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Abstra ct. Consider a compact manifold with boundary M with a scattering metric
g or, equivalently , an asymptotically conic manifold (M � ; g). (Euclidean Rn , with a
compactly supported metric perturbation, is an example of such a space.) Let � be the
positiv e Laplacian on (M ; g), and V a smooth potential on M which decays to second
order at in�nit y. In this paper we construct the kernel of the operator (h2 � + V �
(� 0 � i 0)2 ) � 1 , at a nontrapping energy � 0 > 0, uniformly for h 2 (0; h0 ), h0 > 0 small,
within a class of Legendre distributions on manifolds with codimension three corners.
Using this we construct the kernel of the propagator, e� it (� =2+ V ) , t 2 (0; t0 ) as a
quadratic Legendre distribution. We also determine the global semiclassical structure of
the spectral pro jector, Poisson operator and scattering matrix.
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Part 1. In tro duction

1. Over view

In this paper we analyzethe structure of the semiclassicalresolvent on a classof noncom-
pact manifolds with asymptototically conic ends. The class of asymptototically conic, or
`scattering,' manifolds, intro duced by Melrose [29], consistsof those Riemannian manifolds
that can be described as the interior of a manifold M with boundary, such that in terms of
someboundary de�ning function x; we can write the metric g near @M as

g =
dx2

x4 +
k
x2

where k is a smooth 2-cotensoron M with k� @M a nondegeneratemetric on @M ; there is
no lossof generality in assumingthat k has no dx component, so that k = k(x; y; dy) [20].
In terms of r = 1=x this reads

g = dr2 + r 2k(
1
r

; y; dy)

and is thus asymptotic to the exact conic metric dr 2 + r 2k(0; y; dy) as r ! 1 . The in-
terior M � of M is thus metrically complete, with the boundary of M `at in�nit y'. An
important classof examplesis that of asymptotically Euclidean spaces,pictured in a radial
compacti�cation: here M is the unit ball, and k� Sn � 1 is the standard metric on the sphere.
More generally, collar neighborhoods of boundary components are large conic ends of the
scattering manifold.

We are concernedhere with the operator H = h2� + V , where � = � g is the Laplacian
on M with respect to the metric g, h 2 (0; h0) is a small parameter (`Planck's constant')
and V 2 x2C1 (M ) is a real potential function, smooth on M and vanishing to second
order at the boundary (hence,V is O(r � 2) and thus short-range). The bulk of this paper is
concernedwith the analysisof the semiclassicalresolvent, i.e. the operator (h2� + V � � 2

0)� 1,
for � 0 real, or more precisely the limit of this as � 0 approachesthe real axis from above or
below, denoted (h2� + V � (� 0 � i 0)2)� 1.

For � 0 non-real, the resolvent (H � � 2
0)� 1 is a relatively simple object, as H � � 2

0 is then
an elliptic operator in the `semiclassicalscattering calculus' of pseudodi�eren tial operators,
hence a parametrix, and indeed the inverse itself, lies in this calculus [29], [46]; also see
Section 10. In the limit as Im � 0 ! 0; ellipticit y, in the strengthenedsenserequired by the
scattering calculus, fails, and the resolvent becomesmore complicated. Hassell and Vasy
[13, 14] analyzedthe resolvent in this regimefor a �xed h > 0. In this paper, we analyzethe
resolvent (H � (� 0 � i 0)2)� 1 uniformly ash ! 0. Weassumethroughout that the energylevel
� 2

0 is nontrapping. That is, we assumethat every null bicharacteristic of the operator H � � 2
0

reaches the boundary @M in both directions, or equivalently , every null bicharacteristic
eventually leaves each compact set K � M � . In the caseV � 0, bicharacteristics are
simply geodesicsand the condition is that there are no trapp ed geodesics:every maximally
extendedgeodesicreachesin�nit y in both directions.

Our main result is the identi�cation of the Schwartz kernel R � of (H � (� 0 � i 0)2)� 1 as
a Legendrian distribution . We now informally describe Legendrian distributions, and how
those arising in the Schwartz kernel of R� are associated to the underlying geometry of
the problem. First, a Legendrian distribution on a manifold N with boundary is a smooth
function on the interior of N with singular, oscillatory behavior at @N: It can locally be
written as a sum of oscillatory integrals of the form

R
a(x; y; v)ei� (y ;v )=x dv where x is a

boundary de�ning function, y are variables in @N; � satis�es a nondegeneracycondition,
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and the variable v rangesover a compact set in someEuclidean space. Associated to such
a distribution (indeed, parametrized by � much as in H•ormander's theory of Lagrangian
distributions) is a Legendrianmanifold in the scattering cotangentbundle, a rescaledversion
of the cotangent bundle of N ; restricted to @N ; this bundle has a natural contact structure
(see De�nition 3.2). Legendre distributions, intro duced in [28], were generalized to the
setting of manifolds with codimension-two corners, with �b ered boundaries, by Hassell-
Vasy [13]. Herewe further generalizeto codimension-threeboundarieswith �brations; these
arise naturally as the Schwartz kernel of R � lies in the manifold with codimension-three
corners M � M � [0; h0)h ; while the �brations on the various facesarise from projection
operators on this product. Indeed, we need a further re�nement: a class of `Legendrian
conic pairs' generalizing that constructed by Melrose-Zworski [28] and Hassell-Vasy [13];
thesedistributions are associated to pairs of Legendrian manifolds, one of which is allowed
to have a conic singularity at its intersection with the other.

