-
stants as those in (3.6). Note that

(4.17) A(0) =0.
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Now we show the crucial (but simple) estimate of gy (z), based on a cancellation.
We first note that

(4.18) gu(x) = (p(|Dy~ (2)[*) Dy~ () — p(|Dyg (2)|*) Dyg (z)) - v(a).
Furthermore,
(4.19) p(IDeg ) Dy = p(|Dyy ) Dy

in Q., since both sides of (4.19) are equal to p((¢")?)g* . Thus,
94(2) = (p(IDp~ (2)*) Dy~ (z) = p(|Dyq ()|*)Dpg (2)) - v(2).
Using (2.13) and (4.8), we obtain
llgyll1,a.0. < CllDe™ — Dyy |
Therefore, choosing o < 4, we have
(4.20) 192 l1,0.0. < Co

Step 2. In order to study the problem (4.14)—(4.16), we now consider the corre-
sponding linear problem:

r

Lo, IV[l1,a.0. < Co(l+ Mo).

Z[u] = Z a’ij(m)u$i$j = T(:E) in Q+(¢);

4.21 { »n
(421 Zbi(w)uzﬁg(m) on Sy,

( =0 on Iy
Here a;; € C* (Q.) satisfy the ellipticity condition:
NEP <Y aij(@)6é; < A[EPP forany z € Q, £ €R,
ij=1

with 0 < A < A, and b; € C1*(Q,) satisfy

bi(o)] < A
and the strict obliqueness condition:

b(z) -v(z) >k >0 forany z € Sy,

where b(x) denotes the vector (by,--- ,b,)(z).

Lemma 4.2. Let M > 1 and ¢ € Kyp. Then there exists oo depending only
onmn, v, ¢, Q, and M such that, if o € (0,00) so that ¢~ satisfy (2.13) and

u € CHQ+ () N CHOF(¥)) is a solution of (4.21) with r € C*(Q.), then
(i) there exists C depending only on A\, A, k, and Q such that

(4.22) lullo,o+ ) < CI7llo,0+ @) + 9llo,0+w));
(ii) there exists C depending only on X, A, &, |laijllo,a,0., ||bill1,e0., and Q
such that
(4.23) llull2,a.0+(w) < CITllo,an+w) + l9ll1.a.0+w)-
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We now prove this lemma. Consider the functions
(4.24) u(z) = K (e™ — ™), u(z) = —K (e™ — V),
with K = Ci(||gllo,o+ () + lI7llo,0+(y)), where Cy will be chosen below depending
only on the data as in (i). Then, using (4.4) and the ellipticity of £, we get
Lu] = anpyKe™ > Cide™ M7 rllo.a+(p) = [Irllo,o+w),
if Mo <1 and C; > €®. Similarly, for such ¢ and C},
L[a] < =lIrllo,a+)-

In addition,

Let w := u — u. Then
Lw > ||rlloo+w) —7 >0 in Q%(y),

i.e., w is a subsolution of £. Thus, by the strong maximum principle, if the maxi-
mum of w is achieved in the interior of Q*(¢), then w = const. in QT (¢), and thus
w =0in Q% (¢) since w|r, = 0.

Let the maximum of w be attained at 29 € Sy. Then w,(zo) = 0 and thus, since
b(zo) - v(zo) > 0, we get

1 1

—————b(xy) - Dw(zg) = —————
bag) - vae) 0 D) = hy o)
Using (4.8) and choosing ¢ small, depending only on n, v, g, , and M, and

choosing C; sufficiently large, depending only upon the data as in (i), we obtain,
on Sy,

wy (7o) = (b(wo) - Du(wo) — g(x0)) -

b-Du = Ke"b-vg>Ke* (b-v+b-(vo—v))
> Ciem M7 (k — ACMo)||gllo,a+w) = llgllo,0+ (v)-
Then

wy, (wg) > m (Ilgllo,0+() — 9(x0)) >0,

which contradicts the Hopf Lemma. Thus,

sup (u —u) =sup(u —u) =0.
Q+(3) r,

This and similar argument for @ imply
u(z) <u(z) <a(z),  for any z € QT (y),
which implies (4.22). This also implies the uniqueness of classical solutions of (4.21).
Furthermore, let
QfF :=T" 1 x (0,1).
Define a flattening map ® : Q*(y)) — QF, which maps Sy to {z, = 0}, by
, ZTp — f(a') )
"Ny - f(a)
for the function f(z') in (4.4). Note that, from the estimate for f(z') in (4.4),

(4.25) B2’ z) = (m

_ 1
(4.26) 18 = Tdll 000> 187" = Tdl 5 < 7
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if o is small. Now, consider u(x) as a periodic solution with respect to the z’
variables in R"™! x [-N1,No] N {z,, > f(z')}. Then, (4.23) follows from the
Schauder estimates (see Theorem 6.2, Corollary 6.7, and Lemma 6.29 in [17]) and
from (4.22); the fact that C' is independent of M, o, and ¢ follows from (4.26). This
completes the proof of Lemma 4.2.

From Lemma 4.2, we easily have

Lemma 4.3. Let o be sufficiently small, depending only on n, v, g, Q, and M.
Then there exists a unique solution u € C%*(Q+(¢)) of (4.21) satisfying (4.23)
with C' depending only on X, A, &, ||aijllo,a,0., and [|bill1,q,0. -

The proof is based on some standard existence argument for elliptic equations;
we sketch it in Appendix A.

Step 8. Now we turn to the nonlinear problem (4.14)—(4.16). Rewrite equation
(4.14) in the nondivergence form:

n

(.27 Nl = Y 49 (Dous,s, =0,
i,j=1
where A;;(P) := A}, (P), P € R". From the definition of A(P), (3.3), and (3.4),
(4.28) A;;(P) = Aji(P),
(4.29) (1+|P)|DpAs;(P)| < C,

forany Pe R", i,j=1,--- ,n.

The unique solvability of the linear problem (4.21) allows us to use the nonlinear
method of continuity to solve (4.27), (4.15), and (4.16). Namely, in order to show
the existence and uniqueness of a solution v € C%*(Q+(¢)) of (4.27), (4.15), and
(4.16), by Lemma 17.29 and Theorem 17.7 in [17], it suffices to verify the following
estimate.

