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Abstra ct. Consider a compact manifold with boundary M with a scattering metric
g or, equivalently, an asymptotically conic manifold (M ;g). (Euclidean R", with a
compactly supported metric perturbation, is an example of such a space.) Let  be the
positive Laplacian on (M;g), and V a smooth potential on M which decays to second
order at innit y. In this paper we construct the kernel of the operator (h?2 + V

( o i0)2) 1, at anontrapping energy o > 0, uniformly for h 2 (0;hp), ho > 0 small,
within a class of Legendre distributions on manifolds with codimension three corners.
Using this we construct the kernel of the propagator, e t( =2*V) t 2 (0;t) as a
guadratic Legendre distribution. We also determine the global semiclassical structure of
the spectral projector, Poisson operator and scattering matrix.
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2 ANDREW HASSELL AND JARED WUNSCH

Part 1. Intro duction
1. Over view

In this paper we analyzethe structure of the semiclassicakesolvert on a classof noncom-
pact manifolds with asymptototically conic ends. The class of asymptototically conic, or
“scattering," manifolds, intro duced by Melrose [29], consistsof those Riemannian manifolds
that can be described asthe interior of a manifold M with boundary, such that in terms of
someboundary de ning function x; we can write the metric g near @1 as
dx? L
x4 x2
where k is a smooth 2-cotensoron M with k g1 a nondegeneratemetric on @M ; there is
no loss of generality in assumingthat k hasno dx componert, sothat k = k(x;y;dy) [20].
In terms of r = 1=x this reads

g=dr?+ rzk(%:y:dy)

and is thus asymptotic to the exact conic metric dr? + r2k(0;y;dy) asr ! 1. The in-
terior M of M is thus metrically complete, with the boundary of M "at innit y'. An
important classof examplesis that of asymptotically Euclidean spaces pictured in a radial
compacti cation: here M is the unit ball, and k g» : is the standard metric on the sphere.
More generally, collar neighborhoods of boundary componerts are large conic ends of the
scattering manifold.

We are concernedhere with the operator H = h? + V, where = 4 is the Laplacian
on M with respect to the metric g, h 2 (0; hg) is a small parameter ("Planck's constart’)
and V 2 x2C! (M) is a real potential function, smooth on M and vanishing to second
order at the boundary (hence,V is O(r ?) and thus short-range). The bulk of this paper is
concernedwith the analysisof the semiclassicafesolert, i.e.the operator (h? +V  3) 1,
for ( real, or more preciselythe limit of this as ( approacesthe real axis from above or
below, denoted(h? +V (o i0)?) 1.

For o non-real, the resolert (H  3) !is arelatively simple object, asH 3 is then
an elliptic operator in the “semiclassicakcattering calculus' of pseuddli eren tial operators,
hence a parametrix, and indeed the inverseitself, lies in this calculus [29], [46]; also see
Section 10. In the limit asim ¢! 0; ellipticity, in the strengthened senserequired by the
scattering calculus, fails, and the resolvent becomesmore complicated. Hasselland Vasy
[13, 14] analyzedthe resolvert in this regimefor a xed h > 0. In this paper, we analyzethe
resohvent (H ( o i0)?) *uniformly ash! 0. Weassumethroughout that the energylevel

2 is nontrapping That is, we assumethat every null bicharacteristic of the operator H 2
reaches the boundary @M in both directions, or equivalertly, every null bicharacteristic
evertually leaves eath compact set K M . In the caseV 0, bicharacteristics are
simply geadesicsand the condition is that there are no trapp ed geadesics: every maximally
extended geadesicreachesin nit y in both directions.

Our main result is the identi cation of the Schwartz kernelR of (H (o i0)?) ! as
a Legendrian distribution. We now informally describe Legendrian distributions, and how
those arising in the Schwartz kernel of R are assaiated to the underlying geometry of
the problem. First, a Legendrian distribution on a manifold N with boundary is a smooth
function on the interior of N with singular, oscillatory behavior at @N: It can locally be
written as a sum of oscillatory integrals of the form  a(x; y;v)e V)™ dv where x is a
boundary de ning function, y are variablesin @\; satis es a hondegeneracycondition,
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and the variable v rangesover a compact set in someEuclidean space. Asscciated to suc
a distribution (indeed, parametrized by  much as in Hermander's theory of Lagrangian
distributions) is a Legendrianmanifold in the saattering cotangentbunde, a rescaledversion
of the cotangert bundle of N; restricted to @\ ; this bundle has a natural cortact structure
(see De nition 3.2). Legendre distributions, introduced in [28], were generalizedto the
setting of manifolds with codimension-two corners, with b ered boundaries, by Hassell-
Vasy[13]. Herewe further generalizeto codimension-threeboundarieswith brations; these
arise naturally asthe Schwartz kernel of R lies in the manifold with codimension-three
cornersM M [0; hp)n; while the brations on the various facesarise from projection
operators on this product. Indeed, we need a further re nement: a class of "Legendrian
conic pairs' generalizing that constructed by Melrose-Zworski [28] and Hassell-Vasy [13];
thesedistributions are assaiated to pairs of Legendrian manifolds, one of which is allowed
to have a conic singularity at its intersection with the other.

The manifold M M [0; hg) is too crude a spaceon which to describe the structure
of the resolvent kernel. In particular, the asymptotic behaviour of the kernel at the corner
@1 @4 [0;hg) will dependin a complicated way on the angle of approach. We work
on the spaceX which is obtained fromM M  [0; ho) by blowingup* @1 @  [0; ho).
That is, X = M? [0; hg) where M2, the b-double space,introducedin [27], is the blowup
of M2 at (@)?. The spaceX hasfour boundary hypersurfaces:the “main face' M2  fOg,
denoted mf; the left and right boundariesIb and rb, which are @1 M  [0;hg) and
M @1 [0;hg), respectively, lifted to X ; and the boundary hypersurfacecreated by the
blowup, which we denote bf, which is a quarter-circle bundle over (@)? [0;hg). (See
Figure 1 in Section2.)

The resolvert kernel is most naturally described in two pieces,R = K + K% The
rst of these,K , is a semiclassicalscattering pseuddali eren tial operator, and thus hasthe
samemicrolocal structure as the (true) resolvent kernel whenIm (o 6 0. It captures the
diagonal singularity of R in the interior of X, but not uniformly asthe boundary of X is
approadced.

The other piece,K © is Legendrianin nature; in particular, it is smooth in the interior of
X, but is oscillatory asthe boundary is approached. There arein fact three Legendriansub-
manifolds assa@iated to K °. The rst is the conormal bundle at the diagonal, denotedN  ,
re ecting the fact that the pseuddi erential part K cannot capture the singularities at
the diagonal near its intersection with the characteristic variety ( H 2); this intersection
is nontrivial at the boundary of the diagonal, both at mf and at bf. The secondis what we
call the “propagating Legendrian' L, which is obtained by o wout from the intersection of
the characteristic variety and N, under the Hamilton vector eld assaiated to H (2).
In fact, L is divided into two halves,L = L, [ L by N ,, andthe incoming ( )/outgoing
(+) resohent R is singular only at L . The geometryof (N ;L ) is that of a pair of
cleanly intersecting Legendresubmanifolds, and K © microlocally lies in a calculus of “inter-
secting Legendredistribution' assaiated to this pair, analogousto the classof intersecting
Lagrangian distributions of Melroseand Uhlmann [25]. The propagating LegendrianL turns
out to have conic singularities at bf, and another Legendrian, L]Z, appears,to “carry o ' the
singularities at the conic intersection. This latter Legendrian consists of those points in
phasespaceover bf which point in pure outgoing/incoming directions in both variables. We
thus state our rst main theorem asfollows (relevant classesof Legendriandistributions are

IThis operation amounts analytically to the intro duction of polar coordinates in the transverse coordi-
nates, or geometrically to the intro duction of a new boundary hypersurface replacing the corner; see[24] or
x6 for details.
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de ned below in x4{x8, while the particular Legendrian manifolds referredto are discussed
in x11; also here and below h lies in someinterval (0; hg] with hg su cien tly small).

Theorem 1.1. The semiclassial outgoing resolventkernel R, , multiplied by the density
factor jdhj1=2, is the sum of a semiclassi@al pseudadli er ential operator of order ( 2;0;0),
an intersecting Legendee distribution assaiated to the diagonal Legendrian N, and the
propagating Legendrian L .. ; and a conic Legendrian pair assaiated to L., and the outgoing
Legendrian L]2- The orders of the Legendriansare 3=4 at N , 1=4 atL., (2n 3)=4 at
L), 1=4atbf and(2n 1)=4 at Ib and rb.

This is rather similar in nature to the main result of [13]. The main di erence is that in
[13] only propagation inside bf neededto be considered;this is closely related to geadesic
ow “atin nit y', and only involvesexact conic geometry. Here, by cortrast (and in the case
V  0) the geadesic o w over the entire manifold M is relevant.

From Theorem 1.1 we can obtain analogousresults for other fundamertal operators in
scattering theory, including the spectral projections, Poissonoperator and scattering ma-
trix, sincetheir kernels can be obtained from the resolent in a straightforward way. The
simplest one is the spectral measuredE (h 2) which is 1=2 i times the di erence between
the incoming and outgoing resolverts. In taking this di erence the diagonal singularity
disappearsand we obtain, in the notation of Section 6.5,

Corollary 1.2. The spectral measure dE(h ?) times jdh=h?j 2 is for h 2 [0;hgy) an
intersecting Legendie distribution assaiated to the conic pair (L; |-]2)3

dE(h 2) ]dh:hzj 1=2 2 |l:4;n:2 3=4;n=2 1=4; 1:4((L; L]Z),X,S %)

This generalizegesults (in the globally nontrapping setting) of Vainberg [43] and Alexan-
drova [3].

The Poissonoperator P(h 1), as de ned in [28§], takes a function f on the boundary
@ and mapsit to that generalizedeigenfunction with eigervalue h 2 with outgoing data
f. It can be obtained from the resolvernt kernel by restriction to rb after the removal of
an oscillatory factor. The LegendriansL and L]2 themselwes have “boundary values' at rb,
which are denoted SR and G! respectively. Here SR stands for “sgourn relation’; it is the
twisted graph of a contact transformation identied in [16], and is related to the sojourn
time of Guillemin [9] (seeSection 2.3 for further discussion).

Corollary 1.3. The Poisson kernel P(h 1), times jdh=h?j1"2, is a Legende distribution
asseiated to the conic pair (SR;G!) of order (0;(n  1)=2;0).

The scattering matrix S(h 1) is, in turn, obtained by restricting the kernel of P(h 1)
to the boundary, now at rb \ bf, although the limit here is more subtle, comparedto that
for the Poissonoperator, asit only makessensedistributionally|this ~ wasexplainedin [2§].
The sojourn relation SR hasa “boundary value' at bf which we denote T and call the “total
sogjourn relation." We obtain a global characterization of the S-matrix as an oscillatory
function. It hastwo kinds of behavior: for xed h > 0 it was showvn by Melrose-Zworski
to be a Fourier integral operator on @1 ; i.e. a Lagrangian distribution on @  @/: On
the other hand, away from these singularities, it has beenshowvn by Alexandrova to be a
semiclassicalFIO [1], [2]. Our structure theorem is that the semiclassicalscattering matrix
globally lies in a calculus of "Legendrian-Lagrangian’ distributions (de ned in Section 8)
that combine thesetwo di erent behaviors.

Theorem 1.4. The sattering matrix S(h 1), times jdh=h?j1=2, is a Legendrian-Lagrangian
distribution of order ( 1=4; 1=4) assaiated to the total sojourn relation T.
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In a prior paper, the authors constructed a partial parametrix for the Schredinger prop-
agator on nontrapping scattering manifolds; this parametrix wasvalid in regionswhere one
variable may range out to @V (i.e. out to “in nit y') but the other is restricted to lie in a
compactsetin M : Here, by integrating over the spectrum and using Corollary 1.2, we are
able to extend our description of the Schredinger propagator to a global one. To state the
theorem, we note that, basede.g. on the form of the free propagator (2 it) "=2gliz z%°=2t
on R", we expect the propagator to be Legendrian, with semiclassicalparameter t, but
with quadmtic oscillations at spatial in nit y. We de ne sud a classof quadratic scattering-
bred Legendre distributions. Corresponding to the Legendre submanifolds L, L]2 intro-
duced earlier are quadratic Legendre submanifolds Q(L), Q(L]Z) (see Section 8). Instead
of the semiclassicalnontrapping hypothesisat a xed energylevel, we now needto assume
that gendesics (that is to say, bicharacteristics with V = 0) are non-trapped: V is no longer
relevant. Our result is

Theorem 1.5. The Schredinger propagator e *( =2*V) jsfor 0< t < ty < 1 a quadmtic
Legendee distribution assaiated to the conic pair (C; G]2)3

(11) e it(1=2)+ V) 2 |3:4;n:2+1 =4;1=4; n=2+1 =4(MbZ [O,to), (Q(L)1Q(L]2)), qs %)

The resolvent construction described here is a direct generalization of work of Hassell-
Vasy [13, 14] on the xed-energy resolvent. This work wasin turn motivated by the paper
[28] of Melrose-Zworski on the Poissonoperator and scattering matrix for scattering metrics.
All theseworks are ultimately basedon the original paper of Melrose[29]. The construction
is also related to the parametrix construction of Isozaki-Kitada [19], which is valid in the
outgoing region.

Our results on the scattering matrix have many antecedens. The description of the
behavior of the scattering matrix in the semiclassicalregime, away from singularities of
the kernel (which occur at the diagonal in R" with the usual normalizations) originates
with Majda [23] for the caseof obstaclesand for compactly-supported metric perturbations
of R" by Guillemin [9]. The semiclassicallimit on R" with potential has been studied by
Protas [32], Vainberg [42], Yajima [47], Robert-Tamura [33], and Alexandrova[1], in varying
degreesof generality. (See[1] for a clear summary of this literature.)

Numerousauthors have studied the structure of the Schredingerkernelon at space(with
a potential). In this setting parametrices have been constructed by Fujiwara [8], Zelditch
[49], Treves[41] and Yajima [48]. For a compactly-supported nontrapping perturbation,
Kapitanski-Safarov [22] have constructed a parametrix modulo C* (R"); but without cortrol
over asymptotics at in nit y. More recertly, Tataru [39] has completed a construction of
a frequency-lacalized outgoing parametrix, valid for C? time-dependert coe cien ts that
are only rather weakly asymptotically at; this construction, while not giving a global
description of the Schwartz kernel, su ces for obtaining global-in-time Strichartz estimates.

The paper is divided into four parts. In the following section we give some heuristic
motivation for our geometric approad, particularly for the choice of the spaceX and the
“scattering bred structure' onit. The fundamerntal mathematical objects involved in this
structure, namely the Lie algebra of vector elds, scattering- bred tangent and cotangert
bundles, and contact structures at the boundary, are intro duced more formally in Section 3.

In Part 2, we give the de nitions of Legendredistributions of various sorts. Unfortunately,
although this follows a well-worn path (via [17], [29], [28], [13] and [14]), there is little we
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can use directly from previous literature, since we need to generalizeto manifolds with
codimension three corners, so this part is rather long and technical. Each section follows a
similar template: we de ne the relevant Legendresubmanifolds, explain how to parametrize
them, show that parametrizations always exist and the equivalence of parametrizations,
de ne Legendredistributions and give a symbol calculus. The reader should perhaps skip
this part on a rst reading and return to it as needed.

In Part 3, we construct the semiclassicalresolent, thereby proving Theorem 1.1, using
the machinery from part 2, following [14] rather closely

In Part 4, we prove Corollary 1.2, Theorem 1.5, Corollary 1.3 and Theorem 1.4.

Acknowledgements.We thank AndrasVasyand NicolasBurq for illuminating discussions;
we are grateful to Vasy for allowing some of the fruits of his joint work [15] with A.H. to
appear here. This researt wassupported in part by a Fellowship, a Linkageand a Discovery
grant from the Australian Researti Council (A.H.) and by NSF grants DMS-0100501and
DMS-0401323(J.W.).

2. Geometric motiv ation

Before getting into details we make some additional motivational remarks about the
geometricingredients of this paper.

2.1. The space X. In the Overview we introduced the spaceX , which is the blowup of
M M [0;ho) at the corner@1 @ [0; hg), or in other words, X = M2 [0; ho). The
spaceM? has boundary hypersurfaceslb = @1 M (the left boundary), b= M @M
(the right boundary) and the blowup face bf (the “b-face’), which is a quarter-circle bundle
over (@)2. The boundary hypersurfacesof X arethen bf [0;hg);lIb  [0;ho);rb  [0; ho)
and M2 f0g. We shall denote thesehypersurfaces(by abuseof notation) bf; Ib;rb and mf.
The diagonalin X is the submanifold  [0;ho), where , MZ isthe lift of the diagonal
in M2 to M2. In afurther abuseof notation we shall denote , fOg X simply by b.
SeeFigure 1.

A total boundary de ning function for a manifold with cornersis, by de nition, a product
of de ning functions for eat boundary hypersurface. The total boundary de ning function
for X can be takento be x = h , where , a total boundary de ning function for M2, is
givenby 2= x 2+ (x9 2. Herex is a boundary de ning function for M, lifted to M ?
by the left projection and then to M2 by the blowdown map, while x°is the sameboundary
de ning function on M lifted via the right projection.

In this subsectionwe give somemotivation for the choice of X asthe spaceon which to
analyzethe kernel of the resohvert (H (3 i0)) . We rst point out that it allows us to
decouplethe diagonal singularities from the long-rangebehaviour far from the diagonal, i.e.
the lack of decay in the kernel at spatial in nit y (at bf, Ib and rb) and ash! 0. Indeed, on
X the diagonalis separatedfrom Ib and rb, while it meetsbf transversally. This allowsusto
solve for the resolvert kernel by rst determining the conormal singularity at the diagonal
using standard pseuddli eren tial techniques, and then solving away the remaining error as
a separatestep.

Considerthe free semiclassicalresolvert kernel on R", say for n = 3,

1 ¢ oiz 2%=n

4 h2 jz 29 °
Let usignore the diagonal singularity in the remainder of this section, in view of the remarks
above, for example by multiplying by a function on X that vanishesin a neighbourhood
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/,/"(/Jl/iagohval

rb

Figure 1. The spaceX; in this gure dimensionsin the direction of @M,
in either factor, are not shown.

of . Consideredas a function on X, the resulting kernel is the product of a function
conormal at the boundary of X, times an explicit oscillatory factor e iz 2°%=h  Here,
“conormal at the boundary' meansthat the function has stable regularity, i.e. remainsin a
some xed weighted Sobolev space,under repeated application of vector elds tangert to
ead boundary face. This would not be true if the corner were not blown up, i.e.jz 29 !
(or even a smooth nonvanishing function of z  z9 is not conormal at the boundary on the
spaceM ?  [0;hp): In this sensethe singularities of the resolvent kernel at the boundary
(and away from the diagonal) are ‘resoled' when lifted to the blowup spaceX .

More crucially, the blowup is neededso that we can analyze the resolvent kernel as a
Legendre distribution at spatial in nit y. A Legendre distribution of the simplest sort is
given by an oscillatory function

e ™a
wherex is the total boundary de ning function for X asaboveand a is conormalon X . The
phasefunction  should be smooth (and have certain properties with respect to brations
at the boundary|see the following subsection,and Section4.2). The function = ( z;z9
is given, loosely speaking (and for V. 0), by the geadesic distance betweenz and z° at
least in the region where this is smooth; thus we want a compacti cation of (M )2 where
xd(z;z% is a smooth function up to the boundary (at least in this region, and away from

the diagonal). The b-double spaceM? has this property [12], and the blowup is essetial
here.

2.2. Scattering- bred structure. The spaceX comesequipped with brations on its
boundary hypersurfaces,and a corresponding Lie algebra of vector elds, which dictate the
type of Legendredistributions we expectto nd comprising the semiclassicakesolvent. This
is dealt with in detail in Section 3, but we give an informal motivation here. We begin by
noting the vector elds out of which our operator is built. Near the boundary of M, the
vector elds of unit length with respect to our metric g are C* (M )-linear combinations of
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the vector elds

x*@ and x@), :
(Note that in polar coordinates on Euclidean space,@ = x°@ and @=r = x@ are of
approximately unit lengthasr ! 1 .) Thesevector elds generatethe scattering Lie algebra
of vector elds introduced by Melrose [29]. In the semiclassicalsetting, we multiply ead
derivative by h, sowe can think of our operator H = h? (acting in either the left or the
right set of variables) as being “built' out of the vector elds

hx*’@; hx@,; h(x)?@o; hx°@e
where the left set of variablesis indicated without, and the right set with, a prime.
Motiv ated by the program proposedby Melrose[26], we should add one more vector eld
to this setin order to obtain N = dim X vector elds, sothat it can generatea vector

bundle which can be taken to replacethe tangent bundle of X . It is not obvious what this
extra vector eld should be, but in hindsight we can obsene that the vector eld

h(x@ + x’@ h@)
ts the bill. In fact, on Euclidean space,the self-adjoint operator corresponding to this is
ih r@+ r’%@ + h@ + n)

and this annihilates the semiclassicakesolvent kernel on R" (this follows immediately from
the fact that it ish " times a function of (z  z%=h).

We now have a set of vector elds generating a Lie algebra, and we can expect that
the semiclassial resolventhas xed regularity under the repeated application of thesevector
elds (away from the diagonal); this meansthat it remainsin some xe d weighted Sobolev
spacethroughout. At mf X, i.e. at the interior of the h = 0 face, we obtain from these
vector elds all the scattering vector elds, i.e. those of the form

h’@; h@; h@o

Thus the resolvent can be expected to be Legendreat the interior of mf (equivalertly, a
semiclassicalLagrangian distribution). At the other boundary hypersurfaces,the situation
is a little di erent. Our vector elds do not vanish at bf, Ib or rb; rather they are tangent
to the leavesof a bration on ead of these boundaries. At bf, all the vector elds vanish
exceptthe last one intro duced above, which restricts to h?@ at bf. At rb, the vector elds
h(x%2@-. and hxo@jo vanish, but the others restrict to h@, and h(x@ h@), which do not.
Thesestatemerts can be rephrasedby saying that on bf, the vector elds are constrainedto
be tangent to the leavesof the bration that projectso the h factor, while at rb the vector
elds areconstrainedto betangert to the leavesofthe bration rb=M @1 [0;hg)! @M
which projects to the secondfactor. We nally end up with a characterization of our vector
elds in terms of theseboundary brations and the total boundary de ning function x (see
De nition 3.3, and also Example 3.8). Our ansatzin this paper|justie d by Theorem 1.1|
is that the semiclassial resolventis Legendrian with resgect to this Lie algebma structure,
which we call the scattering- bred structure, on X .

2.3. Sojourn relations. The sgjourn time was introduced by Guillemin [9], motivated
by a result of Majda [23], in connection with metric or obstacle scattering on R". Let

be a geadesicwith asymptotic incoming direction y and asymptotic outgoing direction y°,
(y;y°2 S" 1), and supposethat it is nondegeneratemeaningthat locally it is the only such
geddesic(in a quartitativ e sensesothat the corresponding Jacobianis nonzero). Guillemin
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de ned the sojourn time T(y;y9 to be the limit I(R) 2R wherel(R) is the length of the
part of the geadesiclying inside B (R; 0). He then showed that the scattering matrix locally
took the form

(2.1) SGyiy) = (yiy) 2 DT 09D 4 o( (0 922

(or asumof such terms if there are nitely many such geadesics)where is a Jacobianfactor.
This hasbeengeneralizedby Alexandrova, who removed the nondegeneracyassumptionand
proved that the scattering matrix is a semiclassicalFourier integral operator away from the
diagonal. The Lagrangian to which the scattering matrix is assaiated, which Alexandrova
calls the scattering relation, is parametrized by Guillemin's sojourn time whenewer it is
projectable, i.e. whenewer (y;y9 locally form coordinates on it. Thus, the sojourn time is
better thought of asa Lagrangian submanifold rather than as a function.

In our Corollary 1.3 and Theorem 1.4 we seethe sojourn time show up naturally, in two
di erent guises. For simplicity we explain this in the caseof zeropotential. First we consider
a geadesicemanating from a point (z; ") in the cospherebundle of M . By the nontrapping
assumption, this geadesic (s) tendsto innit y ass! 1, andit doessoin such away that
the limit

= lims r( ()
sll

exists, where s is arc-length along the geadesicand r = 1=x is the radial coordinate. In
[16] we showved that there is a contact transformation, which we called the sojourn relation,
taking the point (z;") 2 S M to (yS; ), wherey) is the asymptotic direction of as
s! 1 and isthe limiting value of s 2dy®=dsass! 1 . The image point (yJ; ; ) can
be taken to lie in the boundary of the scattering cotangert bundle? (see De nition 3.2).
We show in Corollary 1.3 that the Poissonoperator is a Legendredistribution assaiated
to a Legendre submanifold SR which is the twisted graph of the sojourn relation. Just
as the Poissonoperator is a boundary value of the resolvent kernel (divided by e" 0:h), SO
the sojourn relation appearsasthe “boundary value' of the LegendrianL assaiated to the
resolvent (seeSection 15). The function appearsasthe boundary value of r® where

is the function parametrizing L, with the renormalizing term r° coming directly from the
removal of the oscillatory factor e *=h Moreover, whenewer (z;y9 locally form coordinates
on SR, the function (z;y9 locally parametrizes SR.

When the point z itself tends to innit y, say z = (s9 along a xed geadesic , with
sl 1 , the coordinate itself divergesas 1=r and we can take a limit

— i 0_— H 0

=Jm &= lm s $° r((s) r((s9
which is precisely Guillemin's sojourn time. We obtain the kernel of the scattering matrix
as a boundary value of the Poissonoperator, divided by €" =", and in doing so,we nd the
total sojourn relation T appearing asthe “boundary value' of the sojourn relation, with the
sojourn time  asthe (renormalized) limit of . Whenewer (y;y9 locally form coordinates
on T (the nondegeneracycondition of Guillemin) then (y;y9 locally parametrizes T, and
we recover the description (2.1) of the scattering matrix.

Our Theorem 1.4 improves upon results already in the literature in two ways. First,
we treat (nontrapping) asymptotically conic, rather than at, metrics, and secondit is
completely global. In particular, we do not needto localize away from the geadesicswhich
are uniformly closeto innit y (corresponding to the localization away from the diagonal
in Alexandrova's result). Indeed it is this limiting regime which provides the transition

2To be completely invariant it should be thought of as lying in an ane bundle identied in [16].
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betweenthe Legendre (or semiclassicalLagrangian) behaviour of the scattering matrix in
the limit h! 0 and the Lagrangian behaviour of the scattering matrix for xed h asproved
by Melrose-Zworski [28], sincethe latter is related to the geadesics at in nit y'. Our class
of Legendrian-Lagrangian distributions uni es these two regimesinto a single microlocal
object.

3. Scattering-fibred str ucture

In this sectionwe shall de ne the scattering- bred structure on manifolds with corners.
Although we only needthe caseof manifolds with cornersof codimensionat most three, this
structure can be de ned on manifold with corners of arbitrary codimension, and there is
someconceptual gain in consideringthe generalcase. Sowe shall give the basic de nitions
for cornersof arbitrary codimension, but rapidly specializeto the caseof codimensionthree
cornersfor most of the exposition. The basicde nitions are basedon unpublished work [15]
by the rst-named author and Andras Vasy, and we thank him for permissionto use this
material. Note that the caseof corners of codimensiontwo has beenexplicitly worked out
in [13]. To begin, we review the scattering structure on a manifold with boundary.

3.1. Scattering structures. Let X be an n-dimensional manifold with boundary, and let
x denote a boundary de ning function on X . Denote by V,,(X) the Lie algebra of vector
elds on X tangent to @X:

Denition  3.1. The Lie algebra of scattering vector elds Vs is de ned by
(3.1) Vee(X) = XVp(X); i.e. V 2 V(X)) i V = xW for someW 2 V,(X):

It is easyto verify that if y are coordinates in @X; extendedto a collar neighbourhood
of the boundary, we may write a scattering vector eld locally near the boundary as a
C! (X)-linear combination of x>@ and x@, , whilst away from the boundary a scattering
vector eld is simply a smooth vector eld. It follows that Vs.(X) is the spaceof sections
of a vector bundle over X .

De nition  3.2. We de ne 5°T (X), the sattering tangent bunde over X, to be the vector
bundle of which V(X)) is the spaceof sections;explicitly, the bre SCTp(X) atp2 X isgiven
by Vsc(X)=lp Vsc(X), where I 5(Vsc(X)) is the set of vector elds of the form fV, where
f 2 C' (X) vanishesat p and V 2 Vs (X). We de ne ST (X), the sattering cotangent
bunde over X, to be the dual vector bundle to °T (X).

