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Abstract

We study the Blgtekjeer hydrodynamic model from the standpoint of local well-posedness.
We employ analytical methods, originally introduced by T. Kato for complex systems, to
obtain the existence of unique local smooth solutions of the Cauchy problem, with smooth
initial data. The time interval is invariant with respect to vanishing heat flux. The model
is self-consistent, and is developed for one-valley electron carriers only. A symmetrizer
is introduced for the system, and regularization is employed to avoid the formation of
singularities due to vacuum regions. In the regime studied, it is not possible for shocks to
form.
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1 Introduction

1.1 The Hydrodynamic Blgtekjser Model

The equations as presented here were introduced in [4], developed in [19], and discussed at length

in [11]. They are derived as the first three moments of the Boltzmann transport equation,

of e B
O wv.f - CEV-C (1)

Here, f = f(x,u,t) is the numerical distribution function of the electron species, u is the species’
group velocity vector, E = E(z,t) is the electric field, e is the electron charge modulus, m is
the effective electron mass, and C' is the time rate of change of f due to collisions. The moment
equations are expressed in conservation form in terms of certain ‘conserved’ dependent variable
quantities: the electron concentration, n; the momentum density, p; and the energy density, w.
The concentration is given formally by n := [ f du; the average velocity by v := % Juf du;
and the momentum by p := mnv. The selection of w, as well as the symmetric pressure tensor,
P, and the the heat flux, q, is part of the set of moment closure relationships. Additionally, e;
is the internal energy, and if C),, C,, and Cy represent moments of C', taken with respect to
the functions, ho(u) = 1, hy(u) = mu, hy(u) = Z|uf?, then the hydrodynamic equations of the

Blgtekjeer model are:

‘Z,—;L + V- (nv) = Ch, (12)
%—Iz—i—vv-p—l—(p -V)v+V-P = —enE + Cp, (1.3)
%—f + V- (vw) + V- (Pv)+V-q = —env-E + C,. (1.4)

Poisson’s electrostatic equation for the electric potential must be adjoined, where ny := doping
and e := dielectric:

E = —Vo, (1.5)

V-(eVp) = en—ny. (1.6)

The entire system consists of equations (1.2), (1.3), (1.4), and (1.5), (1.6). By moment

closure is meant the selection of compatible relations for the variables, n, v, P, w, and q. We

make the isotropy assumption:
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for a scalar pressure P, and introduce a new variable 7', the carrier temperature, defined by
P = nkT, where k is Boltzmann’s constant. The Blgtekjeer model then makes the following

selections for the closure relations.

1. The internal energy is expressed by me; = %kT.

2. The total energy density (per unit volume) w is given by combining internal energy and
parabolic energy bands with m assumed constant:

1

w = mney + Emn\vﬁ.

3. The heat flux is obtained by the Fourier law of heat conduction (cf. (1.7) to follow).

The final step deals with the replacement of the collision moments. For a one carrier system,

we define C,, = 0, and appropriate momentum and energy relaxation expressions. We have:

1. The momentum relaxation approximation is given via
_P = m/uC du := Cp,.
Tp

2. The energy relaxation approximation is given via

n(me; —wo) mnlv]>  m

/]u[QC du := C.

Tw 2Tw 2

Here, wy denotes the rest energy, %k:’];, where 7, is the lattice temperature.

The forms for the relaxation times often used for simulation are the Baccarani-Wordeman
models [2]. In this analytical study, we shall employ simplified versions, taking these quantities
to be constant. In the concluding remarks, we shall indicate the easy modifications required to
deal with the general temperature-dependent case.

The traditional form of q has been (see [20] for more general expressions),
q=—-xVT. (1.7)

Here, k is the thermal conductivity. In simulation, this is often selected according to the
Wiedemann-Franz (WF) law [3]. This involves proportionality of the conductivity to the con-
centration n, which introduces technical issues. However, our approach is sufficiently robust

that we can deal with such a variable conductivity.



Dependence on n We shall assume for the body of the analysis to follow that x is of the
form,
K = Kon,
where kg is a fixed positive parameter. The theory of this paper will establish stability

under the limit kg — 0.

1.2 System Reformulation in Nonconservative Form

We reformulate the system (1.2, 1.3, 1.4) in nonconservative form via the dependent variables

n, v, and 7. Elementary multidimensional differential calculus gives the equivalent system:

88_7; +v-Vn+nV-v =0, (1.8)
0 k kT
_V+(v.v)v+—VT+—Vn:—EE—l, (1.9)
ot m mn m Tp
0T ko 2  2mvPP (1 1 T -1,
—r oV (VT) + v VT + STV v = == T R (1.10)

In the language of Friedrichs, there is a symmetrizer for the system. We shall consider the

problem on Euclidean space of dimension d. Define the d 4 2-vector u by

n
u=| v |. (1.11)
T

The system as defined above has matrix multipliers of g—;‘j given by the order d + 2 matrices:

v; Ny...,N 0
KT k
~ mn | ViU |
A = " : = (1.12)
0 ERE ) 3 (%
The symmetrizer is then given by:
kT 0 0
mn
Ao=1| 0 [nly| O . (1.13)
3kn
0 0 2mT
Ag is symmetrizing in the following sense:
kTv; | kT kT 0
4 A O
n
_ e nv;, ..., Nv; m
Aj = AgAj = = e = (1.14)
n
o nv;, ..., NnNv; m
0 kn kn 3knv;
m’"" T m 2m7T




is symmetric for each 7 = 1,...,d. We shall select units in which k/m =1 and e/m = 1. We

may finally rewrite the system, after its symmetrization, as

d
ou
ap(u)u, + L(u)u + ;aj(u)a—%+b(u)u =0, (1.15)
where
Tul 7.7 | 0
% 010 T | nvj,...,nv, 0 - 0 |0
apo=1| 0 |nly| 0 |, ,a;= b= —-(Vo) +1a|0 , (1.16)
n 21 _Tx
0| 0 S’—T T |nvj,...,nv; | n 3(12er) cr |0
0 n,...,n 3;?
and where

L(u) = —diag(0,0,v/7)V- (nV), v = §/<og, c= (L - i) .