Lemma 4.4. For any solution u € C*(Q*(¢))) of the problem:

(4-30) Z Aij (Du('r))u$i$j =0 in Q+(¢)>
i,j=1

(4.31) Z AY(Du)v* =tgy on Sy,
i=1

(4.32) u=0 on Iy,

the estimate

(4.33) llully,5,0+@w) < C

holds with some § > 0 for any t € [0,1], where C and & depend only on n, A, A,
the constant C' from (4.29), ||gl1,a,0+(w), Sv, and Q, but are independent of t.

The proof of Lemma 4.4 follows from some well-known estimates for nonlinear
elliptic equations of second order; we outline the proof in Appendix B.

Note that the constants C and § in (4.33) and (4.34) are independent of M
and ¥ € Ky, if Mo is small. Indeed, the dependence of C' and § in (4.33) on
Sy is through the estimates of derivatives of the regularized distance function p(z)
described in [24, page 522]. These are estimated in terms of the C%®-norm of Sy,
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[24, page 522], which, in our case, is determined by the C** norm of f(z') from
(4.4) and estimated by CMo. Thus, if ¢ € Ky and Mo < 1, then C and § in
(4.33) depend only on n, v, g*, Q, and ||gy||1,a,0.-

Moreover, it follows from [23, Theorem 2] that the solution v € C?(Q+(¢)) of
(4.27), (4.15), and (4.16) satisfies v € C>*(Q+ (1)), and
(4.34) [v]l2,a,0+@) < C,
where C depends only on the same quantities as the constants in (4.33), i.e., on n,
v q+; Q) and ”g’t/)”l,a,Qe-

By (4.17), the solution v(z) of (4.27), (4.15), and (4.16) satisfies a linear problem
of the form (4.21) with

aij(z) = Ap, (Dv(2)),

(4.35) ZOEDY /0 AL, (sDv(x))ds v (),

r(z) =0.
Then, using (4.20) and (4.34), we conclude that the functions defined by (4.35)
satisfy [lai;ll1,a,0+ ) + [10ill1,a.0+ () < C, where C' depends only on n, v, g*, and
Qif Mo < 1. Thus, using (4.23) for v(z), with r(z) = 0 and g = gy, and recalling
(4.20), we obtain

[v]]2,a,0+ () < Co.

Thus, ¢(z) = v(z) + ¢g (z) is the unique solution of (4.10)—(4.12) and satisfies
(4.13).

Step 4. Now we show that ¢(x) satisfies (3.9). Since ¥(z) satisfies (3.9), it
follows that Gy(z) and Q*(¢), i.e., the function f(z) in (4.4), satisfy (3.9). Fix
anym € {1,--- ,n—1} and k € {0,+1,£2,---}, and let

v(z) = (X1, Tm—1,2k0 — Tiy Tint1, " ,Tn)-

Then v(z) is a solution of (4.10)—(4.12): Indeed, since Gy(z) and QF (¢)) satisfy
(3.9), the only fact we should check is that, if ¢(z) is a solution of (4.10), then
v(x) also satisfies (4.10). This follows from the structure of (4.10) and is readily
checked by a direct calculation. Thus, by the uniqueness of solutions of the problem
(4.10)—(4.12), we obtain p(z) = v(z), and so ¢(x) satisfies (3.9). O

4.3. Construction and continuity of the iteration map. Now we first con-
struct the iteration map by an extension of the unique solution of (4.10)—(4.12)
satisfying (4.13). Then we show the continuity of the iteration map.

Proposition 4.5. Let M > 1. Let 0 > 0, ¢, and ¢ be as those in Proposition
4.1. Let ¢ be a solution of the problem (4.10)—(4.12) in the domain QF (¢)). Then ¢
can be extended to the whole domain Q. such that the extension, denoted by Py,
satisfies the following two properties:
(i) There exists Cy > 0, which depends only on n, v, q¢*, and Q, and is inde-
pendent of M, o, and v, such that

(4.36) Py — & ll2,0,0. < Coo.
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(ii) Let B € (0,a). Let a sequence v; € Ky converge in C*P(Q,) to ¢ €

Kur. Let p; € CH*(Qt(y;)) and p € C>*(Qt(¢)) be the solutions of the
problems (4.10)—(4.12) for ¢; and 1, respectively. Then Py, 0; = Pyp in

CP(Qe).
Proof. We divide the proof into four steps.
Step 1. Let
K= N
Denote

Qo := T x (-2k,1), Qf =T x(0,1).
We first employ the extension map in [17, pp. 136-137] to define an extension
operator & : C?#(Qf) — C*8(Qp) for any B € (0,1). Let v € C>#(QF). Define
Ev =wvin Qf. For (z',z,) € T"! x (—2k,0), define

3

&l xy,) = Z civ(a!, —

i=1

Tn

_-)7

2K

where ¢1, ¢z, and c3 are constants determined by the system of equations

3

1 m
deil-5=) =1, m=0,1,2
2K1

i1
It is easy to see that Esv € C*8 () and
(4.37) I€20l12,8,90 < Cllvlly 04

with Emiform constant C'. Since & is a linear operator, it follows that & :
C28(Qf) — C*P(Qy) is continuous.
The extension map &> has also the following properties:
(1) If v satisfies (3.9), then so does &Eyv.

2) Let v; € C?8(Q7) and Ewv; — v in C%P(Qy) as j — co. Then
j 0 j
v==Es (v|93r) in Q.

Assertion (1) follows directly from the definition of £. Assertion (2) follows
from the continuity of &. Indeed, since v; = vlg+, then Ev; — & (1)'9?;)’ which
implies (2).

Step 2. We first point out the following elementary fact, whose proof can be
readily obtained by explicit calculations.

Lemma 4.6. Let Q1,9 C R™ be bounded, open sets. Let f € C?P(Qs) and
®: 0y — Oy satisfy @ € C>P(Q1;R™). Then fo® € C>8(Qy) and
lf o @ll2,8,2, < Cllfll2,8,95

where C = C(n,||®||25.0,)- Also, if f; = f in C*P(Q2) and if ®; — @ in
C?P(Q1; R"), then

fjo(hj —)f0¢ m 02”6(61).
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Now let 9 € Kp. We define the extension operator &y : C?P(Q+(y)) —
C%P(Q.) for any B € (0,a] as follows. Let ® : Q*(y)) — QF be a map that
flattens Sy and is defined by (4.25), which in fact defines @ : Q. — T ! x R. This
map is C%>* and, if Mo is small enough, then

(4.38) T x [—g, 1] € () C T x [—37"", 1].