The manifold M � M � [0; h0) is too crude a spaceon which to describe the structure
of the resolvent kernel. In particular, the asymptotic behaviour of the kernel at the corner
@M � @M � [0; h0) will depend in a complicated way on the angle of approach. We work
on the spaceX which is obtained from M � M � [0; h0) by blowing up1 @M � @M � [0; h0).
That is, X = M 2

b � [0; h0) where M 2
b , the b-double space,intro duced in [27], is the blowup

of M 2 at (@M )2. The spaceX has four boundary hypersurfaces:the `main face' M 2
b � f 0g,

denoted mf; the left and right boundaries lb and rb, which are @M � M � [0; h0) and
M � @M � [0; h0), respectively, lifted to X ; and the boundary hypersurfacecreated by the
blowup, which we denote bf, which is a quarter-circle bundle over (@M )2 � [0; h0). (See
Figure 1 in Section 2.)

The resolvent kernel is most naturally described in two pieces, R � = K  + K 0: The
�rst of these,K  , is a semiclassicalscattering pseudodi�eren tial operator, and thus has the
samemicrolocal structure as the (true) resolvent kernel when Im � 0 6= 0. It captures the
diagonal singularity of R� in the interior of X , but not uniformly as the boundary of X is
approached.

The other piece,K 0, is Legendrian in nature; in particular, it is smooth in the interior of
X , but is oscillatory asthe boundary is approached. There are in fact three Legendriansub-
manifolds associated to K 0. The �rst is the conormal bundle at the diagonal, denotedN � � b,
re
ecting the fact that the pseudodi�eren tial part K  cannot capture the singularities at
the diagonal near its intersection with the characteristic variety �( H � � 2

0); this intersection
is nontrivial at the boundary of the diagonal, both at mf and at bf. The secondis what we
call the `propagating Legendrian' L , which is obtained by 
o wout from the intersection of
the characteristic variety and N � � b under the Hamilton vector �eld associated to H � � 2

0.
In fact, L is divided into two halves,L = L + [ L � by N � � b, and the incoming (� )/outgoing
(+) resolvent R� is singular only at L � . The geometry of (N � � b; L � ) is that of a pair of
cleanly intersecting Legendresubmanifolds,and K 0

� microlocally lies in a calculus of `inter-
secting Legendredistribution' associated to this pair, analogousto the classof intersecting
Lagrangian distributions of Melroseand Uhlmann [25]. The propagating LegendrianL turns
out to have conic singularities at bf, and another Legendrian, L ]

2, appears, to `carry o� ' the
singularities at the conic intersection. This latter Legendrian consists of those points in
phasespaceover bf which point in pure outgoing/incoming directions in both variables. We
thus state our �rst main theorem as follows (relevant classesof Legendriandistributions are

1This operation amounts analytically to the intro duction of polar coordinates in the transv erse coordi-
nates, or geometrically to the intro duction of a new boundary hypersurface replacing the corner; see[24] or
x6 for details.
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de�ned below in x4{x8, while the particular Legendrian manifolds referred to are discussed
in x11; also here and below h lies in someinterval (0; h0] with h0 su�cien tly small).

Theorem 1.1. The semiclassical outgoing resolvent kernel R+ , multiplied by the density
factor jdhj1=2, is the sum of a semiclassical pseudodi�er ential operator of order (� 2; 0; 0),
an intersecting Legendre distribution associated to the diagonal Legendrian N � � b and the
propagating Legendrian L + ; and a conic Legendrian pair associated to L + and the outgoing
Legendrian L ]

2. The orders of the Legendrians are 3=4 at N � � b, 1=4 at L + , (2n � 3)=4 at
L ]

2, � 1=4 at bf, and (2n � 1)=4 at lb and rb.

This is rather similar in nature to the main result of [13]. The main di�erence is that in
[13] only propagation inside bf neededto be considered;this is closely related to geodesic

o w `at in�nit y', and only involvesexact conic geometry. Here, by contrast (and in the case
V � 0) the geodesic 
o w over the entire manifold M is relevant.

From Theorem 1.1 we can obtain analogousresults for other fundamental operators in
scattering theory, including the spectral projections, Poissonoperator and scattering ma-
trix, since their kernels can be obtained from the resolvent in a straightforward way. The
simplest one is the spectral measuredE(h� 2) which is 1=2� i times the di�erence between
the incoming and outgoing resolvents. In taking this di�erence the diagonal singularity
disappearsand we obtain, in the notation of Section 6.5,

Corollary 1.2. The spectral measure dE(h� 2) times jdh=h2j � 1=2 is for h 2 [0; h0) an
intersecting Legendre distribution associated to the conic pair (L; L ]

2):

dE(h� 2) 
 jdh=h2j � 1=2 2 I 1=4;n= 2� 3=4;n= 2� 1=4;� 1=4((L; L ]
2); X ; s� 


1
2 ):

This generalizesresults (in the globally nontrapping setting) of Vainberg [43] and Alexan-
drova [3].

The Poisson operator P(h� 1), as de�ned in [28], takes a function f on the boundary
@M and maps it to that generalizedeigenfunction with eigenvalue h� 2 with outgoing data
f . It can be obtained from the resolvent kernel by restriction to rb after the removal of
an oscillatory factor. The LegendriansL and L ]

2 themselves have `boundary values' at rb,
which are denoted SR and G] respectively. Here SR stands for `sojourn relation'; it is the
twisted graph of a contact transformation identi�ed in [16], and is related to the sojourn
time of Guillemin [9] (seeSection 2.3 for further discussion).

Corollary 1.3. The Poisson kernel P(h� 1), times jdh=h2j1=2, is a Legendre distribution
associated to the conic pair (SR; G] ) of order (0; (n � 1)=2;0).

The scattering matrix S(h� 1) is, in turn, obtained by restricting the kernel of P(h� 1)
to the boundary, now at rb \ bf, although the limit here is more subtle, compared to that
for the Poissonoperator, as it only makessensedistributionally|this wasexplained in [28].
The sojourn relation SR has a `boundary value' at bf which we denote T and call the `total
sojourn relation.' We obtain a global characterization of the S-matrix as an oscillatory
function. It has two kinds of behavior: for �xed h > 0 it was shown by Melrose-Zworski
to be a Fourier integral operator on @M ; i.e. a Lagrangian distribution on @M � @M : On
the other hand, away from thesesingularities, it has been shown by Alexandrova to be a
semiclassicalFIO [1], [2]. Our structure theorem is that the semiclassicalscattering matrix
globally lies in a calculus of `Legendrian-Lagrangian' distributions (de�ned in Section 8)
that combine thesetwo di�eren t behaviors.