2 2Ty Tp
In the above system, the function ¢ has been used implicitly in its dependence upon n. We

make this explicit:

¢ = ®(uy), where —eV?¢= —eu; +ng. (1.17)

The assumptions on the smoothing map ® are specified later. The initial condition for the
Cauchy problem is given by,
u(-,0) = uy, (1.18)

for a given function, uy € H*(R% R¥?), s > d/2 + 2 (see (3.2) for positivity conditions). The
spaces H*® are defined in §3.2 to follow. The complete Cauchy problem is defined by (1.15, 1.17,

1.18). We shall pose it as a Cauchy problem in Hilbert space. The major result of the paper is
Theorem 4.2.

2 The General Initial-Value Problem
2.1 Preliminaries

We begin by describing a class of operators related to the infinitesimal generators of semigroups.

If desired, the reader may proceed directly to the next section, §3.

Definition 2.1. Let U be a closed linear operator with domain and range dense in a Hilbert

space X. Denote by R(\,U) the resolvent (\I — U)™' for X in the resolvent set p(U). For
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M >0 and w € R denote by G(X, M,w) the set of all operators A = —U such that
RO < MA-w)™, r=1, A>w.

Finally,
G(X) = Uw7MG(X, M,w).

There is a criterion due to Kato ([13], [10]), which permits one to deduce semigroup gen-
eration on a smooth space Y via stability on X. More precisely, the criterion is directed more
fundamentally at transferring the property A € G(X, M,w) to A € G(Y, M,w;). It is par-
ticularly useful when M = 1. We quote the relevant result. This result follows from [10,

Propositions 6.2.3 and 6.2.4], which are based on Kato’s work [13].

Proposition 2.1. Suppose Y is a Hilbert space densely and continuously embedded in X and

S:Y — X is an isomorphism. We write ||v||y = ||Sv||x. Suppose A € G(X, M,w) such that
Ay =SAS'=A+ B, (2.1)
where B 1s a bounded linear operator on X and
D(A) ={v: ASlw e Y}

Then the semigroup generated by —A, restricted to Y, is the semigroup generated by the re-
striction of —A to {v € Y N D(A) : Av € Y}. In fact, Se7'AS~1 = =t holds. It follows that
Ay € G(X,M,w+ M| BJ|) or equivalently A € G(Y, M,w;), with w; = w + M| B||.

In order to make use of this theorem, we need to know a fundamental fact about ground

space perturbation by a bounded linear operator. We quote the result [15, Theorem 2.1, p. 497].

Proposition 2.2. Let A be in G(X, M,w), and let B be bounded on X. Then
A+BeGX,M,w+ M| BJ).

2.2 The Abstract Cauchy Problem

We are interested in solving an initial value problem, in a Hilbert space X,

Ay(t, u)% + A(t,u)u =0, u(0) = uy, (2.2)



where A(t,u) € G(X, M,w) for u restricted to a subset of a ‘smooth’ Hilbert space Y, densely
and continuously embedded in X, and where Ay and A;' are bounded on X for u suitably
restricted. We seek a solution u(t) € Y, 0 <t < T. The derivative, du/dt, is required to belong
to an intermediate space, V. Certain Lipschitz continuity conditions, to be described later, are

also required. Among these, we require:
|45 (1, 0) A(t,u) — AT (8, 0) At w)[lvx < Cllu — wl|x,
uniformly in v, for u,w suitably restricted in norm.

2.3 The Implicit Semidiscretization in Time

If At is given as the ratio T'/N, then the method of horizontal lines, applied to (2.2), yields a

semidiscrete set of implicit equations, explicit in Ay:
At up Yupy + (1) A) Ag(tp_y, upy upy = (1/A) Ag(tp—y,upy Jup , k=1,...,N. (2.3

If we set pu? = 1/At = N/T, then the u} can be characterized formally as fixed points of the

mapping,

QU = chvv = _R(Mz_lv _Agl(tk’—la u;cv—l)A(tb U))U—{_HQR(MZ_L _Agl(tk—la u;cv—l)A(tb U))u]kv—l'

(2.4)
By repeated back substitution, one obtains the following useful formula for ul ;:
k-1 )
up g = [[#* R, Ay, u)))uo, (2.5)
j=1

where we have written,

At ul) = AgH (Y | ulY )AL, ul).

VR J=b 7j—1 707
Pivotal to the entire study is the demonstration of the existence of fixed points for this map

within an appropriately smooth ball. The concept of stability proves useful. We are now able

to introduce the type of stability which is appropriate.

Definition 2.2. Let X be a Hilbert space, suppose that At = T/N is given, and a partition
t; =JgAt,j=0,...,N, is specified. Suppose that a family {A(t,u)} is given as above, and, for



1<k <N, that ul,... ull | are arbitrary in X. Define A(t;) = A(t],uj )i =1,...,k—1,
and A(ty) = A(ty, ), for arbitrary fived w. The family is said to be stable if there are constants

M, w, and c, independent of k and N, such that

DFENT S MO —w) Fexp(el), A >w. (2.6)

||:?r

We shall require stability on X and Y, with constants M, w ¢, and My, wy, ¢;, respectively.

2.4 The Fixed Point Theorem

For w and w; introduced through Definition 2.2 above, we define: @ = max(w,w;). M and ¢

are defined similarly. Suppose that § and p are fixed positive constants, and that
— (14 5)M€(1+1/p)(1+®+5)T’ (2.7)
where T is a fixed terminal time to be specified. We define
Wo={ueY : |lully < ollully, llullx < olluollx}-

Proposition 2.3. Suppose that a family {A(t,u)} and At = T/N are given, and a partition
t; = jAt,j = 0,...,N, is thereby specified. If ul¥,... . ulY | € Wy are inductively defined
solutions of (2.3), suppose that the family {fl(t])} is defined as in Definition 2.2 and is stable
on X and Y. If the integer N satisfies:

7> [(14+6 M+ (p+ 1)1+ +0), (2.8)

then the mappings Q = QN of (2.4) are mappings of Wy into itself.
Proof. Thus, for fixed N, we assume inductively that (2.3) has a solution u}’ for ¢ < k, where

1 <k < N. We can estimate ||Qu||x. From (2.4), we have, by use of the stability property:

M 12
_w_

M ,u2 k—1
[Qullx < 5 —olunly + e () el (29

Here we have used (2.5). For the first term, we estimate, by the choice of N,

M < J
pr—w—17" (1+9)
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An observation required for the estimate of the second term is given by

2

—1 L <(1+1/p) (2.10)

if 42 > (1+ p)(w+1). When this is combined with the standard inequality,

w—+1
1 N< sN - @ -
(1+s)" <€, s Tt

we arrive at a chain of inequalities for the second term. By the choice of N and o,

2 2 k—1 2 N
e ( a > exp(cT’) < (Mi) exp(cT) < e(1+1/p)(14w+e)T

W —w—1\p?—w w—w—1
o
< — .
— M(149)

If we apply each of the estimates, we have the estimate that ||Qu||x < ol|uol|x-

The estimate for ||Qu||y is similar and completes the proof.