Locally near the boundary, the scattering cotangert spaceis spannedby the sections
d(1=x) = dx=x? and dy,=x. Thus any point in ST X can be written
X dyi

1
d - + e
X , X
and this de nes linear coordinates ( ; i) on ead bre of ST X. In thesecoordinates, the
natural symplectic form on S°T X takesthe form

| =dd2 + X d - dy:

. - X I X y| .
There is a natural structure on *‘Tg X de ned by cortracting the symplectic form with
x?@ and restricting to the boundary, taking(the form

d idy;
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in these coordinates.

Further details about scattering structures, and in particular of the \scattering algebra”
of pseuddi erential operators that microlocalize the scattering vector elds, can be found
in [29].

3.2. Scattering- bred  structures on manifolds with corners. Let X be a compact
manifold with cornersof codimension d.

De nition  3.3. A scattering- bred structure on X consistsof

H; to be disconnected,i.e. to be a union of a disjoint collection of connected boundary
hypersurfaces;

(b) brations 4, : Hi ! Zj, 16 i 6 d, to acompact manifold Z; with corners of
codimensioni 1, and

(c) & total boundary de ning function x (that is, a product of boundary de ning func-
tions ~; i where ; is a boundary de ning function for H;) which is distinguished up to
multiplication by positive C! functions which are constart on the bres of @X .

The brations ; are assumedto satisfy the following conditions:

(i) if i < j, then H;\ Hj istransverseto the bres of i, andthus ; isa bration from
Hi\ H; to Z;, and

(i) Hi \ Hj isaunion of bres of ; andthus ; isa bration from H;\ H; to @Z;

i (Hi \ Hj), where @Z; is a boundary hypersurfaceof Z;. In addition,

(i) thereisa bration j :@Z; ! Z; suchthat whenrestrictedto Hi\ H;, i= § ;;

in other words, there is a commutativ e diagram

Hi inc Hi\ Hj inc_ H]_

(3.2) i ‘ j 5
? ? ?
Z; @Z; — A

ij Inc

In this paper, we shall always assumethe following additional condition:
(iv) The manifold Z4 coincideswith Hq and the bration ¢ is the identity map.
The hypersurfaceHqy will often be denoted mf (for “main face’).

We have a local model for this structure. Let p 2 M be a point on the codimension d
cornerof M .

Prop osition 3.4. Near p there are local coordinates X1;:::;Xq;Y1;:::;Y¥q Wher x; > 0 is
a boundary de ning function for H; andy; lies in a neightourhood of zemw in R% , suchthat
p= (0;:::;0), and there are coordinates (x1;:::;Xi 1;Y1;:::;Yi) onZ; near (p) suchthat,
locally, each ; takesthe form

(3.3) (X1 oo X o Xiens it Xan Yo i ya) 70 (XX 1y it vi):

Mor@ver, the coordinates can be chosenso that x; is constant on the bresof H; for j > i,
and . X = X.
I

Proof. We begin by choosing coordinates on the Z;, in a neighbourhood of ;(p). We start
with coordinatesy; for Z;, whereys liesin a neighbourhood of 0 in Rt and y1( i(p)) = O.
Using the implicit function theorem, we may choosecoordinates (y1;Yy2) on @Z, sothat the
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projection from @Z, to Z; takesthe form (y1;y2) ! yi. We choosean arbitrary boundary
de ning function x; for Z, and extend the coordinates (y;;y») to a neighbourhood of @Z,
and in this way have coordinates x1;Yi; Y2 on a neighbourhood of ,(p) in Z;. Inductiv ely,

coordinate projection o yj.1 . We then choosean arbitrary boundary de ning function for
@Z;+1 and extend the coordinates from the boundary into the interior, and in this way
have coordinates on a neighbourhood of |41 (p) in Zj41 .

We can lift the coordinates from Z; to H; by the bration ; in a neighbourhood of
p. Thus x; and y; are dened on the union of Hj;:::;Hq. These functions agree on
intersectionsH; \ Hy due to the way they are de ned on Z; and due to the commutativit y
of the diagram (3.2). Hencethey extend to smooth functions on a neighbourhood of p.
Finally we de ne xq = x=(X1:::Xg 1) and all conditions are satis ed.

Thus, in the codimensionthree case,there are local coordinates near the corner in which
the brations take the form

1:(X2;X3:Y1:Y2;Y3) 7! y1
(3.4) 21 (X1, X3, Y1, Y2;¥3) 7! (X1;Y1;Y2)
id = 3:(X1;X2;¥1;Y2;¥3) 7! (X1;X2;Y1:Y2:Y3)

We proceedto give the main example of the scattering- bred structure for the purposesof
this paper.

Example 3.5. Let Y be a scattering- bred manifold with codimension 2 corners. Thus
Y has two boundary hypersurfacesK; and K, with boundary de ning functions xi;X»
together with brations ; : K; ! Z;; moreover, Z, = K, and  is the identity, while Z,
is a manifold without boundary and the bres of ; aretransverseto the boundary.

Then the spaceX =Y [0; )x, is, in a natural way, a scattering- bred manifold with
codimension 3 corners. The boundary hypersurfacesare now H; = K; [0; ), Hy =
Ko [0; )and Hz3 = mf =Y f0g. The structure is speci ed as follows: a distinguished
boundary de ning function is given by x 3 where is a distinguished boundary de ning
function for Y; the basesof the brations are givenby Z; and Z, and Z3 = Y; and the
brations are given by

1Ky [0)!Y Z1= 1 1

(3.5) 2:Kz [0 ) Zo= o
3= id
where ; :K; [0; )! Kj is projection onto the rst factor. It is easily chedked that this

satis es all conditions of a scattering- bred structure on X .

(We remark that we are ignoring the fact that X is noncompact, cortrary to the above
de nition; this is harmless since we will in practice only be concernedwith compactly
supported distributions on X ; supported in say X3 6 =2.)

A special caseof this is of courseY = M 2, the b-double spaceof a manifold with boundary
M ; we have discussedthis spacealready in Section 2. In this case,H; = Ib[ rb, H, = bf
and H3z = mf. Let us further considerthe boundary bration structure in this case. The
brations are given by the identity on mf, by the projection o the h factor on bf, and by
the projection to @1 on Ib and rb.
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Consider a point on the codimension three face bf\ rb\ mf, which is naturally di eo-
morphic to (@)2. Recall that the total boundary de ning function for M2 is given by

= (x 2+ (x9 2) 2 where x is a boundary de ning function for M lifted via the left
projection, and x%is the lift of the sameboundary de ning function via the right projection.
Local coordinates near this point are x; = =x, X2 = X, X3 = h, y; = y% y, = y. (Notice
that x; = x%=x(1+ (x%=x)?) 72 is equivalent to x%x for x%=x small.) Then the brations
take the form

1:(xh;y%y) 71 yPon rb;
20 (x1;h;y%y) 7! (x1;y%y) on bf;
30 (X% ¥Y%Y) 7! (x1: % y%y) on mf:
Moreover, the product of the three boundary de ning functions satis es
X1 X h=x;
so these coordinates satisfy the conditions of Proposition 3.4.

3.3. Scattering- bred  tangent and cotangent bundles. We return briey to the case
of cornersof arbitrary codimension.

De nition  3.6. The spaceC! (X) is the spaceof C* functions f on X which are constart
on the bres of .

It is not hard to ched that changingthe total boundary de ning function x to f x, where
f 2 C! (X) > 0, leadsto the samescattering- bred structure. Hencethe total boundary
de ning function is distinguished up to multiplication by elemers of C! (X).

De nition  3.7. The Lie algebra of scattering- bred vector elds Vs is de ned by
(36) V2Vs (X)i V2VWy(X);V(x)=0(x?)andV(f) = O(x) forall f 2 C* (X):

Here we recall that V(X)) is the Lie algebraof smooth vector elds on X which are tangent
to eat boundary hypersurface. We remark that the condition V(f) = O(x) is equivalent
to VjH; being tangernt to the bres of ;.

It is easyto chedk that this is a Lie algebra. For if V;W 2 Vs (X) then V(Wx) = V(x2g)
for somesmooth g, and this is O(x?) sinceV is a b-vector eld. Thus[V;W]x = VWX
WVx = O(x?). Similarly, if V(f) = O(x) and W(f) = O(x) then [V;W]f = O(x). It is
equally clear that Vs (X) is invariant under multiplication by smooth functions on X, and
thus can be localized in any open set.

Using coordinates as in Proposition 3.4, it may be cheded that the Lie algebraVs (X)
is the C' (X )-span of the vector elds

(X1X2X3:1:Xd)X1@;, ; (X1X2X3:::Xd)@;;
(X2X3:1:Xa)(X1@, X2@,); (X2X3:11:1Xa)@,;
3.7) (X3:::Xg)(x2@, X3@,); (X3:::Xd)@;;

Xd(Xd 1@, , Xd@,); Xd @),
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(where we write @, for the k;-tuple of vector elds @J, 16 j 6 ki, if dimy; = k;). Thus,
in the codimensionthree case,any vector eld in Vs (X) is a linear combination of

(X1X2X3)X1 @, ; (X1X2X3)@, ;
(3.8) X2X3(X1@, X2@,); (X2X3)@,;
X3(x2@, X3@,); X3@),:

Therefore, locally near any point in X, the vector elds in Vs (X) are arbitrary linear
combinations (over Ct (X)) of N = dim X vector elds. It followsthat Vs (X) is the space
of sectionsof a vector bundle over X .

Example 3.8. At the corner bf\ rb\ mf of the spaceX from Section2, we have x; = x%=x,
X2 = X, X3 = h, y?=y1, y = y,; in thesecoordinates, we have

h(x92@o = (X1X2X3)X1@,
hx°@o =
(3.9) 2@ = X3 @, X2@,) ’;XCZ} ] Zzz@;g)@l
h(x@ + x°@ h@) = x3(x:@, *3@,) ‘

sothe vector elds arising in the discussionof Section 2.2 generatethe scattering- bred Lie
algebra.

Denition  3.9. Wede ne  T(X), the sattering- br ed tangent bundle over X, to be the
vector bundle of which Vs (X)) is the spaceof sections;explicitly, the bre * Ty(X)atp2 X
is givenby Vs (X)=lp, Vs (X), wherelp(Vs (X)) is the setof vector elds of the form fV,
wheref 2 C! (X) vanishesat pandV 2 Vs (X). Wedene S T (X), the sattering- br ed
cotangent bunde over X, to be the dual vector bundle to 5 T(X).

We dene 5 Di (X) to be the ring of di erential operators generatedby Vs (X) over
ct (X).

The vectorbundle$ T X is spannedby one-formsof the form d(f =x) wheref 2 C! (M).
To seethe duality between scattering- bred vector elds and di erentials d(f =x) for f 2
C! (X), rst obsenethat there is a pairing betweenscattering- bred vector elds and such
di erentials for each p2 X given by

This is nite for every p2 X sinceV(f) = O(x) and V(x) = O(x?). In the codimension
three case,choosingf equalto
Vi Xayhi XaXayk;

(3.11)
1, X1; Xi1Xz;

in turn, and pairing with the vector elds in (3.8) givesa non-degeneratematrix. Thus,

we can identify the dual spaceof Vs ,(X), the scattering- bred cotangert bundle at p,

°T ,(X) as

(3.12) ST (X)) = df;jfzcl(X)= b

where  is the equivalencerelation of yielding the samepairing (3.10) at the point p.
The dual basisto the vector elds (3.8) is

(3.13) d_ 1 ;dl;di;ﬂ; %; dys.
X1X2X3 X2X3 X3 X1X2X3 X2X3 X3
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Here dy; is shorthand for a k;-vector of 1-forms, if y; 2 RKt. Any elemert of S T X may
therefore be written uniquely as

1 + od 1 + 3di + dy + dyz + %

1 2 3 :
X1X2X3 X2X3 X3 X1X2X3 X2X3 X3

(3.14) .d

The function 1, regardedas a linear form on the bres of * T X, can be identied with
the vector eld (X1x2X3)X1@,, and similarly for the other bre coordinates. The same
expressioncan be viewed as the canonicalone-formon s T X. Taking d of (3.14) therefore
givesthe symplectic formons T X.

There is an alternativ e basis which is sometimesmore conveniert; instead of (3.13) we
usethe basis

(3.15) 1 dx;  dxp dy: . dy> = dys,
' X1X2X3 ' X1X2X3 ' X2X3 ' X1X2X3 ' X2X3 ' X3 '
Using this basis,we canwrite any q2 5 T X locally in the form
1 d d d d d
(3.16) q= "1d T -y R LI e
X1X2X3 X1X2X3 X2X3 X1X2X3 X2X3 X3

Theseare related to the ; by
1= 1+t X1 2+ X1X2 3
(3.17) 2= 2t X233
3= s
In particular, 73 = j1atx;=0and 2= ,atx,=0.

3.4. Induced bundles and brations. There is a natural subbundle of * T  (X),
namely® equivalenceclassef di eren tials d(f =x) wheref 2 C! (X) vanishesat H;. Let us
denotethis subbundle® T (F;;H;); the reasonfor this notation will becomeevidert below.
Notice that any f 2 C! (X) has a represenation

(3.18) f = fi(y1) + Xafo(X1;y1;Y2) + XaXof 3(X1;X2;Y1;Y2;Y3) + + X1XoXs:::Xgf™

wheref; and f~are smooth. Thusthe ith subbundlecorrespondsto f with f; = =f; =0,
while the f;, j > i, are arbitrary. A point in the quotient bundle ®* T , (X)=" T (Fi;H;)
is therefore given by a dierential d(f =x) where only f1;:::f; are relevant. Since these
functions are constart on the bres of H, they may be regardedas functions on Z;. Hence
this is the lift to H; of a bundle over Z;, which we shall denoteS N Z;. Therefore there is
an induced bration given by the composition

TS Ty X LS Ty X=°T (Fi;H)! SN Z;:

In the coordinates above, the subbundles T (F;;H;) isgivenby x; = 0; ; = = ;=
0, 1= = = 0,while (Xg;::55% ;Y100 100t iy 1505 ) furnish coordinates
ons N Z; in anatural way.

The subbundle® T (Fj;H;) can be interpreted as follows. We obsene that eadh xed
bre F; of H;j hasan induced scattering- bred structure, sinceF; meetsHj.; :::Hy and the
brations  for j > i restrict to brations from F\ H; to a faceof Z;. Moreover, a total
boundary de ning function for F is given by x=(xy :::X;), where xy for k 6 i is chosento
be constart on the bres of H; for j > k. Then the bundle 5 T (F;;H;) restricted to a
single bre F of H; is naturally isomorphic to the scattering- bred cotangert bundle of F,
STEF.

3The restriction of S T X to asubsetS X will be denoted S T ¢X
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For concretenessonsiderthe codimensionthree case.Recall that Z; is a manifold with-
out boundary, while Z, has a boundary which we denote @Z,, and Z3 = mf has two
boundary hypersurfaceswhich we denote @Z3 (the intersection with H1) and @Z; (the
intersection with H;). Moreover, there is an induced bration 1, : @Z,! Z;, asin (3.2).
We claim that the commutativ e diagram (3.2) with i = 1;j = 2 ’lifts' to a commutativ e
diagram at the level of cotangert spaces

inc inc. s

S Ty, X S Than,X —=— S Ty, X

(3.19) ~ / ] L}
? ? .

SN zZ @ N Z, —— 5 N Z»

12 Inc

In this diagram everything has been explained except the existenceand properties of
the map ~12. To dene it, note that the subbundle ® Ty, \,(F2;H>) is a subbundle of
® Ty, n,(F1;H1). Therefore there is an induced map on the quotient bundles, which we
denote

T2 @° N Zy! SN Zy;
making the diagram (3.19) commute.

(We remark that there is also a diagram analogousto (3.19) for (i; j) = (1;3) or (2;3) as
well. In thesecasesthe maps 73 is the identit y, but the map T3, i = 1;2is still of interest,
mapping from * T, \ 4, X to ° N Z;.)

We shall often be interested in the restriction of the brations 7 to ° T ;| X !

S N Z;; notice that this is still onto sincethe bres of H; are transverseto mf, i < d. We
shall abusenotation slightly and call the restriction — also. Thus, restriction to mf gives
the following variant of (3.19):

inc. g

° T X ° T HoA He X Tha v X
(3.20) - / - -
? ? ?
*NZy —— @ N Z;, ——°N 2
12

Remark. Each spacein the diagram above has a simple form in terms of the coordinates
Xi;Vi: i, i- For example, the top left spaceis fx; = x3 = 0g, the top middle space
is fx; = X2 = x3 = 0g, the top right spaceis fx, = x3 = 0g, while on the bottom
row the left spaceis fx; = X = X3 = Oy = y3 =0, o = 3=0;, » = 3 = 0g,

the middle spaceis fx; = x2 = x3 = 0;y3 = 0; 3 = 0; 3 = Og and the right spaceis
fx, = x3=0;y3=0; 3= 0; 3= 0g. Moreover, all the maps are the obvious coordinate
projections or inclusions.

3.5. Contact structures. In the remainder of this paper we restrict attention to the codi-
mensionthree case.We de ne a1-form on*® T ;X by contracting the symplectic form !
with XX3@, (where x5 is a boundary de ning function for mf) and restricting to mf. This
yields a contact structure (i.e. the form is non-degeneraten the sensehat ~(d )N 16 0,
N = dim X)) in the interior of mf. However, this contact structure degeneratesat the bound-
ary of mf. In local coordinates (3.14), the corntact structure takesthe form

(3.21) =di+xdoa+xaxod 3 1 dyr Xp 2 dys  XiXp adys
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and this degenerationis evidert. Indeed, at ® T, X, vanisheson the subbundle
® Ty me(Fis Hi). However, it is not dicult to seethat j° T, X isthe lift of a one-

form from * N Z;. This is most easily seenin local coordinates;atx; = 0, =d i 1 dy;
is the lift of a one-form ; from 5 N Z; sinceit is expressiblein terms of the coordinates
y1; 1; 1 which arethe lifts of functionson® N Z;. Similarly, at x, = 0, =d 1+ x1d 2

1 dy; X3 2 dyisthe lift of aone-form , from* N Z,. Moreover, ; isnondegenerate,
i.e. is a contact form, on® N Z,, while  is nondegenerateexceptat @° N Z,.
In the coordinates (3.16) the contact form takesthe form

(3.22) =d7p T2dxy Xi7sdxz 1 dyr X3 2 dy2  XiXz sdys:

These coordinates are more corveniert when analyzing Legendre distributions (see Sec-
tion 4).
The degenerationof at ® T, X and of , on® Ng,,Z> is captured by contact

structures on the bres of the maps — and ~1,. To de ne these we make the following
de nition.

De nition  3.10. Supposethat M is a manifold, S M a hypersurfacewith boundary
de ning function s, and aone-formon M that vanishesat S. Thus = s for someone-
form* . Wecall the leading part of at S. It is well de ned up to multiplication by a
nonzerofunction. This remainstrue evenif itself is only well-de ned up to multiplication
by a nonzerofunction.

Notice that = T 1at @ N Z; ® Ty, meX, that = T, at @ N Z;
s Ty, mX,andthat = 7, ;at @° N Z,. Using the de nition we candene 13 to
be the leading part of Torat® Ty, mX  ° TyX, 23to bethe leading part of
( , 2)=Xp at ® Thn me X S TsX and 1> to bethe leading part of , 7, 1 at
@° N Z, S N Z,. Using the invariance property in the last part of the de nition, we

seethat theseone-formsare well-de ned up to multiplication by nonzerofunctions. In local
coordinates, we have

12=d, 2 dyo;
23=03 3 dys;

13=d2 2 dyp+x2dz 3 dys:

Hencewe have well-de ned contact structures (i.e. 12 and ,3 are nondegenerate)on the
bres of 712 and ™ in (3.20), while 13 is nondegenerateon the bres of = for x, > 0.

Part 2. Mac hinery
4. Legendrian submanif olds and distributions

In this section we de ne Legendredistributions on a scattering- bred manifold X with
corners of codimension 3. Thesewill be smooth functions in the interior of X which oscil-
latory behaviour at the boundary.

“Note that vanishing at S is a strictly stronger condition than vanishing when restricted to S; e.g. ds
doesnot vanish at S although it vanishes when restricted to S.
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4.1. Legendre submanifolds.

De nition  4.1. A Legendresubmanifold is a submanifold G of dimensionN of $ T _;X
on which the contact form  vanishes,and sudc that G is transverseto ead boundary
S Topvn, X Of % T X.

Example 4.2. Let f 2 C! (X). Then the graph of d(f =x), restricted to 5 T (X, is a
Legendresubmanifold. The condition that f 2 C! (X), asopposedto Ct (X), is essetial;
seeSection4.2.

As a consequenceof this de nition, G is well-behaved with respect to the brations
T8 Tevw, X ! ° N Zj. To easenotation, we write @G for the boundary hypersurface
of G lying over H;, and @,G for the corner lying over H1 \ Ho.

Prop osition 4.3. (i) The restriction of 7 to @G is locally a br ation

cr@c! G
to an immersad Legendie submanifold G; S N Z;j, and the bresof ¢ are Legende
submanifoldsfor the contact structure for the br esof 7, i.e. for the contact form 3.

(i) The manifold G, is a manifold with boundary @G,. The restriction of 7, to @G
is locally a br ation
(132 . @G2 ! Gl
and the bresof ¢, are Legendie submanifoldsfor the contact structure for the br es of
~12, i.e. for the contact form 1,. The mapsform a commutative diagram

@G inc @zG inc_ @G

L}

(4.1) ¢ 5 e
? ? :
G —— @G, —— G2

12
Notice that each object in (4.1) is an elementof the correspnding space in (3.20), and the
maps are induced from thosein (3.20).

Proof. For conceptual easewe rst prove this result in the codimension two case. Thus
supposethat Y is a scattering- bred manifold with codimension two corners. Near the
corner, there are local coordinates (X1; X2;y1;Y2), such that the bration ;onH; = fx; =
Og takesthe form (Xx2;y1;y2) 7! y1, while the bration on the main faceH, = fx, = 0g is
the identity. The contact formon® Ty,Y is =d 1+ x1d > 1 dyr X1 2 dy,. Let
k; = dimy; and ko, = dimy,. This local model applies everywhere except near @G, which
we treat later.

In the proof we shall needthe following consequencef the implicit function theorem: if
V is a compact manifold, W is a manifold and f : V ! W is a smooth map of constart
rank, then f (V) is animmersedsubmanifoldof Y andf : VI f (V) is (locally) a bration.

By assumption, G is transversalto f x; = Og and the restriction of to G vanishes.Given
p2 @G; let Tp( bre) denotethe tangent spaceto the bre of ~;: Now considerthe space

T,@QG\ Ty(bre);

we claim that d , + 5> dy, = O restricted to this spacevanishes. To prove this, let V
be any vector in T,@G\ Ty(bre), and let W be a vector tangent to G and transverseto
fx;=0g. Thend (V;W)=0.Butd = d ~dy;+dx;”(d 2 2 dyp) at @G. Since
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the bres of 7 aregivenby y;, 1; 1 constart, it followsthat (d 1~ dy;)(V; W) vanishes.
Also, dx1(V) vanishes,but dx;(W) doesnot. This forces(d » 2 ™ dy;)(V) to vanish,
which provesthat the restriction ofd » > dy, to T, @G\ Tp(bre) vanishes. Taking the
di erential, we seealsothat d » * dy> = 0 vanisheswhen restricted to T,@G\ Ty( bre).

Now recall that coordinates on the bres of ™; are (y2; 2; 2). Sinced >~ dy, = 0 on
Tp@\ Ty(bre) ; the dimension of the projection of this spaceto the span of the variables
@,; @, is at most ko; sincewe further haved » 2 dy, = 0; wein fact have

(4.2) dim To(@B)\ Tp(bre) 6 k,

for any p2 @5.

On the other hand, we can look at the projection of @5 onto * N Z;, via 3. We shaw
that the rank of this map, restricted to @5; is at most k;. For if not, then let k > k; be the
maximal rank of this map, and p 2 @5 a point where this maximum is attained. Then the
rank is exactly k in a neighbourhood of p. Using the implicit function theorem as above we
seethat the image of @5 is locally a submanifold of dimensionk > k;. However, the form
d 1+ 1 dy; iszeroon this imagesinceit vanisheson @s. Therefore the dimension of the
projection of @5 is Legendreand can have dimensionat most ki, which contradicts k > kj.
It follows that

(4.3) rank T1je = dim(Tp(@3)) dim T,(@5)\ Tp(bre) 6 ki:

On the other hand, dim @ = k; + ky, sothe sumof the LHSsof (4.2) and (4.3) is everywhere
ki+ k2. Consequetly, the dimensionof Tp(@5)\ Tp( bre) is exactly ky and the rank of 1jgs
is exactly ko, andhence ™ : @ ! ° N Z; hasconstart rank k;. By the implicit function
theorem, the image of @5 in * N Z; is an immersed submanifold, which the reasoning
above shows is Legendrian; the bres of this map are Legendre submanifolds with respect
to the contact structure on the bres of 7.

Now we treat the codimensionthree case. The codimensiontwo argumert applieslocally
everywhere except for a neighbourhood of the corner @,G where we have be more careful.
We claim that the manifold G; is transverse(and in particular, regular) up to the boundary
of S N Z,. To prove this, we note that the implicit function statemert above remains
true if V and W are manifolds with boundary, provided that f pulls back a boundary
de ning function for W to a boundary de ning function for V. The argument above that
dim T,(@)\ Tp(bre( )) 6 dimys is valid uniformly to the corner, but the argumert
on the baseof the bration doesnot extend automatically to the corner becausethe contact
form , ons N Z, degenerateshere. Instead, we must further analyzethe structure of G
at the corner @, G. Arguing as above, we seethat for p 2 @,G,

23 vanisheson Tp(@2G) \ Tp( bre (72));

12 vanisheson (2) Tp(@2G)\ Tp(bre( ~12));
and
1 vanisheson (1) Tp(@2G):

The dimension courting argumert then shows that dim T,(@,G) \ T,(bre( 7)) = dimys,
dim( ) Tp(@2G)\ Tp(bre( 712)) = dimy, and dim( ™) Tp(@2G) = dimy; are all con-
stant. This establishesthe constancy of the rank of = : @G ! 5 N Z, uniformly to the
boundary and thus the regularity of G,, aswell as shaving that @G, bres over G; with
Legendrian bres.
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Remark. Notice that, becauseof our assumption that the bration at the main facemf is
the identit y, the scattering- bred structure locally near the interior of the main faceis the
sameasthe scattering structure: locally, we have Vs (X) = V(X ) near the interior of the
main face. Consequetly, the theory coincideswith the theory of Legendredistributions as
de ned by Melrose and Zworski in the interior of mf.

4.2. Parametrization.  Before consideringthe generalcaselet us considerthe special case
of LegendriansG which are projectable, meaningthat the projection from G 5 T X !
mf is a di eomorphism. In this case,G is necessarilygiven by the graph of the di eren tial
of a function. We claim that it is necessarilyof the form f =(x1x2x3), wheref 2 C! (X).
In fact, considerthe graph of d(f =(x1x2x3)) for a generalsmooth f . Expanding this in the
basis(3.15), we nd that the coordinates = and ; are given by

X3
X1X2

X 1
= xs@f; 2= @f @f;, 3= —@,f @,f
X2 X1

1 1
1_@1f' Z_X_l@zf' 3“@@3f

For this to be a smooth submanifold, it followsthat @,f and @,f are O(x;) and @,f and
@,f are O(x1xz2). Thusf is of the form

f = fa(y1) + xafa(X1;y1;y2) + XaXaf 3(X1;X2; X35 Y15 Y2; Y3);
which is to say that f 2 C! (X).
Now consider the general case. We will use the notation %; ~; ¥, + ¥ respectively to

denotethe setsof coordinates (x1;X2;X3); ( 1; 2; 3); (Y1;¥2:¥3); ( 1 2; 3); (Vi;Va;v3): A
(local) non-degenerateparametrization of G neara point 2 G\ ° Ty |y, m X givenin

thesecoordinatesasq= (¥ = O;¥ ;~ ; ~ ) is asmooth function (% ¥;¥) such that has
the form
(4.4) C6yv) = a(ynva) + X1 2(X13 Y1, Y2, Vi Vo) + XaXe 3

such that 1, 2, 3 aredened on neighborhoods of (y;;v;), (0;¥;;Y,;Vy;V,) and o =
(0;0;0;¥1: Y21 Y3: Vq; Vo s V3) respectively with

(4.5) d—-(@=q d (@=0
is non-degeneratein the sensethat
(4.6) d(yl;vl)@l' @2, @3

i d ) i d ; Kk
@!I. (y2:v2) @12 (ya;va) @Ié

are independert at (y;;Vy), (Y1;Y;Vy:V,) and o respectively, and locally near g, G is given
by

4.7) G=fd; v 2C g
where
(4.8) C =f(xwwijdy =0g

Note that the non-degeneracyconditions imply that C is a smooth submanifold of codi-
mensionk; + ky + k3 of X R<1*k2*ks ‘and that in the interior of mf, the parametrization
is non-degeneratein the senseof [28].
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Remark. We also have

(4.9) ; is a non-degenerateparametrization of G;
and 1+ X; 2 is anon-degenerateparametrization of G;.