Also, if Mo is small, then the inverse ® ! : &(Q,) — Q. exists and, similar to
(4.26),

1
(4.39) 1@ — Idll2,a0., 127" = Idllz,00@.) < 0

Then, for v € C?P(Q+(¢))), we define
(4.40) Epv = [Es(v o 1] 0 ®.

This is well defined by the right inclusion in (4.38). From (4.37), (4.39), and Lemma
4.6, we obtain that, if o is so small that (4.38) and (4.39) hold, then, for any ¢ € K
and v € C*#(Q,),

(4.41) IEyvll2,8,0. < Cllvll2,g,0+ )
with C depending only on n and Q. Since the map &y : C%#(Q+(v)) — C?F(Q,)
is linear, it follows that this map is continuous.

Step 3. The map &, satisfies the following properties.

Lemma 4.7. Assume that Mo is small and § € (0, a].
(Q) If v € Ky and v € C3P(Q+(v)) satisfies (3.9), then Eyv also satisfies
(3.9).
(ii) Let v; € Kap and ¢; — 9 in C*P(Q,) as j — oo. Let v; € C*P(Q+(v;))
and Ey;v; = v in C*P(Qe) as j — co. Then
v=2~Ey (U|Q+(¢)) mn Q.

These can be seen as follows. Assertion (i) follows from the definition of &, and
the property (i) of £ in Step 1, since the maps ® and ®~! satisfy (3.9), which
follows from (4.25) because 1 satisfies (3.9).

Now we prove (ii). Since 1); € Ky and 1; — 9 in C*P, then 1) € Kps. Let f;
and f be the functions from (4.4) for v; and v, respectively. Since ¢; — ¢ in C?
and (4.3) holds, then

(4.42) fi—=f in C¥A(T"Y).

Let &; : Q. - T ! x R be the flattening map (4.25) corresponding to v;. It
follows that
®; - d in C*8(Q,;T"! x R).
Also, by (4.38), it follows that
_ _ . " K
<I>j1—><I> ! in C*A(T 1x[—§,1];ﬂe).
Let w € C28(3(0),)) and w; € C*#(QF) be defined by w = vo & ! and w; =

vj o <I>]71, which is well defined since ®;(2%(¢);)) = Qf. Then, using the first
inclusion in (4.38) and the second assertion of Lemma 4.6, we have

w; w in CQ’B(ﬁ).
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Thus, using the continuity of £, we have
ngj — gQ(’LU|Qg-) in 02’ﬁ(ﬂ_0).
Using the second inclusion in (4.38) for ® and ®;, we get
(E2wj) 0 B = Ex(wlgy) 0@ in C*F(Q),
which is
Ey,v5 — 5¢(U|Q+(¢)) in C2’B(Qe).

This implies (ii). O

Step 4. Finally, we define the following extension operator Py : C%8(Q+(y)) —
C%8(Q,) for ¢ € Kpr and B € (0,a]:
(4.43) Pyv = Ey(v — o) + o, where v € C%%(Q+(v)).

The estimate (4.36) follows from (4.13), (4.41), and (4.43).
Now we prove the assertion (ii) of Proposition 4.5. Let 0 < 8 < a. By (4.36),
1Py, ¢ill2,0,0. < C.
Thus, there exists a subsequence (still denoted) ¢; such that
(4.44) Py,5 v in CPP(Q),

for some v € C2*(Q,).

Denoting f; as the function from (4.4) for 1; as above and using (4.42) yield that
v satisfies equation (4.10) in QF(¢). Also, v obviously satisfies condition (4.12).
Now we show that v(x) also satisfies condition (4.11) on Sy. Denote v; as the
function (4.7) corresponding to v;. Then
(4.45) vj >V in C"?(Q.).
Let ' € T" . Denote z; = (¢', f;(z')) and = = (2, f(z')). By (4.42), z; — =.
Since ¢; satisfies (4.11) on Sy,, we have

p(IDw; (1)) Dj(x;) - vj(x5) = Gy, (;)-

By (4.9) and (4.45),

(4.46) Gy, = Gy in CYP(Q).
Then we have
p(|Dp(z))Dv(z) - v(z) = jlggo p(|Dyp;(z;)1>)Dyj(x;) - vi(z;)
= Jlggo Gy, (z4)
= G¢ (III)

Since Sy, = {(z', f(z')) : z' € T}, we conclude that v satisfies (4.11).
Thus, v is a solution of (4.10)—(4.12) in Q7 (x). By the uniqueness in Proposition
41,

Vla+(y) = ¢-
Then, by (4.43), (4.44), and Lemma 4.7(ii), we have

v=Ey (v —o)larw) + 98 =Eslp—pd) +9f =Pyp  in Q.
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We have thus proved that a subsequence of Py, ¢; converges to Py in C?P(0Q,).
Moreover, by the same argument, from any subsequence of Py, ¢; we can extract
a further subsequence, converging in C*#(f2,) to the same limit Pyp. Thus the
whole sequence Py, ; converges to Py. Proposition 4.5 is proved.

4.4. Existence of solutions of the free boundary problem. With Sections
4.1-4.3, we can now prove the existence of solutions of the free boundary problem.

Define the iteration map .J : Ky — C>%(Q,) by
(4.47) Jib = Py,

where ¢ is the unique solution of the problem (4.10)—(4.12) for 1. By Proposition
4.5(ii), J is continuous in the C?#(Q,)-norm for any positive 3 < a.

Now we denote by ¢ both the function ¢ in Q% (¢)) and its extension Pyp.

Choose M to be the constant Cy from (4.36). Then, for ¢ € Kps, we have from
Proposition 4.5(1) that ¢ := J¢¥ € Ky if 0 > 0 is sufficiently small depending
only on m, 7, g, and Q, since M is now fixed. Thus, (4.47) defines the iteration
map J : Ky = K and, from Proposition 4.5(ii), J is continuous on K, in the
C?#(Q,)-norm for any positive 3 < a.

In order to find a classical solution of Problem C, we seek a fixed point of the
map J. We use the Schauder Fixed Point Theorem (cf. [17, Theorem 11.1]) in the
following setting:

Let o > 0 satisfy the conditions of Proposition 4.5. Let 8 € (0,a). Since Q.
is a compact manifold with boundary, the set ps is a compact convex subset of
C%P(Q,). We have shown that J(K ) C K, and J is continuous in the C2#(1,)-
norm. Then, by the Schauder Fixed Point Theorem, J has a fixed point ¢ € K.

If ¢ is such a fixed point, then

@(x) = min(p~ (), p(z))
is a classical solution of Problem C, and S, is its free boundary.