2.5 Lipschitz Continuity of @)

We shall next establish Lipschitz continuity of (). This will close the induction, and give the

existence of ul, for At sufficiently small.

Proposition 2.4. Under the assumptions of Proposition 2.3, the mappings Q = Q¥ of (2.4)

are Lipschitz continuous mappings in the topology of X with Lipschitz constant,

M
Co =

= a5 L+ O+ M+ 1/p)ollullx] (2.11)

Here, C is the Lipschitz constant cited earlier. If N s sufficiently large, then Cg < 1 and Q)

has a unique fized point in W.

Proof. The critical representation is the identity,

R\, —A(t,w)) — RO\, —A(t,v)) = RO\, —A(t,w))[A(t,v) — A(t,w)|R(\, —A(t,v)).
We obtain:
HR()" _"Zl(t’ w)) - R(/\v _A(ta U))HX < ||R(/\7 _A(t7 w))HXCAHU - wHXHR()" _A(t’ U))HY

lv — wlix

A=—w) (A —wy)’

IN

Ch
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where C; = M M,C ;. This leads to the estimate, for A = p? — 1,

Ciolluollx | Ciolluollx 4

1
Qv — Qu|x < m {M-l- } v — w||x.

w2 —1—wp W —1—w
Here, we have used the inductive assumption that ||ud ,||x < o|lug|x. By using the estimates

of the proof of Proposition 2.3, we obtain

1 MC j06]|uol| x
— < — |M A
100 - Qully < = [+ 47

1 # MMC4(1+1/p)olol | o = wl,

This yields the estimate (2.11) of the proposition. Since Y is assumed to be an embedded
Hilbert space, W, is a complete metric subspace of X, and the final statement follows from the

contraction mapping theorem [6, Theorem 1, pp. 214-215]. O

2.6 Conditions for Stability

We investigate natural conditions for stability. We shall first recall the notion for families
{A(t)} defined for each 0 < t < T. By stability for such a family, we mean (2.6) for each subset
{t;} of [0, T]. We have the following proposition for such a family, quoted from [10, Proposition
6.2.2].

Proposition 2.5. For each t € [0,T], let || ||: be a new norm in X, let X; = (X, || ||¢), and

suppose there is a real number cy such that
£/ 11Flls < el f e X, s, € [0, T]. (2.12)

Suppose A(t) € G(Xy,1,wp),Vt € [0,T). Then {A(t)} is stable, with M =1, ¢ = 2¢o, w = wy,
with respect to Xy, for each t € [0,T].

Since we shall not require the full strength of this notion of stability, we formulate the

discrete version to be used later. The proof is the same as that of Proposition 2.5.

Proposition 2.6. Let a uniform partition {t;} of [0,T] be specified, and for each t € {t;} let
Xi = (X, || |t) be specified. If (2.12) holds for s,t € {t;}, then the conclusion of Proposition
2.5 holds in the restricted sense, fort € {t;}.
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Suppose we have the setup of Proposition 2.6, and suppose ¥ C X are related by an

isomorphism, S : Y +— X, and that S remains an isomorphism from Y; to X;, where
ully, = [[Sullx., t € {t;}.

We can deduce stability on Y from stability on X by a routine application of Proposition 2.1
to Proposition 2.6. We have the following.

Proposition 2.7. For each t € {t;}, let (X,||-||:) be defined as in Proposition 2.6, where the
condition (2.12) is assumed to hold. Suppose (2.1) holds for each member of the family {A(t)}

Ai(t) = SA(t)S™! = A(t) + B(t), (2.13)
where | B(t)|x is uniformly bounded. If Ai(t) € G(X;,1,w),Vt € {t;}, then {A(t)} is stable,

with My =1, ¢; = 2¢p, w1 = w + || B(t)||s, with respect to'Y;, for each t € {t;}.

3 Properties of the Blgtekjser System

It is necessary to regularize the symmetrizer ag, given in (1.16), as well as other multipliers to
prevent the formation of singularities. We will work with the regularized problem, and in the
final section indicate that this implies the local result for the non-regularized problem.

3.1 The Regularization of ay, a;, and L

Let ¢ be a non-decreasing C'*° function satisfying:

cw={yisy 6)

An example of such a function is given in [17, p.36]. Given the initial conditions, ng, 7y, and

constant threshold values,
0 < ngy < infno,O < 760 < inf’]f), (32)

define the regularizations by setting

A(n) = (1t Cnfnne)) . T(T) = L (14 C(T/Tow)

2

o3

Then, n(n) = n, n > ngo, T(T) =T, T > Ty, and ngy/2 and 7y /2 are lower bounds.

11



regularization of ag

We define the regularization, ag, of ag to be the diagonal matrix obtained by the replacements:
n—n, viev, T T.

regularization of L

A similar statement applies to the regularization Ly of L. We have: n+—n, v—v, T — T.

regularization of a; and b

For the regularization ajo of a;, the quotients in the first and final diagonal positions are regu-
larized, and for the regularization by of b, the first two elements in the final row are regularized.

Specifically,

T, _ Tv; 3nv, 3 31-%) = 3(1-%) vy

n n = 27T o7’ 27w 270 T

We are interested then in the regularized system,

ago(w)uy — Lo(u)u +

d
)
S :ajo(u)a—; +bo(w)u| =0, (3.3)
=1 !