In addition, for xed (yi;vi) with dy, 1 = 0, the phasefunction
1(y1;vi) + X1 2(X1;Y1, Y2, V1, V2)

parametrizesthe bres of the map ™12, while for xed (X1;Yy1;Y2;V1;Vv2) with dy,.v, 2 = 0,
the phasefunction  parametrizesthe bres of the map Ts.

4.3. Existence of parametrizations.

Prop osition 4.4. Let G be a Legende submanifold. Then for any point g2 @5 thereis a
non-degeneilte parametrization of G in some neightourhood of q.

Proof. It is only necessaryto do this in the caseof a point g lying over H;\ H,\ mf, since
the other caseshave already beenprovenin [13]. By de nition of a Legendresubmanifold,
the boundary @G of G at fx, = 0g bres, via the map T3, over G, with bres that are
Legendresubmanifolds of *T4 F, where F denotesa bre of H,. Coordinates on *°Tg F
are (ys; 3; 3) and, asin [28], Proposition 5, we can nd coordinatesys = (yg;yls) near (q)
so that (y]3; 5) form coordinates on the bres of @G ! G». In turn, @G, bres over G,
with bres that are Legendrianwith respect to the contact form 1, =d , 2 dyz; hence
we can nd coordinates y, = (yg;ylz) near (g) so that (y]2; Ly form coordinates on the
bres of @G, ! G;. Lastly, since G; is Legendrian, we can nd coordinatesy; = (y&;yll)
on Z; near T13(q) sothat (yll; [) form coordinates on G; locally. Using the transversality
of G to fx; = 0g and fx, = Og we seethat

Z = (xuxasyhiyhivh bbb
form coordinateson G nearq. Consequetly, we canwrite the other coordinates asfunctions
of these coordinates when restricted to G.
We now use the coordinates (3.15) on the scattering cotangert bundle. The reasonis

that, in terms of a phasefunction  parametrizing a Legendrian G, the value of 71 on G is
givensimply by . The contact form is given by

(4.10) d71 T20x3 Xg73dxz 1 dyr Xp 2 dy2  XiXz 3 dys:
Writing —, y} and ] in terms of the coordinates Z on G, we have
~1= N1(2)
2= N2(2)
(4.11) “3= Na(2) on G:

—
1

I'=vlz)i=1:::3
Mi](Z);i= 1:::3

Since G is Legendrian, we have
dN;  Nodx; x3Nadxp [ dy] ™l ady}
xi body) Ml odyh  xaxo Lodvd Ml odyl = o
We claim that the function
(4.13) =Nt b YD) bexa b YD) b rxaxe 08 YY) L

(4.12)
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is a local parametrization of G. To avoid confusion, let us write v; instead of ,[ for the
corresponding argumerts of .

First, obsenethat N1 hasthe form N1 = Ni.1(y1;Vv1)+ O(X1) sinceat x1 = 0, @G bres
over G; wherethe value of 73 = 1 is determined by (yll; v1) sincetheseare coordinates on
G;. Similarly, N1 is a function of (X2;y1;Y2;V1;V2) plus O(X1X2), Yl[ is a function of (y1; V1)
plus O(x1), etc. It followsthat hasthe form (4.4).

Second,supposethat d,, = 0. This meansthat

d,Ni+yl vl d, Y v

(+14) x1 d,YS L xixod,YS k=0
Using the dv; componert of (4.12), this is the samething assaying that y} = Y{. In asimilar
way, the conditions that d,, = 0imply that yl = Y[, i = 2;3. This also shows the non-
degeneracycondition, since d(@ji ) = dyji at g which are manifestly linearly independert
di erentials.

To seethat the set

G%= fd X1XaXa Jdvivows = 0g

coincideswith G locally nearq, rst considerthe value of |; this is given by dyg = vi. So

we can re-identify | with v;. Similarly we can re-identify L with v, and § with vs.

Next considerthe value of =1 on G° It is given by the value of , that is, by (4.13). This
simplies to N; whend,, = 0, sincewe have y,[ = Yi[ whend,, = 0. Now considerthe
value of 7. This is givenby dyx, which is equal to

dX1Nl d)(lYl[ !I_ deX1Y2[ [2 Xlxde1Y3[ %

(again usingyI = Y[ whend,, = 0). Sincethe dx; componert of (4.10) vanishes,this is
equalto N,. So™2 = N, on G° In a similar way we deducethat —3 = N3, and } = Mi] on

GO It follows that GP° coincideswith G.

4.4. Equiv alence of phase functions. In this section we shall give a necessaryand suf-
cient condition for equivalenceof two phasefunctions parametrizing a given Legendrian.
This is the key step in shawing, in the following subsection,that the classof Legendredis-
tributions does not depend on the choice of phase function, which is crucial for deducing
that the classof Legendredistributions has a useful symbol calculus.

Two phasefunctions , ~are saidto be equivalent if they have the samenumber of phase
variables of eath type vi; v2; v3 and there exist maps

Vi(x; ¥, %), Vo (%% %); Va(%; % v)
sud that
06 %V Vo Va) =

Prop osition 4.5. The phasefunctions = 1+Xx; 2+X1X2 zand "= 71+ X1 2+ X1X2 73
are locally equivalent i

(1) They parametrize the same Legendrian,
(2) They havethe samenumber of phasevariablesof the form v;; v,; and vs serately,
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3)
sgndi, 1= sgnd?, ~i;
sgnd?, » = sgnd?, ;
sgnd?, 3= sgnd?, 3

Proof. The proof follows [17], Theorem 3.1.6 quite closely (and Lemma 4.5 of [13] even
more so0), hencewe will be brief. To begin, we let C and C denotethe respective setswhere
d, = 0;dy ~= 0; neara given point in the codimension-threecorner.

We begin by noting that when we restrict to the face H; we have a phase function

= 1(y1;v1) parametrizing G1: Hence by the usual argument for equivalence of phase
functions ([17], as extended to Legendriansin [28]), there exists a b er di eomorphism
v = Vi(y1;vi1) sudh that  1(y1;w) = T1(ya;vi): Furthermore on the face H;; equivalence
of phase functions is guaranteed by [13]. Hencewe need only extend from H; and H» to
obtain equivalenceon H3 aswell.

The manifolds C and C- are di eomorphic, via their common b er-preservingdi eo-
morphism with the Legendrian they parametrize. As they are smooth manifolds, we may
extend this di eomorphism to a b er-preservingdi eomorphism F of an open neighborhood

of C with an open neighborhood of C -: Then the phasefunction := F (™) hasthe prop-
ertythat C = C =: C;and = to secondorder alongC: Therefore we have reducedby
this initial change of variablesto the casein which we may take ; ~ equalto secondorder
along C:

We now improve this result to exact equivalenceof and ~on H3z; under the assumption
that the functions agreeto secondorder on C: As we have equivalenceon Hj; H, we may
write

= 1t X1 T2t XiXg 3!
We may expandin a Taylor serieson Hj:

- 1
3 3=§(f3 )'B(rg )
for somematrix B = B(x;¥¥); wherewedene r °© = (@, ;@,( 2+ X2 3);@, 3):
Obsene as in [17] that the non-degeneracyassumptionson 3; 3 means precisely that
det(l + 833@3v3 3) 6 0 where Bz is the (3;3) block of the matrix B. We now expand
(%% (xyv)=(F v) @ +O((¥ v)?):
Set
(Y1, ¥2;¥3) (V15 V2;V3) = (X1XoWi; XoWp; Wa) I 9
wherew; = w; (%; ¥ ¥) is a matrix for i = 1;2;3: We thus have
Y ®  (yy) = xaxa(r g ) (w+ OWA))(r g )
We want
¥ (xyv) = Txyv) (v
= x1X2( 306 V) (¥ v):
We thus needto solve

XiXa(r 9 )'(w+ OR))(r 9 ) = 212

2

(re )B(ry)
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for w: This canbe accomplishedfor B small, i.e. for 3 and 73 close,by the inversefunction
theorem; Lemma 3.1.7 of [17] enablesus to extend to the caseof arbitrary  3; 73 using the
hypotheseson the signaturesof @,,, s and @,,, ~:

4.5. Legendrian distributions.  Let m;ry;r, be real numbers,let N = dim X, let G

® T,:X be aLegendresubmanifold, and let be a smooth nonvanishing scattering- bred
half-density. The set of (half-density) Legendredistributions of order (m;r1;r,) assaiated
to G, denotedl ™r 1:'2(X; G; S %), is the setof half-density distributions that canbe written
in the form u; + uz + (uz + ug + us) , such that

u; is a Legendredistribution of order (m;r1) assaiated to G and supported away
from Ho,
U, is a Legendredistribution of order (m;r,) assaiated to G and supported away
from H; (both of theseare de ned in [13)),
usz is given by an nite suzm gf IZocaI expressionsof the form
ei (xl;xz;y;v)=xa(x;y;v)
(4.15)
X:T (k1+ ko + k3)=2+ N=4Xf22 (k1+ k2)=2 fo=2+ N:4X;_1 k1=2 f1=2+N=4 dV]_ dV2 dVg,
with v; 2 R%; a smooth and compactly supported, f; the dimension of the bres of
Hi and = 1+ X3 2+ X3X2 3 aphasefunction locally parametrizing G near a
corner point g2 @.G, asin Section4.2,
uy4 is given by aZL nZite sum of terms of the form

&1t D3y x5; X33 Y1 Va3 Vi Vi Va)

szz (k1+kz)=2 fo=2+ N:4X;_1 ky=2 f1=2+N:4dVl dV2

(4.16)

with 1; , andf; asabove, b smooth with support compactand O(x3 ) at mf, and
us 2 Ct (X). (We usethe notation C! (X) for x* C* (X).)

Remark. The corvention regarding orders is as follows: the order increasesas the distri-
bution gets “better’, i.e. vanishesmore rapidly, and it is “zerced' sothat N=4 is critical for
L2-membership, i.e. for a distribution with positive symbol, u isin L2 i all the ordersare
more than N=4. This somewhat peculiar choice is to conform to the order convertion for
pseuddli erential operators (apart from the change of sign) on a manifold of dimensionn,
whosekernelsare in L? provided the order is lessthan n=2= N=4, whereN = 2n is the
dimension of the spaceon which the kernel is de ned. In any case,the order convertion
agreeswith that of [28], [13] and [14].

Prop osition 4.6. Letu2 | ™" 1r2(X;G;S 2) be a Legende distribution, and let be any
local parametrization of somesubsetU  G. After localization to U, the u may be expressel
as an oscillatory integral with resgect to , modulo C* (X).

Proof. We give a brief sketch of this proof, which follows standard lines.

By de nition, u can be written with respect to some phase function parametrizing G,
say O

One can modify any phasefunction (without changing the Legendrian parametrized) by
adding a nondegeneratequadratic form Qg (wy) + Xx1Q2(W2) + X1X2Qz(ws3) in extra variables
w; 2 R'". This doesnot change,modulo O(x?! ), the distributions that can be written with
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respect to the phasefunction sincethe extra oscillatory factor only cortributes a factor

CX|11=2X(2|1+|2)=2X(3|1+|2+|3)=2

which is just an adjustment of the orders. However it allows us to changethe number of
phasevariables of ead type, and the corresponding signature. By modifying both and ©
in this way we may arrangethat they satisfy the conditions of Proposition 4.5. (This requires
somemod 2 compatibilit y conditions betweendim v; and the signature of d\%i v, i but these
are automatically satis ed; seeTheorem 3.1.4 of [17].) One can then use the change of
variables given by Proposition 4.5to write u in terms of the modi ed phasefunction , and

therefore in terms of itself.

4.6. Symbol calculus. The previous proposition implies that there is a symbol calculus
for Legendredistributions. Sincethis follows standard lines, we omit the proof.

Let X be a scattering- bred manifold with codimension 3 corners,let N = dim X, and
let G be a Legendre submanifold. Let x denote the distinguished total boundary de ning
function for X, and xj;Xz;x3 be the set of boundary de ning functions for eah H; 2
M1(X) nfmfg. The Maslov bundle M and the E-bundle are de ned via the scattering
structure over the interior of G and extend to smooth bundles over the whole of G (that
is, they are smooth up to ead boundary of G at ® Twu,\ mi X); see[14]. We de ne N ; @
to be the bundle over mf given by di erentials & of smooth functions f on X vanishing at
ead boundary hypersurface. It is a line bundle with nonzerosection dx.

We de ne the symbol bundle SI™(G) of order m over G to be the bundle

m N=4,

(4.17) SM(G)=M(G) E N,@ :
following [14].

Prop osition 4.7. The syminl map for Legendee distributions, de ned in the interior of G
[28], extendsby continuity to give an exact sequene

01 1Mz (X:GS By M (x;Gs By1 X Mxi Mcl(G; ¢ SM(G) ! o

If P2S Di (X;% ?) hasprincipal symml pandu 2 |™ 12(X;G;S 2), then Pu 2
Imrire(X:Gi® ) and
"(Puy= p G "(u:

Thus, if p vanisheson G, then Pu2 | M*1rur2(X; G;$ %). The symtol of order m + 1 of
Pu in this caseis given by

. o1 N .
(4.18) iLsch, |§+m Z%+ Psub " (u) jdxj;

where °H,, is the sattering Hamilton vector eld of p (that is, the Hamilton vector eld
multiplied by x ! and restricted to G), ; is the coordinate in the coordinate system (3.14),
and pgyp is the subprincipal symtol of P.

Remark. The subprincipal symbol of a di erential operator has the following properties:
(i) for a multiplication operator f, it is the O(x) part of the Taylor seriesof f at x3 =
0. (i) The subprincipal symbol of i(V V), where V is a real vector eld, is zero.
(i) The subprincipal symbol of the composition of two di erential operators P and Q is

(P) sw(@Q)+ (Q) sww(P) i=2f (P); (Q)g. Thesepropertiesin fact uniquely determine
the subprincipal symbol for any di eren tial operator.
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Example 4.8. A very simple examplemay help to illustrate the symbol calculus. Let P be
the di erential operator x1X2x3(X1Dx,), D = i@ and let u be the Legendredistribution
o m+N=4_r, f,=2+N=4_r; fi=2+N=4 OX10dXodXady dy,dys 172
u= Xz X2 X1 YN NFT To N+1 Ty '
3 2 1
a distribution of order (m;ri;ry) assaiated to the zero section (which is a Legendrian
submanifold). We assumethat the half-density factor above, which is a smooth nonva-
nishing scattering- bred half-density, is covariant constart. HencePu = i(r; f1=2+
N=4)x1X2X3U.

In terms of the symbol calculus, the symbol of P is ; which vanisheson the Legendrian,
soProposition 4.7 tells usthat the result is a Legendredistribution is of order (m+ 1;r1;r>)
and the principal symbol is given by (4.18).

The symbol of u at x3 = 0 is the half-density (where for conveniencewe write u as a
b-half-density on the Legendrian)

1=2
m(u) — szz er11 m dx1dx2dxzdy,dy-dys jd(X1X2X3)]
X3X2X1
The scattering Hamilton vector eld of P isx1@,. The subprincipal symbol of P is i(N
1 f;), which is easily obtained from the fact that P + P has vanishing subprincipal
symbol. Finally @=@; = 1. Thus, noting that Lsy, leavesthe b-half-density dx;=x;

invariant, (4.18) says that

m N=4.

M+ (Pu) = i(ry m) i(%+m N:4)+7I(N 1 fy) ™= i(ry f1=2+N=4) "(u)
in agreemen with the direct calculation.

4.7. Residual space. The residual space for the spaces of Legendre distributions
|mrirz(X:G;S  7)is, by de nition, the intersection of thesespacesover all m 2 R, and is
denoted | "1'2(X;G;S z). Let us considerthe special casethat X = Y [0; ) asin Ex-
ample3.5. In that case,for a xed x5 > Oanelemen of | ™" 172(X:G;S %) is (after division
by jdxsj=2) a Legendredistribution on Y belongingto 1"+ 1=4r2 1=4(y:x,1G,;s  z), in
particular assaiated to the Legendresubmanifold x4 1G,, where G, = @G is the boundary
of G over H, and the factor x, ! scalesthe cotangert variables (this followsimmediately from
(4.16)). Wemay regardthe spaced 't =472 1=4(Y:x,1G,;s 7) asforming a smooth bun-
dle over (0; )x,. The residual spacel ! ":"2(X; G;® %) canthen be described asa smooth,
O(x3 ) section of this bundle on [0; ). We write this (with a minor abuseof notation) as

|1 ;rl;rz(x;G;s %) X% Cl [0, ];|r1 1=4;r, 1=4(Y;X3 lGZ;S %) jngj]’:Z:
We remark that the rather irritating drop of 1=4 in the orders, when regarding elemens
of 11 1f2(X:G;S 7) as distributions on Y parametrized by xs, follows from the order
convertion where a Legendredistribution is order N=4 if it is borderline L2. In terms of

(4.15) and (4.16) it can be seensincef; and N both decreaseby 1 whenwe x a value of
x3 > 0.

5. Intersecting  Legendre distributions

For a manifold with boundary, M, intersecting Legendre distributions were de ned in
[13] asthe analogueof the intersecting Lagrangian distributions of [25]. They are related to
a pair of Legendresubmanifoldsin *Tg, M that intersect cleanly in codimension 1. Here
we de ne the analoguefor a scattering- bred manifold with codimensiontwo corners.
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5.1. Intersecting Legendre submanifolds. Let X be a scattering- bred manifold with
codimensiontwo corners. By Proposition 3.4, locally near the corner, there are local coor-
dinates (x1; X2;y1;Y2) with respect to which the main faceis given by x, = 0, the boundary
hypersurfaceH; is givenby x; = 0 and the bration at Hj is givenby (x2;y1;y2) 7! y1. We
de ne a pair of intersecting Legendresubmanifolds, C = (L; ), in ® T;X, to be a pair
consisting of a Legendresubmanifold L in the senseof De nition 4.1, thus a manifold with
boundary meeting ® T X transversally, together with a submanifold  with codimen-
sion two corners of ® T, X which is Legendre, transversalto ® T ., X, and satisfying
the following:
hastwo boundary hypersurfaces,@ = \ ° Ty, X,and@ =1L\ ;

the intersection L\  is clean;

the imagesL; = 71(@L) and 1 = T1(@) (which are Legendrein S N Z; by

Proposition 4.3) form an intersecting pair of Legendresubmanifoldsin S N Zj.

5.2. Parametrization. A local parametrization of (L; ) nearq2 L\ \ ° T .\, Xis
a function of the form

(5.1) ( X1;Y1;¥2;V1;V2;8) = o0o(Y1;V1) + S 10(Y1;V1;S)
+ X1 01(X1;Y1,Y2:ViiV2) + XS 11(X1;Y1,Y2: V1, V2, S);

de ned in a neighbourhood of ¢® = (0;y;;Y,;Vy;V,;0) in mf R<*kz 0,1 ) sud that
dv,ves = 0at f g= (0;y1;y2;d( =x1x2)(9), satis es the non-degeneracyhypothesis
@oo . q @ o1

P K
@ @;

ds; d 10; d are linearly independert at o

and near q,

L=f xiyiyzid —  js= 0idvw,() = 0g;
=fxaynyzd - js>0ds =0 dvy, = 0g

5.3. Existence of parametrizations.  For simplicity we shall prove existence of para-
metrizations only in a special case,which neverthelesssu ces for our application. We shall
assumethat L is a “‘conormal bundle' of a submanifold N mf that meetsthe boundary
X1 = Otransversally. We shall further assumethat the projection from L\  to N everywhere
has maximal rank. We needonly prove existenceof a parametrization locally near a point
g2L\ \ ST . X asabove, sinceexistencenear other points hasbeenshown in [13]
or in the previous section.

By Proposition 4.3, the boundary of N necessarily bres over a submanifold N;  Zj.
Choosecoordinates y; = (y‘f;yll) on Z; sothat N; = fy$ = Og locally. We canthen nd a
splitting y, = (yE:ylz) with respect to which N locally takesthe form fy9 = 0;y} = 0g. Our
assumptionon L readsasfollows in local coordinates:

L=fy?=0yt=0 =0 L=0 1:=0; .= 0g:
Let us rst parametrize the intersecting pair of Legendrians(L1; 1). We rst claim
that one can split (after a suitable linear change of y; variables) y? asy{ = (Y!Liy\l), where
dim y\1 = 1, in such a way that (y\l;yll; [) form coordinates locally on ;. In fact, we have

local coordinates (yll; 9) on L;. The secondassumption above has the consequencehat
local coordinateson L; \ 1 are furnished by y]l and all but one of the 8 variables; after
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making a linear changeof variables, we may split °= ( 1; \1) dual to the splitting of the y§
variablessothat y]l and 5 arecoordinatesonL 1\ 1. It then followsfrom the condition that
1 iIs Legendrewith respect to the contact structure d 1 + 1 dy; that (y\l;yll; [) furnish
coordinates on ; locally. Thus we can write the other variables yﬁ; \1; ]1; 1, restricted to
1, uniquely as smooth functions of (y\l;yll; [). In particular we have
1= Nua(ynsyh D5 vk = Yeaavh D

and ead of thesefunctions is O(y\l) sincethey vanishat L;\ 1 whichis )\ fy\l = 0g.
Then a local parametrization of (L1; 1) is given by

Vi Svi+ b Yia(siviivh) vh+ Noa(siyhvh);
the reasoningis the sameasin the proof of Proposition 4.4.
We now parametrize (L; ) in a neighbourhood of a point onL\ \ fx; = 0g. In this
case(x1;yl;yh; I ;L) furnish local coordinates on L and (xs1;yy;yi;yh; 1; L) furnish
local coordinateson . As before we write

1= NaOaiynyiys b Drovh= Yioaynyhivh §ob;
Yi(xaiynvhivh Lob:
Due to the conditionsonL and at x; = OwehaveN1 = Ny.1+ X1N12, Y{ = YL, + x1Y],
and Y} = x1YJ, for somesmooth functions N1.2; Y, and YJ.,. Then the function
(i SVi+ (b YEOxa;yhiyhiviisivh)) Vi + Na(xa;yliyhiviisivh)
=01 v+ 0h Yisiyhvh) v+ Nua(siylivh) + O(xa)
=y +yh v+ yh b+ O(s)
hasthe form (5.1) and parametrizes(L; ).

5.4. Equiv alence of phase functions. Two phasefunctions , ~ aresaidto be equivalent
if they have the samenumber of phasevariables of eat type vi; v, and there exist maps

Vi(X1; ¥ %;S); Va(X1;¥;¥;S); S(X1;¥:¥;S)
such that
T %% Vi; Vo5 S) =

Prop osition 5.1. The phasefunctions = oo+ S 10+ X1 01+ X1S 117 and ~ = Tgo +
ST10 + X1 o1 + X1S711 are locally equivalent i

(1) They parametrize the same Legendrians,
(2) They havethe samenumber of phasevariables of the form vq; v, seprately,

3)
sgndy, ( oo + S 10) = sgndZ, (oo + S710);
sgnd?, ( o1+ S 11) = sgndZ, (o1 + S711);

Proof. Using the equivalence of phase functions in the codimension one casefrom [13] to
solve the problem at x; = 0; and using Proposition 4.5 to solve at s = 0; we may assume
that we have reducedto the case

T= o0t S 10t X1 01t X18T11!
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As before, we may further reduceby an initial change of variablesto the casein which we
may take ;~ equalto secondorder alongC = fds = dy, = Og:
As the two functions agreeto secondorder on C; we may expand in a Taylor series

- 1
1 1= E(f 9s) 'B(r9s)
where we de ne r 8;5 = (@, ;@,( o1t s 11);@) : We further expand

(XU¥FS) (XUYEFES)=(F ¥) @ +(s s) @ +O(¥F w2+ (s s)):

Set

(V1;¥2;8)  (V1;V2;S) = (XaWi;Wa; XaWa) T 9
for wi = wj(Xq1;¥;v;s): We thus have

(XL¥%%S)  (Xuyws) = xa(r 35) (w+ OWA))(r 95 )
We want
(X5¥¥s)  (xiyws)= TXuyvs) (X ¥s)
= x18(Tu(Xu ¥ vs)  u(X v s)

We thus needto solve

xa(r °) fw+ OwA)(r ©) = Z(r °) 'B(r )
for w: This can always be accomplishedfor s small by the inversefunction theorem.
5.5. Intersecting Legendre distributions. Let be a smooth scattering- bred half-
density. The set of Legendre distributions of order (m;r) assaiated to C, denoted

™ (X;L;s %), is the set of half-density distributions of the form u = u; + uz+ ug+ (us+
Us + Ug) , where

up 2 1™ (X;; S ) with the microsupport of u; disjoint from @,

u22|m+1:2;r+1:2(x.|_.s %)

uz hassupport disjoint from H; and is an intersecting Legendredistribution of order

(m;r) assciated to (L; ) asde ned in [13],

usisa nitg sum of terms, ead supported near mf = fx, = 0g, with an expression
1

xht xL? g (XayayeMiveS)=axz a(xy 1 X5 y1; Y2; Vi Va; S) dvy dva dS;
(5.2) 0
— ki+ 1 N f_._ ki+ ko + 1 N
=t —==rg =M —5—"7
wherev; 2 R¥ | a is smooth and compactly supported, f is the dimension of the
bres of Hy,and = g+ S o1+ X1 10+ X1S 11 locally parametrizes(L; ) near

apoint g2 L\ \ Ty X, asin (5.1),
Us is a nite sum of_terms of the form
f 1 .
z gl o*s 0)=aXoy(y) 1y Xa; Y2; Va; S) dvy dS;
0
where oo; o1, f andyv; are asabove, and b is smooth and O(x} ) at mf, and
Ug 2 ct (X )
As in Section 4, uz can be written with respect to any local parametrization, up to
an error in C! (X): This follows from the equivalence result above and the argumert in
Proposition 4.6.

kq+1
r 1

(5.3) X, 2

N
tT
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5.6. Symbol calculus. The geometry of intersecting Legendre distributions is suc that
the symbol on L hasa 1= ; singularity at , where ; is a boundary de ning function for
@ L, while the symbol on is smooth up to the boundary at L\ . This allows oneto
symbolically solve away error terms at L in the equation Pu = f wheref is Legendrianon
L, and the principal symbol of P vanishessimply at ; what happensis that the singularities
of the solution u propagatefrom L\ along . The formal symbol calculusfor intersecting
Legendredistributions on X follows readily from the codimension one case;we follow the
description from [14] closely
Let C = (L; ) be a pair of intersecting Legendre submanifolds as in Section5.1. We
consideru 2 | ™ (X;C;S ). The symbol of u takesvaluesin a bundle over L[ . To
de ne this bundle, let ; be aboundary de ning function for @ asa submanifold of L, and
o be a boundary de ning function for @ asa submanifold of . Note that the symbol on
L is de ned by cortinuity from distributions in | M*1=2r+1=2(x - :s %) microsupported
away from , and takesvaluesin

G.4) xp ™ ACH( FAL) sy = xR (AL n@  SIMAL));

while the symbol on , de ned by continuity from distributions in I ™" (X; ; S %) micro-
supported away from @, takesvaluesin

xp M oTACH(p 20 sM() ¢

Melroseand Uhlmann shovedthat the Maslov factors were canonically isomorphicon L\
so SIM*1=2(L) is naturally isomorphic to SI™I() N, ;@ j*2 over L\ . Canonical
restriction of the half-density factorsto L\ givesterms in C! ( %(L\ ) siml()
iN@j 2 jN @™ andC ( z(L\ ) SIM() N @ j2 respectively. In fact
iNN@j N @ jN, @] !iscanonicallytrivial; an explicit trivialization is given by
(5.5) (do;d 1;(x1x2) 17! (xax2) M (V,;V,) L\

whereV , arethe Hamilton vector elds of the functions ;, and! isthe standard symplectic

form. Thus the two bundles are naturally isomorphic over the intersection.
We de ne the bundle SI™(C) over C = L[ to be that bundle such that smooth

sectionsof  (C) SI™(T) are preciselythose pairs (a; b) of sectionsof , 1Ct ( 1=2(L)
S A(L) and oC (7O SIM() sud that

(5.6) b= € @2 ) ,Paat L\

under the above identi cation of bundles (cf. equation (3.7) of [14]). The symbol maps of
orderm on and m+ 1=2 on L then extend in a natural way to a symbol map of order m

on L taking valuesin } 2(C)  SIM(K).
Prop osition 5.2. The symiml map on C yields an exact sequene
G7) 0l IMLToGES Hroam x5 oxp e ¢ sy oo
Moreover, if we consider just the syminl mapto , there is an exact seqguen@
(5.8) 0! I™Lr(X:;s 2)+ ™20 (X;L;S z) ! 1™ (X;0;°  ?)
Lox, mct(; 7 siMyr o
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If P25 Di (X;5 2) hasprincipal symtl p andu 2 I™ (X;C;S 2), then Pu 2

|mr(X;C;s  2) and
"(Puy= p C "(u):
Thus, if p vanisheson , then Pu is an elementof | ™15 (X:;S  2) 1™ (X;L;S 2)
by (5.8). The symhol of order m + 1 of Pu on in this caseis given by (4.18).
5.7. Residual space. The residual spacefor the spacesof intersecting Legendredistribu-
tions | ™" (X;C;8  7)is
1LTOGES ) =\l ™ (XS E):

If X =Y [0; Ix, whereY is a manifold with boundary, then the residual spacemay be
identi ed with

[N

x3 CL [0 17 A (x tLaix,t 1) ) jdxoittE

6. Legendrian distributions  with conic points

Here we shall de ne a more singular situation in which the LegendrianG  ® T ;X has
conic singularities. We rst give a precise description of “having conic singularities'. We
recall the notion of real blowup. Supposethat X is a compact manifold with cornersand
S X acompact product-type submanifold®, which meansthat locally near any point s of
S, there are local coordinates x1;:::;Xj;y = (Y1;::5:yk), Xi 2[0; ), y2 B(0; ) RX, with
s corresponding to the origin of coordinates, such that S is given locally by the vanishing
of some subset of these coordinates. Then by [X ; S] we denote the blow-up of X around
S. As a set this is the union of X nS with the inward pointing spherical normal bundle at
S, which we denote S: [X ; S] carries a natural di erentiable structure making it a compact
manifold with corners,such that S is one of its boundary hypersurfaces.