It follows that ¢ is a solution of Problem B, provided that ¢ is small enough so
that (4.13) implies that |Dep| < pi,nic — €, where ¢ is defined by (3.2). Indeed, then
(3.5) implies that ¢ lies in the nontruncated region for the equation (3.6).

For such values of o, the function @ is a solution of Problem A. Indeed, |D@| <
Plonie — & on (@) := {3 < ¢~ } since ¢ = p on O ().

This completes the existence proof for Theorems 2.1 and 2.2.

5. UNIQUENESS OF SOLUTIONS

In this section, we prove the uniqueness of solutions of Problem B (hence, Prob-
lem A) that we have constructed in Section 4.

Theorem 5.1. Let g, q—, and ¢~ be as in Theorem 2.1. Let M > 0. If o > 0
is a sufficiently small constant depending only on M, n, gT, v, and Q, then there
ezists at most one solution ¢ of Problem B satisfying

(5.1) le — @F ll2,0,0+(0) < Mo.

Proof. In this proof, the constants o, C, and ¢ depend only on M, n, ¢q*, v, and
Q, unless other dependence is specified. The proof consists of seven steps.
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Step 1. We consider Problem B extended to the domain Q.. Let ¢ # ¢ be two
solutions of Problem B satisfying (5.1). Define

uI=@ —, =@ —¢@ in Q..
Then
>0, 4>0 in Q,
and
O (p) = {u(z) >0}NQ,  QF(Y) = {a(z) >0} N Q.
Below, Q*(u), S(u), QF(4), and S(4) stand for QF(p), S(p), QT (P), and S(p),
respectively. Note that
S(u) = 0{u(z) > 0} N ., S(a) = o{a(z) > 0} N Q..
The definition of w and 4 with (5.1) implies
(52 lu- (@ — onlbaaiw < Mo, i (" - )ealloaar@ < Mo.
If (4.2) holds with large enough C, then the regions Q% (u) and Q% (4) have the
form (4.4) with the functions f and f, respectively. To see this, we use (5.2) and

extend u from Q% (u), which we consider now as a subset of R", into R™ so that
the extension £u satisfies

(5.3) [€u— (¢~ —¢*) < CMo,
where C depends only on n (see, e.g., [31, Chapter 6, Theorem 4]). Then, by (4.2),

- _ gt
(Ew)n(@) > —qt —CMo > L "L >0

Thus, Q1 (u) = {€u(z) > 0} N Qe, and (4.4) holds for u by the implicit function
theorem; and the corresponding results hold for 4.

Step 2. Rewrite the problem (4.10)—(4.12) in terms of u = ¢~ — . It follows
from (3.5) and (5.2) that, if ¢ > 0 is sufficiently small, then u in Q*(u) is the
solution of the following problem:

(5.4) divA(z,Du) =0 in QF(u),

(5.5) u, =Gy on S(u),

(5.6) u=¢p —q¢tNy on T;:=T"!x{N},
where

(5.7 A(y,P)=p(|Dy~(y) - P’)(Dp~(y) = P)  for y € Q, PER",

with p defined by (3.4).
The function Gf(xz') is defined as follows. Using (2.2), we can rewrite (2.5) as

(5.8) pllor P+ @h))el = p(1De™P)p;,  on S(u).
We intend to solve (5.8) for p}. Note that, by (2.13),
|Dcp* - q*V0| <o in €,
and, by (5.3), the unit normal vector v(z) to S(u) satisfies
(5.9) [v(z) — vo| < Co.
Thus, noting that
(5.10) @, =Dy v, |p;[?=|D¢ [P~ (p,)* =Dy | = (Dp~ -v)?,
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we get
o, —a7|<Ca,  |p:|* < Co.
Denoting
(5.11) K :=1-0|¢7

we rewrite (5.8) as the equation:
(5.12) Pk (p) = k(D¢ -v),

where @ (-) is the function in Lemma 2.1. Now we solve (5.12) for p. For this
purpose, based on (5.10) and (5.11), we define

ev=ev, e[’ =lef = (e))” = el = (e-v)?,
and
K(s,t) :=1—6(s —t?), s,t € R.
Then
K(le*,e-v)=1—0(le|* = (e-v)?) =1—0le,|* for ecR", ve St
Now, (5.12) can be written as
F(p; |Dy™[*, Dy~ -v) =0,
where F' € C* in the neighborhood of (¢*; (¢7)2, ¢~) under consideration is defined
b
’ F(p;s,t) := ®x(s,)(P) — Pr(s,0)(1), p,s,t € R.
Moreover, by the definition of ¢* and ¢~ and Lemma 2.1(iii), we have
F(g"5(a)%a) =0,  Fpla()%a) =3i(d) >0
Thus, by the Implicit Function Theorem, there exists a C* function G(s,t) defined
on a neighborhood:

Or(47507) ={(s:8) : [s=(a7)°| <o, [t —q7| < o},

where J¢ depends only on ¢, ¢, and ~y such that

G((q7)%q7) =4,
and

F(G(s,t);s,t) = 0.
This means that (5.8) can be rewritten as

g5 =G(Dy |*, Dy -v),
provided that, on S(u),
Dy~ -v—q | <&, |ID¢ >~ (a7)*| < do,

which can be achieved by choosing o small depending only on n, v, ¢+, Q, and M.
Thus, for u = ¢~ — ¢, (5.5) holds with

(5.13) G(z') == Dy~ (z) - vs(2) = G(|1D¢™ (2)]*, Dy~ (z) - v4(2)),
for ' € T" ',z = (2, f(2')) € S(u), and v¢(z) is the inward unit normal vector
to S(u) at .

Note that (5.4) is uniformly elliptic with the same ellipticity constants as those
for (3.6).
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The function 4 is a solution of the similar problem in Q% (a), i.e., 4 satisfies
equation (5.4) in Q% (4), (5.6) on I'1, and

iy, =Gj on S(i),
where
G;(@') = Dy~ (2) - v;(x) — G(IDy~ (@) 2, Dy () - v;(x),
for 2’ € T 1,2
S(a) at z.

Step 3. We may assume f # f ; otherwise ¢ = ¢ by the uniqueness of solutions
to the problem (4.10)—(4.12) in the domain Q1 (p) = Q7 (u) by Proposition 4.1.
Thus we may assume that f(z') > f(z') for some 2’ € R""!, since the opposite
inequality can be handled similarly.