3.2 A Framework for Analysis

We introduce the classical Bessel potential space H®(R%; R¥) [1]. Tt can be characterized, via

the isometric Fourier transform F, as the linear space of functions v with norm,

0]

e = / (1+ |2»)%| Fo(2)|? dz.
Rd

It follows from the definition that the diagonal operator S = I(I — A)*/? induces an isometry
of H*(R% RF) onto Lo(R%; R*). Here, A denotes the Laplacian.

We may now define:
X = L2(Rd;Rd+2>’ Y = HS<Rd, Rd+2).

Another type of space required for our analysis is the class of uniformly local spaces [14], [10,

p. 252]. Since these spaces may not be familiar, we recall their definition here.

12



Definition 3.1. For H a fized Hilbert space (including the special case of Euclidean space), let

Lo.we(R%H) denote the set of all (equivalence classes of ) H-valued strongly measurable functions

1/2
Jull = sup (/ \u(y)\Qdy) < .
zER? ly—z|<1

This space is called a uniformly local Ly space. For each integer s > 0, denote by H:, the set

u such that

of u € Ly such that the distribution derivatives D*u of order |a| < s are in Lo . The norm

in H?, 1s given by

[ullgs, = sup [|[D"ul|L,,,,-

|laf<s

Interpolation space theory may be used to extend the definition to non-integral s.

We state two essential properties of the uniformly local H*® spaces which will be used in the

course of our analysis.
inclusion relations
If s > d/2+ k, k a nonnegative integer, and m > 1 is an integer, then
H*(R%; R™) C H;(R%; R™) C Cy(R% R™),

where the inclusions are continuous. Here, the subscript b indicates that derivatives through
order k are bounded.
multiplier relations
If s > d/2, then multiplication induces continuous bilinear maps:

H™ (R RY) x Hy " (R R™) — H(R% R™),

for0<o<s,0<7<s—o0.

The regularized matrix agg contains entries obtained by taking reciprocals, which are not,
in general, H® functions. We have introduced the uniformly local spaces precisely to cover this
situation. The regularized reciprocals of H® functions are in HZ,, and hence are (invariant)
multipliers. This pertains as well to the regularizations of L and a;.

Now for the regularized problem, we will use the notation A, A of Section 2, so that A =

Ayt A. We review some basic facts about semigroup generation for the operator A [10, pp. 231

233].
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Lemma 3.1. Letw € Y,s>d/2+ 1. Let

Zajo —+b0( ), (3.4)

where aj,b are defined in (1.16) and ajo, by are the reqularizations. Then the following hold.

1. E = E(w) may be identified with the closed linear operator, defined by the formal adjoint

relation,
(11, E*WX - (Vv w>X7 v¢ € C(?O(Rd)a

where v = Eu, u € D(E).

(B, )x = (% (bo b5 - a“”) v, w) , (35)
J=1 X

holds. In particular, the energy inequality,

2. The relation,

(Eua u)X Z _w()(u; u)X7

holds for all u € D(E), where
1A
=52 lapller + llbolle- (3.6)
j=1

3. FE € G(X, 1,&)0).

Proof. We give only a sketch, referring the reader to the above reference. Property (1) is due
to Friedrichs [7, 8]. Property (2) is a direct calculation, and uses the Hermitian symmetry of
the matrices ajo. The energy inequality is an immediate consequence, and, in turn, implies the

generation property for —F, via the Hille-Yosida theorem. O]
We now discuss the complete spatial operator given by (3.3).

Lemma 3.2. Letw € Y,s>d/2+ 1. The sum,

Alw) = Z&]o —+bo( ), (3.7)

is in G(X,1,w). Here, w is proportional to the cube of the radius v in'Y of the ball from which

the coefficients of Ly, ajo, by are taken.
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Proof. This is straightforward after an initial observation. One observes that the energy in-
equality of the previous lemma holds for the augmented operator, on a pre-domain of compact
support functions. We illustrate this by examining the action of the final component of Ly(w).

Let v € C5°(R%; R), and consider the L, inner product,

(=V- (V)¢ /T)r,,

where n,7 are components of w. After integration by parts and an application of the product

rule to /7, we obtain

(=V- (2VY), ¢/ T)r, = (A T)Ve, V)1, = () T*)V, YV T ).
The second term on the right hand side is estimated via:

(R/T*)Vp, VT ), > =6((2)T)V, Vib) 1, — Cs(1h, ) 1,

where ¢ can be made arbitrarily small. Here, Cs depends upon r as stated in the lemma. One
forms the sum, A(w), deduces its action on C5°(R%; R%™?) by the preceding lemma, and then

takes the closure of this operator. O

In the following definition, we shall create the inductive framework required for the appli-

cation of Proposition 2.4.

Definition 3.2. Suppose that At = T/N, and uf,... ,ul | are given as solutions of the
semidiscretization (2.3) of the reqularized problem (3.3) fori =1,...,k — 1, where k < N s

arbitrary. We suppose also that u)y is arbitrary in'Y . Thus, we have

d

0
( » Uy ) ( ) 0(uz )+ ;ajo(uz )ax] + O(Uz )
We define a new norm at the points t; = iAt:
1£]le = [laoo(OF||x, t =i, (3.8)
where ago(t) is given by
ago(ug), t =0,
a00<t> = Cloo(ui\il), t=t;, 1 <i<k, (39)
ago(uy ), t=1t;, k<i <N



Lemma 3.3. Suppose that, in the previous definition, there is a constant ¢, such that
u —ud |l <At i=1,... k-1 (3.10)
Then the norms as defined in (3.8, 3.9) satisfy the condition (2.12) at the points t;.
Proof. We have:
[£lle_ [laoo(®)F]lx
I£lls  [laoo(s)f|x

By interchanging the roles of s and ¢t we may assume that ¢t > s, and without loss of generality

< llago(t)agy (s)II (3.11)

we assume t > s > 0. The individual main-diagonal entries of the diagonal matrix,
aoo(t)agy (),

are quotients, or a simple product of quotients. These basic quotients are of the form,

an()  T(TW)
a(n(s))" T(T(s))

or their reciprocals. We use a simple algebraic relation to estimate these quotients:
a
’B’ < (14 Cla - g)), (3.12)

where C' > 1/5. It will be enough to consider certain case distinctions. These are made so that

the term |o — [3] is easily computable.
Case I: tZ:S<t:tZ+171§l§N—1

Note that the case ¢+ = 0 is trivial. For concreteness, we consider the quotient,