Denition  6.1. Let X be amanifold with cornersand S X asubmanifold,and G X a
closedset which is a submanifold locally near every point of GnS. We say that G has conic
singularities at S if the lift of G to [X;S], i.e. the closureof GnS in [X;S], is a smooth
product-type submanifold & which is transverseto S.

Legendresubmanifoldswith conic singularities have beende ned already in two di erent
settings in [28] and [13], and we review thesede nitions for the cornvenienceof the reader.

The original setting of Melrose-Zworski wasthat of a Legendresubmanifold G =~ **Tg, X
in the boundary of the scattering cotangert bundle of a manifold X with boundary, which has
conic singularities at a submanifold J! which is the spanof a smooth projectable Legendrian
Gl. Projectability meansthat the restriction of the projection ST X ! @ to Gl is
a di eomorphism, or in other words G! is a graph over @X ; then J!, which is obtained by
replacing ead point of G! by the ray in STgx X through this point, is a submanifold with
dimension equal to dim X (one greater than dim G!) . By choosing coordinates judiciously
we may arrange that, in local coordinates (y; ; ) on *“Tg X given by writing scattering
covectors as

X X

we have Gl = f =1; = 0g, andJ! = f = 0g. We sa that (G;G!) are a pair of
Legendre submanifolds with conic points, or a Legendrian conic pair for short, if G has

SAll the submanifolds considered in this paper are product-t ype submanifolds; from here on we refer to
them simply as submanifolds for brevity.
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conic singularities at J!, i.e. G lifts to [T X :J1] to a smooth submanifold G transverse
to J1.

We recall what it meansto locally parametrize (G; G!). Transversality of G to the span
of Gl at 2 G\ JI meansthat dj j 6 0 at g; we may assume(after making a linear change
of coordinates in y) that the rst componert ! of is alocal boundary de ning function
for the blowup of the span of G! near g. Assuming this, a local parametrization of (G; G!)
near q is given by a phasefunction of the form

1+s (y;s;v); s> 0;v2 Rk
de ned in a neighbourhood of (y ;0;v ), satisfying the non-degeneracycondition

(6.1) dy: anddy, are linearly independert at (y ;0;v );

@
@
such that & is given by

0

n e
(6.2) é-= dlwtsf(y,s,v)jds:v =0 :

Furthermore we require that d, (y ;0;v ) = 0 and that the point on G corresponding to
(y ;0;v ) is g. To be precise,the meaning of (6.2) is that when the set on the RHS is lifted
to the space[*Tg X :J1] obtained by blowup of J1 it coincideswith G. We remark that
the correspondencein (6.2) lifts to a di eomorphism from f(y;s;v) j dsy = 0gto G, so
the blowup is implicit in the parametrization

Next we recall the de nition of Legendre conic pairs in the caseof a manifold X with
bred boundary and codimension 2 corners. Let G! be a smooth projectable Legendrian
submanifold of > T, X, and G be a Legendrian submanifold of > T, X which is smooth
away from G! and which has conic singularities at 37 T, X, where J! is the span of
Gl. Let G denotethe lift of G to [* T X ;J1]; we assumethat it is transverseto both
boundary hypersurfacesof [* T X ;J!] (that is, transverseto both the lift of S T .\ X
and the lift of J1). Let @& and @G! denote the boundary hypersurfaceof G, resp. G!,
at (the lift of) * T .\ X. Wesa that (G; G!) form a conic Legendrian pair if @& and
@G! bre over the samelLegendrian submanifold G; $ N Z; asbase.

Remark. This implies that the bres of @GB! G; and the bres of @Gl ! G; form an
intersecting pair of Legendresubmanifoldsin *Tg4 F for each bre F Hj. The reasoning
is analogousto that in Proposition 4.3.

This di ers from the structure above only over the codimension two corner of X, sowe
shall considera point of ® T, | X lying over the codimension two corner. We shall use
coordinates (X1;X2;Yy1;Y2) asin Section4.1, and assa@iated dual coordinates ( 1; 2; 1; 2)
de ned by writing scattering- bred covectorsin the form

1 1 dys dy>
X1X2 X2 X1X2 X2

For de niteness we shall assumethat G]2 is the submanifoldf 1 =1, =1, 1=0; =09
which is parametrized by the function 1+ x;. This is the form of G]2 that turns up in our
application (and in any case,it can always be arranged by a change of coordinates). Then
the span of G]2 is given by

(6.3) J;:fXQZO;]_: 2; 1=0; 2= 0g:
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The corresponding Legendrianin S N Z; is

G]]_Zf 1=1, 1= Og:
The condition of being a conic Legendrian pair meansthat at fx; = x, = 0g, if we set
1=1;, ;= 0and x yi, then we have remaining coordinates (y»; 2; 2) andthesearelocal
coordinates on the bre SCT@: F which is a contact manifold with contact form d >+ 5 dys;
we are then asking that the restriction of G, to this bre have a conic singularity at (and
therefore becomessmooth after blowup of) f » = Og. In particular dj »j 6 0 on G, at its
intersection with J%.
We next recall the form of a parametrization of (Gy; G]Z) near a point g 2 G, on the
codimension two corner of G, i.e. lying above x; = 0 and on J‘; Assumethat coordinates

have beenchosensothat dy 6 0 at g. A local parametrization of (G; G]Z) near q is given
by a phasefunction of the form

1+ X1+ SX1 (X1iY1;Y2;S;v); s> O;v 2 R¥

de ned in a neighbourhood of (0;y;;y,;0;Vv ), satisfying the non-degeneracycondition

(6.4) dys anddy,y % are linearly independert at (0;y;;Y,;0;v );
such that G, is given by

n ey o 0
(6.5) &= d 1+ X3+ sX1 (X1;Y1;Y2;S;V) jdey =0

X1X2
Furthermore werequirethat dy (0;y;;Y,;0;v ) = Oandthat the point on G, corresponding
to (0;y;1;Y,:0;v ) is g The precisemeaning of (6.5) is that when the setin (6.5) is lifted
to the spaceobtained by blowup of J; it coincideswith ..

Remark. As in the caseabove, the correspondencein (6.5) lifts to a di eomorphism from
f(X1;Y1;y2;5;v) jdsy = Ogto G, sothe blowup is implicit in the parametrization . Also,
if we x a value of y;, or equivalently x a point in the baseG]1 of the bration ™3jg,
then the function (0;y;;Y2;s;v) parametrizesthe bre (which is a Legendrian conic pair
in ST F).

6.1. Legendre submanifolds with conic points. We now de ne Legendresubmanifolds

with conic points in two new situations, although both are closely analogousto the ones
reviewed above.

6.1.1. Codimension two corners. Supposethat X is a scattering- bred manifold with cor-
ners of codimension 2. Let x, be a boundary de ning function for the main facemf and x;
a boundary de ning function for the bred faceH;. Let G]l be a projectable Legendrian
in * N Zj, and let J be the lift of the span of G]1 to ° Ty, o X via the bration ™.
Let G be the lift of G to [° T X;J]. We shall say that (G;Gll) form a conic Legendrian
pair of submanifolds if G has conic singularities at J, i.e. is transverseto both boundary
hypersurfacesof [ T, X;J] (that is, transverseto both the lift of * T ., X andto the
lift J of J).

Let @G and @G denote the boundary hypersurfacesof G. Also, let G; denote the
projection of G\ fx; = Ogto 5 N Z; via T12. It follows from the de nition that G; has
conic singularities at G]; let &; be the lift of G to [ N Zq1;J31] where J; is the span of
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Gll. Then, asa consequencef (G; Gll) being a conic Legendrian pair, the bres of the map
@G ! G, are Legendrian, while @G is itself Legendrian with respect to a natural contact
structure on the lift of G]1 to J de ned by the leading part of

6.1.2. Codimension three corners. Now let us assumethat X is a scattering- bred manifold

with cornersof codimension3, and considera Legendriansubmanifold G~ ° T, X which is
singular at the boundary. We usethe notation H1; H,;H3 for boundary hypersurfacesof X

and X3 ; X2; X3 for boundary de ning functions asin Section4.1. Let G; = 13(G\ fx; = 0Q)
and G, = 23(G\ fx, = 0g). Here we could considerthe caseswhere either G; or G, have
conic singularities at someLegendrian G]1 or GJ; however, we shall only considerthe case
where G, hasconic singularities sincethat is the casethat occursin our applications. Thus,
we considera casewhere G is smooth, but G, hasconic singularities, and indeedthat there
is a projectable smooth Legendrian G]2 S N Z; such that (GZ;G]Z) form a Legendrian
conic pair. Thus,if J; is the span of G]2 inS N Z,, then G, lifts to a smooth manifold G,
in[* N Zj;J;] that is transversalto J. Let J denotethe preimageof J, inside $ Th me X

via 3 :° Teyw,X ! 5 N Zz. We shall say that (G;G]Z) form a conic Legendrian pair if

G has conic singularities at J, i.e. the lift G of G to [® T+ X;J] is smooth and transverse
to J aswell asto the lifts of ® T\, X and® T\ 4, X.

The manifold G is a manifold with corners of codimension three. The boundary at
® Taeyw, X (more precisely at the lift of this to [ T, X ;J]) is denoted @G, the boundary
at the lift of ® T ., X is denoted @G and the boundary at J is denoted @G. It follows
from the de nition that @G bres over G; with Legendrian bres relativeto i3, that @G
bres over G, via a map ‘233 induced from T3, with bres that are Legendrian for the
contact structure 3, and @é is Legendrian for the corntact structure on the lift of G]2 to
J given by the leading part of

6.2. Parametrization.

6.2.1. Codimension two corners. In this situation, the lifted submanifold & is a manifold
with corners of codimension two. The two boundary hypersurfacesof G are denoted @G
(at x; = 0and away from J) and @G (at fx1 = 0g\ J). Locally neara point on the interior
of @G the situation is as for a smooth Legendrian distribution, so considera point ¢ on
@G. We needto distinguish two cases:the rst is that qis on the codimensiontwo corner
@G\ @G, and the secondis that q is on the interior of @G.

To make things concrete we shall assumethat coordinates have beenchosenso that G]l
is the Legendrianf ; = 1; ; = Og, and that 1 is alocal boundary de ning function for J-
Then a local parametrization of (G; Gll) near q is a phasefunction of the form
(6.6) (SiX1iy1i¥2iV1;V2) = 1+s 1(y1;S;va)+ X1 z(s;X—Sl;yl;yz;vl;vZ); s> 0vi 2 R;
de ned in a neighbourhood of (0;0;y;;Y,;Vq;V,), where 1 and , are smooth, satisfying
the non-degeneracycondition

(6.7) dyr 1;dyv, %; and dy, ., % are linearly independert at (0;0;y;;VY,;Vq;Vs);
2
and such that & is given by
n 0

(6.8) d X1%X5 jdsviv, =0
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Furthermore we require that dsy,v, (0;0;y1;Y»;Vi;V,) = O, and that the point on G
corresponding to (0; 0;yy; Y, Vy; Vo) iS Q.

Remark. The non-degeneracyconditions imply that the subset
: X
C =f(s;u;ys;y2;vi;ve)jds = 0;dy,( 1+ U 2)=0dy, 2=0; u= ?19

is a submanifold® and that (6.8) de nes a di eomorphism betweenC and G locally near
(0;0;¥1; Y2; Vq; V), sothis indeedcorrespondsto the usual notion of non-degenerategparamet-
rization. Notice that under this correspondences is a boundary de ning function for @G
and u is a boundary de ning function for @G.

In the secondcase,sincewe are away from the lift of fx; = Og, givenby x;=s= 0, we do
not needthe special variable s > 0, and we obtain the following: a local parametrization of
(G; Gll) near q is a phasefunction of the form
(6.9) (X1;Y11Y2;V) = 1+ X1 (X1iY1Y2;V)
de ned in a neighbourhood of (0;y,;y,;V ), satisfying the non-degeneracycondition

(6.10) Ay, oy, % are linearly independert at (0;yy;Y,;V );
such that & is given by

n _ 0
(6.11) d XiXa jdy =0 :

Furthermore we require that d, (0;y;;Y,;Vv ) = 0, and that the point on G corresponding
to (0;y1;Y2;v ) is .

Remark. This is very similar to the parametrization of a smooth Legendrian, but with
respect to a dierent bration on Hi, where the base of the bration is a point. This
can also be seenby noting that blowing up f ; = 0;x; = Og amourts to introducing the
variable M1 = 1=X; asa smooth coordinate. This is dual to dy;=x, and so correspondsto
a coordinate alongthe bre of the bration rather than on the base. This is related to the
blowup of the submanifold W in Section11.

Remark. Notice that, if we localize the phasefunction in (6.6) to the regionx;=s> > 0,
then it can be expressedn the form

s
14 X1 W oa(yssxaw;ve) + 2(XaW; 1=w;y1;Y2;VasV2) 3 W= X

and is therefore of the form (6.9). Sothesetwo forms of parametrization are consistert on

their overlapping regions of validity.

6.2.2. Codimension three corners. Now the lifted submanifold G is a manifold with corners
of codimensionthree. The three boundary hypersurfacesare denoted @G (at x; = 0), @G

(at x = 0 and away from G]Z), and @G (at fxp, = 0g\ G]Z). Locally near a point on the
interior of @G or @G the situation is as for a smooth Legendrian distribution, so consider
a point g on @G. If qis not alsoin @& then the situation is (locally) the codimension two
situation described above, so we assumethat g 2 @G\ @G. We needto distinguish two
cases:the rst isthat qis on the codimensionthree corner @G\ @G\ @é and the second
is that g is on the interior of @G\ @G.

6The partial derivative ds in the equation above is taken keeping x1 xed, not keepingu xed
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To make things concretewe shall assumethat coordinates have beenchosensothat G]1 is
the Legendrianf 1 = 1; 1 = Og, that G]2 is the Legendrianf 1= ,=1; 1=0; 2= 0g,
sothat 1+ x; parametrizes G, and that 5 is a local boundary de ning function for the
third boundary hypersurfaceof G. Let g2 G lie on the codimension three corner. A non-
degenerateparametrization of (G; Glz) nearq2 G is then a smooth phasefunction  of the
form

( SiX15X2;Y1:Y2:Y3:V2;V3) = 1+ X1+ SX1 2(S;X1;Y1;Y2; V2)

6.12) .
+X1X2 3(S;X1;X2=S}Y1,Y2;Y3;V2;V3); S>> 0;vi 2 RY;

where 5 and 3 are smooth, with non-degeneratein the sensethat suc that

(6.13) dy, 25 dy,w, @—,2 and dy, ., @—Is are linearly independert at o°
@ @
with
(6.14) G=fd x (a®j ™2 C g (lifted to [* Tg X;J]) nearg;
1A2A3

and such that ¢° correspondsto g under this correspondence.
The non-degeneracycondition implies that there is a local di eomorphism between the
set

C =1f(s;X1;u;y1;Y2;Y3;V2;v3) jds = dy, =dy, = 0at (S;X1;SU;Y1;Y2;Y3;V2;V3)g

and G.

In the secondcase,as we are localizing away from the boundary of fx, = 0g, given by
X2=s= 0, we do not needthe special variable s. In this case,a non-degenerateparametriza-
tion of (G;G!) nearq2 & is a smooth phasefunction  of the form

(6.15) 1+ XgX2 (X15X25Y15Y2:Y3:V)

de ned on a neighborhood of ¢° = (0;0;y,;Y,;Ys;V ) with  non-degeneratein the sense
that sud that

(6.16) dy, ; Oy, % are linearly independert at o°
with
(6.17) G=fd (a®)j g®2 C g (lifted to [* Tg X;J]) nearg;

X1X2X3
and such that ¢ correspondsto ¢ under this correspondence.

6.3. Existence of parametrizations.  For brevity we only show the existenceof paramet-
rizations in the codimension 3 setting. The construction is analogous(and simpler) in the
codimension 2 setting. We usecoordinates asin the proof of Proposition 4.4 above, in which
wehaveG; = f73 =1, ;= 0gand G]2 =f71=(1+Xx1)72; 1=0; 2= 0g.

First let g2 G lie on the codimensionthree corner of G. Recallthat G bres over G, with
bres that are Legendrian submanifolds of *T & F; therefore we can nd a splitting of the
y3 coordinates, y3 = (yg;y]S), sothat (y]3; L) form coordinates on the bre over (qg) 2 G,.
Also, asin [13], Proposition 3.5,wecan nd asplitting of the y, coordinates,y, = (y%;yL;ylz),
whereyh = (y2;:::;y}), sothat, with Al = ( 3= L;:::; L=1) A, = 1=1 the functions
(y]Z; 3, Ay form coordinates G, near (q). It follows that

Z = (x1; 3%2= 5ynyei~hivi b
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form coordinates on G near q.
We now follow the proof of Proposition 4.4 as closely as possible. Writing 5, yI and ]
in terms of the coordinates Z on G, we have
~1=Ny1(2)
2= N2(2)
3= N3(2)
Yl(Z)i=23  oné:
M1(2Z)
M1 (@)
Mi@)

— w
1

(6.18)

<
I

Since G is Legendrian, we have
dN; + Nodx; + x1N3zdx, M1 dyl

6.19
(6.19) X1 3dYi+ AL odyf+ M) odyl  oxaxp §odyl ML oayl = o

We claim that the function (where we substitute s for 3, v, for A, and vs for [)

(6.20) ( X1;X2;S;Y1;Y2;Y3iV2iva) = N1+ xis (y3 Y)+(Ys YI) vo +xxz (v5 Yd) vs

is a local parametrization of G.
First, obsenethat N, is equalto 1 at x; = Oandis equalto 1+ x; + O(s) at s = 0 since
the value of 77 on G]2 is equalto 1+ x;. Henceit hasthe form (6.12).
Second,supposethat d; = 0. This meansthat

dsN1+ xa(ys  Y5) xasds(Ys + Y V2 XaxodsYf vs= O
Using the ds componert of (6.19) and dividing by an overall factor of x; we now obtain
y3 = Y5 In a similar way, the conditions that d,, = 0imply that y[ = Y[, i = 2;3. This
also shaws the non-degeneracycondition, sinced(ds ) = dy3, d(dy, 2) = y]2, d@, 3) =

dys at q; theseare manifestly linearly independent di erentials.
To seethat the set

G%= fd

X1X2X3 jdsv,vs =0g

coincideswith G locally near g, considerthe value of } on G% it is given by dy% =X1 = S.
Similarly, the value of | is given by sv,, and the value of § is given by vs. Sowe can
re-identify these values. Next consider the value of —; on G It is given by the value of
, that is, by (6.20). This simplies to N; whendsy, = 0, sincewe havey3 = Y; when
ds = 0andyl = Yl whend,, = 0. Next considerthe value of —,. This is given by dy,
which is equal to

d, N1 xasd, Y& b oxasd, Y b xaxode, Y4k

(again usingyl = Y.l whendsy, = 0). Sincethe dx; componert of (6.19) vanishes,this is
equalto N,. So™5 = N, on G° In a similar way we deducethat —3 = N3, and } = Mi] on
GY It follows that G° coincideswith G.
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6.4. Equiv alence of phase functions.

We sketch the proof of equivalence of parametrizations only in the codimension three
case.

Two phase functions are said to be equivalent if they have the same number of
phasevariables of eadh type vi; v, and there exist maps

Vi(X1; %% S); Va(X1;¥:%:S); S(X1;¥;%:S)
such that
T %% V1; Vo, S) =

Prop osition 6.2. The phasefunctions = 1+ X3+ SX; 2+ X1X2 3; ~ = 1+ X3+ SX; 2+
X1X2 T3 are locally equivalent i

(1) They parametrize the same Legendrians,
(2) They havethe samenumber of phasevariables of the form v;; v3 seprately,

®3)
sgndy, ( 2) = sgndZ, ( 2);
sgndy, ( 3) = sgnd?, ( 73);
By using the codimension two result from [13], we reduceto the case
= 1+ X+ SX1 2+ XaXo 3; T = 1+ Xp+ SXg 2+ X1X2 3!

As usual, we can arrangethat the two functions agreeto rst orderalongC := fdsy,(S 2+
X2 3);dy, 3= 0g: Thus

- 1

3 3= é(r 8;5) tB(r 8;5)
wherewedene r © = (@,(s 2+ 3);@, 3;@(s 2+ 3)): We now expand

(X5Y:%s) (Xup¥S)=(F v) @ +(s s) @ +O(¥ v+ (s s
Set
(V1:¥2;8)  (V1;V2;S) = (XoW1;Wp; XoW3) T 9
for wi = w;(Xq1;¥;¥;S): Thus
(Xu¥%9)  ( Xuyws) = xaxa(r 0g) f(w+ OwA))(r 9 ) -
We want
( Xy ¥s)  ( Xyws) = Txyyvs) (X %% s)
= x1X2( 3 3)
We thus needto solve
X1X2

x1x2(r %) f(w+ OwA)(r °) = — %) 'B(r°)

for w: This can always be accomplishedfor B small by the inversefunction theorem, and
extendedto the generalcaseby using the condition on signatures.

6.5. Legendre distributions associated to a conic pair.
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6.5.1. Codimension 2 corners. Let X be a scattering bred manifold with codimension 2
corners,let N = dim X and let (G; Gll) be a conic Legendrian pair. Let m;p and r be real
numbers, and let be a smooth nonvanishing scattering- bred half-density. A Legendre
distribution of order (m; p; r) assaiated to (G; Gll) is a half-density distribution of the form
up + (uz + us + ug + Us) , where

u; is a Legendredistribution of order (m;r) assaiated to G and microsupported

away from J,

U, is given by an nitZe s%m oleocal expressions

1

Uz(X1;X2;Y1;Y2) = ¢ (xavavavivaaxegis; i,y ysiviv)

(6.21) Rz RE1 0 S
ng (1+ ki+kp)=2¢ N=4 X1 r (1+ ky)=2 f1=2+ N=4Sp 1 f,=2+ N=4 dsdvy dvs:

s
where a is a smooth compactly supported function of its arguments, f; is the di-
mension of the bres of H;, and = 1+ s , + x; , is a phasefunction locally
parametrizing (G; G!) neara point g2 @G\ @G, asin (6.6),
usz is given by an nite sumff local expressions

Up(X1;X2;y1y2) = € (ayayeV)=XaXeg(y): xomys:yp:v)
(6.22) RK
X k=2+ N:4XE L fi=2eN=4 g

where & is smooth and compactly supported, and is a local parametrization of
(G; G}) neara point g2 @6 n@G asin (6.9),
uy4 is given by 7

f _ X
Ua(X1y1;2) = @@ s Dxepy, s 2 yhy:z)
(6.23) < ey S
1+ ki)=2 fi=2+ N=4 24 N=
1 r (1+ky) 1 gP 1 fi=2+N 4dV2

s
where ; is asabove and bis smooth and O(x} ) at mf = fx, = 0g, and
us 2 xP 172 N=h1 d=xaxa ¢l (X ) (which always contains C! (X ) asa subset).
The set of such distributions is denoted| ™P " (X ; (G; Gll); s 7).

6.5.2. Codimension 3 corners. We now assumethat X is a scattering- bred manifold with
codimension 3 corners. Let N = dim X, let m;rq1;r, and p be real numbers,and let bea
smooth nonvanishing scattering- bred half-density on X. A Legendredistribution of order
(m; p;ri;rp) assaiated to (G; G]Z) is a half-density distribution of the form u; + uz + (us +
us + Us + Ug) , where

u; is a Legendredistribution of order (m;r1;r;) assaiatedto G and microsupported

away from J,

U, is a Legendredistribution of order (m; p;r,) assaiated to (G; G]Z) and supported

away from H1, asde ned above,

usz is given by an nite sum of local expressions

(6.24)
zz2
U2(X1;X2; X3; Y1, Y2; Y3) = el X“Xz;yl;yz‘y“s?“;“)zxa(xl;s;X?Z;Xe,;yl;yz;ys;vZ;V3)
Rk3 Rk2 0
Xgﬁ 1+ ko+ kg)=2¢ N=4 X2 ro (1+ kz)=2 fo=2+ N=4Sp 1 fp=2+ N:4Xr11 fi=2+ N:4deV2 dvs:

S
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wherea is asmooth compactly supported function of its argumernts, f; arethe dimen-

sionofthe bres onH;j,and = 1+ X1+ SX; 2+ X1X2 3 is alocal parametrization

of (G; G]Z) near a corner point g asin (6.12),

u4 is given by an nite sum of Igcal expressions

1
U2(X1;X2; X3; Y13 Y2; Y3) = g ( XaX2Wa2¥s V)= g(x) Xa; Xa; Y11 Y23 Yai V)
(6.25) RK 0
21 k=2+ N:4Xg 1 fo=2+ N:4X5_1 fi=2+N=4 dV;
wherea is smooth and compactly supported, is alocal parametrization of (G; G]Z)
neara point 2 @G\ @G n@G asin (6.15),
Us is given by
z
Us(X1;X25 Y13 Y25 23) = €W sx Z)ZXb(xl;s;Xf;yl;yz;zavZ)

(6.26)
X2 12 (1+kp)=2 fp=2+N=4 p 1 f,=2+N=4,r1 f1=2+ N=4
— S 2 X7

s
where ; is asabove, bis smooth and O(x3 ) at mf, and
Ug 2 Xt 172 N=4yb o2+ N=4y1 o1+ x1)=x L (X ) (which includesC! (X ) asasub-
set).
The set of sudch distributions is denoted | ™P:"1:F2(X; (G; G]Z); s %).

dV1 dV2

6.6. Symbol calculus.

6.6.1. Codimension 2 corners. For a conic pair of Legendresubmanifolds G = (G; Gll), with
G the desingularized submanifold obtained by blowing up J = "121(spanG]1), the symbol
calculus takesthe form

Prop osition 6.3. Let s be a boundary de ning function for @G G. Then there is an
exact sqquen@

(6.27) 01 |MLPI(X:GS z)I [MPI(X;G;S ?)

I oxi MsP Mc(G;

sm@Gy 1o

(S

If P25 Di (X:5 z) hasprincipal symml pandu 2 |™Pi(X;G;S z), then Pu 2
| MPir(X:G;S  z) and
"(Pu)= p G "(u):
Thus, if p vanisheson G, then Pu is an elementof | "*1iPir(X;G;S ) by (6.27). The
symiol of order m + 1 of Pu in this caseis given by (4.18).

6.6.2. Codimension 3 corners. Let G = (G; G]Z) now be a conic pair of Legendre submani-
folds in the codimension three setting. Then we have

Prop osition 6.4. Let s be a boundary de ning function for @G G, andlet bea
boundary de ning function for @G (for example, = x,=s). Then thereis an exactsejuen@

1

(6.28) 0! IMPIz(X;G;S #)1 |MPIz(X;G;S  ?)

Loxir ™z mgp mcl (G;

<\

sm@Gy 1o



SEMICLASSICAL RESOL VENT 41

If P 2 S Di (X;5 2) has principal symml p and u 2 |™Prifz(X:G;S %), then
PU2 IMPiiT2(X:G;®  ¢) and

mPu)y= p G ™(u):

Thus, if p vanisheson &, then Pu is an elementof | M*1Pifsir2(X : G;S  2) by (6.27). The
symiol of order m + 1 of Pu in this caseis given by (4.18).