Theorem 1.4. The scattering matrix S(h� 1), times jdh=h2j1=2, is a Legendrian-Lagrangian
distribution of order (� 1=4; � 1=4) associated to the total sojourn relation T.
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In a prior paper, the authors constructed a partial parametrix for the Schr•odinger prop-
agator on nontrapping scattering manifolds; this parametrix was valid in regionswhere one
variable may range out to @M (i.e. out to `in�nit y') but the other is restricted to lie in a
compact set in M � : Here, by integrating over the spectrum and using Corollary 1.2, we are
able to extend our description of the Schr•odinger propagator to a global one. To state the
theorem, we note that, basede.g. on the form of the free propagator (2� it ) � n= 2ei j z� z0j 2 =2t

on Rn , we expect the propagator to be Legendrian, with semiclassicalparameter t, but
with quadratic oscillations at spatial in�nit y. We de�ne such a classof quadratic scattering-
�bred Legendre distributions. Corresponding to the Legendre submanifolds L , L ]

2 intro-
duced earlier are quadratic Legendre submanifolds Q(L ), Q(L ]

2) (seeSection 8). Instead
of the semiclassicalnontrapping hypothesisat a �xed energy level, we now needto assume
that geodesics(that is to say, bicharacteristics with V = 0) are non-trapped: V is no longer
relevant. Our result is

Theorem 1.5. The Schr•odinger propagator e� it (� =2+ V ) is for 0 < t < t0 < 1 a quadratic
Legendre distribution associated to the conic pair ( ~L; ~G]

2):

(1.1) e� it ((1 =2)�+ V ) 2 I 3=4;n= 2+1 =4;1=4;� n= 2+1 =4(M 2
b � [0; t0); (Q(L ); Q(L ]

2)); qs� 

1
2 ):

The resolvent construction described here is a direct generalization of work of Hassell-
Vasy [13, 14] on the �xed-energy resolvent. This work was in turn motivated by the paper
[28] of Melrose-Zworski on the Poissonoperator and scattering matrix for scattering metrics.
All theseworks are ultimately basedon the original paper of Melrose[29]. The construction
is also related to the parametrix construction of Isozaki-Kitada [19], which is valid in the
outgoing region.

Our results on the scattering matrix have many antecedents. The description of the
behavior of the scattering matrix in the semiclassicalregime, away from singularities of
the kernel (which occur at the diagonal in Rn with the usual normalizations) originates
with Majda [23] for the caseof obstaclesand for compactly-supported metric perturbations
of Rn by Guillemin [9]. The semiclassicallimit on Rn with potential has been studied by
Protas [32], Vainberg [42], Yajima [47], Robert-Tamura [33], and Alexandrova [1], in varying
degreesof generality. (See[1] for a clear summary of this literature.)

Numerousauthors havestudied the structure of the Schr•odingerkernelon 
at space(with
a potential). In this setting parametrices have been constructed by Fujiwara [8], Zelditch
[49], Tr�eves [41] and Yajima [48]. For a compactly-supported nontrapping perturbation,
Kapitanski-Safarov [22] haveconstructed a parametrix modulo C1 (Rn ); but without control
over asymptotics at in�nit y. More recently , Tataru [39] has completed a construction of
a frequency-localized outgoing parametrix, valid for C2 time-dependent coe�cien ts that
are only rather weakly asymptotically 
at; this construction, while not giving a global
description of the Schwartz kernel, su�ces for obtaining global-in-time Strichartz estimates.

The paper is divided into four parts. In the following section we give some heuristic
motivation for our geometric approach, particularly for the choice of the spaceX and the
`scattering �bred structure' on it. The fundamental mathematical objects involved in this
structure, namely the Lie algebra of vector �elds, scattering-�bred tangent and cotangent
bundles,and contact structures at the boundary, are intro ducedmore formally in Section3.

In Part 2, wegive the de�nitions of Legendredistributions of various sorts. Unfortunately ,
although this follows a well-worn path (via [17], [29], [28], [13] and [14]), there is little we
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can use directly from previous literature, since we need to generalize to manifolds with
codimension three corners,so this part is rather long and technical. Each section follows a
similar template: we de�ne the relevant Legendresubmanifolds,explain how to parametrize
them, show that parametrizations always exist and the equivalence of parametrizations,
de�ne Legendredistributions and give a symbol calculus. The reader should perhaps skip
this part on a �rst reading and return to it as needed.

In Part 3, we construct the semiclassicalresolvent, thereby proving Theorem 1.1, using
the machinery from part 2, following [14] rather closely.

In Part 4, we prove Corollary 1.2, Theorem 1.5, Corollary 1.3 and Theorem 1.4.
Acknowledgements.Wethank Andr�asVasyand NicolasBurq for illuminating discussions;

we are grateful to Vasy for allowing someof the fruits of his joint work [15] with A.H. to
appear here. This research wassupported in part by a Fellowship, a Linkageand a Discovery
grant from the Australian Research Council (A.H.) and by NSF grants DMS-0100501and
DMS-0401323(J.W.).

2. Geometric motiv ation

Before getting into details we make some additional motivational remarks about the
geometric ingredients of this paper.