Its simple estimation is bounded above via (3.12) and the definitions of 7, agy by:
(1 + 01”7% - ni_1||c), 1 < 1 < N — 1,

for some constant €. This makes use of the Sobolev embedding theorem and the smoothness
of the function (. A similar estimate is derivable for the reciprocal, and for the expressions in

7. We have derived an upper bound of at most
(14 CoAt)?,
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for the individual entries of ago(t;11)agy (t;), upon use of the hypothesis (3.10). Elementary
properties of the norm give the same bound on the operator norm of ag(tiy1)agg (t;). In

particular, we have (2.12) in this case upon use of the bounding exponential function.
CaseIl: t=t,>s=1t;>0

In this case, we compare successively adjacent intervals in the obvious way. This yields (2.12)

in the general case with ¢y = 2Cj. O

One final important result is required, pertaining to Proposition 2.7. It is fundamental.

3.3 The Commutator Estimate Linking X and Y

We quote here the fundamental commutator result of Kato [13, Appendix], as adapted to our

present context. We retain the meaning of ag(t) as defined in (3.9).

Lemma 3.4. For a function v € H**Y(R%; R¥), and an operator of the form,

d
fl(t,v) = aaol( { Z ]0 + b()( )] } (313)

we have
SA(t,v)S™t = A(t,v) +
d
— —(s— — S a s
[‘[57 o DN () + 3, a0 (32, 47"+ saafulatoa”
where Dy = diag(0,0,1/7), A = (I — A)l/Q, [-,-] denotes the commutator, and S = I A*; here

Iy, s the identity matriz of order k. In particular, in the notation of Proposition 2.7, we have

B =

d
1S, ag) Dol ANV (V) + 1S, agg azo] AT (ai )A + S, aglbo] AT AT ] .
J

J=1

If s >d/2 + 1, then B is a bounded operator on Lo(R%; R*) with bound:

d
|B|| < C (ngad ago Dol ms + Z lerad agy ajo | ms—1 + ||grad agy bo| Hs—l) .

j=1
Note that we have used the fact that A=%(V- (72V)) can be extended to be a bounded linear
operator on Ly(R% R¥). This is where we need the increase (by one) of s, in the hypothesis on

v. Thus, we now assume s > d/2 + 2.
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3.4 Stability on X and Y

We suppose that we are in the inductive situation of Definition 2.2. We shall now deduce

stability for the regularized problem.

Proposition 3.1. In the context of Definition 2.2, we have stability on X and Y, provided
(3.10) holds. In particular, (3.10) holds, with ¢’ a 6th.-deg. polynomial of r, if a fized r is
chosen independently of k. Here, r is the radius of the admissible Wy in' Y on which Q acts.
More precisely, the constants have values My = 1,w, = Cr3 on any X,, so that, on X, M is
proportional to r? and w = Cr3. On'Y, we have M, proportional to r* and w;, a quintic function

of r. The stability constant ¢ is a constant multiple of ¢’ for both X and Y .

Proof. The characterization of ¢ as a 6th.-deg. polynomial is a consequence of the analysis
of Lemma 3.5 to follow: a direct estimate of the semidiscrete equation gives a product of a
cubic polynomial with 7, as an estimate for the differences ||ul —ulY,||¢/At. The remaining
statements follow from Propositions 2.6 and 2.7, taken together with Lemma 3.3 and Lemma
3.4. One begins with |- ||x, estimates with respect to |- ||op, and then applies the above cited

results. Note that || B(t)||x is a constant multiple of 5. O

3.5 The Lipschitz Properties of A(u)

Recall the definitions of £ and A given in (3.4, 3.7). Again, we define A= agy A. A precise

statement of the latter is given in the following lemma.

Lemma 3.5. The mapping w — E(w) € B(H®,HT) is Lipschitz continuous in the norm
topology for 0 <1 <s—1 for s >d/2+1:

1E(w) — E(w)]

omr < Cllw—w|g-, w,w €W,

The constant C' is proportional to a cubic function of the radius r of Wy C Y. Similarly, if
s > d/2+2, the mapping w — A(w) € B(H?®, H™) is Lipschitz continuous in the norm topology

for0 <7t <s—2:

[A(w) — A(w')]

momr < Cllw—w|g-, w,w €W,.
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The dependence on C' is cubic in r. Finally, for fited v € H®, the mapping w — A,(w) €
B(H*,H") is Lipschitz continuous in the norm topology for 0 < 7 < s — 2. Here, Ay(w) =

agy (V)A(W). In this case, the dependence is quintic in r.
Proof. We first note the inequalities,
lajo(w) = ajo(W)llar < cillw —w|lar,

[bo(W) — bo(W') || - < callw — W'|| 7.

These inequalities use the definitions of the matrices ajo,j = 1,...,d, by, as well as the assumed
properties of the mapping ®. The constants ¢y, ¢y depend quadratically upon r. Now, since

H*! functions are multipliers on H™, we have:

d
ov
wor < (Y llajo(w) = ajo(w')| || 5|
j=1 /

IE(w)v — E(w)v]

Hsfl—f—

1bo(w) = bo(W)[[ = IVl o) < C'lw = W[~ || V]| 1o

This gives the statement of the lemma regarding E. To obtain the statement regarding A, we

examine L. If vy, denotes the last component of v, we have:

[ Lo(w)v — Lo(w')v|

e < || Do(w) — Do(W') || || V- (nVva42)]

Hs—2
+Do(w)(V(n = 1) Vvasz + (n — n') Avg) || - }
< Clw —w'l|ar,

provided s > d/2+2. Here, we have made use of the multiplier relations. The same observations
concerning the cubic growth in 7 apply. Finally, in order to analyze A, we note that the explicit
operator aaol is a multiplier on each H™ space; the estimate contributes an additional factor

proportional to 2. H

3.6 The Fixed Point Theorem for the Blgtekjser System

As in the discussion of §2, we define w to be the maximum of the constants w and wy, derived
from the classes G(X, M,w) and G(Y, M,w;). We note that @ depends polynomially on r, the
radius of the admissible set ;. Since M and ¢ do not change with X and Y, we retain this

notation.
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Local Assumption on ||uy|| and T

If M(r) is the stability constant of Definition 2.2, and ¢ = ¢(r) is given in this definition, both

analyzed in Proposition 3.1, we require:

M(r)

[uolly < e”HereIT = H(r,T). (3.14)

(3.14) is the general inequality which must be satisfied by ||ug||y, 7, and the radius r of the
admissible ball in Y. This is quite general: 7" may be given arbitrarily.
We now define numbers ¢ and p which allow us to connect (3.14) with the theoretical analysis

of Propositions 2.3 and 2.4. Set v =1 4+ @ + ¢, and select p satisfying
M) e < o,
which is possible by (3.14). Define:
§ = re MO O () fually) — 1
It is immediate that
(1 4+ )M (r)elI Vo gy = 7.