6.7. Residual space. In the codimensiontwo case,considerthe casewhereX =Y [0; I,
where Y is a manifold with boundary. In this case,the residual space

PTG 2) =\l MPT(X (GG S P)
may be identi ed with
X3 CH [0 1T PG (%, B, B )

In the codimensionthree case,if X = Y [0; ]x, whereY is a scattering- bred manifold
with codimensiontwo corners,then the residual spaceis

|1 ;p;rl;rz(x;(G;G]Z);S %): \m|m:p;r1;rz(x;G;G]2);S %)
and this may be identi ed with

X3 C[0; 1Tz AP I 0K (x MG xa TGL) S ) )t
7. Legendrian-La grangian distributions

7.1. Legendrian-Lagrangian ~ submanifolds. The nal type of distribution we shall in-
troduce are "Legendrian-Lagrangian distributions' assaiated to the scattering cotangert
bundle s°T X of a manifold with boundary X . We shall restrict attention to X of the form
X =Y [0;hg). Weignore the noncompactnessof Y  [0;hg) ash! hg sincewe will only
be interestedin distributions supported near the boundary at h = 0.

Let T X be the compacti cation of ST X via radial compacti cation of eat bre.
This is a manifold with corners of codimension two; its boundary hypersurfacesare the
brewise radial compacti cation of T X, which we denote scl (‘semiclassicallimit’),
and the new hypersurfaceat " bre-ingit y', which we shall denote . Fibre-innit y hasa
natural cortact structure given by . idy; in local coordinatesy on Y (where are the
dual cotangert coordinates), where is a boundary de ning function for (e.g. = 15 j).
If 1:ij > 0 locally then we may take = 1= ; and then the contact form takesthe form
dyr + ., i=10y;.

There is a natural subbundle S of **Tg X given by the annihilator of h?@, or equiva-
lently, spannedby the one-formsdy;=h. Let @ \ scl denote the boundary of S after
radial compacti cation.

Denition  7.1. A Legendrian-Lagrangian submanifold on X is a Legendre submanifold
with boundary L  scl that meetsthe corner scl\  transversally, and such that @ @3.

Recall that given local coordinatesy on Y, we have coordinates h;y; ; on ST X near
fh = 0g given by writing any elemen of °T X relative to the basisd(1=h) and dy;=h:
1 X dy
sc = — + j——
TX3p d h | ek
The coordinates ( ; ) arelinear coordinateson each bre, and S isgivenby fh = 0; = QOg.

Now let g be a point on the corner of @ after radial compacti cation of the bres. Let



42 ANDREW HASSELL AND JARED WUNSCH

us assumefor a momert that ;5 j > 0 at g (which can always be arranged after a linear

change of y variables), sothat we canuse = 1= ; as a boundary de ning function for
nearq. Let = =jandM%= % ; where %= ( ,5;:::; m), m = dimY. Then
(h;y; ; ;M9 arelocal coordinates for *T X near .

At scl, the contact structure is given by the formd  dy; MP©? dy® d= . This
form vanisheson L. Therefore at @.; which is contained in f = 0g by assumption, we have
dy;+ M9 dy®= 0. Thus, @ canbe naturally identied with alLegendrianat bre-in nit y on
the brewise compacti cation of T Y, and hencewith a conic Lagrangian in T Y n0. We
shall soon seethat a Legendrian-Lagrangiandistribution is, for xed h > 0, a Lagrangian
distribution assaiated to .

7.2. Parametrization. Let g2 @. We shall usecoordinates (h;y; ; ;M9 asabove. We
recall that = 0 at g, indeed everywhereon @Q..

A local parametrization of L near qis a function =-, where = (y;7 v) is a smooth
function of y, ~and v 2 R¥, de ned in a neighbourhood of (yo; 0; Vo) sothat

d- ( :_)ij;O;Vo =0

and
9= OYoidny ==
such that  is non-degeneratein the sensethat
d % ; d andd arelinearly independert at (yo;0; Vo);
and so that
(7.1) L= 0y;dny o -, = =0

locally near g. (Note that ~ is a parameter to be integrated, on the samefooting with v:)

This is a parametrization using ‘compact coordinates'. We may also use noncompact or
homogeneouscoordinates by introducing w 2 R** givenin terms of (7;v) by w = (w3; w9
with w; = 1= and w®= v=", Also write = 1(y;V) + ~ o(y;;V). Then changingto the
w variables we have a parametrization of the form

w(ysw) + o(y;w)

where 1 = w; ; is homogeneouf degreelin wand o= ¢ is a symbol of order zero
in w. Then i parametrizesthe Lagrangian .

7.3. Existence of parametrizations.  This is provedin the usualway. Lety = (y1;y%y9%,

=(1 %9, 0= 0%, and = 9, we choosecoordinates sothat (; %y% are
coordinates on L near g. (Note that always has nonzerodi erential on L at g sincel is
assumedtransverseto .) We can therefore expressthe other coordinates on L as smooth
functions of (; %y9%:

yi=Yi(; %y%
yo= YU %%
= (5 %%

0= o9 0y
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We claim that
(i 9_ (5 9+ (i s P+ ° YAy Y °

parametrizesL near g; with v = © In fact, sincel is Legendrian, the form

d + d—+dY1+ 0 gyO4 00 gyoo

vanisheson L. Setting the coe cien ts of d , d °and dy®to zerowe nd that

(7.2) %+—+%+ 0%0:0
0
(7.3) % g(l) Ogo—o

(7.4)

Using (7.2) and (7.3), one nds that d-,( =) = 0implies that Y; = y; and Y°= y%on L,
while equating dy, ( =) with 1= and dy¥ =) with % gives™ = and 0= o Finally
one obtains (7.1) near q.

7.4. Equiv alence of phase functions. Acceptable changesof variables for our phase
function are smooth coordinate changesof the form (; v) 7! (+w) where ~= f ; with
f 2 C' : In the noncompact model described above, this is equivalent to w 7! w wherew is
a polyhomogeneoussymbol of order 1 in the w variables. We therefore declare two phase
functions to be equivalert if such a transformation maps oneto the other. We continue to
employ the noncompact phasevariable description of parametrization in what follows.

Prop osition 7.2. The phasefunctions , ~ are locally equivalent near q i
(1) They parametrize the same Legendrian,
(2) They havethe samenumber of phasevariable.
(3) sgnd? = sgnd? ~ at q.
Proof. We begin as usual by arranging to have and ~ in agreemen to rst order along

C=fdy, = 0g:
We may thus expandin a Taylor series

- 1
—é(rw)tB(rw)

for somematrix B = B(y;w): As both = and are symbols of order 1 in w, B is also
symbolic of order 1.

The non-degeneracyassumptionson ; ~ meanspreciselythat det(l + B@ ) 6 0: We
now expand

(y;w) (ysw)=(w w) @ +O((w w?):
Set
W W=2Z Ty ;

where z is a matrix depending on w; note that this is a change of variables of the required
form. We thus have

(yiw)  (yiw) = (rw) "(z+ O@))(r w) :
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We want
(yiw)  (ysw) = “(y;w)  (y;w);
we thus needto solve

() {2+ 0@ w) = 3(0w) ‘B w)

for z: This can be accomplishedfor B small by the inversefunction theorem, with a result
that is symbolic in w: Lemma 3.1.7 of [17] enablesus to extend to the caseof arbitrary
B:

7.5. Legendrian-Lagrangian  distributions.  Let L beaLegendrian-Lagrangiansubman-
ifold as above. Let N = dim X. A Legendrian-Lagrangiandistribution u of order (m;r)
assciatedto L on X, denotedu 2 | ™" (X; L), is a half-density u = uj + us + uz + ug, where
upisin ht Ct [0 he); I " 4(Y;h ;%) jdhj’=2,
U, is a Legendriandistribution of order m assaiated to L and microsupported away
from bre-innit vy,
us is a sum of terms of the form
Ziz dydh 1-
(75) hm (k+1) =2+ N=4 eI( y;v)=h r k=2 1 N:4a(h;y; : V) dvd y— 1=2
o Rk PN +1
where is a local parametrization of L and a is smooth, and
ug 2 Ct (X).
We remark that (7.5) is an oscillatory integral unlessr is su cien tly positive.
If we rewrite this using the Eomogeneousparametrization, we get
dydh 1=>

(76) hm (k+1) =2+ N=4 ei 1(y;W)=hei o(y;W)Zha(h;y;W) dw S

where & is a (classical) polyhomogeneoussymbol of order r (k+ 1)=2+ N=4 1=2in
w. For h > Othe € ° factor is a symbol of order zeroand so € °="a is a symbol of the
sameorder asa. Hencefor xed h > O this is a Lagrangian distribution, of order r 1=4,
assciated to  depending smoothly on h for h > 0, and whosesymbol is itself oscillatory
ash! 0.

7.6. Symbol calculus and residual space.

Prop osition 7.3. The symimnl map for Legendee distributions, de ned in the interior of G
[28], extendsby continuity to give an exact sequen@

1

O IMI(X;L;s )1 1M (X;L;s %) N ¢ sie)t o
The residualspace 11 (X;L;S  z) \ o™ (X;L;S %) may be identi e d with
h' Ct [Oho)il " ¥4(Yv;h 1 F)  jdhji
7.7. Distributional  limits of Legendrian conic pairs. We now consider a situation
which leadsto a Legendrian-Lagrangiandistribution. Let M be a compact manifold with
boundary. We may view M [0; hp) as a scattering- bred manifold (where we again ig-
nore the noncompactnessat h = hg) with main faceH, = M f0g and other boundary
hypersurfaceH; = @1 [0; hg) with bration Hi! @V given by projection onto the @V
factor. Supposethat we have a distribution u 2 | (G; Gll) assciated to a Legendrian conic

pair (G; Gll) as described in the previous section (codimension 2 case). Coordinates in this
casecan be takento be x; h;y near H,, wherey is a local coordinate for @M, extendedto a
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collar neighbourhood of @M, and x is a boundary de ning function for M. Corresponding
scattering- bred cotangert coordinates are 1; 2; given by expressingcovectors

We supposeasin Section 6.2.1that G]l isgivenby f =0, ;= 1g.

We consider the problem of restricting u 2 Im?p?r(X;(G;Gll)) to Hy. The rst issueis
that u is a half-density, soto restrict we must divide by the half-density jdx=xj~? to obtain
a half-density on H;. The secondissueis that u is oscillatory asx ! 0, sowe must rst
multiply by e ™" to have any hope of being able to restrict to x = 0. Thirdly we must
divide by a power of x, depending on the order p at G/, in order to get a nite, nonzero
limit. If we do all this, and if the Legendrian G intersectsf = Og only at G/, then it turns
out that u hasa restriction in the distributional sense.In the non-semiclassicalkcase(no h
variable) this was proved by Melrose-Zworski [28].

Let G be the blowup of the singular LegendrianG at J = fx = 0; = 0g S T (M
[0; ho)). We write J for the new boundary hypersurfacecreated by the blowup. Recall that
G is a manifold with corners of codimension 2, with one boundary hypersurface@é at J

and the other, @G, at x = 0 but away from J"

Lemma 7.4. The submanifoldJ\ f ; = 1g of J is naturally di e omorphic to the br ewise
compacti ¢ ation of SCT@V1 ¢ Og(@/I) [0; ho)), and under this identi ¢ ation, the boundary

hypersurface @G (which lies inside J°\ f ; = 19) is a Legendrian-Lagrangian submanifold
L.

Proof. Scattering- bred covectorsin® T (M [0; hg)) arerepreserted by forms of the form
d (f (y) + xg)=xh where g is smooth. If we restrict to the set ; = 1; = 0 then these
are of the form d((1 + xg)=xh) = d(1=xh) + d(g=h), and the coordinates are given by
y; 1= 1, 2 =0; = xdg. Thuson the interior of J, where we may take x as a boundary
de ning function, the coordinates are givenby y; 1 = 1, , = g; =x = dg. It is now
clear that the map from the point on J°\ f ; = 1g specied by (y; 2 = g; =x = dg) to
d(g=h) 2 *Tg, Og(@/I [0; ho)) is a natural di eomorphism. This identi es the interior
of J\ f 1 = 1g with T, Og(@/I [0;hg)). The bres of the blowdown map J°! J
are radial compacti cations of vector spacescoordinatized by =x , sincewe have x=j j asa
boundary de ning function for @ and =] j asa coordinate along the boundary. Hencethe
natural di eomorphism extendsfrom J°\ f ; = 1gto the brewise radial compacti cation
of SCT@A f og(@/l [0; ho)).

The contact formon® T_:(M  [0;hg)) is givenby d 1 + xd > + dy. Let = =x.
Then this canbe written d 1 + x(d 2+  dy); which vanishesat G. Taking the di eren tial
and restricting to @G wegetdx” (d o+ dy) = 0, and sincedx 6 0 at the interior of J"we
concludethat d ,+ dy= Oat @G. Since = 1lon G]l, wehave ;= 1at @G. Using our
identi cation of the interior of JA f 1 = 1gwith S°T (@ [0; hp)), we seethat the image of
@G under this identi cation, which we denotel, is Legendrian. Also, by the transversality
requiremerts in the de nition of a Legendrianconic pair, L is transverseto the boundary at
bre-in nit y. Finally, since& is a compact submanifold of [* T (M [0; hg)); J], and since
2 is a continuous function on this space,the value of , is bounded on G. On the other
hand, the value of = =x goesto innit y at the boundary of L. Hence ,= = 0 at the
boundary of L. It followsthat @ @b, soL is a Legendrian-Lagrangiansubmanifold.
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The analytic result corresponding to this geometriclemma is

Prop osition 7.5. Let X be a sattering- br ed manifold with codimension 2 corners, let
dimX = N, and let (G;G}) be as atove. Supmsethat u 2 I ™Pi(X;(G;Gl)), and assume
that G\ f = Og is contained in Gll. Then
=0 dX =2

X

has a distribution limit asx ! 0. The limit is an elementof |™ 1=4P r (N D=4, - ),
where L is asin Lemma7.4.

(7.7) x P*N=4g

Proof. By de nition, u is a sum of terms u; asin the de nition above (6.21). Clearly we
can ignore any summandswhich are rapidly decreasingat x = 0. We next note that, if we
microlocalizeu to any regionwhere 6 0, then (non-)stationary phase(involving repeated
integrations by parts in y) shows that the pairing of u with any function of y is rapidly
decreasingin x asx ! 0. Hencewe can restrict attention to the microlocal region where
is closeto zero, which by assumptionis near G/, i.e. near the conic singularity of G.

In this region, we have seenthat u can be written as a sum of terms of the form (6.21)
and (6.22) (with y, and v, absent and x; replacedby x). Consideran integral of the form
(6.21):

Z Z,
e s alsyvyex alsaEsy W) =h g Xy o)
RE 0 S
KM (@ K)=2¢ N=agp 1=2¢N=4 X 1 1+ K)=2 1=2¢N=a dS
S
where is a scattering- bred half-density. We may take to be
dy dx dh 1=2

(xh)N 2 x2h h2
We want to expressthis in terms of a scattering half-density = jdydh=hNj1=2; we seethat
= h 172y (N D=2 d_x 1=2
> ;

It follows that (7.7) is given by
z

1
ei(s 1(S;yv)+ X 2(s;x=s;y ;v)) =xh a(s; g;y;v; h)hm 1+ k)=2+ N=4 1=2

Rk 0
X p 1=2¢N=4 X 1 (1+k)=2 l:2+N:4d_S
S S
Let us introduce the variables ; = s=xand %= v ; 2 RX. We can write this
Z Z, 1
g1 a0y = r 20cai Ty = achg s Ty O )
(7.8) RE O

pm 1+ k)=2+N=4 1=2 P r+(1+ k)=2 kd 1d 0 .
1 1 _1 :

If we setx = 0in the integrand then the integral becomes
z 1
g1 10y: %= 0+ 200, My %= )=y i;y: % 1;h)
Rk 0 1
hm (1+ k)=2+ N=4 1=2 ][-) ro(1+ k):2d 1d 0 :
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It is straightforward to chedk that 1 1(0;y; % 1)+ 2(0; ;1;y; % 1) isanon-degenerate
parametrization of L. Therefore this is a Legendrian-Lagrangiandistribution of order (m
1=4;p r (N 1)=4)assaiatedto L. It remainsto prove that this is indeedthe distribu-
tional limit of (7.8) asx ! 0. This is clearif the exponert of ; issu cien tly negative, since
then the integral is absolutely cornvergert, uniformly in x. In general, we can exploit the
fact that d,» 6 0 accordingto (6.7) (where y! is the rst componert of y) and integrate
by parts repeatedly in y*, using

h 1 : _
— e
| 1@1 1@

eI 1 1:h:

Doing this su cien tly many times eventually reducesthe exponert of ; to the point of
absolute integrability. We can then take the limit x ! 0 and perform the integrations by
parts in reverse,which givesthe desired conclusion.

A similar argumert applied to an integral of the form (6.22) givesthe sameresult (in this
case,we only get a Legendrian distribution microlocalizedto a compact part of the interior
of L sincethis part is away from the corner of &).

8. Quadra tic scattering-fibred str ucture

In order to describe preciselythe microlocal structure of the Schredinger propagator, we
needto introduce the quadmtic-scattering br ed structure on manifolds with codimension
three corners. This structure is a variant of the scattering- bred structure, in which we have
an extra order of vanishing of the Lie algebraat someof the boundary hypersurfaces.The
basic example, on a manifold with boundary, is the quadratic scattering structure, which
we now review.

8.1. The basic structure. Recall that the quadratic scattering structure on a manifold
with boundary, X, is given by the quadratic scattering Lie algebra Vgsc(X) — xVsc(X).
Locally near the boundary, using coordinates (x;y), x > 0 a boundary de ning function,
Vgsc is the Ct (X )-span of the vector elds

X*@; x*@,:

This structure was usedto analyze the propagation of singularities at in nit y of solutions
to the time-dependert Schredinger equation [45], [34].

In the quadratic scattering- bred structure on a manifold with codimension 3 corners,
we start with a manifold X with brations , asin De nition 3.3. Howevwer, instead of
a distinguished total boundary de ning function x we require a distinguished function x4
which vanishesto secondorder at the H1 and H, boundary hypersurfaces;in other words
Xq = X3x3x3 for someboundary de ning functions x; of H;. Correspondingly, we consider
adierent Lie algebraof vector elds. In place of De nition 3.7, we make

De nition  8.1. The Lie algebraof quadratic scattering- bred vector elds Vqs is de ned
by

(8.1) V 2Vg (X)i V=x1x2W; W(xq) 2 x3x3x3C! (X) and W is tangert to

An analogueof Proposition 3.4 applies, where we replacethe last condition x; = x by
X2X3X3 = Xq. In terms of such coordinates, the Lie algebrais given locally by arbitrary
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linear combinations (over Ct (X)) of vector elds of the form

(X2X3X3)X1@; ; (x$x3%3) @), ;
(8.2) X1X5X3s(X1@,  X2@,);  (X1X5X3)@,;
X1X2X3(X2@, 2X3@,);  X1X2X3@);:
It follows, asin Section 3, that Vys (X) is the spaceof sectionsof a vector bundle over
X . The dual bundle, denoted% T (X), is spannedby one-formsof the form d(f =(x2x3x3))
wheref 2 C1 (M).
The dual basisto the vector elds (8.2) is
1 1 41 . dys . dy, . dys

8.3 d ——; ; ; ; ; :
(8.3) X2x3X3 X1X3X3 X1X2X3 X2x2X3"  X1X3X3'  X1X2X3

Here dy; is shorthand for a k;-vector of 1-forms, if y; 2 R¥1. An alternativ e basisis given
by
1 . Xm . dX2 . dyl . dyz . dy3 .
X2x3X3 ' X2x3X3 | X1x3Xx3'  X3x3X3'  X1X3X3' o XiXoXs'

Any elemen of 5 T X may therefore be written uniquely as

1 1 1 dyz dy- dys
(8.4) ~d oy +=d —>— +~d T
X1X5X3 X1X5X3 X1X2X3 X1X5X3 X1X5X3 X1X2X3
or, alternativ ely, as
_ 1 — dxy - dxy dys dy, dys
(85) ~ld 202 + = 292 ] 2 + ~ 202 + = > + ~3
X1X5X3 X1X5X3 X1X5X3 X1X5X3 X1X5X3 X1X2X3

The function ~, regardedas a linear form on the bres of 5 T X, can be identied with
the vector eld (x?x3x3)x1@,, and similarly for the other bre coordinates. The same
expressioncan be viewed asthe canonicalone-formon 9 T X . Taking d of (3.14) therefore
givesthe symplectic form on % T X.

The samereasoningasin Section3, but consideringdi eren tials of the form d(f =(x2x3x3)
wheref 2 C! (X), leadsto the de nition of the bundles® T (F;;H;) and% N Z; aswell
asthe induced brations 7.

The contact form on % T_;X is dened by cortracting the symplectic form ! with

(x2x3x3)x3@, and restricting to mf. This gives

(8.6) =d—+ xX1d—m+ X1Xpd—s  ~ dyr Xy~ dy>  XiX2~3dys

=d~  ~dxg Xg~sdxe  ~1ody:n Xi~ dys  XiXp~sdys

which is exactly the sameexpressionas the contact form in the scattering- bred case.In a
similar way we get induced contact forms on % N Z; and on the bres of 7.

Given a scattering- bred manifold, Y, with codimension two corners, we can form the
product Xy = Y [0;hp) and endow it with the structure of a scattering- bred manifold
with codimensionthree corners,asin Section4, or we canform the product X; = Y [0;tg]
and endow it with the structure of a quadmtic scattering- bred manifold with codimension
three corners. It turns out that there is a cortact transformation Q between® T _.Xp n
N and ® T _;X:nN, where N denotesthe subbundle of 5 T Xy, resp.® T  Xq,
spanned,at p 2 mf, by elemerts of the form d(f =(x1x2x3)), resp. d(f =(x3x3x3)), wheref 2
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C! (X) vanishesat p. This contact transformation is very usefulin relating the semiclassical
resolvent and the propagator (in the casethat Y = M2). The map Q is de ned by

d d(f ) 1
8.7 = f2C* (Xp); f 80
8.7) X1X2h 2x2x35t (Xn);
The proof of this is very straightforward if we use the coordinates =, —; from (3.17) on

$ T .+Xn and the analogouscoordinateson % T _.X;. Then, with ~the cortact form on
® T +Xt,wend that Q (~) = 71 , shawing that Q is acontact transformation away from
—1 = 0, which is the setdenotedN above. We remark that such contact transformations can
be de ned far more generally; the point of the transformation f 7! f 2=2 is that shows up
when we obtain the propagator from the resolvent via an integral over the spectral measure.

8.2. Legendre distributions.  The theory of Legendredistributions on quadratic scattering-
bred manifolds proceedsin parallel to that of scattering- bred manifolds.

Denition  8.2. A Legendre submanifold of a quadratic scattering- bred manifold X of
dimensionN is a submanifold G of dimensionN 1 of % T_.X on which the cortact form
vanishes,and such that G is transverseto ead boundary % T\, X of % T (X.

A parametrization of a quadratic scattering- bred Legendresubmanifold can be de ned
much asin the scattering- bred case. In fact, neara point g2 G\ * T .\, 4, X, the
de nition is identical to that of Section4.2 exceptthat we replace (4.7) by

(8.8) G=fd 2x2xa) jyw)2C g

We also give the de nitions for a local parametrization near a point q 2 G lying in the
interior of G, or in the interior of one of the boundary hypersurfacesof G. In the former case
this is just a standard Legendre parametrization locally. In the latter casethe de nition
is analogousto the codimension 3 caseexcept that, near the interior of H; we split the
coordinates as (X1;X3; Y1 = Y1; Y3 = (Y2;X2;Y3)), our phasefunction is of the form

(X1; Y15 Ya;va;va) = 1(Yiiva) + X1 2(X1; Yi; Ya; v va)

and we ignore the variableswith a 2' subscript. Near H, we split the coordinates (x2; Y, =
(X1;Y1;Y2); X3; Y3 = y3), our phasefunction is of the form

(X2;Y2; Y3525 v3) = 1(Y2;V2) + X2 2(X2; Y2; Ya; V) Va)

and we ignore the variableswith a "1' subscript.

Let m;rq;r, bereal numbers,let N = dimX,let G % T_.X bea quadratic Legendre
submanifold, and let  be a smooth nonvanishing quadratic scattering- bred half-density.
The set of quadratic Legendre distributions of order (m;r;r,) assaiated to G, denoted
|mrar2(X;G; 9 z), is the setof half-density distributions that can be written in the form
(ug + ugp + Uz + uUg + Us) , such that

u; is a quadratic Legendre distribution of order (m;r;) assaiated to G and
supported away from E|2, i.e. up is given by a nite sum of expressionsof the form

@ (X2 M)=XExExs) g s v)
(8.9)

m (ki+kp)=2+ N=4_rq, ki kp=2 f1=2+3N=4
X3 ( 1 2) Xll 1 2 1 dV]_ dVZ,

where parametrizesG locally and a is smooth and supported away from x, = 0,
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u, s similarly a quadratic Legendredistribution of order (m;r,) assaiated to G
and supported away from H,
usz is given by an nite sum of local expressionsof the form

(8.10) z

g Caxanm=0d) g yiv)

Xg] (k1+ ko+ kz)=2+ N:4Xr22 (ki+kp) kz=2 f,=2+3 N:4Xr11 ki (ka+kz)=2 f1=2+3N=4 dVl de dVg;
with v; 2 R : a smooth and compactly supported, f; the dimension of the bres of
Hi and = 1+ X3 2+ X1X2 3 a phasefunction locally parametrizing G near a
corner point q2 @.G,

uy4 is given by aZnite sum of terms of the form

g rxa =X k1 X0 X Y11 V2! V)
(8.11)
ra (k1+k2) f,=243N=4_r1 ki k=2 ;=243 N=4

X5 X3 dvy dvy
with 1; » andf; asabove, b smooth with support compactand O(x3 ) at mf, and
Us 2 ct (X )

If X = Xy =Y [0;to] asin the previous subsectionand G is disjoint from N then we
canlocally write G = Q(G9 for someLegendrianG® S T _Xhn; thenif =x 1x2h isalocal
parametrization of G% 2=2(x3x3t) is a local parametrization of G.

Prop osition 8.3. Suppmsethat u, 2 1™ 172(X}; G; S %) is a Legendee distribution asso-
ciated to the Legendrian G which does not intersect N. Also supmpsethat (t) is a smaoth
function of t 2 R that vanisheson [0; R] and is identically equalto 1 on [2R;1 ], for some
R > 0. Then the integral in h

Z, . 122
(8.12) e t=ant Py, 1dndiT

0 h
is in
I m+1=2;r1+m+1=2 N=4;ir,+m+1=2 N:4(Xt' Q(G) gs %)

i.e. is a quadmtic Legende distribution assaiated to Q(G), with orders shifted by 1=2 at mf
andm+ 1=2 N=4 at H; and H»,.

Remark. Our interest in this lemma is for the following reason: if u, is (2 i) ! times the
di erence of the limit of the semiclassicalresolvent on the spectrum, taken from above and
below,

1 .
uh = Z h2 + 2h2V (1+ |0)
then the integral above givesthe Schredinger propagator e t( =2*V) (times jdtj=2). Note
that the V term is of a higher semiclassicabrder in this setting than in the usual semiclassical
resolvent, henceV doesnot a ect the Legendrian geometry of the Schredinger propagator.

Yoh2 o 42r2v @ io) Y jdntE

Proof. Locally u may be written in thg form

g TaxzM gk yiv)
(8.13)

m (ki+kz+k3z)=2+ N=4_r ki+k2)=2 fo=2+N=4_r; ki=2 f;=2+ N=4
X3 (ki+ kz+ka) X22 (ki+k2) 2 Xll 1 1 dv; dv, dvs



SEMICLASSICAL RESOL VENT 51

The condition on G meansthat j j> > Oat G; by cutting o the symbol closeto G we may
assumethat j j > everywhereon the support of the symbol. Then in the integral (8.12)
we get a phasefunction of the form  t=2h?+ =x;x,h. Changing variable to k = tx1x,=h
this becomes( k?=2+ k )=(x3x3t), while the symbol beco&ne&a function of tx1x,=k. Due
to the cuto, the integral in k is supported in k > RxiX, t.

Let usinsert cuto functions1= 3(k)+ 2(k), where ; is supported in fk 6 =2gand

2 is supported in fk > =4g.

With ; inserted, there are no stationary points in the integral in k sincethe phaseis

stationary whenk = . This term isin C! (X), asfollows by writing

242
k2= 22 . XgXst N el 2,2
el( ke=2+k )=xix5t — Ikl 2 @ el( ke=2+k )=x{xst

and integrating by parts N times, for arbitrary N. We gain at least pfx 1X2 with eadh
integration-by-parts.

With , inserted, we avoid the singularity causedby the argument tx ;x,=k in the symbol,
and this term is a quadratic Legendre distribution assaiated to Q(G) since the phase
function k k2?=2 parametrizes Q(G). Collecting powers of t; x; and x, (bearing in mind
that the number k; of v; variableshasincreasedby 1 due to the appearanceof k) completes
the proof.