2.1. The space X . In the Overview we intro duced the spaceX , which is the blowup of
M � M � [0; h0) at the corner @M � @M � [0; h0), or in other words, X = M 2

b � [0; h0). The
spaceM 2

b has boundary hypersurfaceslb = @M � M (the left boundary), rb = M � @M
(the right boundary) and the blowup facebf (the `b-face'), which is a quarter-circle bundle
over (@M )2. The boundary hypersurfacesof X are then bf � [0; h0); lb � [0; h0); rb � [0; h0)
and M 2

b � f 0g. We shall denote thesehypersurfaces(by abuseof notation) bf; lb; rb and mf.
The diagonal in X is the submanifold � b � [0; h0), where � b � M 2

b is the lift of the diagonal
in M 2 to M 2

b . In a further abuseof notation we shall denote � b � f 0g � X simply by � b.
SeeFigure 1.

A total boundary de�ning function for a manifold with cornersis, by de�nition, a product
of de�ning functions for each boundary hypersurface.The total boundary de�ning function
for X can be taken to be x = h� , where � , a total boundary de�ning function for M 2

b , is
given by � � 2 = x � 2 + (x0)� 2. Here x is a boundary de�ning function for M , lifted to M 2

by the left projection and then to M 2
b by the blowdown map, while x0 is the sameboundary

de�ning function on M lifted via the right projection.
In this subsectionwe give somemotivation for the choice of X as the spaceon which to

analyzethe kernel of the resolvent (H � (� 2
0 � i 0)) � 1. We �rst point out that it allows us to

decouplethe diagonal singularities from the long-rangebehaviour far from the diagonal, i.e.
the lack of decay in the kernel at spatial in�nit y (at bf, lb and rb) and ash ! 0. Indeed, on
X the diagonal is separatedfrom lb and rb, while it meetsbf transversally. This allows us to
solve for the resolvent kernel by �rst determining the conormal singularity at the diagonal
using standard pseudodi�eren tial techniques,and then solving away the remaining error as
a separatestep.

Consider the free semiclassicalresolvent kernel on Rn , say for n = 3,

1
4� h2

ei� 0 j z� z0j =h

jz � z0j
:

Let us ignore the diagonal singularity in the remainder of this section, in view of the remarks
above, for example by multiplying by a function on X that vanishesin a neighbourhood
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h

x

x'

mflb

rb

bf

diagonal

Figure 1. The spaceX ; in this �gure dimensionsin the direction of @M ,
in either factor, are not shown.

of � b. Considered as a function on X , the resulting kernel is the product of a function
conormal at the boundary of X , times an explicit oscillatory factor ei� 0 j z� z0j =h . Here,
`conormal at the boundary' meansthat the function has stable regularity, i.e. remains in a
some�xed weighted Sobolev space,under repeated application of vector �elds tangent to
each boundary face. This would not be true if the corner were not blown up, i.e. jz � z0j � 1

(or even a smooth nonvanishing function of z � z0) is not conormal at the boundary on the
spaceM 2 � [0; h0): In this sensethe singularities of the resolvent kernel at the boundary
(and away from the diagonal) are `resolved' when lifted to the blowup spaceX .

More crucially, the blowup is neededso that we can analyze the resolvent kernel as a
Legendre distribution at spatial in�nit y. A Legendre distribution of the simplest sort is
given by an oscillatory function

ei � =x a

wherex is the total boundary de�ning function for X asabove and a is conormal on X . The
phasefunction � should be smooth (and have certain properties with respect to �brations
at the boundary|see the following subsection,and Section 4.2). The function � = �( z; z0)
is given, loosely speaking (and for V � 0), by the geodesic distance between z and z0, at
least in the region where this is smooth; thus we want a compacti�cation of (M � )2 where
xd(z; z0) is a smooth function up to the boundary (at least in this region, and away from
the diagonal). The b-double spaceM 2

b has this property [12], and the blowup is essential
here.

2.2. Scattering-�bred structure. The spaceX comesequipped with �brations on its
boundary hypersurfaces,and a corresponding Lie algebra of vector �elds, which dictate the
type of Legendredistributions we expect to �nd comprising the semiclassicalresolvent. This
is dealt with in detail in Section 3, but we give an informal motivation here. We begin by
noting the vector �elds out of which our operator is built. Near the boundary of M , the
vector �elds of unit length with respect to our metric g are C1 (M )-linear combinations of
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the vector �elds
x2@x and x@y i :

(Note that in polar coordinates on Euclidean space,@r = � x2@x and @! =r = x@! are of
approximately unit length asr ! 1 .) Thesevector �elds generatethe scattering Lie algebra
of vector �elds intro duced by Melrose [29]. In the semiclassicalsetting, we multiply each
derivative by h, so we can think of our operator H = h2� (acting in either the left or the
right set of variables) as being `built' out of the vector �elds

hx2@x ; hx@y i ; h(x0)2@x 0; hx0@y 0
i

where the left set of variables is indicated without, and the right set with, a prime.
Motiv ated by the program proposedby Melrose[26], we should add onemore vector �eld

to this set in order to obtain N = dim X vector �elds, so that it can generate a vector
bundle which can be taken to replacethe tangent bundle of X . It is not obvious what this
extra vector �eld should be, but in hindsight we can observe that the vector �eld

h(x@x + x0@x 0 � h@h )

�ts the bill. In fact, on Euclidean space,the self-adjoint operator corresponding to this is

� ih
�
r@r + r 0@r 0 + h@h + n)

and this annihilates the semiclassicalresolvent kernel on Rn (this follows immediately from
the fact that it is h� n times a function of (z � z0)=h).

We now have a set of vector �elds generating a Lie algebra, and we can expect that
the semiclassical resolventhas �xed regularity under the repeated application of thesevector
�elds (away from the diagonal); this meansthat it remains in some�xed weighted Sobolev
spacethroughout. At mf � X , i.e. at the interior of the h = 0 face, we obtain from these
vector �elds all the scattering vector �elds, i.e. those of the form

h2@h ; h@z i ; h@z0
j

where we usez = (z1; : : : ; zn ) as a local coordinate on M � , here and throughout this paper.
Thus the resolvent can be expected to be Legendre at the interior of mf (equivalently , a
semiclassicalLagrangian distribution). At the other boundary hypersurfaces,the situation
is a little di�eren t. Our vector �elds do not vanish at bf, lb or rb; rather they are tangent
to the leavesof a �bration on each of these boundaries. At bf, all the vector �elds vanish
except the last one intro duced above, which restricts to h2@h at bf. At rb, the vector �elds
h(x0)2@x 0 and hx0@y 0

j
vanish, but the others restrict to h@z i and h(x@x � h@h ), which do not.