We further define:
o=(1+ 5)M(T)e(1+1/p)v(r)T'

These definitions then describe the framework investigated in Propositions 2.3 and 2.4. In
particular,

o||luglly = .
Assumption on ¢

Prior to the statement of the theorem, we formally state the smoothing assumption regarding

the mapping ® of (1.17).

Remark 3.1. [t is assumed that the affine mapping ® depends smoothly upon the first compo-
nent of u in the following sense: Given u; € H™(R% RY), 0 < 7 < s, the solution ¢ of (1.17)
is in H™2(R®), and the norm of ¢ in this space is affinely dominated by the H™ norm of uy,

with constants independent of T and u;.
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We then have the following theorem, which follows in a direct manner from the framework

we have developed..

Theorem 3.1. If (3.14) holds, and N is sufficiently large, then the mapping Q, with Lipschitz
constant Cg given by (2.11), is a strict contraction on Wy. In this case, Q has a unique fired

point, denoted u) . The implicit relation (1.17) is satisfied.

4 Analysis on the Space-Time Domain

This part of the paper is more routine than the earlier parts, and we shall summarize the
principal elements of the convergence theory for readers unacquainted with this approach. The
author has given greater detail in [12], and supporting detail in [9] and [10].

The idea is to define step function or piecewise linear sequences in time which make use of
the semidiscrete spatial solutions. Weak and local strong compactness allow one to obtain a
unique limit. This limit is first shown in the theory to be a weak solution, and then a strong
solution in certain regularity classes. The strong solution is not only unique; it is invariant
under kg — 0.

We begin by defining the relevant sequences which make use of the semidiscrete solutions.

Definition 4.1. For At =T/N, t;, = kAt, and 0 <t < T, set

QN(t): 1, tk,1§?<tk,k:1,...,N,
k 0, otherwise.

Then for x € R, define:

u, (o,8) = u]kv(w)+t;;k(u]kv(x)—uév_l(a:)), by <t<tp k=1, N, (41)
ug (z,t) = iukN(ﬂﬂ)QéV(t% (4.2)
aN(rt) = Zol(ug(x,t)), (4.3)
W (e t) = bo(ul(z,1)). (4.4)

We also require function space notation:
Y =W, ((0,T); H*(R% R*™)) N Lao((0, T); Y).
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Lemma 4.1. The sequence {u} } is bounded in norm in L.((0,T);Y). The sequence {u¥,}

1s bounded in norm in Y.

Proof. The boundedness of both sequences in L. ((0,7);Y) reflects the construction of the

sequences via the fixed points of the mapping (). To establish the boundedness of

N

N
u., —u
dup, /ot = ———F=

At

in Loo((0,T); H7%(RY)), we directly take the norm in the equation (2.3). For the term,
A(u)ul, we use the Y bound for u}, together with the uniform estimate on A(u}) from

H?*(R% R¥?) to H*"2(R% R%*?), which can be deduced from Lemma 3.5. O
Remark 4.1. By the Aubin lemma ([10, p.197)),
Y _,compactly Lotoc(D).

Here, we have used the notation ‘loc’ to indicate convergence on bounded subsets of D = (0,T) x

R%.
4.1 The Weak Solution
We shall use compactness arguments to obtain a weak solution, u. We have the following.

Theorem 4.1. There are subsequences, denoted ugi, uJSVj, and a function u € Y, satisfying

the constraint (1.17), such that:

up) — u weakly in Ly((0,7T);Y), (4.5)
up) —* uweak-* in WL ((0,T); H*2(R%)) N Lo ((0,T):Y), (4.6)
uﬁi — win Ly.c(D), (4.7)
ugj — u weakly in Ly((0,7);Y), (4.8)
Uy’ — uin Ly ee(D), (4.9)
ay — a(-,u) in Lyjec(D), (4.10)
b7 — b(-, ) in Ly jec(D). (4.11)
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The function u is a weak solution of the Cauchy problem: if ¢» € C([0,T]; Cg°(R?, R+?)),
and T' < T, then, for Dy = R4 x (0,T"),

{uyyy — A(-,u)uy} dzdt + /

upy) do — / uy de = 0. (4.12)
Rix {0} Rix{T"}

Dy
Proof. The Aubin lemma shows that the limits in (4.5) and (4.6), which exist by weak compact-
ness, coincide and lead to (4.7). In this connection, recall that a compact mapping (injection)
maps weakly convergent sequences onto strongly convergent sequences. That the limit in (4.8)
may be taken to be u follows from (4.5) and Lemma 4.1; in particular, from the uniform H*2

bound for

N N
u, —up

At
(see [10, Lemma 5.2.6]). This bound also implies that the limits in (4.7) and (4.9) coincide.