8.3. Conic pairs. We now give an analogoussketch of the theory of Legendredistributions
assaiated to conic Legendrian pairs on quadratic scattering- bred manifolds.

De nition 8.4, Let G]2 be a projectable Legendrianin ® N Z,, andlet G =~ % T X
be a Legendre submanifold that is singular at the boundary. Let J, be the span of G]2 in
% N Z3, andJ the preimageof J; in % T, 4, X underthe map —. Wesg that (G; G]Z)
form an conic Legendrian pair if G has conic singularities at J, i.e. lifts to [** T, (X ;J]to a
smooth manifold G transverseto J-aswell asto the lifts of % T, p,Xoand ® Ty, X

A parametrization of a quadratic scattering- bred Legendresubmanifold can be de ned
much asin the scattering- bred case. In fact, neara point g2 G\ * T .\ \4,X, the
de nition is identical to that of Section 6.2.2 exceptthat we replace(6.14) and (6.17) by

(8.14) G=1d —5——(" jd®2 C g (ifted to [ T,;X;J]) nearq:
(X1X5X3)

If X = Xy =Y [0;to] asin the previous subsectionand G is disjoint from N then we
can locally write G = Q(GY for someLegendrian G® S T . Xy; then if =x 1xz2h is a
local parametrization of G° 2=2(x3x3t) is a local parametrization of G. To simplify the
de nition of a distribution assaiated to a quadratic conic Legendrian pair, assumethat this
is the case. Then we can usethe parametrizations of G° from Section 6.5.

Let N = dim X, let m;rq;r, and p be real numbers,and let be a smooth nonvanishing
guadratic scattering- bred half-density on X. A quadratic Legendredistribution of order
(m; p;ri;ro) assaiated to (G; G]Z) is a half-density distribution of the form u; + u, + (uz +
us + Us + Ug) , where

u; is a Legendredistribution of order (m;r1;r;) assaiatedto G and microsupported
away from J,

U, is a Legendredistribution of order (m; p;r,) assaiated to (G; G]Z) and supported
away from Hy,
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usz is given by an nite sum of local expressions

C 20y e ey oy ) = X = =
Un (% y) = g (X1X21¥isV2iva)=2xg a(Xl;S;?z;Xs;y;Vz;Vg)ng (1+ ka2 + kg)=2+ N=4
Rks Rk2
X_Z ro (1+ kz) ksz=2 fz=2+3N=4Sp 1 f,=2+3N=4
s
wherea is a smooth compactly supported function of its arguments, f; arethe dimen-
sionof the bres onH;, and = 1+ X1+ SX; 2+ X1X2 3 iS alocal parametrization
of (_GO;_(GO)]Z) near a corner point g asin (6.12),
U4 is given by an nite surg to local expressions
1

rp fi=2 (k2+ k3):2+3 N =4

X1 dsdvs dvs;

P2 . oy )=
uz(%; ¥) = e eI gk yiv)
(8.16) re O
Xg’l k=2+ N=4Xg 1 k=2 f,=2+3 N:4X;_1 k=2 f1=2+3N=4 dv:

wherea is smooth and compactly supported, is alocal parametrization of (G° (GO)]Z)
neara point 2 @G\ @G n@G asin (6.15),
Us is given by
z X
Us(Xe;X2;Yiiy2;zs) = €0 252 pixyis; "2y iy v0)
(8.17) S
X_2 ro (1+ kp)=2 f,=2+43 N:4Sp 1 f2:2+3N:4X|il ko=2 f1=2+3N=4

S

where  is asabove, bis smooth and O(x3} ) at mf, and

Ug 2 Xt M723N=Ap 122203 N=0y 1 b+ x1)*=2¢ €L (X ) (which includes C! (X ) as

a subset).
The set of such distributions is denoted | ™Pir172(X; (G; GL); & 2).

dVl de

Prop osition 8.5. Suppsethat up 2 |™Pif1ir2(X,:G:S 2) is a Legende distribution
assaiated to the Legendrian G which does not intersect N. Then

Z : 1=

h
isin | m+1=2;p+m+1=2 N=4;ri+m+1=2 N=4;rp+m+1=2 N:4(Xt : Q(G); gs %)' ie.isa quadlatic
Legendee distribution assaiated to Q(G), with orders shifted by 1=2 at mf and m+ 1=2 N=4
atJ, H; and Ho.

The proof is identical to that of Proposition 8.3.

Part 3. Resolv ent
9. The example of Euclidean space

In this section we look at the structure of the resolvent, Poisson operator, scattering
matrix and propagator on Euclidean space,with the at metric and no potential, from a
Legendrian point of view, and show explicitly that these kernels obey the claims made in
Theorems1.1, 1.4 and 1.5, and Corollaries 1.2 and 1.3.

We beginwith the outgoing resolvent kernel. We may identify functions and half-densities
via the Riemannian half-density, and regard our kernel as acting on half-densities. The
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kernel itself is then a half-density on R?". In orderto t into the framework here we need
to multiply by a half-density in h, sothat the kernel becomesa half-density on X . Which
power of h to include with this half-density factor is an arbitrary choice. We will adopt the
convertion that the semiclassicaloutgoing (+)/incoming ( ) resolert is

(R (1 i0)) %jdhj*2:

The dierence of these, multiplied by (2 i) jdh=h?%j172, is the spectral measuredE( 2)
( =h?M.
The kernel of the outgoing resolert is then

(9.1) R, =h "giz 29Nt (z  29=h)jdzdz32jdnj*2 = iz 29§, (jz  z8=h)h

where is a nonvanishing scattering- bred half-density, and f,(t) ¢yt (" D=2 ast! 1 .

Let us compute the orders of this as a Legendrian distribution at N |, (see(11.4)), at
the propagating LegendrianL . , and at the b-faceand the left and right boundary. We recall
that the order convertion is that the order getslarger asthe distribution becomessmaller,
i.e. more regular, and that the order is N=4 if the distribution is borderline L?. To determine
the order at N p, we microlocalize away from L, by inserting a cuto function that
vanishesin a neighbourhood of fj j = 1g and write the kernel as an oscillatory integral:

z

h e =GP 1t ()d:

On the one hand, this is a semiclassicalpseuddli eren tial operator of order ( 2;0;0); on
the other hand, it is a Legendre distribution assaiated to N, of semiclassicalorder
m=1+n=2 (2n+ 1)=4= 3=4 and order at bf equalto r, = n=2+ 1=2 (2n+ 1)=4= 1=4
(by (4.15)). To determine the order at L, we use the expression(9.1); then (5.2) gives
the semiclassicalorder asm = (n+ 1)=2 (2n + 1)=4 = 1=4 and the order at bf equal to
r,=(n 1)=2 (2n+ 1)=4+ 1=2= 1=4. Note that both theseorders are 1=2 lessthan
the corresponding order at N, asrequired for an intersecting Legendredistribution (see
Section 5.5). The order at H, i.e. the left or right boundaries, is calculated from (9.1) to
ber;=s;+k=2+f;=2 N=4=(n 21)=2+(n+1)=2 (@n+ 1)=4=n=2 1=4:

In the caseof the free resolvent, the Legendrian L. is smooth at L1. However, when
this is true, by writing the phase and the symbol in polar coordinates around the in-
tersection L. \ LI we can regard an elemen of | ™f:r2(X;L;S %) as an elemen of
|mir 2+ diraira (- (L: L1);S ) where d is the codimension of the intersection; here, d =
(n  1)=2. (This is explainedin more detail in section 14 of [28].) Thus we seethat the free
outgoing resohert kernel is an elemen of

2;0;0(X) + 1=4; 1=4(X : (N b L+ )’ S %) + 1=4n=2 3=4;n=2 1=4; 1=4(X : (L+ : L]), S %)

We recall that for a xed h > 0, the semiclassicalorder has no meaning while the other
orders must be adjusted by adding 1=4, re ecting the fact that the ordersare “zeraed' using
N=4 where N is the total dimension. We seethen that the orders agreewith those claimed
in [13] for the resolvent at a xed energy

The Poissonkernel has a natural normalization: we can ask that the family fP( )g,

= h 12 (0;1), form a unitary operator mapping from M to L2(@ R.; " dd!)
with measurecorresponding to the conic metric d 2+ 2d! (i.e. a scattering metric) (see
[13], section9). To do this we needto multiply the Poissonoperator of [28] and [13] by the
half-density jdh=h?j172,
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To obtain the Poissonkernel at rb we divide R, by jdr1=2e 112%=h wherer®= jz9, and
restrict at r%= 1 , i.e. at rb, to get a half-density at rb: we get
P(h )= fim e "20nai i, Gz Z4=hn jar§ 2
jzo!
The limit of e 12ihgiz 2%=h a5jz4 1 1 ise Y'z*h wherey®= z%5z9. Also, jdrg 72
is equalto h 2 (jzG5zj)(® D=2 times a nonzero scattering- bred half-density  on the
PoissonspaceM @/ [0;hp); since

dhdc o dy  dy? x_dhdx  dy  dy?  Eap g X np
h2 x2h (x92h (xh)™ D (x)™ D hZx2h (xh)@ D xn)ym » ! X0

— i 0Fn 1 X T

= jdrij%h 2 0 2

Therefore, using the asymptotic f,(t) ¢t (™ D=2 ast! 1 , we have
. n_1 _ _ f -

P(h 1) = ¢ (XO) (n D=2p(n D=2pq iy © z=h h 1=2 %) 7 — CnX(n 1=2pn=2¢4 iy © z=h :
This givesordersm = n=2 (2n)=4 = 0 at the main faceand (n 1)=2+ 1=2 (2n)=4=0
at the b-face. The zeroordersre ect the unitarit y of this operator. A possibly more natural
way of writing the kernel is

P()=ce 7% " tddy Wz
in which it is clearthat P( ) is essetially the Fourier transform.

To get the scattering matrix we again divide by jdrj 172 and restrict at r = 1 . Let ©°
be a scattering- bred half-density on the scattering matrix space@1 @ [0;hg): Then

dh dx dy dy’ =2 _dh dy Ay’ o a0 g
RZx2h (xn)" D (xmy® D~ h2hm D pm o N 12l
(idrjlzzh l=2jzjn l:

Thus,
S(h l): lzllll!l.-n che iyOZZhjzj (n l)=2h(n 1)=2 (izjn l:
This can be written

Sth Y = rl!ilm cie MYV 01=2

- I =2 dh 1=2 dh
" H(” ) P2 dydy? = (v Y9 pdydy

which is the scattering matrix tim%s a scattering half-density in h. We may also write
dhdydy® 1=2

hZzhn 1pn 1

which has semiclassicalorder m = 0+ (n 1)=2 (2n 1)=4 = 1=4 and Lagrangian

order 1=4. This implies that the order as a Lagrangian for a xed positive h is 0 (see

Section 7.5), sothis again re ects unitarit y of S(h ') for a xed h.

The free propagator is given, using the corvention in [16] regarding the half-density factor
in t, by

sth = 0 ¥) g

2 it) "™2giz 2972t g7q,01 7
We can write t "=2jdzdz%tj*=? in the form t"=2*1 | where is a scattering bred half-
density, and this in turn can be written

tn=2+1 N=2
b rb bf Q@
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where 4 is a nonvanishing quadratic scattering half-density. It follows from (4.15) that the
ordersof this distribution aren=2+ 1 (2n+ 1)=4= 3=4at Q(L), 2n+ 1)=2+ (n+ 1)=2
3(2n+ 1)=4= 1=4atlb andrb and (2n+ 1)=2+ 1=2 3(2n+ 1)=4= n=2+ 1=4 at bf. Aswith
the resolvent, we may regard this as an especially simple caseof a Legendrian assaiated
to a pair of intersecting Legendredistributions (Q(L);Q(L]Z)) with conic points, where the
distribution is in fact “smaoth acrossQ(L]Z)‘. We then nd that the free propagator is an
elemen of

I 3=4;n=2+1 =4;1=4; n=2+1 =4(X : (Q(L), Q(L]Z))a s %)
Theseorders agreewith those calculated in [16].

10. Pseudodifferential constr uction

In this sectionwe show that the inverse(h? +V  32) ! of our operator family lies in
the algebra of semiclassial pseuddli er ential operators whenRe o 6 0.

10.1. h-pseudo di eren tial calculus. The scattering calculusasdescribed herewasintro-
duced by Melrose [29], although its roots go badk a good deal further: in various guiseson
R" it has beenexamined by Shubin [37], Parerti [31], and Cordes[4]; on manifolds, it has
also beenconsideredby Schrohe [36]. It is alsothe Weyl calculus for the metric
jdzi® jdj®

1+jzi° 1+ )%
The semiclassicalariant hasbeenconsideredby Vasy-Zworski [44] and by the secondauthor
and Zworski [46]. Seethe appendix of [46] for a summary of the properties of this classof
operators. Here we simply recall that the space 2"0;;';1" (X) of semiclassicabkcattering pseudos
is indexed by the di erential order m, the boundary order | and the semiclassicalorder k.
This spaceof operators can be expressedn terms of the space 'S“C;;,?;O(X) by
(101) m;lk (X) - th k g"g;ﬁ;()(x):

sc;h

Following [46], we shall restrict to operators with polyhomogeneoussymbols. The symbols
of such operators are functions a on (0; hy) *T X, having the property that h*x ' ™a?2
Ct ([0; ho) *T X, where isa boundary de ning function for the boundary hypersurface
of T X at bre-in nit y. The (principal) symbol map is given by restriction of h*x ' ™a
to the boundary of [0;hg) *T X) and denoted T (A), where a is the symbol of A.
Sincethe boundary consistsof three di erent faces,oneat = 0, oneat x = 0; and one at
h = 0, the principal symbol corresponding can be decomposedinto three parts (subject, of
course,to compatibilit y conditions where the facesintersect). We shall call these parts the
interior symbol, the boundary symbol and the h-symbol respectively. These symbols lead
to three separateexact sequenceswyith ead symbol being the obstruction to the operator
being of lower order in the corresponding sense:if the h-symbol vanishes,our operator is
divisible by an additional power of h; if the x symbol vanishes,by a power of x; and if the
symbol vanishes,the operator is of lower order in the (usual) senseof di eren tiation.

10.2. Resolv ent (away from the spectrum). Let o havenonzeroimaginary part. Then
the principal symbol of h2 +V  3isequalto g(z; )+ V(z) 3. This is invertible on
ead boundary face, so by the symbol calculus there is an operator G1( o) 2 C;Z,;O;O(X)
sudh that

S

(h?> +V (2))61( 0)=1d E(o); E( )2 SC;1r;]1; 1.
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Let E»( o) be an asymptotic sum of the Neumann seriesld + E( o) + E( ¢)?+ :::. Then
we have, with Gz( o) = G1( 0)E2( o),

(h? +V 3Gy o)=1d Ei ( o);

with E1 ( o) in the “completely residual space' Slc;h;l - equivalertly, the kernel of

Ei1 ( o)isin h! 1 C! (M?), where isa product of boundary de ning functions for M 2.
The inverseof Id E; ( o) certainly exists as a bounded operator on L?(M), for small
h, since the operator norm KE1 ( o)kiz; L2 is O(h? ). Let uswrite (Id E; ( o) ! =
Id +S( o). Wethen have

S(0)=E1(0)*+E1(0)?+E1(0)S(0E1(o):

This identity shows that the kernel of S( o) is alsoin ht ' C! (M?2). Thus, we have

S(0)2 gpt't . The resolert is equal to

(> +V 8 *=Gz( o)(id +S( o))

2;0;0

which isin 57", asclaimed.

11. Str ucture of the propagating Legendrian

We now considerthe casewhere ¢ is real and positive, i.e. we are on the spectrum. In
the casewhere ¢ is in the resolvent set, studied in the previous section, the singularities
of (H 2) 1 live on the conormal bundle of the diagonal. Here, by cortrast, singularities
propagate o the diagonal. The reasonfor this is that the characteristic variety of the
operator H 3, in either the left or the right variable, intersectsthe conormal bundle of the
diagonal on mf (as well asbf). Moreover, the Hamilton vector eld alongthe characteristic
setis nonzeroat this intersection, which allows singularities to move into the characteristic
set away from the diagonal. In this section we analyze the geometric structure of this
owout, along bicharacteristics, from the characteristic variety at the diagonal; we shall
seethat it forms a Legendresubmanifold in ® T (X) which becomessmooth after certain
blowups are performed.

The rst stepis to compute the left and right Hamilton vector elds for the operator
H 2. First, wedo this in the interior of S T, (X . We may choosecoordinates z; 2% ; % ,
corresponding to writing covectors

1 dz , dz2°

— + —+ —

h h h

The left and right Hamilton vector elds take the form (where we divide by a factor of 2 for
convenience)

d

i @ 1@ @ @ @ @
- i ) = o i o
(11.1) Vi hg(z).@j > @ .,+@k @k+g(z).,@
and
_ i 0o @ 1@”(20) 00 @ @ i 00 @ .
(11.2) vV, = h ¢ (9 '@ > @oF | + @O —@E +g (29 | i@

Let us write \/|°: Vi=h and Vr°: V, =h, restricted to fh = 0g. Thesevector elds commute,
and are tangent to the left and right characteristic sets

(11.3) =1 @i +V@= %g =1 @O +VE)= 3o
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Let = |\ g denotethe intersection of the characteristic setsfor p. and pr, and let
(11.4) N b=fd L (0)ip2 wf 2CH (X b=0g
in coordinates, N ,=fh=0,z=2% = % =0g Notethat onN 1, [ and g

coincide;henceN ,\ | =N L\ rR=N p\ andiscodimensionlin N .

Notice alsothat V,° and V,° are everywhere nontangertial to N . In fact, for V°to be
tangential wewould need = Oandr V = 0, which meansthat V,°= 0; but this cortradicts
the nontrapping hypothesis. Considerthe o wout by V,°from the intersectionof N ,\ | .
It is at leastlocally a smooth Legendremanifold (Legendrebecausethe vector elds V,°and
V.2 are cortact vector elds and the initial hypersurfaceis isotropic of dimension2n 1).
However, V\° Vlis tangent to N ,. Moreover, [Vi;V;] = 0, as follows directly from the
commutation of the left and right operators h? | and h? ,: The two-plane distribution
spannedby Vi; V; (or V% V9 is therefore integrable; as V\° V% is tangent to N ; the
integral manifold consisting of all leavesthrough N is thus 2n-dimensional (rather than
2n + 1-dimensionalas one would expect without this tangency). It followsthat the o wout
from N ,\ by V,°coincideswith the owout by V%

This geometry holds uniformly to the boundary of N ;. We now work nearN )\ bf.
Then we usecoordinates (where = x%x is small, sox® x)
o 1 1 1 ody° dy
R R S S
In fact these coordinates are valid in the region 6 C for any nite C, say C = 2, a region
which includes a neighbourhood of the corner bf\ rb.

The symbols of h2  + V 2 acting on the left and right factors are respectively

po= 2+hi(xy) i j+Vxy) &

Pr=( 2+ h1 (YY) PP+ VY)Y E:
The left and right vector elds thus take the form

(11.5)

(11.6) Vi=xh x@-+ @+h' ;@ + h' |+ %X@(hij i jtV) @
1 . 1 ;
+ < @0 i +Vv)y@ seh ;@ ;
and
(11.7)
) ) 1 )
Ve=xh o P@+ht(xy) 7@+ b (x 5y P RS @h (x 5y) P VX YY) @
1 ) 1 )
R0 S@M iy PP VYY) @ 5(@hi)(x 1Y) P @ :
In this region let us write V,°= Vj{=xh and V,°= V,=x h. Then we have

s S+ Vo 90 l@if+@i ¥ @ xerh @

+ hi j+%x@(hij i jtV) @+ K %@k(hij i jtV) @,

+h% @+ h? PPr s @n” PPeVY @+ RO @ PP+V) @

Note that this vanishesonly onf °= ; = 0=0; x = 0Og.
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We de ne the setsL.,;L andL by
L. =L isthe forward/backward owout from N ,\ by \/,O
L=L+[ L

Equivalerntly, we may de ne L, =L asthe forward/backward owout from N ,\ by
V.2 By the argumerts above, L and L are Legendrian submanifolds; moreover, the pairs
(N ;L ) form intersecting pairs of Legendresubmanifoldsin the senseof Section 5.

The main goal of this sectionis to determine the regularity of the Legendrian L, which
we call the “propagating Legendrian’, as we move far from N ,. By symmetry it su ces
to considerjust L.. It turns out that L. is smooth except for a conic singularity at a
submanifold L1, of s T, X; when J, the span of L1, is blown up, L, lifts to a smooth
manifold with codimension 3 corners.

First considersmoothnessat bf = fx = 0g. Notice that the owsV,%, V% when restricted
to bf; are naturally identied with the ows for a xed positive value of h from [14], so
L.+ \ bf canbeidentied with L. ( ) from [14]. It wasshozvn in [14] that L. ( ) wassmooth

(11.9)

after the spacefx = 0; = % = 0= 0gwasblown up’. Let usthen de ne
J=fx=0 = % = %=0g=spanG, ° T X?
with
Gh=fx=0 = %=1, = °=0g

and considerthe space
(11.10) T X;JI:

We denote by J the lift of J to this space,i.e. the new boundary hypersurfacecreated by
the blowup.

Prop osition 11.1. The closure of the lift of L. to the space (11.10) is a smaoth manifold
with corners of codimensionthree. Consejuently, in a neightmurhood of GJ, the pair (L + ?Glz)
forms a conic Legendrian pair of submanifoldsin the senseof Section 6.

Proof. It suces toshowvthat L = L. [ L isasmooth manifold with cornersof codimension
three, sincel istransversalto N p, which divides it smoothly into two piecesL . and L
By standard ODE theory, L is smooth at all points reachablefrom N, by the vector eld
Vi%or V%in a nite time. However, we needto ched the regularity of the closureof L at
the boundary of S T X.

It has already been obsened that the two-plane distribution D determined by V,° and
V0 is integrable; therefore L is foliated by two-dimensionalleaves,ead of which intersects
N p in a one-dimensionalset (since V\° V0 is tangent to N ). Conﬂder a point
() 2 N p\ , whereqis a covector in the interior of 5T, X with jgj = 5 V(2),
and the tilde denotesnegation of the bre variables of g. The Ieaf containing this point is
the set of points (a; &), where g lie on the samebicharacteristic asq; we shall denote it

- 2

It isqconveniert to choosea “section'S of N, by which we meana smooth submanifold
of N of codimension 1 that intersectseach 2 transverselyat a unique point. It is not
dicult to seethat a section exists, using the following argumert: From (11.6), under the
ow along V,=(xh);

xX°= x;  %=hl 4+ %x@h” it :—ZLX@V(X;Y)i

"The coordinates ; 9 here correspond to % %from [14].
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The form h! + Ix@h! is positive de nite for small x and the potential term vanishesat
x = 0; hencechoosingx; > 0and > Osmall,forx 6 x; andj j< o :wehave 9> 0
on the characteristic variety. For small x, we can now take Sto beN ,\ f = 0g. The
null bicharacteristics corresponding to such points remain in the region where x is small,
sinceon the owout of S\ ; it is easyto verify that xX°< 0 and ©> 0 except possibly
when > o :In the regionwherex is large|sa y X > Xg wherexg < Xi|eac h ertering
geadesic meets the boundary fx = Xxog in exactly two points (by the sameargumert as
above). We can take the section to be that point on the diagonal of 2 corresponding to
the point on the geadesic which is halfway (with respect to arc length) between the two
intersection points with fx = xpg. Weinterpolate betweenthesetwo prescriptions to obtain
a smooth section S. Then ead leaf intersects S in a unique point.

The strategy of our proof is to rst restrict attention to a single leaf and analyze its
closure;we shall show that it is a manifold with codimension 2 corners. We shall then show
that the union of these closedleavesis the closureof L, and that this forms a submanifold
with codimension 3 corners.

We will, initially , have to work on a larger (i.e. more blown-up) spacethan (11.10) (an
analogouspoint arisesin the proof of Proposition 7.1 of [13]). Let J be the submanifold

fx=0, =0, =0, = % 5 TuX

(the only di erence in this de nition and that of J being a change of sign in the equation
= 9. We shall blow up the submanifoldJ aswell as® J. Also considerthe submanifold

W=f =0 %209 ° Tp(X):

Let WO denotethe lift of W and let J”and J° denotethe lifts of J resp.J to the blow-up
of J[ J : Then WCis transverseto J-and J° . Now considerthe space

(11.112) BT X;J[J ;wo:

Denote the new boundary hypersurfacecreated by this blowup by W. We shall work on the
space(11.11) for most of this proof, although eventually we shall seethat we canreturn to
the space(11.10).

Consider a leaf 2 of the distribution D which intersects S at (q; ), where q lies in the
interior of X 2. (Later we considerq lying in the boundary, i.e.atx = 0.) Lety; ,resp.y;
be the points on @K obtained asthe initial, resp. nal end of the bicharacteristic through q.
Consider the intersection of 2 with the boundary of S T X, i.e. with fx = 0g[ fx°= 0g.
To get there we must sendeither ¢u or ¢ to in nit y along the bicharacteristic. If we send
o1 to innit y keepingg, xed, we arrive at the set

flyr 300 525 50)j (2% 92 gl fy1:0:L2% 50)j(2% 92 g ° TpX
using coordinates (y; ; ; z% ; 1). Similarly, if we sendq to in nit y keepingq xed, we
arrive at the set
fz sys 5050 (z )2 9l f(z iv1:0 L0)j(z )2 g ° TpX

using coordinates (z; ;y% % % ). If qu and g are simultaneously sert to in nit y, we end
up at the set
flyr 100 Ly ;0,13 )9l f(y1;0Ly1 ;0 1 )g

8Note that although these two submanifolds intersect, the intersection is away from the closure of L,
sinceonJ\J , = 09=0, = 0= 0Q; on the other hand, L is contained in |\ , soover bf this is
givenby 2+j j2=(92+j 92= 2> 0. Weare only interested in a neighbourhood of the closure of L,
soJ and J are disjoint in the region of interest, hence they can be blown up independertly .
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E rb (outgoing) D
outgoint incoming/outgoing
F C
Ib (outgoin Vi
o8 N//d[agonal Ib (incoming
G B
outgoing/?c%ing V'I _/incoming/incoming
H rb (incoming) A

Figure 2. The closureof a leaf. Here “incoming', resp. “outgoing' in the
left factor meansat = 0; < 0,resp. > 0, while for the right factor it
means °= 0; %< 0,resp. %> 0.

if they goto innit y in the samedirection, or
flys 500 Ly ;00 3 )g[ f(yr ;00 Ly ;00 1 )g
if they goto innit y in opposite directions.
We claim that the closure 2 inside the space(11.11)is a surfacewith corners,with eight

edgesasabove, asin Figure 2. Our analysisis basedon the following lemma. Before stating
this we needthe following

Denition 11.2. Let X be on a manifold with corners,and let V(X ) denote the smooth
vector elds on X tangert to eath boundary hypersurface. Let be a boundary de ning
function for a boundary hypersurfaceH of X. We say that V 2 V(X)) is b-normal at H if

V=c@+ W for someW 2 Vy(X)

wherethe coe cien t ¢ is never zero. We say that V is incoming, resp. outgoing b-normal if
c is positive, resp. negative. (We note that the “radial' vector eld @ H is nonzeroasa
b-vector eld, and independen of coordinates.)

Notice that if a vector eld V is b-normal at H, then V= is smooth and transverseto
H.

Lemma 11.3. On the space (11.11), the vector eld V.2 is incoming/outgoing b-normal at
W\ ., V°+ V0is incoming/outgoing b-normal at I\ ;\ , and V\° Vis incom-
ing/outgoing b-normalat J” \ |\ .. In all cases,thesignof ; °2f g determines
whetherthe vector eld is incoming or outgoing.

Proof. We rst look at V\°+ V% On |\ ;

(11.12) 2 (92=j9 jj?onlL:



SEMICLASSICAL RESOL VENT 61

Thus 0= o 4+ j) nearp, sowe can take a boundary de ning function for J-in
1\ rtobe ;= x2+j j2+] §2. By (11.12), %is O( 2), s0(11.8) gives

V% VI = x@+ @+ °@o+( %@ @)+ @+ °@+0( *)(@; @ Q@;@;@; @o):
This implies that in our local coordinates,
(11.13) Vio+ Vo= 5@, + Vo,

on the space(11.10). An analogousargumert appliesto V,° V,°at the blowup of J
We next analyze V% In (11.11), the submanifold W is ngven by the equationsf =

0; & _ = 0g. Hencein a neighbourhood of W, ©= o x2+] j2), sowe may take
F= X2+ ] j?in this region, which we shall do from now on. We can switch to local
coordinates on (11.10)
o P ——1 X 0 0 0
(11.14) Vi ys = XEH]E = ;o MP=— = ;N
D T T

From (11.7), in these coordinates,
Vo= (@+M° @o+ ° @+ 0} I)@;@;@);
hence
Vl= 2, @, + wW

Continuation of the proof of Proposition 11.1. Now we return to shawing that the closure
of 2 is a smooth 2-manifold with corners. First considerthe point A in the gure. This
lies on the intersection of J-and W. We may setV, = V% and V. = (V\°+ V9= j; then

2 is contained in the owout from 2\ S by V; and V.. Notice that these vector elds
no longer commute, but they still determine an integrable two-plane distribution D. By
Lemma 11.3 and the remarks above it, they are both smooth vector elds on (11.11) such
that V, is transversalto W\ | and tangent to J, while V; is transversalto J\ |\
and tangent to W. The o wout by thesevector elds therefore sweepsout a smooth, closed
2-dimensional manifold with corners meeting the boundary of (11.11) transversally, and it
is clear that this is the closure of the leaf.