Thesestatements can be rephrasedby saying that on bf, the vector �elds are constrained to
be tangent to the leavesof the �bration that projects o� the h factor, while at rb the vector
�elds areconstrainedto be tangent to the leavesof the �bration rb = M � @M � [0; h0) ! @M
which projects to the secondfactor. We �nally end up with a characterization of our vector
�elds in terms of theseboundary �brations and the total boundary de�ning function x (see
De�nition 3.3, and alsoExample 3.8). Our ansatz in this paper|justi�e d by Theorem 1.1|
is that the semiclassical resolvent is Legendrian with respect to this Lie algebra structure,
which we call the scattering-�bred structure, on X .

2.3. Sojourn relations. The sojourn time was intro duced by Guillemin [9], motivated
by a result of Majda [23], in connection with metric or obstacle scattering on Rn . Let 

be a geodesic with asymptotic incoming direction y and asymptotic outgoing direction y0,
(y; y0 2 Sn � 1), and supposethat it is nondegenerate,meaningthat locally it is the only such
geodesic(in a quantitativ e sense,so that the corresponding Jacobian is nonzero). Guillemin
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de�ned the sojourn time T(y; y0) to be the limit l (R) � 2R where l(R) is the length of the
part of the geodesiclying inside B (R; 0). He then showed that the scattering matrix locally
took the form

(2.1) S(�; y; y0) = � (y; y0)� 1=2� (n � 1)=2ei�T (y ;y 0) + O(� (n � 3)=2)

(or a sumof such terms if there are �nitely many such geodesics)where� is a Jacobianfactor.
This hasbeengeneralizedby Alexandrova, who removed the nondegeneracyassumptionand
proved that the scattering matrix is a semiclassicalFourier integral operator away from the
diagonal. The Lagrangian to which the scattering matrix is associated, which Alexandrova
calls the scattering relation, is parametrized by Guillemin's sojourn time whenever it is
projectable, i.e. whenever (y; y0) locally form coordinates on it. Thus, the sojourn time is
better thought of as a Lagrangian submanifold rather than as a function.

In our Corollary 1.3 and Theorem 1.4 we seethe sojourn time show up naturally , in two
di�eren t guises.For simplicit y weexplain this in the caseof zeropotential. First we consider
a geodesicemanating from a point (z; �̂ ) in the cospherebundle of M � . By the nontrapping
assumption, this geodesic
 (s) tends to in�nit y as s ! 1 , and it doesso in such away that
the limit

� = lim
s!1

s � r (
 (s))

exists, where s is arc-length along the geodesic and r = 1=x is the radial coordinate. In
[16] we showed that there is a contact transformation, which we called the sojourn relation,
taking the point (z; �̂ ) 2 S� M � to (y0

0; � ; � ), where y0
0 is the asymptotic direction of 
 as

s ! 1 and � is the limiting value of s� 2dy0=ds as s ! 1 . The image point (y0
0; � ; � ) can

be taken to lie in the boundary of the scattering cotangent bundle2 (see De�nition 3.2).
We show in Corollary 1.3 that the Poissonoperator is a Legendredistribution associated
to a Legendre submanifold SR which is the twisted graph of the sojourn relation. Just
as the Poissonoperator is a boundary value of the resolvent kernel (divided by eir 0=h ), so
the sojourn relation appearsas the `boundary value' of the Legendrian L associated to the
resolvent (seeSection 15). The function � appears as the boundary value of  � r 0 where
 is the function parametrizing L , with the renormalizing term r 0 coming directly from the
removal of the oscillatory factor eir 0=h . Moreover, whenever (z; y0) locally form coordinates
on SR, the function � (z; y0) locally parametrizesSR.

When the point z itself tends to in�nit y, say z = 
 (s0) along a �xed geodesic 
 , with
s0 ! �1 , the coordinate � itself divergesas 1=r and we can take a limit

� = lim
s0!1

� � s0 = lim
s;s 0!1

s � s0 � r (
 (s)) � r (
 (s0))

which is precisely Guillemin's sojourn time. We obtain the kernel of the scattering matrix
as a boundary value of the Poissonoperator, divided by eir =h , and in doing so, we �nd the
total sojourn relation T appearing as the `boundary value' of the sojourn relation, with the
sojourn time � as the (renormalized) limit of � . Whenever (y; y0) locally form coordinates
on T (the nondegeneracycondition of Guillemin) then � (y; y0) locally parametrizesT, and
we recover the description (2.1) of the scattering matrix.

Our Theorem 1.4 improves upon results already in the literature in two ways. First,
we treat (nontrapping) asymptotically conic, rather than 
at, metrics, and second it is
completely global. In particular, we do not needto localize away from the geodesicswhich
are uniformly close to in�nit y (corresponding to the localization away from the diagonal
in Alexandrova's result). Indeed it is this limiting regime which provides the transition

2To be completely invariant it should be though t of as lying in an a�ne bundle identi�ed in [16].
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between the Legendre(or semiclassicalLagrangian) behaviour of the scattering matrix in
the limit h ! 0 and the Lagrangian behaviour of the scattering matrix for �xed h asproved
by Melrose-Zworski [28], since the latter is related to the geodesics`at in�nit y'. Our class
of Legendrian-Lagrangian distributions uni�es these two regimes into a single microlocal
object.