We shift the domain Q% (4) in the direction —vg by a distance § > 0 so that the
resulting domain B contains Q(u) N {z, < N2 — d} and dBN S(u) # 0. Precisely,
for positive y < Na, define vy : Q. N {z, < N2 —y} = R by

= (¢, f(z')) € S(@), and the inward unit normal vector v #(z) to

Uy(mla IL'n) = ﬁ,(_{[;', .CCn + y)
Let
d=sup{y >0 : S(u)NS(vy) # 0}.
By the above assumption, § > 0. Applying (4.4) to both f(z') and f(2'), we have
0 < CMo. We assume CMo < N»/10.
We denote vs(z) by v(z) and denote h(z') := f(z') — 6. Clearly,
Qt () ={(2',z,) : h(z') <z, <Ny -8} NQ,.
It follows that Q% (u) N {z, < Ny — 4§} C QF(v). By construction, f(z') > h(z'),
and there exists z/, € T" ! such that f(z',) = h(z.). Denote z. := (z,, f(z.)) €
T" ! x R. Then the smooth surface S(u) touches the smooth surface S(v) at ..
Denote the common unit normal vector to S(u) and S(v) at z. in the direction of
OF(v) by v(z.). Since S(@) = S(v) + dvyg, it follows that the inward unit normal
vector V(z« + 6vp) to S(4) at z« + dvp = (2, f(2') + 0) is equal to v(z). Then,
from the definition of Gy and G,

G (a)) — G(@))| < CIDy™ (@, f(x,)) — Do~ (2, f(z}) + 6)| < Cdo,
where we used (2.13) in the last inequality. Also, since 4(z) satisfies the free
boundary condition 4, (z', f(z')) = G(2') and v(z) = d(z + dvo) for any z, we
have

0y (24) 1= Dv(z4) - v(z4) = Di(@s + dv0) - v§(24 + d10) = G §(27,).

Since u(x) satisfies u, (z4) 1= Du(z,) - v(z«) = Gf(x,), we have
(5.14) [0(2.) =y (2.)] = |G () - G;(aL)| < Cod.
We will come to a contradiction for small o by showing that v, (z.) — u, (z.) > ¢d
with ¢ > 0.

Step 4. Denote D := QF(u) N {z,, < No — d}. Then
(5.15) 0D = S(w)U{xy, = Ny — 6} = {z, = f(z")} U{z,, = N2 — 6}.
Then z, € 8D, and v(z,) is the inward normal vector to 8D at z.. Also
(5.16) U|3D Z ’LL|3'D.
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Indeed, v > 0 = uw on S(u) from the definition of D and v. On {z, = Ny — d}, we
apply (5.2) to u and use the fact that v|{,,—n,—s} = U|{z,=n,} to have

- _ 4t
q q5

(5.17) v>u+ (g —qgt —Mo)d >u+ 5

on {z, = N, — 6},

if o is sufficiently small.
Since 4 satisfies (5.4) in Q7 (4), then v satisfies

div A(z + évp,Dv) =0  in D.
We write this equation in the form:
(5.18) div A(z, Dv) = div¢(z) in D,
where A(y, P) is the function (5.7) and

Y(z) := A(z, Dv(z)) — A(z + dvg, Dv(z)) = —5/0 DyA(z + 6tvy, Du(z)) - vp dt.

By (5.7) and (2.13), for any Lo > 0,

sup [|DyA(:, P)llo,a.2. < C(Lo)o, sup [|DypA(, P)lloo.e. < C(Lo)o.
|P|<Lo |P|<Lo

From this, we use |Dv| < ¢~ — ¢t + CMo with Mo < 1 to conclude
[¢| < Coo in Q,

(@) —b@)| < 6 ‘/01 (D, A(z + §sv0, Dv(x)) — Dy A(# + 8svo, Du(x))) - vo ds

1
+4 / (DyA(& + dsvy, Du(z)) — Dy A(E + dsvg, Du(2))) - vo ds
0

Céol|z — &|* + Co|Dv(z) — Du(z)|
CMoéo|z — Z|%,

IA A

where we used (5.2) and v(z) = 4(x + dvp) in the last inequality. Thus, we have
(5.19) 1¥llo,0,0. < CMéo.
Then, denoting w := v — u,

div (A(z, Dv) — A(z,Du)) =divy(z) in D

can be rewritten as
n
(520) Z Di(aij(x)Djw) = div ’(ﬁ(m‘) in D,
ij=1

1 .

where a;;(z) = / Ap, (z,8Dv(z) + (1 — 8) Du(z))ds. Thus, equation (5.20) is uni-
0

formly elliptic with the ellipticity constants and norms of a;; € C>®(D) depending
only on n, qt, v, and Q.

Step 5. We write w := wy + ws, where w; and w- are the solutions of
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(521) i Di(aij (a:)Dle) =0 in D,
4,j=1
’ wp = w on 0D,
and
4,j=1
’ wy, = 0 on OD.

Indeed, we obtain the solution w; € C?%(D) of (5.21) in the periodic case D C
T"~! x [-Ny, N3] by the argument similar to the proof of Step 2 in §4.2. Note that
00, € C®°, w=v—u € C*>*, and the maximum principle:

Ssupw; = sup wy,
D 8D

which follows from the ellipticity and structure of equation (5.21). As long as w;
is obtained, wy = w — wy is a solution of (5.22).

By Theorems 8.16, 8.32, and 8.33 in [17], which can be adapted to the periodic
case D C T" ! x [~Ny, N2] without change in the proofs, we have

lwzll1,0,0 < Cll¥llo,a.0.5

where C' depends only on the ellipticity constants and D. Furthermore, using
(5.15) and [|f|]2,4,Tn-1 < CMo and choosing o < min(N>/100,1) yield that the
dependence of C on D becomes the dependence only on Ny. Thus, we use (5.19)
to obtain

(5.23) [lwall1,0,p0 < CMdo.