SincelL is invariant under the ow of V;, which is tangent to the lift of rb and bf, the
closureof the leaf is a smooth submanifold which is disjoint from rb and bf (assumingthat 2
is a leaf through S , the interior of the sectionS). It followsthat d 6 0 at the intersection
of L and W, since can be taken asa boundary de ning function for W away from rb.

Since V; and V; do not vanish in a neighbourhood of A, nearby leaves also have this
property, and they vary smoothly with their intersection point 2 S by standard ODE
theory. This givesus smooth coordinates on the closure of L near the point A, namely

7 and a coordinate on S.

Exactly the sameargumen gives smoothnessnear the point E. Indeed, a similar argu-
ment applies to the corner points D and H in Figure 2, since there is a symmetry of L
coming from the involution (q; g% 7' (g% qg) on X 2. Moreover, essetially the sameargu-
ment also givessmoothnessnear the other corner points; the only di erence is that we are
working near the blowup of J rather than J, but this makesno di erence at all, because
if we replace the minus sign by a plus sign in the left hand side of (11.12) this makesno
di erence to the argumert.



62 ANDREW HASSELL AND JARED WUNSCH

We also needto chedk smoothnessnear a point on an edge. However, we have e ectiv ely
already donethis, becauseour coordinates are valid for 6 2, say, while for > 1=2 we can
perform the involution above and useV,° instead of V2.

Notice that the closure of this leaf is disjoint from bf (or more precisely the lift of bf to
(11.11)). In fact the vector elds V. and V, are everywheretangert to bf soit is impossible
to reach bf after owing for a nite time along these vector elds. There is another way
of seeingthis which gives more insight into how these leaves t together. Notice that a
boundary de ning function for bf on the space(11.11) can be takento be

. x + x°

X (O] 2] P
in a neighbourhood of L. For an exactly conic metric, the quantity x=j j is constart along
the bicharacteristic and is equalto the maximal value of x that occursalongit. In a general
scattering metric, this quartity is approximately equalto the maximal value of x along the
bicharacteristic, and this approximation is better and better (in the sensethat the ratio of
thesetwo quantities tends to 1 uniformly asthe bicharacteristic approachesthe boundary
uniformly); this follows from [12] for example. Hence,for a xed interior leaf, the limiting
value of x=j j is nonzero,which saysthat the leafis disjoint from bf. On the other hand, the
leaf will approach bf uniformly asthe assaiated bicharacteristic approachesthe boundary
uniformly .

Now considera leaf assaiated to a boundary point of S. In that case,the bicharacteristic
is a limiting geaesiccontained in the boundary of X, sothe leafis contained in bf. In this
case,there is an explicit formula for the leaf. Fix (yo; o) 2 Ty,@ with j oj 6 1. Then the
leaf is given by

fOyy%s %5 9 9y ™) 2S @X; s8°2 (0; ); st

sins?
11.15 = . = ojcoss: °= ] ofcoss®
( ) <ns i ojcoss; j oj coss®
(Vi ) =] ojsinsexp(sHn)(Yo: "0)i (¥ )= ] ojsins’exp(sH 14)(Yo; “0)g

This corresponds to the interior of the leaf in Figure 2, which we can think of in this
boundary caseasthe square(0; )? with the s axis horizontal and the s° axis vertical; V,%is
givenby sins@ and V,%is given by sins’@ in these coordinates. The closureis given by
the closedregionin the gure, wherethe parts over rb (i.e, the boundary lines AH and DE)
now lie over the intersection of rb \ bf and the parts at Jand J° (the boundary lines AB
and EF, resp. CD, GH) now lie in the intersection of those spaceswith bf. Sothe closure
of L in the space(11.11) is the disjoint union of the closedleaves, one for every point in
S. Sinceead leaf is cortractible, this meansthat the closureof L on the space(11.11) is
di eomorphic to S 2, for some xed 2, and is therefore a smooth manifold with corners
of codimension 3.

Now we needto show that the closure of L in the smaller space(11.10) is a smooth
manifold of codimension 3. We usethe following lemma:

Lemma 11.4. Assumethat Z is a compact manifold with boundary, that S @ is a
submanifold and that V is a smwth vector eld on Z that lifts to [Z;S] to be b-normal at
S, the lift of S to [Z;S]. Supmsethat L  Z is a submanifold of the interior Z of Z
suchthat V is tangentto L, the closure C of L in [Z; S] is transverseto S and disjoint from
@ nS. Finally, assumethat at each point s2 S\ [,

(11.16) the intersection of TsC with the tangent space to the bre of S at s is trivial.
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Then the closure L Z of L in Z is transverseto @, and V| is b-normal to @ .

Proof. We can nd coordinates (x;y;z) locally near a point of S sothat x is a boundary
de ning function for @, and S is givenby fx = y = 0g. Then coordinates near an interior
point s2 Sarex; Y = y=x and z, and the bres of S are parametrized by z. Near s, due to
condition (11.16), there is a splitting of the coordinates z = (z%z% sothat (x;z% furnish
coordinates on the submanifold C. Thus, on C, the other coordinates are given by smooth
functions of x and z%

Yi = V(%29 2%= 22 29:
It follows that on L, the coordinates (y;z% are given by smooth functions of x and z°

namely y = xY;(x; z9, z%°= 2%x; z9, and henceL is smooth up to, and transverseto, the
boundary of Z. Finally, the vector eld V, restricted to C, hasthe form

X
x(@@+ K@)
i
wherea and b are smooth functions of x and z°% This remainstrue when viewed asrestricted
to L Z, which provesthe nal statemert of the lemma.

Example 11.5. The following simple examplesmay help to illustrate the lemma. First
consider the vector eld V = (x@ + y@ + z@) onZ = f(x;y;z) j z > 0Og, let S
Z = f(0;0;0)g and let L be the owout from f(x;y;z) j x?+ y? = 1;z = 1gvia V. Then
condition (11.16)is not satis ed, and L hasa geruine conic singularity at S which is resolved
by blowup of S.

Second,considerthe casewhereZ = f(x;y;z;x%y%2z9jz> 0g,V = (x@+y@+ z@),
S = f(0;0;0;x%y% z9g and L isthe owout from f(x;y;z;x%y%z9) jx2+y? = 1;z= 1;x°=
x;y°=y;z%= zgvia V. In this case,(11.16) is satis ed, and the closureof L is a smooth
manifold with boundary with no blowup required. Indeed, we can take coordinates on L to
be = tan (y%=x9 and z.

Completion of the proof of Proposition 11.1. We apply the lemmato L, with S equal
to W%and V equalto V,°. Condition (11.16) holds becausecoordinates on L near W can
be takento be ;x;y; (away from the codimension 3 corner of L). The functions y' and

i have linearly independert di erentials since this is true on N, and sincey and
are invariant under the ow. Near the codimension 3 corner of L, we can take the three
boundary de ning functions together with y and ~ and the sameargumert goes through.
Then the lemmashaowsthat we may blow down W and L is still a manifold with codimension
3 corners,with V0 still b-normal at f = 0g.

At J atotally dierent argumert is needed. Note the asymmetry betweenJ and J
the diagonal N intersectsJ , while it is disjoint from J. To understand the structure
of L nearJ we canstart from N ,\ J , which is codimension1 in L, and ow using
either V\%or V%. In the region 6 2it suces to useV,2 Then sinceV,%= is smooth and non
vanishing in this region, we deducethat L is smooth at J before blowup. Therefore, (the
closureof) L is a smooth manifold with codimension 3 cornerson the space(11.10).

Remark. We emphasizethat the blowup at J is essetiallit resolvesgeruine conic singu-
larities of the Legendrian L|while the blowup at J resolves no singularities and can be
dispensedwith. Nevertheless,the blowup at J has somegood features; in particular, it

separatesall the leaves. On the space(11.10), the leavesjoin together at J like the pages
of a book joined at the binding.



64 ANDREW HASSELL AND JARED WUNSCH

12. Parametrix  constr uction

12.1. Near the h-scattering diagonal. Webeginby using a semiclassicakcattering pseu-
dodi erential operator to remove the diagonal singularities of the resolvernt. Let Pc =

h? +V + Cwith C> infV. Then in Section 10 we shoved that P! is a semiclassical
pseuddli erential operator of order ( 2;0;0). We have

(h* +V PP t=1d (§+C)P. "

Let Q be an asymptotic sum of the Neumann series

p3 ; 0
Q=P.1 2+ C)Pct 2 Fx);
j=0

which exists sincethe di erential order of P, ! is negative. Then

(h? +V  Q=Id+Eqy; E;2 L %9(X):

sc;h

Notice that the error term E; is trivial exceptat the boundary of the diagonal |, [0;hg)
onX,ie.,at , fh=0gandat @ , [O;hp). It remainsto solve away the error E; : we
now seeka solution Q°to

(12.1) (W +Vv Q%= Eu

then adding Q°to Q will give the desired parametrix.

12.2. Near the h-b diagonal. We begin by considering the kernel of E; on the double
spaceX = X2 [0;hp). The fact that E; is an h-pseudadi erential operator of di eren tial

order 1 meansthat its kernel has an oscillatory integral represenation of the form
z

h " €2 =gz -h)yd jdzdz42

near  and awayzfrom bf, and of the form

1) + o _
RS d jdzd2§R (= %)

h ™ ex ;yiy%h; ;)€
near bf. We multiply this by the half-density jdhj'=2, to turn it into a density on X . It may
then be regarded as a half-density Legendre distribution of order (3=4; 1=4) assaiated to
the Legendresubmanifold N, where , X fOg is the b-diagonal at h = 0. Since
we wish to solve the equation (12.1), we needto take into accourt the (left) characteristic
variety | S T (X) of the operator h? + V 2. The LegendrianN  , is givenin the
coordinates of (11.5) by

fy=y% =1 = % = % =o0g
and the left characteristic variety is givenin the samecoordinates by
=f2+hl(y) i+ V(@)= Bu
Theseintersect transverselyin a submanifold of dimension2n 1, asprovedin Section 11.
Let L bedened by (11.9); recall that L are Legendrian submanifolds with boundary,
which intersect N, cleanly at @ , and are both transverseto the boundary bf; hence

(N p\ ;L ) havethe appropriate geometry for a pair of intersecting Legendresubman-
ifolds, at leastin a neighbourhood of N .
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We now seekto solve away the error term E; near | using an intersecting Legendrian
distribution assaiatedto (N ,\ ;L+); in particular, we would liketo nd

Ql 21 1=4; 1=4(X ,(N b L+ ))

suc that (h? + V 2)Q: Ej is microsupported only at L., in a region disjoint from
N . (WechooselL . for the outgoing resohvent kernel,and L for the incoming resolvert
kernel; the reasonfor this is that the coordinate —; is positive, resp. negative on L, , resp.
L which implies having a positive, resp. negative phasefunction in the oscillatory integral
expressionfor our kernel.) To do this we solve away the singularity at N, order by order.
(This is a standard construction for intersecting Lagrangian or Legendriandistributions; see
[25].)

We begin by choosinga Qj.1 to solve away the principal symbol of E; at N . Wedo
this by choosing the symbol of Q1.1 at N, to be

(Qui) = *HEn)=(n* +V )

Of coursethis hasa singularity at N\ L., but the simple vanishingof (h? +V  2)
at L. meansthis is eligible to bethe N, pieceof the symbol of an intersecting Legendrian
distribution with respectto (N p;L+). The compatibility relation (5.6) then determines
the value of the symbolonL, at @+ = L. \ N ; it is essetially given by the residue
of the singularity (see Section 5.6). We then specify the symbol at L., to be that symbol
which solvesthe transport equation (4.18) along L. . SinceV, is transverseto N p; this
is a regular ODE and there is a unique solution with our initial condition speci ed above.
This givesa Q1.1 2 1174 ¥4(X; (N p;L+)) sud that

(> +V  §Qui E121%% OGN (p)iLs)
near N, with principal symbol vanishing at L. . Using (5.8), we seethe error term is
actually in
(12.2) | 754 24N p) + 197% 34N ( p)iLly)
The error will thus be moreregularat N, than E;:
Now we iterate this construction. Assumeinductiv ely that we have found Q1., sud that
(12.3) (h* +V  §)Qua E121"™3™IHOGN 5+ M5 XN (p)iLy)

in a neighborhood of N : We want to improve this by nding Qi.n+1 satisfying (12.3)
with n replacedby n+ 1. By (5.7) and (5.8) we have to solve away the principal symbol of
the rst error term E1.n.1 in (12.3) at N, and the principal symbol of the seconderror
term Ei.n. 2 at L. . We do this asabove: we let Q(l’;n have symbol at N, equalto

(> +Vv 3 ' (Eima)
and symbol at L, given by solving the transport equation on L. to remove the principal
symbol of E1.n. 2 there, using the initial condition coming from the compatibilit y condition

(5.6). We cut o this symbol away from N |, to make it supported in a neighborhood
of N p: Letting Qin+1 = Qin + Q(l’;n completes the inductive step. We can take an

asymptotic limit of the Q1,, obtaining a Q; 2 14 #4(X;(N  p;L+)) satisfying
(12.4) (W +V  9Q1 Ei=Ex+EJ
with E9 2 11°1%%(N p)+ 117 (N pLs) and Ep 2 1754 1%4(X;L,), arising from

the cuto, microsupprted away from N . In fact, we can improve this statemert to
E92 11 54N )+ 11 3%(N ;L. ) sinceh? +V 3 ischaracteristic at h 1@L+
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for every h > 0 which automatically givesus an extra order of vanishing at L., hencean
improvemernt by 1 in the order at bf.

12.3. At the propagating Legendrian. Asin the nite energycase,we now considerthe
Legendrian conic pair
E( o) = (L( 0)iLh( o));

from Proposition 11.1. We set asidethe error ES until Section 12.4 and seekhere to solve
away the error E, from (12.4) by adding a Legendredistribution Q, 2 | 4P (X ;C( o)),
where p is the order at L]2 and r represens orders (rp;f;fip) at the other boundary
hypersurfaces. We shall seethat the ordersarep= n=2 3=4,rps = 1=4, 1 = rp =
n=2 1=4. Our precisegoal in this stepin the construction isto nd Q, sothat

(12'5) (h2 +V 1)Q2 E,2 | +1 ;n=2+1=4;(3=4;n=2 1=4;n=2+7 =4) (X : l:( 0));

that is, the error has beencompletely solved away at h = 0. The spacein which the error
lies is the sameash® | 1=2(n 2=z(n 1=2(n+3) =2(x 2- Gy | ; L)) (seeSection 6.7), that is, a
family of Lagrangian distributions assaiated to the boundary of L at bf and to L), and
rapidly decreasingash! 0. This will reducethe problem to a parametrized version of the
problem already studied in [14].

Again we solve away error terms, this time on L., order by order. The rst stepis to
nd Q2.1 solving (12.5) with the order 1 at h = O replacedby 9=4. The order of Q.1 must
be5=4 at L, and 1=4 at bf. By (4.18), to solve (12.5) it su ces to obtain g, satisfying
the ODE

1 n+1 @ 124 , e e L
(12.6) Ly > +m 7 @ + () jd(h x%j = e; =2
and® with the “initial condition' that the symbol ¢, vanishesnearN |, re ecting the fact
that we do not want to disturb our parametrix near N . Here we are using coordinates

induced from the canonical 1-form

1 o 1 1 dy ody°
(12.7) den ™ 9@ "9 " ©nt xm
which arevalid for = 16 2, say, thusvalid nearthe cornerlb\ bf. Also f; denotesthe

subprincipal symbol of the (left) operator h?> +V 3. SinceV, is smooth and nonvanishing
in the interior of L., this has a uniqgue smooth solution in the interior of L. . We proceed
to analyzethe regularity of the symbol at the boundary of L. . This will be done exploiting
the b-normal vector elds from Lemma 11.3. ConsiderL. \ Ib. Here the ODE takesthe
form

2n 1
(128) L( b @, + Vo) (m ) ) + f| G = 0
where V,, denotesa vector eld on L, tangent to the boundary at |, = 0. We recall that
the sub-principal symbol f| vanishesat = 0, henceis O( ) at |, = 0. Sowe may
write f| = |, f7. Also recall that @ is a half-density and it is corveniert to write it asa

b-half-density, that is, g = e&jd pd nd = pj172; note that this half-density is invariant
under Lie derivation by |, @, . We get an equation for e of the form

2n 1

b@, + Vb (M ) + pfi =0

9The factor d(h x9 in the equation above is a ‘formal factor' adjusting for the dierence in the symbol
bundle (4.17) when the order m changes by 1
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hencewe obtain
& 2 |(|§n 1)=4 mcl (L)
at least locally. Thus, using Proposition 6.3, the order at Ib is (2n  1)=4.

To show regularity at rb, we usethe fact that nearrb the symbol g, automatically satis es
the right transport equation aswell; that is, if we de ne ¢ usingthe right transport equation
rather than the left, then we get the sameresult. We shall not give the proof here sinceit
is essetially identical to the proof of the analogousstatemert in [14], section 4.4. Then,
reversing the left and right variablesin the argumert above provesregularity at rb with the
order alsoequalto (2n 1)=4.

To shaw regularity at L1( o), we combine both vector elds. By Lemma 11.3,the vector
eld V,°+ Vlis b-normal to J; which is the blowup of L]Z; thus we add together the left and
the right transport equations. The right transport equation, written with respect to the
variablesin (11.5), takesthe form of (12.6) with the left and right variables switched:

+

129 Ly pem T2 ) jah iz e m= g
To comparethe two symbols, we must expressthem with respect to the sametotal boundary
de ning function. The total boundary de ning function usedin (12.6) is hx° while that
usedin (12.9) is hx. The ratio is ; in view of the presenceof the factor jdxj™ N4 in
the symbol bundle (see(4.17)), the symbol gets multiplied by a factor of ™ N=* when we
switch (where N = 2n+ 1 here). Thus, with respect to the total boundary de ning function
hx,

1 n+ 1 @r 1=4, m N=4 : - 1

) 4+ + = ey =z
(12.10)  Lypo St m 7 @ fr ( ) jdh x)j=e; m 2
We can multiply this equationby N=4 ™ and add it to (12.6). The e ect of this is that the

O @ term in V,° givesa cortribution of (m N=4) % As aresult (taking into accourt
= %+ 0(patTand @ =@ = 2; @r=@°=2 7),

1 2n+ 1 1 _ . . 1
(12.11) Lyosyo S*+m 2 t3 +f+f, (@) jdhh x)j=0; =7
Sincef, vanishesat = 0 and f, vanishesat °= 0, they both vanish at J. So we can
write f; + f, = ;f7 Also, of course = %+ O( j;): Thus (12.11) amourts to an equation
of the form (again writing ¢ = & times a b-half-density)
2n 3

@ + Vp (m ) + =02 g2 "I A ()

4

locally. This shows regularity of the symbol at L1, and that the order p at L1 isn=2 3=4.
The error term when we apply the operator is given by (12.5) with 9=4 replacing 1 . This
is becausethe operator is characteristic at L ., and at the induced Legendriansat bf and at
Ib (but not at rb); in addition we have solved the transport equationsat L. and, trivially ,
at the left boundary (this becausethe transport operator is trivial at Ib at order (2n 1)=4)
sowe gain two ordersin ead of thesetwo cases.

Now we iterate the procedure. Assumeinductiv ely that we have found Q».x satisfying

(1212) (h2 +V (2))Q2;k E2 2 5=4+ k;n=2+1 =4;(3=4;n=2 1=4;n=2+7 =4) (x : E( 0)) :

We want to improve the error term to have order 5=4+ k+ lat L. . To do this, we solve the
transport equation at order 5=4+ k along L ., and as above the main point is to determine
the regularity of the solution at the boundary of ' . Considerthe solution of (12.6), with
m replacedby 1=4 + k, and with the right hand side replacedby the error term in (12.12).
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Using Proposition 6.3 the right hand side is O( ,f” H=4 @=arion ). Therefore the right
hand side avoids the indicial root, in this case(2n 1)=4 (1=4+ k) which would lead to
possiblelog terms in the solution, and we seethat the solution is in fg” D=4 @=4k) c (L+)
locally. Since,asnoted above, we get the sameparametrix if we solve via the right transport
equation instead of the left, the sameresult is true at rb. Similar reasoningalso shows that
the symbol is in (Jf” =4 W=+l (P, )at .= 0;it is essetially the sameargumert as
in [14], section4.4, sowe omit it. This completesthe inductiv e step. Taking an asymptotic
limit of the Q2. givesa correction term satisfying (12.5).

Remark. If the potential V is replaced by h?V, then V does not appear in the principal
symbol of H 3 and therefore does not aect the bicharacteristic ow or the Legen-
drian L; on the other hand, it contributes an additional error term on the right hand
side of (12.6). Becauseof our assumption V = O(x?), this additional error term is also

o( ,f” H=4 - (@=arion ), and therefore the construction goesthrough as above.

12.4. At the boundary for h > 0. Our error term is now of the form (using Section 5.7
and 6.7)

ES+ Es2 1T 40N 55 D)+ 1T 30 XN pLe);® 7
4| T Ln=2H1 =4 1 =4 +1 =4 +1 =4 X'E'( O).s %)

whererpy = 1=2,rp = (n+ 3)=2and ry, = (n  1)=2. Equivalently, the error term is a
smooth, O(h' ) function of h valued in

I9MZ;N 55 5+ 172(ME (N ph t@L.):s %)
+ | TBEN= 20 (Mg;h l@ft( 0);3 %)

We now usethe results of [14] to solve away these errors. The main point hereis to keep
track of powers of h: our error terms are rapidly decreasingin h and we would liketo nd a
correction term that is alsorapidly decreasingin h. Examining the construction in [14], we
seethat the vector elds in the transport equationsare linearin = h 1, while appears
polynomially in the right hand side due to derivativesbringing down powersof from the
phaseand from the factor 2 in front of the potential. It follows that the correction term
is O(h! ) if the error terms are O(h' ). Thus, by [14] we can solve away the error term E3
above with a term Q3 in the space

Qz2h' C' [0ho); I A(X5@N  sih '@fL+)
+ht [0, h());| 1=2;(n 2)=2;(n 1)=2(h 1@f|_+;h 1L]2) ;

or equivalently

Qs211 P X2 (@N b @L+)s 2
+ |l ;2n 3)=4;2n 1)=4; 1=4 x,(@fL+,L]2),S % :

up to a new error term E4 where the expansionsat Ib, bf are trivial, but the expansion
at rb has not beenimproved. (We recall that when we act with the operator on the left
variable, we can improve our parametrix at Ib order by order using the symbol calculus,
but to improve at rb we have to solve global problems of the form (h? + V Swv=f,
which of coursewe cannot do until we have constructed the resolvent kernel! Soit cannot be
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expectedthat we get any improvemert at rb.) ThusE, 2 111152 (X (Ly;LY);S  2),
ro, = (n 1)=2,0r more simply,

(12.13) Es2 ht x! (O D2g ot (x; 7).
In summary, we have found a parametrix G(h) in the space

(1214) c;2|«;10;0(x) jdhj1:2 + 1 1=4; 1:4(x : (N b L. ))

+ |1=4;(2n 3)=4;,2n 1)=4; 1=4(L+;L]2)

S

such that
(1215)  (h2 +V  2)G(h) Id= E42 ht xt (x) D=2d o=l (x; 1%2).

13. Resol vent fr om parametrix

Using the parametrix G(h) constructed in the previous section, which lies in the space
(12.14), we can show that the resolvent kernel itself lies in this spacefor small h. The
error term E4 in the previous section is compact on weighted L2 spacesxSL?(X ), for s >
1=2. Moreover, the Hilbert-Schmidt norm of E4, thought of as an operator on xSL2(X)
parametrized by h, tends to zero. It follows that Id + E4 is invertible for small h. Let the
inversebe Id + F (h). Then the identity

(13.1) F=Es+Ef+ E4FE,
shaws that F alsolies in the space(12.13). Finally, the resolvert kernelis
R(h) = G(h) + G(h)F (h):

SinceF (h) is rapidly decreasingasboth h! Oandasx! 0, it followsfrom this that R(h)
is alsoin the space(12.14), indeed the rapid decreaseof F (h) in x wipesout all expansions
of G(h) at bf and at rb in this composition, and the rapid decreaseof F(h) ash! 0 wipes
out all expansionsof G(h) ash ! 0. We are left with the expansionof G(h) at Ib. This
takesthe form €= x(" D=2 times smooth functions of the other variables (ignoring density
factors), and the result of the composition is an operator of the form

x( D=2(xQ)(n D=2g o3 g oxhpl G (M2 [0: hy)):;

rapidly decreasingat bf, at rb, andash! 0. SoG(h)F (h) is a particularly simple example
of an operator in (12.14) (corresponding to the term ug in Section 6.5.2). This completes
the proof of Theorem 1.1.

Part 4. Applications
14. Spectral measure and Schr edinger propagator

In this section we prove Corollary 1.2 and Theorem 1.5. Let H denote + V in this
section,let R = (h? +h?v (1 i0)) ! andlet = h 1. By the remark at the end
of Section12.3,R hasthe samestructure asthe semiclassicalresolvert with no potential
term. (The term h?V vanishesto secondorder at @X soit is not presert in the principal
symbol of the operator, and henceplays no role in determining the LegendriansL or |-]2-
It does, of course, a ect the symtol of the resolvent, but does not change its regularity
properties.) Note that asa result, the bicharacteristics arising in the resolvent construction
are simply gendesicsand V is irrelevant to the non-trapping hypothesis.



70 ANDREW HASSELL AND JARED WUNSCH

A direct consequencef Theorem 1.1 is the structure of the spectral measuredE( 2) for
large > 0. By Stone'stheorem, we have

dE( 2)=2_1i(H (+i0®) * (H ( 0% *2d

1 dh 1=z,
=5 R+ (h) R (h) PR

We then have immediately from Theorem 1.1that d(E( 2)) jdh=h?j 72 isin the sum of
spaces

200(x )+ | 194 AN gLy )i XS F) 4 | 174n=2 3=4n=2 1= 1=4((L+;L]2);X;5 )
+1 4N gL ):X;S %)+ | 1=4n=2 3=4n=2 1=4; 1=4((| ;L]Z);X;s %):
Howeuver, the kernel of dE( ?) solvesan elliptic equation
( +V  2dE( ) =0

So there can be no singularity of dE( 2) at N, except at the characteristic variety
N p\ ;=N \ L. alongthe diagonal. Moreover, dE( 2) must be Legendrian along
L=L,+[L attheintersectionL.\L =L\ N y, sinceit isLegendrianaway fromN
and Legendrianregularity propagatesalong the bicharacteristic o w, which is non-vanishing
atL\ N . Thusin fact

dh

= 122 5 | 1=4n=2 3=4in=2 1=4; =4((L; L]Z);X;S %);

dE( ?)
which is Corollary 1.2.

We now turn to the proof of Theorem 1.5. We begin with some preliminaries on the
geometry of the b-double spaceM 2. A total boundary de ning function for this spacecan
be taken to be x, = (r? + (r9?) ¥2. We needto consider small neighbourhoods of the
b-diagonal 1, in M?2. A neighbourhood is given, for example, by

f(z2;29jd(z;2% < =xpg= (2,29 d(z;2% < P r2 + (r92g

for > 0. Let beasmooth function on[0;1 ) equalto 1 on|[0;1]and equalto Oon[2;1 ).
Then (d(z;z9xp=) is a smooth function on M? equalto 1 at , and supported near
(for small ). Abusing notation somewhat,we shall denotethis function on M2 simply by
The local injectivit y radius on M is bounded below by cr for somec > 0; we shall assume
that > 0is chosensothat the local injectivit y radius is at least 10r . Then the square of
the distance function d(z;z%? will be smooth on the support of
To obtain the kernel of the propagator e ™ =2 H =+ V, considerthe integral over
the spectrum:
Z,
(14.1) e M=z e "= 2dE( ):
1
To deal with this integral we break it into se\eral pieces.We rst usea spectral cuto. Let
usinsert1= 4(t)+ »(t) into theintegral, where ; 2 C! (R)isequalto 1on[ 1;1]and
equalto 0 on Rn( 2;2). The ; term yields the operator 1(tH)e ™ =2, Letting s= " t,
this is a C? function of s?H and is therefore a semiclassicalscattering pseudadi eren tial
operator (with s playing the role of Planck's constart) of order 1  (cf. [7]). In particular,
it is smooth away from the diagonal, and rapidly decreasingasd(z;z%=s! 1 . Let uswrite
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this kernel Unear;1. Notice that (1 )Upear:1 is residual, i.e. in Ct (M2 [0;to)), for any
function localizednear | asabove (i.e., forany > 0).