3. Scattering-fibred str ucture

In this section we shall de�ne the scattering-�bred structure on manifolds with corners.
Although we only needthe caseof manifolds with cornersof codimensionat most three, this
structure can be de�ned on manifold with corners of arbitrary codimension, and there is
someconceptual gain in considering the generalcase.So we shall give the basic de�nitions
for cornersof arbitrary codimension,but rapidly specializeto the caseof codimension three
cornersfor most of the exposition. The basicde�nitions are basedon unpublished work [15]
by the �rst-named author and Andr�as Vasy, and we thank him for permission to use this
material. Note that the caseof corners of codimension two has beenexplicitly worked out
in [13]. To begin, we review the scattering structure on a manifold with boundary.

3.1. Scattering structures. Let X be an n-dimensional manifold with boundary, and let
x denote a boundary de�ning function on X . Denote by Vb (X ) the Lie algebra of vector
�elds on X tangent to @X :

De�nition 3.1. The Lie algebra of scattering vector �elds Vsc is de�ned by

(3.1) Vsc(X ) = xVb (X ); i.e. V 2 Vsc(X ) i� V = xW for someW 2 Vb (X ):

It is easy to verify that if y are coordinates in @X ; extended to a collar neighbourhood
of the boundary, we may write a scattering vector �eld locally near the boundary as a
C1 (X )-linear combination of x2@x and x@y i , whilst away from the boundary a scattering
vector �eld is simply a smooth vector �eld. It follows that Vsc(X ) is the spaceof sections
of a vector bundle over X .

De�nition 3.2. We de�ne Tsc (X ), the scattering tangent bundle over X , to be the vector
bundle of which Vsc(X ) is the spaceof sections;explicitly , the �bre Tsc

p(X ) at p 2 X is given
by Vsc(X )=Ip � Vsc(X ), where I p(Vsc(X )) is the set of vector �elds of the form f V , where
f 2 C1 (X ) vanishesat p and V 2 Vsc(X ). We de�ne scT � (X ), the scattering cotangent
bundle over X , to be the dual vector bundle to Tsc (X ).

Locally near the boundary, the scattering cotangent spaceis spanned by the sections
d(1=x) = � dx=x2 and dyi =x. Thus any point in scT � X can be written

� d
� 1

x

�
+

X

i

� i
dyi

x

and this de�nes linear coordinates (� ; � i ) on each �bre of scT � X . In thesecoordinates, the
natural symplectic form on scT � X takesthe form

! = d� d
� 1

x

�
+

X

i

d
� � i

x

�
dyi :

There is a natural structure on scT �
@X X de�ned by contracting the symplectic form with

x2@x and restricting to the boundary, taking the form

d� �
X

i

� i dyi
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in thesecoordinates.
Further details about scattering structures, and in particular of the \scattering algebra"

of pseudodi�eren tial operators that microlocalize the scattering vector �elds, can be found
in [29].

3.2. Scattering-�bred structures on manifolds with corners. Let X be a compact
manifold with cornersof codimension d.

De�nition 3.3. A scattering-�bred structure on X consistsof
(a) an ordering of the boundary hypersurfacesf H 1; H2; : : : ; Hdg of M , where we allow

H i to be disconnected, i.e. to be a union of a disjoint collection of connected boundary
hypersurfaces;

(b) �brations � H i : H i ! Z i , 1 6 i 6 d, to a compact manifold Z i with corners of
codimension i � 1, and

(c) a total boundary de�ning function x (that is, a product of boundary de�ning func-
tions

Q
i � i where � i is a boundary de�ning function for H i ) which is distinguished up to

multiplication by positive C1 functions which are constant on the �bres of @X .
The �brations � i are assumedto satisfy the following conditions:
(i) if i < j , then H i \ H j is transverseto the �bres of � i , and thus � i is a �bration from

H i \ H j to Z i , and
(ii) H i \ H j is a union of �bres of � j and thus � j is a �bration from H i \ H j to @i Z j �

� j (H i \ H j ), where @i Z j is a boundary hypersurfaceof Z j . In addition,
(iii) there is a �bration � ij : @i Z j ! Z i such that when restricted to H i \ H j , � i = � ij � � j ;

in other words, there is a commutativ e diagram

(3.2)

H i H i \ H j H j

Z i @i Z j Z j

?

� i

� inc -inc

?

� j

	

� i

?

� j

�
� ij

-
inc

:

In this paper, we shall always assumethe following additional condition:
(iv) The manifold Zd coincideswith Hd and the �bration � d is the identit y map.
The hypersurfaceHd will often be denoted mf (for `main face').

We have a local model for this structure. Let p 2 M be a point on the codimension d
corner of M .

Prop osition 3.4. Near p there are local coordinates x1; : : : ; xd; y1; : : : ; yd where x i > 0 is
a boundary de�ning function for H i and yi lies in a neighbourhood of zero in Rdi , such that
p = (0; : : : ; 0), and there are coordinates (x1; : : : ; x i � 1; y1; : : : ; yi ) on Z i near � i (p) suchthat,
locally, each � i takes the form

(3.3) (x1; : : : ; x i � 1; x i +1 ; : : : ; xd; y1; : : : ; yd) 7! (x1; : : : ; x i � 1; y1; : : : ; yi ):

Moreover, the coordinates can be chosenso that x i is constant on the �br es of H j for j > i ,
and

Q
i x i = x.

Proof. We begin by choosing coordinates on the Z i , in a neighbourhood of � i (p). We start
with coordinates y1 for Z1, where y1 lies in a neighbourhood of 0 in Rk1 and y1(� i (p)) = 0.
Using the implicit function theorem, we may choosecoordinates (y1; y2) on @1Z2 so that the



12 ANDREW HASSELL AND JARED WUNSCH

projection from @1Z2 to Z1 takesthe form (y1; y2) ! y1. We choosean arbitrary boundary
de�ning function x1 for Z2 and extend the coordinates (y1; y2) to a neighbourhood of @1Z2,
and in this way have coordinates x1; y1; y2 on a neighbourhood of � 2(p) in Z2. Inductiv ely,
given coordinates (x1; : : : ; x j � 1; y1; : : : yj ) near � j (p) in Z j , we choosecoordinates on @j Z j +1

of the form (x1; : : : ; x j � 1; y1; : : : yj ; yj +1 ) so that the projection from @j Z j +1 to Z j is the
coordinate projection o� yj +1 . We then choosean arbitrary boundary de�ning function for
@j Z j +1 and extend the coordinates from the boundary into the interior, and in this way
have coordinates on a neighbourhood of � j +1 (p) in Z j +1 .