Step 6. Now we estimate (w1),(z4) from below. By (5.16), wy > 0 on 9D. Thus,
wy > 0in D by the maximum principle. Also, wy(z4) = 0. Moreover, by (5.17),

wy > %6 on {x, = Ny — 0}.
We first show that
N-
(5.24) w (0.5) 2 e -,

where ¢ > 0 depends only on the ellipticity constants A and A of equation (5.21),
ie.,on ¢t,q7,7, n, and Q.
Since a;; € C1:%(D), equation (5.21) can be rewritten in the nondivergence form:

(5.25) Z a,-jDijwl + Z b;Dijw; =0 in D,
i,j=1 i=1

n — n 1/2
where b; 1= Y ., a4z, € C*(D), and B := (Zi:l ||bi||2Lw(D)) depends only

on gT,7v, n, Q, and M. In the rest of the proof, we consider D as a subset of
R" ! x [-Ny, N»] and the functions wq, a;;, and b; in (5.25) as the functions on D,
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2a-periodic with respect to 21,--- ,Z,_1. Define a domain Dy := (—3a,3a)" "' x
N. ) _

(TZ,NQ - (5> C D, and let W € C%%(Dy) N C(Dy) be a solution of

PyA(D*W) - BIDW| =0 in Dy,

W|8D0 = ¢a

where P, , is the extremal Pucci operator (e.g., [7]), and ¢ € C¢ (Dy) is a function
satisfying

(5.26)

0<9p<1 on 90Dy,
¢=0  on 0D\ {zn, = N2 — 6},
¢=1 on {z, =Ny —4,|z'| <a}.
The existence and regularity of W follow from Chapter 9 in [7], with standard
modifications, to take into account the dependence on DW in the equation. Also,

W > 0in Dy, by the strong maximum principle.
Now w1, as a solution of (5.25), satisfies

PX,,\(D%Ul) — B|Dun| <0 in D,

_ gt
i.e., w;y is a supersolution. Also, w; > a q

Wé on 9Dy. Thus, by the homo-

geneity of equation (5.26) and the maximum principle, wy > a W6 in Dy.
Thus, (5.24) is proved with ¢ = W(£2,0)/2 > 0 depending only on A, A,n, and Q.

Step 7. By (5.24) and the interior Harnack inequality applied in Dy C D, there

exists ¢ > 0 such that

wy > cd in DyN{Ny/4 <z, <3Ny/4}.
By the periodicity of w; with respect to x1,--- ,z,—1, we conclude that the above
inequality holds in DN {Na2/4 < z, < 3N»/4}.

Since S(u) = {zn = f(2)} and || f||2,o, 21 < CMo, it follows that, if Mo is
small, every point of S(u) has a tangent ball with radius R > N»/4 and center
within {N»/4 < z, < 3N,/4}. Let zg be the center of such ball, tangent to S(u) at
Zy, 1., Br(zo) C D and z. € O0Bgr(xg) N OD. Then, z¢ € {N>2/4 < z, < 3N,/4},
and thus

w1 (zo) > cd.
Now the Harnack inequality, applied to w; in Bg(xo), implies

inf  w; > cd.
Bpr/2(%0)

By the proof of the Hopf Lemma in [17, Lemma 3.4],

(w1)p(zs) > ¢1  inf  wy,
R/2 EO)

where ¢; > 0 depends only on R > 0, A, A, and the L*®-norm of the coefficients of
(5.25).
Thus,

(5.27) (w1)w(zs) > €0,
where ¢ > 0 depends only on n, v, ¢+, Q, and M.
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Combining (5.27) with (5.23), we obtain
(v — )y (z) = 8, (w1 + ws)(z4) > (c — CMa)s > ga,

if Mo is small. If § > 0 and ¢ is small, this contradicts (5.14). Thus é = 0, which
implies Theorem 5.1. O

6. STABILITY OF FREE BOUNDARIES

As a consequence of the uniqueness, nondegeneracy, and regularity of solutions
of the free boundary problem, we have the following stability theorem.

Theorem 6.1. Let M > 0. There exist a nonnegative function ¥ € C(R¥),
satisfying ©(0) = 0, and a9 > 0, depending only on M,q*,q~,~, and Q, such that,
if 0 < 09, p~ satisfies (2.13), and @~ satisfies

(6.1) llo™ — ¢~ [l2,a,0. < &,

with k < o, then the unique solutions ¢ and @ of Problem B with (5.1) for ¢~ and
¢, respectively, satisfy

(6.2) Ifo = foll2,a,mn—1 < ¥(K),

where f, and f; are the “free boundary” functions in (4.4) with ¢ and ¢, respec-
tively.

Proof. Let og be such that Theorem 5.1 holds for 20¢. If the assertion is false,
then there exist ¢, and ¢, for k =1,---, such that

¢y, satisfy (2.13) with o < oy;
. 1

”‘Pk — P ||2,a,Qe < E?

I fe — fxl

Here fr and fk are the “free boundary” functions in (4.4) for ¢y and @y, respec-
tively, where ¢ and ¢ are the unique solutions of Problem B for ¢, and ¢,
respectively, satisfying (5.1).

By selecting a subsequence (for which we do not change notation), we have

2,(1,T"_1 Z € > 0

(6.3) ¢p ¢~ in C*3(Q),
(6.4) Gr > in C2E(Q),
(6.5) fe— f  in CPE(T™Y),
(6.6) fe— f in CPE(TY),
(6.7) F#1

and ¢~ € C%*(0,) satisfies (2.13) with o0 < oo and f, f € C2o(Tn=1).
Also, the argument similar to the proof of Proposition 4.5(ii) yield that

P‘Pk ((Pk|Q+(<Pk)) - P«J ((p|Q+(<p)) in 02’%(9_6)7
Pow (Prlo+ o) = Po (Pla+@)  in C%(Q).

Here ¢ € C(Q:)NC?%2(Q+(p)) is a solution of Problem B for the limiting function
~ in (6.3) and (6.4), and the “free boundary” function of ¢ is the limiting function

f in (6.5); it also follows that ¢ satisfies (5.1). Similarly, p € C(Q,) N C%*(Q+(p))
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is a solution of Problem B for the limiting function ¢~ in (6.3) and (6.4), and the
“free boundary” function of ¢ is the limiting function f in (6.6); it also follows that
¢ satisfies (5.1). By (6.7), this contradicts the uniqueness result of Theorem 5.1 for
. O

7. MULTIDIMENSIONAL TRANSONIC SHOCKS
NEAR SPHERICAL AND CIRCULAR SHOCKS

In this section we are concerned with applications of our approach to the con-
struction of multidimensional transonic shocks with more complex geometries. As
an example, we focus on multidimensional transonic shocks near spherical (n > 3)
or circular (n = 2) transonic shocks.