Now considerthe integral with ('t ) inserted. For t small enough,the only part of the
spectrum of H lying in the support of this term is contin uous spectrum in [0; 1 ); hencewe
may changevariables, and rewrite this term as

Z,
(14.2) e =2 ~( IOf)e it *=24E( 2).
0
where
~( )= 2 ?):
We now localize basedon the value of the phasefunction =x, x = xph = xp=, in the
represenation of the semiclassicalresolvent asa Legendredistribution. Let us write

1= o( =)+ i( =)+ (=)
where , is supported in [0;1=2], ; is supported in [1=4;3]and ; is supported in [5=2;1 ).

We obtain three kernels,denoted Unear:2, Uint @and Usar, by inserting the cutos (=) into
(14.2). Let usalsode ne Upear = Unear:1 + Unear:2: Thus we may write the exact propagator

itH =2 _ .
e = Unear + Uint + Utar:

Lemma 14.1. (i) The kemeld Upear isin Ct (M2 [0;to)).
(iiy The kernel

1 1
(14-3) (1 )(Dt + EH)Uint + (Dt + EH)Ufar

isin C1 (M2 [0;to)).
(i) Uint is a quadmtic Legende distribution assaiated to Q(L), and U, is a quadmatic
Legendee distribution assaiated to (Q(L); Q(L]Z)).

Proof. (i) We have already obsenedthat this is true in the caseof Upear.1 SOcoNsiderUpear:2.
Observe that _
iXp dvl dd o
and that on the support of 1 and on the support ofd ,( =) wehaved, 6 0. (This
is becaused, = 0implies that =x, = d(z;2z9, yet x,d(z;z% > on the support of 1
and 6 =2onthe support ofd ,.) Thuswe can integrate by parts in v as many times as
we like® Each integration by parts gainsus x,= . This allows us to absorbany number of
spatial or t-derivatives, aswell as any number of negative powers of X, or t (remembering
that the combination 2t ! is bounded on the support of ~,). This provesmembership in
cl (M2 [05to)).

(ii) Let us start with the rst term, (1 )(D¢ + %H)Uim. Uint IS given by a nite sum
of integrals of the onrm

ei =Xbp =

e it =24 (;v)=xb._2( pf) i( =)a(; ;v)dvd:

Here, refersto the spatial variables on M 2. If we apply (D; + %H) to the integrBI then
the result vanishesif none of the derivativeshits one of the cutos ;( =) or ~( = t), so

10if there are no v variables then we simply use the fact that =x, = d(z;z9:
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1 )(Dy + %H )Uint is a sum of terms of the form
Z7Z

@ ) et e (w9 PH (=)a(; ;v)dvd

or ZZ
. . P-
(1 ) e it 2=2e| (v)=xp ~( 1) i(k)( =)a(; ;v)dvd:

where k, the number of derivativesfalling on i, is either 1 or 2. In the rst case,we can
integrate by parts in  as many times aswe like, using the identity
222+ =xp) = iXp @ei( t 222+ =xp)

txp+t @

and the fact that the denominator is boundedbelow since > =4onthe support of i( =);
Xp is a bounded function, and it suces to consideronly times t 1: This allows us to
reduce the order of the symbol in , and increasethe order in x; and X, as much as we
like. Using the samereasoningas in part (i), the kernelis in C1 (M2 [O;to)). Exactly
the sameargumernts allows us to disposeof the terms coming from (D + %H )Utar when a
derivative hits ~.

In the caseof the secondintegral, we needto further divide into two cases,according as
the derivative i(k) is supported in [1=4;1=2] or in [5=2;3]. In the rst case,supported in
[1=4; 1=2], we canintegrate by parts in v asmany times aswe like, asin part (i), and we see
that theseterms arein C* (M2 [0;to)). In the secondcase,supported in [5=2; 3], we note

gl t

that modulo C! (M2 [0;to)) we can replace the factor 1 by 1, for exactly the same
reason.

Now we seethat theseterms, with i(k)( =) supported in [5=2; 3] and with 1 replaced
by 1, exactly cancelthe remaining terms from (D + %H)Ufar, since i(k)( =)= Ek)( =)

when restricted to the interval ( =) 2 [5=2;3]. We concludethat (14.3) is in C! (M?
[0; to)).
(iii) This follows immediately from Propositions 8.3 and 8.5.

It appearsto be dicult to determine the microlocal nature of Unear Using the integral
(14.2). One reasonis that the spectral cutos 1; », neededin order to apply Proposi-
tions 8.3 and 8.5in part (iii) of the above lemma, interfere with the microlocal nature of
the pieces.In particular, the pieceUnear:1 doesnot lie in the space(1.1). We shall seethat
this is an artifact of the spectral cuto s and the sum Upear:1 + Upear:2 does lie in (1.1). To
seethis we needto change strategy. What we shall do is construct a parametrix in the
near-diagonal region, and show that we can glue it together with the kernel constructed
above to obtain the true propagator modulo a C* (M2 [0;to)) error.

In the near-diagonalregion we usethe sameansatzasin Step 1 of [16]. For the reader's
corveniencewe recall that this takesthe form

(2 |t) nZZei( Z;Z0)=t X- t] a (Z.Z%.
]\ & .
i=0

We want this to be a formal solution, sowe apply the operator t?D; + t?=2 and solve the
resulting equationsto ead orderin t. The rst is the eikonal equation +g(rz ;rz) =
0 which hasthe exact solution ( z;z% = d(z;z%92=2. Thus we seethat this is a Legendrian
assciated to the same Legendre submanifold, namely Q(L), to which Uiy and U, are
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assaiated. The remaining equations are transport equations taking the form (in normal
coordinates z about z9

.. @
(zi + O(jzj")) =ao = f a;
@i ) +

= 0(2);

NI
NI S

LR

where all terms are smooth. These equations have unique solutions with & smooth and
ag(0) = 1. We cut this formal solution o by multiplying by acuto function (d(z;z%=r?9)
localizing near .

This argumert only applies away from the front face of M 2 since the analysis of [16]
was only carried out there. However, the near-diagonal ansatz above holds uniformly up to
bf M2, i.e.in afull neighbourhood of , MZ. We proceedto show this. We rst note
that the function = d(z;z92=2(r9? is a smooth function on M2 in a neighbourhood of

b. In fact, if we take coordinates x% = x=x%y%andy locally near ,, wherey®is alocal
coordinate on @/ and for a xed y° y are normal coordinates on @, certred at y° (hence,
y is not a coordinate lifted from the left factor of @), then pisdenedbyf = 1;y= 0Og
and near ,

(2 + 0(1212))@@:6‘1' vig =t g

X
=( 1%+  y?+ termsvanishingto third orderat u:
On the other hand, the operator t?(D + % ) takesthe form
2D+ (x° 2D )2+ (n - DEXC 3@ + hi (x) (xDy, )(xDy,) + K (x)N(2(x)2Dy,)

where ( x) is the Christo el symbol for the metric h(x). Let us seeka formal solution, as
a seriesin t, near the boundary of . It takesthe form

0)2

(2 it) =2 T th(x% ;y;y9;  with b smooth.

j=0

Sincehil = j aty=y%and = O(y) there, it follows then that we end up with transport
equationsfor the iy of the form
@ @
i— + 1)—+ W =f ;
@ @ , i _
4 1)—+W b + =f = >1
Vg *( DgrWhriB=fn 5 B.(>Y
where all terms are smooth, f = % + 5 vanisheslinearly at  and W is a vector

eld vanishing quadratically at ,. Theseequations have unique smooth solutions by in a
neighbourhood of , with by = 1at . An asymptotic sum of this formal seriesis therefore
a solution to the equation to order t! , i.e. the error term after applying t?(D; + % ) isin
tt Ct (M2 [O;to)) near .

We also need our near-diagonal parametrix to be good asx®! 0. To improve the error
term at x°= 0 we expand in a Taylor seriesin x% The error term has a Taylor series

g :t(xO)ZX (xo)je(t' NUSEEYE o)
| 1] L] 1y1y L]
k=0
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near , with ead g = O(t! ) and smooth. We try to solve this away with a series

_ X _
(14.4) ¢ T (gt x% ryiyd:
k=0
This givesus equations of the form

yi@@?+ ( 1)@@+ tg+ W ¢ = tej + P(Co;C1;:15G 1);

where W is as above and P is a di erential operator with smooth coe cien ts. Sincegj =
O(t! ) there is a unique solution ¢; which is O(t! ). Adding the correction term (14.4)
yields a parametrix with an error term O(t* (x9! ) locally near . Let us denote this
near-diagonal parametrix, de ned in a neighbourhood of |, by Viear-

We now claim that, on the support of d , Viear is equalto Ui upto C (M2 [0;to)). In
the interior of M g this follows from [16] where we showed that Vyear is equal, microlocally,
to the exact propagator modulo t* C* (M2 [0;to)). Our construction is such that Unear iS
in Ct (M2 [0;to)) onthe support ofd (Lemma 14.1) while Uty is microsupported where
the phasefunction is relatively large. (Using the cuto ¢, and the contact transformation
Q, we have ~; > (5 =2)2=2 on the microsupport of Uz, while we have ~; 6 (2 )2=2 on the
microsupport of Vhear and on the support of d . Here ~; is the coordinate from (8.5) and
Q de ned by (8.7).) Therefore, at least away from the boundary of M2, Viear is equal to
Uint modulo t* C1 (M2  [0;to)) on suppd :

However, both Vyear and Uiyy are Legendredistributions assaiated to the samelegen-
drian, and their full symbol expansionat t = 0 is smooth up to the boundary of M 2. Since
they agree everywhere in the interior of M2 on suppd ; they agreeup to the boundary.
Hence Vihear is equal to Uiny modulo t* Ct (M2 [0;to)) globally on the support of d .
Finally, both Vhear and Ujn: solve the Schredinger equation microlocally, and we sav above
that the Taylor seriesof V at x°= 0 was uniquely determined by this condition, it follows
that Vhear and Uy, are equalto all ordersin both t and x° microlocally near the Legendrian
L and on the support of d .

We now construct an accurate global parametrix for the propagator. De ne

U= Vipear + (1 YUint + Usar:
We claim that this parametrix U satis es the initial condition
tI!m0 u(t) = Id

distributionally (i.e. the distribution limit of U(t) ast! 0 is equalto the delta function on

b), and satis es the equation (D¢ + %H)U(t) = Oupto anerrorterm in C* (M2 [0; to)),
(i.e. smooth and vanishing to innite order at t = 0 and all boundary hypersurfacesof
M2). The initial condition follows from the stationary phaselemma applied to Legendre
distributions; in particular the delta function on the diagonal comesfrom Vpear While Uit
and Ug,, contribute nothing, since the phase function is always nonzero for all Legendre
distributions comprising Ujn; and Usy, .

To prove the claim about U satisfying the equation, we write

1 1 1 1
(Dt + EH)U(t) = (Dt + EH)Vnear + (1 )(Dt + EH)Uint + (Dt + EH)Ufar

1
+r I (Vhear Uint) + > (Vhear  Uint):

(14.5)
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We have arranged that V,esr iS an accurate parametrix on the support of , sothe rst
term is in C! (M2 [0;to)). Next, Lemma 14.1 shows that the sum of the secondand
third terms is in C1 (Mg [0;t0)). Third, we have seenthat Vear is equalto Uiyt up to
Cl (M2 [0;to)) onthe support of d . It followsthat the last two terms on the right hand
side of (14.5) arein C! (M2 [0;to)). This completesthe proof that U is a parametrix up
to C1 (M2 [0;to)) errors.

Finally we correct the error term. It follows from a commutator argumert due to Craig,
[5] Theoreme 14, that

(14.6) e™=2-clMm)r ct M) forallt
We can correct our parametrix U to the exact propagator by adding to U the kernel
z t
. i - 1
i e 9H=Z (D4 EH)U(s) ds2t! Cct (M2 [0;to)):
0
Since V near, (1 )Uint, Usar and elemeris of C* (Mg [0;t0)) areall Legendredistributions
assaiated to the conic pair (Q(L); Q(L]Z)), the proof of the theorem is complete.

Remark. One might wonder why it was necessaryto usethe cuto  ( P t), instead of a
t-independert cuto. The reasonis that a t-independert cuto will yield a term that is
smooth on M2 down to t = 0. This term doesnot lie in the space(1.1) soit would have
to be eliminated by an a posteriori argumert. In this respectit is not sodierent from the
term Unear:1; however Upeqr:1 IS localized closeto the diagonal soit automatically becomes
harmlesswhen we glue in our Vyear parametrix, which is a little more corveniert.

Remark. Note that U, neednot be supported away from the diagonal. In fact, if there is
a gedesiccurve on M that self-intersects, then there will be a corresponding part of Usy,
supported over the diagonal, although microlocally it will be away from the zero section. It
is for this reasonthat we introduce Ui ;: we arranged that U;,; be supported closeto, but
not at, the diagonal, and this allowed us to piecetogether Viear and Ui using the cuto

in (14.5).

15. Poisson operator and scattering  matrix

Having constructed the semiclassicalresolvent as a Legendrian distribution, we can now
easily determine the structure of the semiclassicalPoissonoperator and scattering matrix,
sincethe kernels of these operators are related in a simple way to the resolvent kernel.

We recall that the outgoing resolvert kernel was normalized, as a half-density in h, as
(h2 +V 2+ i0)) 1jdhj**2. The Poisson operator P(h ') may be de ned by the
restriction of e | ©*’"jdr9 172 times the resolvent kernelto the right boundary rb = H of
X (seeRemark 8.4 of [13]). This may be regarded asthe principal symbol of the resolvent
kernel at the LegendrianL ; corresponding to the baseof the bration @L ! Ljatrb = H;
(seeProposition 4.3).

Sincethe kernel of P( ) is a function onM @/ [0; hy) it is natural to regard M
@1 [0; hp) asa scattering- bred manifold, with the main facebeingM @/ f0gand the
other boundary hypersurface, @ @ [0;hy) bred over@4 @V by projection o the
h variable. To determine the Legendrian structure of P(h 1) we start with the geometry
of the propagating LegendrianL, de ned in (11.9), near the right boundary rb of S T, X 2.
Working near the right boundary, we use coordinates (x; = x%=x;y;y%h;; %; &) as
de ned in (11.5).
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Let W bethe setf = 0; °= 0g S T X2, and considerthe blowup [ T X2;W] of
S T X2ZatW. Let W denote the new boundary hypersurfacecreated by this blowup, and
write 7%= % ; this is a smooth function in the interior of W.

Lemma 15.1. W\ f 9= ,gisdieomorphictos T (M @ [0;hg)) and hene W \
f 9= 4; h= 0g hasa natural contact structure (degeneating at x = 0), contactomorphic
to® Ty(M @1 [0;ho)):

Proof. The cortact form at T, ;X2 is givenin coordinates ( ;x; h;y%y; %; ; % )by
(15.1) d% d xd+ 0dy+ dy:
0.

Performing the blowup of W; i.e. introducing the new coordinate —; and restricting to
0= ; we nd that this cortact form becomes

(d xd +0dy’+ dy):
Dividing by ;i.e.taking the leading part at W\ f 9= ,g; yields the contact form

(15.2) d xd + 0 dy’+ dy:
On the other hand, we may write the canonicalone-formons T (M @/ [0;hp)) as
1 1 dy ody°
TR T e T

in the induced canonical coordinates, the contact form on this spacebecomes
d~ xd~+ -0 dy%+ ~ dy;

henceidentifying  with ~, with ~, with ~and ~°with ~° exhibits the desired contac-
tomorphism.

Lemma 15.2. The propagating Legendrian L intersects W\ f 9= 4; h = Og transversaly,
hence using the identi ¢ ation above we may regard the boundary of L at W, which we denote
SR (for “sojourn relation’), as a submanifold of > T, (M @ [0;hg)). Making this
identi c ation, then SR is a Legende submanifold of * T_;(M @  [0;hg)) which is
smaoth after further blowupof fx = 0; = —°= 0g.

Proof. SincelL is Legendrianin $ T X2; the form (15.1) vanisheson it. Nearrb, sincel is
cortained in |, the left characteristic variety, wehave( 9= 3 hl (x%y9) ? ? V( xy9:
Lemma 11.3shows that L meetsf = 0g only in the interior of the blowup of W and does

sotransversely sowe can usethe blow-up variable = 9= . In terms of this we have

(9= § 77 V(xy) =) d°= hlPPd +0(?)
(recall that V (x;y) = O(x?)). Thusd %, which by (15.1) is equalto (15.2) on L, vanishes
whenrestricted to L\ f = Og.

Now we considerthe smoothnessof SR at the boundary fx = 0g. By Lemma 11.3,L is
desingularizedby blowingup rst Z=f °= = 0;x=0; = Y% and then the lift of W.
Thus away from Z, the rst blowup hasno e ect and L is desingularizedby the blowup of
W. We have to analyze the situation further near L \ Z. Here we can take advantage of
the explicit formula for L\ fx = 0g given by (11.15). At x = 0, we have

_ i

(15.3) R
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It follows that in a neighbourhood of L\ Z we havej j> j 9. Similarly, we have
(15.4) q q
= 0% Vixy 5 112 V(gy) =002+ jP+j %) = O(x*+j j*) onlL:

It followsthat after Z is blown up, we may cover a neighborhood of the intersectionof L and
the front faceby coordinate charts in which either x or j j is a boundary de ning function.
Thus, in placeof x; ; % © ; we may take as coordinates
0o 0
; and x;
X

X' x
in the region wheredx 6 0, and
0 0

BEEE
in the regionwheredj j 6 0. As for the secondblowup, of f = 0; = , = Og, where  is
a boundary de ning function for the face Z created by the Z blowup, (15.3) implies that

may be taken as a boundary de ning function for the new facein a neighbourhood of L.
Thus coordinates replacing those above become

X
;—andj j:
i ]

0 —0 o0 o
15.5 = - dx: and :v:v®h: -
( ) X vl and x; and ;y;y%h;;
in the region wheredx 6 0, and

0 —0 0 X o o
(15.6) ——— = —;——;—andj j; and ;y;y-h;;

| | Y I I
in the regionwheredj j 6 0. It follows from this and from Lemma11.3that , x,and2n 2
of the remaining coordinates from (15.5) (in the rst region),or ,x=j j,j jand2n 3ofthe
remaining coordinates from (15.6) (in the secondregion) furnish coordinates on L on this
space,and the remaining coordinates (restricted to L) can be written as smooth functions
of thesecoordinates on L. Restricting to f = 0g, then, we seethat SR is desingularizedby

blowingupfx=0, =0,"=0;, © = 0g.
We can alsoobsenethat ( © )=xor ( ° )5 j cannot serne as a coordinate on L
at = 0, sincewe seefrom (15.4) that this function has vanishing di erential there. This

implies that SR is also desingularizedby blowing up
fx=0;, =0;,7= 0g;
which completesthe proof of the lemma.

Remark. This lemma shows that SR forms a Legendre conic pair with the Legendre sub-
manifold Gl = fx = 0; = ; = 0;7°= 0g which is contained in the contact manifold
SN (@1 @), @1 @M beingthe baseof the bration at the hypersurfaceat x = 0 of
the scattering- bred manifold M @  [0; ho).

To interpret the Legendrian SR geometrically, we recall the de nition of the sgjourn
relation from [16] (in fact, we needto generalizeit to include the caseof a nonzeropotential).
SR is the graph of a cortact transformation S from S M to *T g, M given as follows:
givenaunit covector (z;) S M ,welet (s) bethe bicharacteristic (geadesic,in the case
of no potential) emanatingfrom (z; "). By assumption, (s) tendsto the boundary, and there
is a well-de ned nal “direction' y. The action A(s) accunulated along the bicharacteristic
is the integral of 3 V with respectto s along , with initial condition A(0) = 0. Sincex =
O(s Y)along andV = O(x2), weseethat A(s) = 3s+ O(1). Moreover, it followsfrom the
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regularity of the boundary of SR (Lemma 15.2)that j j = O(x), hencer = o+ O(s 2) and
sor(s) = oS+ O(1). Welet , the sojourn time, bedened by = limsy A(S) of (8);
which is well de ned by the above considerations. We nally dene M = limgp ( (9))=s.
Then the sojourn relation is S(z;") = (y; ;M) Tg,M.M If V. 0then A(s) is o
times the geadesicdistance along

Lemma 15.3. The Legendrian SR is the (twisted) graph of the sojourn relation in the
interior of ¢ T,,(M @1 [0;hg)).

Proof. Consider a local parametrization of the LegendrianL nearrb and away from x = 0.
The LegendrianL,, = f 9= ; 9= 0g is parametrized by the phasefunction = xh, so
we can chooseour phasefunction to be of the form ( o + x° )=x’%, where = (y%z;v)
and it is non-degeneratein the sensethat

(15.7) dz.v are linearly independert; i = 1:::k wherev 2 R¥:

@
@
Then L is given locally by

L=f(x%0%z o+x% + (x9% xo; ;dyo ;d; )jdy = 0g
in coordinates (x%y%z; % ;M?% ) given by writing covectorsin the form

By (11.3), we have j jg +V = 3; henceunder the ow of h ! times the Hamilton vector
eld, (11.2)gives_= 3 V:In other wczjrds,

X_g + = 2 Vds= A(®s):
Thus (0;y%z;v) = limg; A(S) 0=x% which is the sgjourn time (when d, = 0).
Moreover, dyo = M?%=%x%where 0is the variable dual to dy®=x%h. Finally d, =

d,( o+ x° )=x° givesminus the covector " at z which is the initial condition (z; ") for the
bicharacteristic.
The boundary of the LegendrianL at W\ f 9= g s givenin thesecoordinates by

SR=f(y%z ;dy ;d, )jd, = 0g
and it is now evidert from the interpretations of , dyo and d, that this is a non-
degenerateparametrization of the sojourn relation.*?

Prop osition 15.4. The Poisson operator is a Legendrian conic pair asseiated to the Le-
gende submanifold SR and the submanifold G!; in fact,

P(h 1) 2190 D=20(M M [0;ho); (SR; G)):

Remark. The fact that the orders of P(h !) at mf and at are equalto zero re ects that
the fact that the Poissonoperator is a unitary operator mapping betweenM and the space
@1 R: with a conic (i.e. scattering) metric, as provedin [13], section9.

11The sojourn relation S actually depends on a choice of coordinates; it is invariantly de ned on a certain
ane bundle identied in [16].

121t would be more correct to say that we are “identifying' this with the sojourn relation; it is not exactly
the same as the sojourn relation as de ned in [16] since it lies in a dieren t bundle, with dieren t scalings
asx%! 0. This can be traced to the fact that the bicharacteristics in [16] tend to in nit y quadratically ,
while here they move to innit y linearly, re ecting the dieren t scalings in the two operators (propagator
vs. resolvent). The two bundles are related via the identi cation Q in (8.7).
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Proof. The kernel of the resolvent is given by a nite sum of oscillatory integrals, eact
giving a Legendredistribution assaiated to the propagating Legendrian L, plus a smooth
term vanishing at rapidly at ead boundary hypersurfaceof X2  [0; ho). Consider a single
oscillatory integral expressioninvolving a phase function parametrizing some piece of L.
There are four di erent typesof such expressionsto consider, corresponding to regions of

L which are (i) away from fx = 0g, (i) near fx = Og but away from f = —0= 0Qg,
(i) nearfx = 0; = —9= 0g and near the codimension three corner of L, (iv) near
fx=0; = %= 0g but away from the codimension three corner of L.

In region (i), the result follows directly from the proof of Lemma 15.3. The proof in
the other regionsfollows the same pattern; we needonly ched that we can choosea non-
degeneratephasefunction of the form ( o+ )=x h for (L; L1) in ead region, such that
is a non-degenerateparametrization of (SR;G!). This was explicitly noted in (4.9), which
coversregions(i) and (ii)). In the caseof region (iii), we can usea parametrization asin
(6.12); the corresponding function  aboveis ¢+ S 2+ Xz 3, using notation from (6.12).
Comparison of (6.13) and (6.7) shows that ( 0)=X1 iS a non-degeneratephasefunction
(where we needto make the transformation x, ! Xxi1;X3 ! X2;(y1;¥2) ' vi, y2 ! fg,
vo ! vi;vz ! vy to make the comparison) in the senseof (6.6). Since we know that it
parametrizes SR for x, > 0, it follows that this is a non-degenerateparametrization of
(SR;Gl). In region (iv) the result follows from the analogouscomparison of (6.15) and
(6.9).

To determine the orders, notice that we divided by the half-density factor jdr9%'=2 to
obtain the Poissonkernel. In terms of the boundary de ning functions x; for rb and x, for
bf, this is dividing by jdx; =x2x,j12. The semiclassicabrder is decreasedy 1=4accourting
for the changein total dimensionfrom N to N 1, but the ordersat bf increase by 1=4 in
view of the power x, > in jdx;=x2x,j**2. This shows that the new orders are as stated in
the proposition.

We now turn to the analysis of the scattering matrix S(h ). This is dened on f 2
C! (@) by distributionally restricting the outgoing part of x (" D=2e i o>hp(h 1)f to
@ . In terms of kernels, and taking into accourt the half-density factors, it may be con-
structed from the Poissonoperator by microlocalizing near the intersection of SR and G!,
multiplying by e ' °™ jdx=x?j 172 and restricting to x = 0.

Thus the only part of the Legendrian SR of importance for the scattering matrix is the
part in aneighbourhood of = 0, i.e. at the blowup of Z. Thuswe make a further symplectic
reduction and restrict SR to the face Y created by the blowup of fx = 0; = 0;7°= 0Og
ST (M @1 [0;hg)); let T denotethis set.

Lemma15.2tells usthat T is a Legendrian-Lagrangiansubmanifoldof S T (@ @M
[0; hg)). Thus, the contact form, which may be written

(15.8) d + MO dy°+ M dy:

in terms of blowup coordinates M = =x , M %= —C=x, vanishesat T.

Let us de ne the “total sojourn Legendrian’ inside *Tg, gy og(@1 @1 [0;hg)) as
the set consisting of points (y;y% ;M ;M9 sud that there a point (z; A) in the interior of
M with (y; ;M) =Sz, (y% M9 =S(z; Nand = 1+ ,. We canalsoexpress

asthe limit of A(s1;s2) o(1=x2 + 1=x1) wheres; ! 1 ,s;! 1 andA(s;;se) isthe
action accunulated along the bicharacteristic determined by (z; "). If there is no potential
then is given by the limit of ¢ d(z1;z2) 1=x(z1) 1=x(z) where z; goesto innit y
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along the geadesicin onedirection and z, goesto in nit y along the geadesicin the opposite
direction; this is ¢ times the original “sgourn time' de ned by Guillemin [9].

Lemma 15.5. The Legendrian T coincides with the total sojourn Legendrian.

Proof. The vector eld V,%is tangent to SR and b-normal to Y. Therefore, every point
of T is the endpoint of an integral curve of V,° lying inside SR. An arbitrary point of
T is therefore obtained from an interior point (zo; Ao;y‘l, ; 9 of SRby owing along a \,°
integral curve. This doesnot changethe values of y° or M % while (z; ") movesalong the
bicharacteristic with initial condition (zp; Ao). Thus when the bicharacteristic arrivesat Y
the y coordinate is the asymptotic direction of this bicharacteristic, while M = =x is the
asymptotic "angular coordinate'. To work out an interpretation of the variable, notice
that when we use coordinates on W given by

1 dz ody°
a5 M

then ~ has the interpretation of the sojourn time starting from (zo; AO) (seethe proof of
Lemma 15.3). Near Y we changeto variables given by

0 0
di+di+ ﬂ+_0d_y:di+di+|\/|ﬂ+|\/|od_y:

xh h xh xh xh h h h
Comparing the two sets of coordinates gives = — =x. Since = g at T, this gives
= limy o~ o=xon T. Since is the sojourn time starting from (z; '\), i.e. the limit of
A =x{ this shawvsthat at Y, = limyya o(A  0=x° (=x) is the total sojourn time

along the bicharacteristic determined by (y% M 9), or equivalertly by (y;M). This completes
the proof that T is the total sojourn relation.

Prop osition 15.6. The setT is a Legendrian-Lagrangian submanifoldofs T (@M @M
[0; ho), and the saattering matrix S(h) is a Legendrian-Lagrangian distribution on @M
@1 [0;ho) assaiated to T; indeed S(h 1) 21 =4 =4@1 @1 [0;ho);T;5¢ 7).

Proof. This follows directly from Proposition 7.5.
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