The limits in (4.10) and (4.11), and the constraint (1.17), follow from the definitions and the
assumed properties of the mapping ®. Define v} = 1/At ‘/;«tkk—l Y(x,t) dt,k =1,...,N, and

=3 NON. We dot multiply (2.3) by ¥, sum on k,k = 1,..., N, and integrate over
R? to obtain:

N-1
Y —
Z(uk, k N Pk T Ve LQAH-(U%W%) 110a¢1 L2+Z< uk uk,wk)L At = 0.

k=1 2

If one rewrites this expression, it becomes, with (V¥ = ,]j:_ll(@/),iv — RO At

(N—1)At r
/ (u]SV7 CN)L2 dt + (u%’ ¢%)L2 - (uU’ ¢{V>L2 / (A<uS )115 ) 77Z)N)L2 dt = 0.
0 0
By [10, Lemma 5.2.5], it follows that
W i (D), ¥ — 2 in L,(D),

We now allow N = N; — oo. The terms involving A are analyzed by Lemma 3.5. Further,
f(i]pvjfl) At(ugj,CNf) L, dt — 0, by the pointwise boundedness of the integrated sequences. In
order to analyze (uy, @bf[] )L, we use the mean value theorem of integral calculus to deduce that
wivj (x) = ¢(x,t(x)), for some 0 < t(x) < At. Uniform continuity then leads to

(0, 1" 1, — ug d.
Rix{0}
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One may then use the fundamental theorem of calculus in reflexive Banach spaces [16] to deduce
that (u%j,@bxj) Ly — Jpay ) uy dx. To see this, one argues as follows. The intermediate

representation,
T
N N
(uNj-al/f)Lz — (0, 9)1, = /0 [(upy, ¥)L, e dt,

and its limit are used to deduce that (u%j, V), — f Rix{T) uy dx. Use of the uniform conver-
gence of the 1-averages and the triangle inequality completes the argument. We thus have the

limit rendered by (4.12) for T'=T". The general case is similar. O

4.2 Existence and Uniqueness of Strong Solutions

Before stating the result on strong solutions extending (4.12), we require a technical estimation
lemma, used in the regularity argument for solutions. We shall simply quote the lemma, since

a slightly generalized version was proved in [12].
Lemma 4.2. The estimate,

N
k|

k
a7 < llaollzs +C Y Il [I7At, (4.13)

Jj=1

holds for some constant C' independent of N. If

o™ (t) = {Z HuiVH?{s@éV(t)}, aft) = s%p{ozN(t)},

then a € Ly, and it follows that

e < [l

[[u()]

e+ C/Ota(T) dr. (4.14)

We have the following.

Corollary 4.1. The solution u of (4.12) and (1.17) is a strong solution. Specifically,
w, € C([0,T]; H*(RY)), (4.15)
and the equation (3.3) holds in the strong sense described by (4.15). Moreover,

u € C([0,T); H*(RY)). (4.16)
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Proof. The regularity (4.15) follows from (4.6) of Theorem 4.1 and the fundamental theorem of
calculus in reflexive Banach spaces. This also validates an integration by parts, and hence the
strong form of the evolution equation. Note that each of the terms in (1.15) (more precisely,
in the regularized system (3.3)) is in the class (4.15) (see Lemma 3.5). The regularity (4.16) is

more subtle and can be deduced from
u € Lo((0,7); H*(R%)),

established in Theorem 4.1, in a manner similar to that employed in [18, pp. 44-46|, where it is
noted that right continuity at zero suffices to establish the continuity on [0, 7]. The technique

to establish right continuity at zero relies on establishing an estimate of the form,

i < [u(0)]

[[u(®)]

QStd,
H+Aﬂﬂf

where f is an L; function. This is precisely what was done in Lemma 4.2; we identify f with

a. We may now proceed as in [18]. This concludes the proof. O
Proposition 4.1. The strong solution of (3.3) described by Corollary 4.1 is unique.

Proof. 1f u; and uy are solutions, then one obtains in the standard way,

1d
5%”“1 — w7, + (Lo(ur)(u; — uz),uy — ua)p, = —((Lo(wy) — Lo(uz))uz, uy — uz)p,

—(Eo(ur)(ur —uz),wy —u2)z, — ((Eo(w) — Eo(uz))ug, uy — ug)z,.

Here, we have used the notation Ej to indicate the first order regularized operator of (3.3).
Noting that both terms on the left hand side of this equation are nonnegative, we have, via

Lemma 3.5, the inequality,

t
um—m&wscﬁum—mvan

for 0 <t <T. Here, C is a positive constant depending only on the smooth norms of uy, us.

Use of the Gronwall inequality concludes the proof. O
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4.3 Stability Under the Limit of Vanishing Heat Flux

An important feature of the semigroup-based theory which we have presented in this paper is
its ability to permit the passage to the case of the strict gas dynamics limit for the charged fluid;

e., the passage under the limit ko — 0. Results of this type were obtained in [9] and [12] for
incompressible charged fluids, where the relevant parameter is the kinematic viscosity. It was
noted in these references that Kato developed his theory to cover a range of applications. The
only distinction required when ko = 0 is discussed in [13, p.55] for the semigroup generation
on Ly (though the application is different, the procedure is the same). In fact, there is only
one modification: the domain of A +— FE is larger, with regularity index decreased by one. The
rigorous argument appears in the proof of Lemma 3.1. However, this has no impact upon the
invariance results and fixed point arguments for (), nor upon the arguments in the space-time
domain.

The following result is a natural consequence of our arguments.

Proposition 4.2. There is a strong solution, in the reqularity classes defined by (4.15), (4.16),
of the reqularized system (3.3)/(1.17), with kg = 0. Moreover, the solution interval is stable
under the ‘singular’ limit kg — 0. More precisely, if uy,us, are solutions of (3.3) for values

Ky > Ky > 0, then there is a constant C such that
wy — |01 La(re)) < Ok — Kg)-
The terminal time T is independent of K.

Proof. We use the notation, L{, Lg, to distinguish the constants s, xj. A generalization of the

identity of the previous proposition yields:

—|lwy — w|7, + (Lo(uy)(uy — ug), uy —wp), = —((Lg(ur) — Li(wy))ug, uy — u),

— (Lo (u1)—Lg(uz))uz, wy—uz) p, — (Eo(ur) (w1 —uz), wy —u2) £, — (Eo(ur) — Eo (uz) ) uz, w1 —ua) 1,

The use of the regularity classes and previous estimates yields the inequality, for 0 <t < T,
[l = w2|f7, () < C{(xg — xg) / [ — wll7, (7) dr},

for some constant C'. Use of the Gronwall inequality concludes the proof. H
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4.4 Summation

We can now complete the analysis of the well-posedness of the model by removing the presence
of the regularization. We do require, however, the specification of threshold parameters. More
precisely, we assume that (3.2) is satisfied, which implicitly requires the uniform boundedness

of ng, 7y away from zero, and also sets lower bounds for the regularized problem.