We first show the existence of spherical and circular transonic shocks. That is,
choosing any

0<R1<R0<R2<OO,
we consider the domain Q@ = {z € R" : R; < |z| < Rz} and show that there
exists a weak solution o € W1°°(Q) of (1.1) and (1.2) in the sense of (2.1) with
wo(z) = w(|z|) for some w : R — R such that ¢y € C®(QF) and

Qy ={r€R" : Ri<|z|<Ro} and Qf ={z € R" : Ry < |z| < R},
are respectively supersonic and subsonic regions of ¢y, i.e.,

|D<100| > péonic in 967
(7.1)
|DQ00| < pionic in QS_;

and |Dyg| has a jump across Sp := {|z| = Ro}.
It is easy to see that a function ¢g(z) = w(|z|) satisfies (2.1) in Q if and only if,
for any ¢ € C§°(Ry, R2),

Ro
. p(jw' (r) ) (r)¢' (r)r™~tdr = 0.

It follows that w(|z|) is a smooth solution of (1.1) if

!

(p(lw' (1) *)w' (r)r™~1)" = 0.
Thus,

p(jw' (r)*)w' (r) = e
which can be written as

(7.2) B (w'(r) = —

Tn—l’

where ®1(-) is defined in Lemma 2.1. From Lemma 2.1, it follows that there exist
smooth functions

(I)—T-l : (0, q)l(pionic)) - (Oap.};onic)’
(I)Zl : (05 (I)l(p;onic)) - (p;onim 1/9)7
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which are the inverse functions of & (-) in the sense that ®; (®;' (7)) = 7 for any 7 €
(0, ®1(pl,nic)), such that (®')'(r) > 0 and (®-")'(r) < 0 for 7 € (0, ®1(pL,,.;c))-

sonic sonic

Thus, in order to satisfy (7.1) and (7.2), we have to choose ¢ > 0 such that

C C
0< < < < ®1(pLonic),
R;l*]. Rgfl Rizfl 1(psomc)
and set
_ C
w(r) =@ (S5)  for By <r < Ro,
_e-1(_°¢
w'(r) =07 (55) forRo<r < Rs.

Thus, we obtain a weak solution p¢(z) = w(|z|) of (1.1) in Q, satisfying (7.1), by
setting

Ry c
w(r):_/ 7' (o) dr <0 for Ry <7< Ro,

_ e (
w(r)_/R0<1>+ (5)dr>0 forRo<r< R

On the other hand, we can switch subsonic and supersonic regions of the solution
with a spherical or circular shock. Precisely, we can construct another weak solution
Po(z) = w(|z]) of (1.1) in Q such that
|Dg50| >p§om~c in Qa = {JI eER™ : Ry< |.’L'| < Rz},
|D¢70| < pionic in Q(T = {'T ER" : B < |$| < RO}

Indeed, extend ®; to (—o0,0] by ®1(—p) = —®1(p) for p > 0. Then we have the
inverse functions

(7.3)

&);1 : (_(I)l(p.}sonic%o) - (_pionic’0)7
&3‘:1 : (—‘Pl(piomc),o) - (_ \% 1/07 _pionic);

and, following the above argument, we can obtain a solution satisfying (7.3) by
defining

w(r) = / ot (—Tncfl) dr <0 for Ry <r < Ry,

Ro 5 c
w(r)z_/ 871 () dr >0 for Ry <7< R,

where ¢ > 0 is as above.
We can express the function g as
po(a) = min(p{ (2), 05 () for v € 9,
where T € C®(Q) are defined as

(74) o= (@) = we(ja]), wi(r)z/ o' (-5 )dr,  for Ri<r<R.
Ro

Tn—l

The solution ¢ containing the spherical or circular transonic shock satisfies the
entropy condition:

p(IDeq I*) < p(IDg ),
across the transonic shock from the hyperbolic phase to the elliptic phase, which is
the direction of fluid motions.
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The function @ has the same properties as yq.

We now state our results on the existence and stability of multidimensional
transonic shocks that are close to the solution ¢g; similar results for $g hold.

Problem A’. Given a supersonic solution ¢~ of (1.1) in Q, which
is a C%@ perturbation of ¢, , for some a > 0:

(7.5) le™ — o lle2e(@) < o,

with ¢ > 0 small, find a transonic shock solution ¢ in Q such that
@ = in Q7 , where Q is the supersonic region of ¢, and

p=¢ on {|z|= R},
7.6
(7.6) o=¢t  on {l] =R}

Theorem 7.1. There exist positive constants o9, C1, and Cy, depending only on
n, v, ¢, and §, such that, for every o < oo and any supersonic solution ¢~ of (1.1)
satisfying the conditions stated in Problem A’ there exists a unique solution ¢ of
Problem A’ satisfying

lle — od 2,00+ < Cio,
and QF = {|z| > f(Z)}NQ, where f S" 1 5 R, and

| f = Roll2,q,5n-1 < Cao.

The proof of Theorem 7.1 closely follows the proof of Theorem 2.1. We will only
point out some details.

First, we reformulate Problem A’ into a free boundary problem. Following the
heuristic discussion preceding the statement of Problem B and taking into account
the geometry of the present case, we expect that the solution of Problem A’ satisfies

(7.7 p(z) <~ (z), for z € Q.

Then our free boundary problem is

Problem B’. Find ¢ € C(Q2) such that
(i) ¢ satisfies (7.7) in Q and (7.6) on 0%;
(ii) ¢ € C**(Q7) is a solution of (1.1) in O = {p(z) < ¢ (z)}N
Q, the noncoincidence set;
(iii) the free boundary S = 9+ NN is given by the equation |z| =
f(a7) so that @ = {|z| > f(;37)} N Q, where f: S"~t -+ R
satisfies f € C%(S™1);
(iv) the free boundary conditions (2.3) and (2.4) hold on S.
We now solve Problem B’; similarly to Problem B above. Namely, we consider
the problem with the truncated equation (3.6) and the free boundary condition
(3.7). We do not need to extend our domain  here, since we expect that the free

boundary should lie in the interior of 2.
Similar to (4.6), we define

() . Dei@ _ @
(78) °0) = Do @)~ Tl

Now we can follow the argument of Section 4. We clarify the following three points.
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First, the nondegeneracy estimate (4.3) is now

=023 (7 (=) -2 (g) ) >0

if o is sufficiently small which depends only on n, qt, ~v, and . We obtain this
estimate since, for any x € (0,

(65 )o(@) = w'_<|m|>z<1>:1(

1
) > Psonic

> a7 (R—) > !, (Jo) = (68 ) (),

n—1
Ry

where we used that ®'(-) is increasing and ®_'(-) decreasing, and R; < |z| < Ry.
Second, A(P) in the argument of Section 4.2 is now replaced by A(z, P) with

the formula:

Aw, P) = p(|P+Dgg (@) ))(P+a* Dy () ~p(IDgi () Dt () for P e R,

and gy () is defined by (4.18), where ¢J (z) is now defined by (7.4).
Third, (4.19) still holds in Q. Indeed, since D7 (z) = w',(|z|)vo(x), we use the
function ®1(-) from Lemma 2.1 to obtain

pIDe @)D (0) = B (ut (e)on(e) = 1 (257 (o ) ) & =i

R

The uniqueness and stability results, similar to Theorem 6.1, can also be estab-
lished (see [9]).