We can lift the coordinates from Z i to H i by the �bration � i in a neighbourhood of
p. Thus x j and yj are de�ned on the union of H j ; : : : ; Hd. These functions agree on
intersectionsH j \ H k due to the way they are de�ned on Z i and due to the commutativit y
of the diagram (3.2). Hence they extend to smooth functions on a neighbourhood of p.
Finally we de�ne xd = x=(x1 : : : xd� 1) and all conditions are satis�ed.

�

Thus, in the codimension three case,there are local coordinates near the corner in which
the �brations take the form

(3.4)

� 1 : (x2; x3; y1; y2; y3) 7! y1

� 2 : (x1; x3; y1; y2; y3) 7! (x1; y1; y2)

id = � 3 : (x1; x2; y1; y2; y3) 7! (x1; x2; y1; y2; y3)

We proceedto give the main example of the scattering-�bred structure for the purposesof
this paper.

Example 3.5. Let Y be a scattering-�bred manifold with codimension 2 corners. Thus
Y has two boundary hypersurfacesK 1 and K 2 with boundary de�ning functions x1; x2

together with �brations  i : K i ! Z i ; moreover, Z2 = K 2 and  2 is the identit y, while Z1

is a manifold without boundary and the �bres of  1 are transverseto the boundary.
Then the spaceX = Y � [0; � )x 3 is, in a natural way, a scattering-�bred manifold with

codimension 3 corners. The boundary hypersurfacesare now H 1 = K 1 � [0; � ), H2 =
K 2 � [0; � ) and H3 = mf = Y � f 0g. The structure is speci�ed as follows: a distinguished
boundary de�ning function is given by �x 3 where � is a distinguished boundary de�ning
function for Y ; the basesof the �brations are given by Z1 and Z2 and Z3 = Y ; and the
�brations are given by

(3.5)

� 1 : K 1 � [0; � ) ! Z1 =  1 � � 1

� 2 : K 2 � [0; � ) ! Z2 = � 2;

� 3 = id

where � i : K i � [0; � ) ! K i is projection onto the �rst factor. It is easily checked that this
satis�es all conditions of a scattering-�bred structure on X .

(We remark that we are ignoring the fact that X is noncompact, contrary to the above
de�nition; this is harmless since we will in practice only be concerned with compactly
supported distributions on X ; supported in say x3 6 �=2.)

A special caseof this is of courseY = M 2
b , the b-doublespaceof a manifold with boundary

M ; we have discussedthis spacealready in Section 2. In this case,H 1 = lb [ rb, H2 = bf
and H3 = mf. Let us further consider the boundary �bration structure in this case. The
�brations are given by the identit y on mf, by the projection o� the h factor on bf, and by
the projection to @M on lb and rb.
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Consider a point on the codimension three face bf \ rb \ mf, which is naturally di�eo-
morphic to (@M )2. Recall that the total boundary de�ning function � for M 2

b is given by
� = (x � 2 + (x0)� 2)� 1=2 where x is a boundary de�ning function for M lifted via the left
projection, and x0 is the lift of the sameboundary de�ning function via the right projection.
Local coordinates near this point are x1 = �=x , x2 = x, x3 = h, y1 = y0, y2 = y. (Notice
that x1 = x0=x(1 + (x0=x)2)� 1=2 is equivalent to x0=x for x0=x small.) Then the �brations
take the form

� 1 : (x; h; y0; y) 7! y0 on rb;

� 2 : (x1; h; y0; y) 7! (x1; y0; y) on bf;

� 3 : (x1; x; y0; y) 7! (x1; x; y0; y) on mf :

Moreover, the product of the three boundary de�ning functions satis�es

x1 � x � h = x;

so thesecoordinates satisfy the conditions of Proposition 3.4.

3.3. Scattering-�bred tangen t and cotangen t bundles. We return brie
y to the case
of cornersof arbitrary codimension.

De�nition 3.6. The spaceC1
� (X ) is the spaceof C1 functions f on X which are constant

on the �bres of �.

It is not hard to check that changing the total boundary de�ning function x to f x, where
f 2 C1

� (X ) > 0, leads to the samescattering-�bred structure. Hencethe total boundary
de�ning function is distinguished up to multiplication by elements of C1

� (X ).

De�nition 3.7. The Lie algebra of scattering-�bred vector �elds Vs� is de�ned by

(3.6) V 2 Vs� (X ) i� V 2 Vb (X ); V (x) = O(x2) and V (f ) = O(x) for all f 2 C1
� (X ):

Here we recall that Vb (X ) is the Lie algebraof smooth vector �elds on X which are tangent
to each boundary hypersurface. We remark that the condition V(f ) = O(x) is equivalent
to V jH i being tangent to the �bres of � i .

It is easyto check that this is a Lie algebra. For if V; W 2 Vs� (X ) then V (W x) = V (x2g)
for somesmooth g, and this is O(x2) since V is a b-vector �eld. Thus [V; W ]x = V W x �
W V x = O(x2). Similarly, if V (f ) = O(x) and W (f ) = O(x) then [V; W ]f = O(x). It is
equally clear that Vs� (X ) is invariant under multiplication by smooth functions on X , and
thus can be localized in any open set.