Theorem 4.2. If (3.2) is satisfied, and u is the unique solution on [0,T] satisfying Corollary
4.1 and Proposition 4.1, then there is a mazimum subinterval [0,T"] of [0,T] such that n >
noo, 7 > Too on this subinterval and such that the reqularized problem (3.3) is identical to the

given system (1.15).

Proof. The proof is immediate because of the regularity class (4.15) and the Sobolev embedding
theorem, which together guarantee that u(z,t) is bounded and uniformly continuous as a

function of x,¢. Thus, given a unique strong solution u of (3.3) on [0, 7], one defines:
T/ = maX{t/ : U1<' 7t) Z oo, 0 S t S tla Ud+2<' 7t) Z 7607 0 S t S t/}

The smoothing ( satisfies ( = 1 at or above the threshold, so that the regularized system

reduces to the original system. H

Remark 4.2. This is the first analysis of the Blgtekjer system in this complete generality. As
noted in the introduction, the use of the fully implicit method of horizontal lines has allowed for
the formulation of a precise condition (see (3.14)) for the local assumption. By using semigroup
methods, rather than parabolic methods, we are able to pass to the limit of vanishing heat con-
duction. The first use of semidiscrete methods in the context of the Kato semigroup framework
appears to be [9] (see also [10, Section 7.5]). A weak solution study of the isentropic subsystem
in one variable was given in [5] for the two-carrier model with geometric terms. This alterna-
tive approach permits shock formation. Finally, the reader who has followed the arguments of
the paper will realize that the case of temperature dependent relaxation terms is elementary, so
long as singularity formation is avoided. One can treat a family of such expressions, as long as
the functional relationships are smooth. If necessary, one can reqularize such expressions as in

(3.3), and proceed much the way we did above. This allows for considerable generality.

27



Biographical Sketch of Joseph W. Jerome:

Joseph W. Jerome received the Ph. D. degree in Mathematics from Purdue University in
1966. He was visiting Assistant Professor at the Mathematics Research Center, University of
Wisconsin, during 1966-68, and was Assistant Professor at Case Western Reserve University
during 1968-70. He joined Northwestern University in 1970, where he has been Professor of
Mathematics and Applied Mathematics since 1976. He has held sabbatical positions at Oxford
University, England, 1974-75, University of Texas, Austin, 1978-79, and Bell Laboratories,
Murray Hill, 1982-83. He was visiting scholar at the University of Chicago in 1985. He received
the Distinguished Alumnus Award from Purdue University’s School of Science in 1996. His
research interests include applied analysis, numerical analysis, computational electronics, and
ion transport in cellular biology. The most recent of his three books, Analysis of Charge
Transport: A Mathematical Study of Semiconductor Devices, was published by Springer in
1996. He edited, for Oxford Press, the volume, Modelling and Computation for Applications
in Mathematics, Science, and Engineering in 1998.

References

[1] Adams, R. (1975) Sobolev Spaces Academic Press.

[2] Baccarani, G. and Wordeman, M. R. (1985) An investigation of steady-state velocity
overshoot effects in Si and GaAs devices. Solid State Electronics 28, 404—416.

=)

Blatt, F.J. (1968) Physics of Electric Conduction in Solids. McGraw-Hill.

[4] Blgtekjeer, K. (1970) Transport equations for electrons in two—valley semiconductors. [EEE
Trans. Electron Devices 17, 38-47.

[5] Chen, G.-Q., Jerome, J. W., Shu and C.-W., Wang, D. (1998) Two carrier semiconductor
device models with geometric structure and symmetry properties. In: J. Jerome (ed.)

Modelling and Computation for Applications in Mathematics, Science, and Engineering,
Clarendon Press, Oxford, pp. 103-140.

[6] Collatz, L. (1966) Functional Analysis and Numerical Mathematics. (trans. H. Oser), Aca-
demic Press.

[7] Friedrichs, K. (1944) The identity of weak and strong extensions of differential operators.
Trans. Amer. Math. Soc. 55, 132—151.

[8] Friedrichs, K. (1958) Symmetric positive linear differential equations. Comm. Pure Appl.
Math. 11, 333-418.

[9] Jerome, J.W. (1982) Quasilinear hyperbolic and parabolic systems: contractive semidis-
cretizations and convergence of the discrete viscosity method. J. Math. Anal. Appl.,
90:185-206.

28



[10]
[11]

[12]

[13]

Jerome, J. W. (1983) Approzimation of Nonlinear Evolution Systems, Academic Press.

Jerome, J. W. (1996) Analysis of Charge Transport: A Mathematical Study of Semicon-
ductor Devices, Springer-Verlag, Heidelberg.

Jerome, J.W. Analytical approaches to charge transport in a moving medium. Trans.
Theory Stat. Phys. 31 (2002), 333-366..

Kato, T. (1975) Quasi-linear equations of evolution, with applications to partial differen-
tial equations, in, Spectral Theory and Differential Equations (W. Everitt, ed.), Springer
Lecture Notes in Mathematics 448, Springer-Verlag, pp. 25-70.

Kato, T. (1975) The Cauchy problem for quasi-linear symmetric hyperbolic systems. Arch.
Rat. Mech. Anal. 58, 181-205.

Kato, T. (1984) Perturbation Theory for Linear Operators (second ed.). Springer-Verlag.

Y. Komura. (1967) Nonlinear semigroups in Hilbert space. J. Math. Soc. Japan 19, 473~
507.

Lieb, E. and Loss, M. (2001) Analysis, 2nd. ed. American Math. Soc. , Providence.

Majda, A. (1984) Compressible Fluid Flow and Systems of Conservation Laws in Several
Space Variables. Appl. Math. Sc. 53. Springer.

Rudan, M. and Odeh, F. (1986) Multi-dimensional discretization scheme for the hydrody-
namic model of semiconductor devices. COMPEL (The International Journal for Compu-
tation and Mathematics in Electronic Engineering) 5, 149-183.

Stettler, M.A., Alam, M.A., and Lundstrom, M.S. (1993) A critical examination of the
assumptions underlying macroscopic transport equations for silicon devices. IEEE Trans.
Electron Devices 40, 733-740.

29