APPENDIX A. PROOF OF LEMMA 4.3
Consider first the case of the Laplace equation with the Neumann condition on
Sy:
Au=r in Qt(y),
(A1) u, =g on Sy,

u=0 on TIYj.
Let v € C®(Q) N Ky and r,g € C®(Q*+())). We can easily construct § €
C>®(Q+(¢)) satisfying § = g near Sy, and § = 0 on I';. Then the function v := u—g
satisfies

Av=h:=r—Ag in Q" (¥),
(A.2) v, =0 on Sy,
v=0 on T;.

We construct a variational solution of (A.2), that is, we minimize a functional
Tw] :/ (IVwl® = hw)de
Q+(¥)

over the set {w € H'(Q*(¢)) : wlr, = 0}, where Q+(y)) C T ! x [-Ny, Ny
is a compact Riemannian manifold with boundary, and H!(Q2*(¢)) is the Sobolev
space, and the condition w|r, = 0is understood in the sense of traces. The existence
of a solution v follows from the argument similar to the proof of Theorem 4.8 in
[4], with the aid of Lemma 4.2. Now a standard regularity theory implies that
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v € C®(QF(¢)) and v satisfies (A.2): Indeed, since we can consider v(z) as a
periodic solution with respect to the z' variables in R"~! x [Ny, No]JN{z, > f(z')},
then the interior regularity follows from Theorem 8.10 in [17] and the regularity
near I'y from Section 8.4 in [17]; and the regularity near Sy, follows from the interior
regularity by the local flattening of Sy and then by the reflection.

Now u = v+g is a C™ solution of (A.1). Then u satisfies (4.23) with C' depending
only on the domain ().

If € Ky, v € C*(QF(9)), and g € CH*(Q+(2))), we approximate them by
smooth functions ;,r;, and g;, and we use (4.23) to pass to the limit.

Thus we have shown that (A.1) is uniquely solvable for r € C*(Q+(y)) and
g € CL2(Q+ (1)), and the solution satisfies (4.23).

The proof of the existence of a solution for the general problem (4.21) can be
achieved via the method of continuity by considering the following problem for
t €[0,1]:

Liu]=tLlu+ (1 —t)Au=r in QF(¥),
th-Du+ (1—tu, =g on Sy,
v=0 on T4y,
which has the structure of (4.21) with the same ellipticity and obliqueness constants.

The argument just repeats the proof of Theorem 6.8 in [17], with the aid of Lemma
4.2 and (4.23).

APPENDIX B. PROOF OF LEMMA 4.4

We now prove Lemma, 4.4 for the estimate (4.33) in several steps. Denote g :=

First, we note that u(z) is a solution of the problem (4.21) with r(z) = 0,

a;j(z) = Aij(Du(z)), and b;(z) = Z/ Aggi (sDu(x))ds vI (x), where we used

that A(0) = 0. Then a;;,b; € C’1 . Also the uniform ellipticity of a;;(z) is obvious,
and the strict obliqueness of b;(z) follows from

b(z) - v / AJ (sDu(z))v' () (z)ds > X > 0,

where A and A are the elhpt1c1ty constants of (3.6). Then, by Lemma 4.2(i),

(B.1) llullo,0+w) < Cllgllo,o+w)>

where C depends only on A\, A, and Q. Noting also that u(z) and w(z) constructed
in the proof of Lemma 4.2 are the barriers for u(z) on T';, we have

(B.2) |Du| < Cllgllo,0+(y) on Ti.

Thus we can combine the estimates for the oblique derivative problem with the
estimates for the Dirichlet problem from Chapters 8 and 14 in [17] to prove (4.33).

For the oblique derivative problem, we use the estimates from Sections 2—4 in [24].
Note that (4.29) is the structure condition which allows to apply these estimates.
Also note that the conormal boundary condition on Sy, satisfies the nonlinear strict
obliqueness property of [24]: Indeed, denoting G(z,P) := Y1 | AY(P)v;(z) for

z € Sy and P € R", we obtain x := Gp-v = 3/, Apviv; > A > 0, and this
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with the properties (4.17) and (4.29) implies that G(z, P) satisfies the conditions
(G2) and (G3) of [24]. Thus, using the regularized distance to Sy described in [24,
page 522], and using Lemmas 3.1 and 3.3 in [24] (with modifications outlined on
pages 522-523) and Theorem 4.1 (with the aid of Lemma 2.2), we obtain (4.33) in
a boundary neighborhood of Sy, where § > 0 is from Theorem 4.1 in [24]. The
interior gradient bound follows from Lemma 3.1 in [24].

These estimates combined with (B.1), (B.2), and the estimates of Chapter 13 in
[17] yield (4.33) with C' depending only on ||g||1,q,0+(y), Sy, and Q.
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ABSTRACT. We establish the existence and stability of multidimensional tran-
sonic shocks for the Euler equations for steady potential compressible flu-
ids. The Euler equations, consisting of the conservation law of mass and the
Bernoulli law for the velocity, can be written as a second-order, nonlinear equa-
tion of mixed elliptic-hyperbolic type for the velocity potential. The transonic
shock problem can be formulated into the following free boundary problem:
The free boundary is the location of the transonic shock which divides the
two regions of smooth flow, and the equation is hyperbolic in the upstream
region where the smooth perturbed flow is supersonic. We develop a nonlin-
ear approach to deal with such a free boundary problem in order to solve the
transonic shock problem. Our results indicate that there exists a unique so-
lution of the free boundary problem such that the equation is always elliptic
in the downstream region and the free boundary is smooth, provided that the
hyperbolic phase is close to a uniform flow. We prove that the free boundary
is stable under the steady perturbation of the hyperbolic phase. We also es-
tablish the existence and stability of multidimensional transonic shocks near
spherical or circular transonic shocks.
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