Using coordinates as in Proposition 3.4, it may be checked that the Lie algebra Vs� (X )
is the C1 (X )-span of the vector �elds

(3.7)

(x1x2x3 : : : xd)x1@x 1 ; (x1x2x3 : : : xd)@y1 ;

(x2x3 : : : xd)(x1@x 1 � x2@x 2 ); (x2x3 : : : xd)@y2 ;

(x3 : : : xd)(x2@x 2 � x3@x 3 ); (x3 : : : xd)@y3 ;

...
...

xd(xd� 1@x d � 1 � xd@x d ); xd@yd
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(where we write @y i for the ki -tuple of vector �elds @y j
i
, 1 6 j 6 ki , if dim yi = ki ). Thus,

in the codimension three case,any vector �eld in Vs� (X ) is a linear combination of

(3.8)

(x1x2x3)x1@x 1 ; (x1x2x3)@y1 ;

x2x3(x1@x 1 � x2@x 2 ); (x2x3)@y2 ;

x3(x2@x 2 � x3@x 3 ); x3@y3 :

Therefore, locally near any point in X , the vector �elds in Vs� (X ) are arbitrary linear
combinations (over C1 (X )) of N = dim X vector �elds. It follows that Vs� (X ) is the space
of sectionsof a vector bundle over X .

Example 3.8. At the corner bf \ rb \ mf of the spaceX from Section2, we have x1 = x0=x,
x2 = x, x3 = h, y0 = y1, y = y2; in thesecoordinates, we have

(3.9)

h(x0)2@x 0 = (x1x2x3)x1@x 1

hx2@x = x2x3(x1@x 1 � x2@x 2 )

h(x@x + x0@x 0 � h@h ) = x3(x2@x 2 � x3@x 3 )

hx0@y 0 = (x1x2x3)@y1

hx@y = x2x3@y2

so the vector �elds arising in the discussionof Section2.2 generatethe scattering-�bred Lie
algebra.

De�nition 3.9. We de�ne s� T(X ), the scattering-�br ed tangent bundle over X , to be the
vector bundle of which Vs� (X ) is the spaceof sections;explicitly , the �bre s� Tp(X ) at p 2 X
is given by Vs� (X )=Ip � Vs� (X ), where I p(Vs� (X )) is the set of vector �elds of the form f V ,
where f 2 C1 (X ) vanishesat p and V 2 Vs� (X ). We de�ne s� T � (X ), the scattering-�br ed
cotangent bundle over X , to be the dual vector bundle to s� T(X ).

We de�ne s� Di� (X ) to be the ring of di�eren tial operators generatedby Vs� (X ) over
C1 (X ).

The vector bundle s� T � X is spannedby one-formsof the form d(f =x) wheref 2 C1
� (M ).

To seethe dualit y between scattering-�bred vector �elds and di�eren tials d(f =x) for f 2
C1

� (X ), �rst observe that there is a pairing betweenscattering-�bred vector �elds and such
di�eren tials for each p 2 X given by

(3.10)
�

d
�

f
x

�
; V

�

p
= V

�
f
x

�
(p):

This is �nite for every p 2 X since V (f ) = O(x) and V (x) = O(x 2). In the codimension
three case,choosing f equal to

(3.11)
yj

1; x1yj
2; x1x2yj

3;

1; x1; x1x2;

in turn, and pairing with the vector �elds in (3.8) gives a non-degeneratematrix. Thus,
we can identify the dual spaceof Vs� p(X ), the scattering-�bred cotangent bundle at p,
s� T �

p(X ), as

(3.12) s� T �
p(X ) =

�
d
� f

x

�
j f 2 C1

� (X )
	

= � p

where � p is the equivalencerelation of yielding the samepairing (3.10) at the point p.
The dual basis to the vector �elds (3.8) is

(3.13) d
� 1

x1x2x3

�
; d

� 1
x2x3

�
; d

� 1
x3

�
;

dy1

x1x2x3
;

dy2

x2x3
;

dy3

x3
:
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Here dyi is shorthand for a ki -vector of 1-forms, if yi 2 Rk1 . Any element of s� T � X may
therefore be written uniquely as

(3.14) � 1d
� 1

x1x2x3

�
+ � 2d

� 1
x2x3

�
+ � 3d

� 1
x3

�
+ � 1 �

dy1

x1x2x3
+ � 2 �

dy2

x2x3
+ � 3 �

dy3

x3
:

The function � 1, regarded as a linear form on the �bres of s� T � X , can be identi�ed with
the vector �eld (x1x2x3)x1@x 1 , and similarly for the other �bre coordinates. The same
expressioncan be viewed as the canonicalone-form on s� T � X . Taking d of (3.14) therefore
givesthe symplectic form on s� T � X .

There is an alternativ e basis which is sometimesmore convenient; instead of (3.13) we
usethe basis

(3.15) d
� 1

x1x2x3

�
;

dx1

x1x2x3
;

dx2

x2x3
;

dy1

x1x2x3
;

dy2

x2x3
;

dy3

x3
:

Using this basis,we can write any q 2 s� T � X locally in the form

(3.16) q = � 1d
� 1

x1x2x3

�
+ � 2

dx1

x1x2x3
+ � 3

dx2

x2x3
+ � 1

dy1

x1x2x3
+ � 2

dy2

x2x3
+ � 3

dy3

x3
:

Theseare related to the � i by

(3.17)

� 1 = � 1 + x1� 2 + x1x2� 3

� 2 = � 2 + x2� 3

� 3 = � 3:

In particular, � 1 = � 1 at x1 = 0 and � 2 = � 2 at x2 = 0.

3.4. Induced bundles and �brations. There is a natural subbundle of s� T �
H i

(X ),
namely3 equivalenceclassesof di�eren tials d(f =x) wheref 2 C1

� (X ) vanishesat H i . Let us
denote this subbundle s� T � (Fi ; H i ); the reasonfor this notation will becomeevident below.
Notice that any f 2 C1

� (X ) has a representation

(3.18) f = f 1(y1) + x1f 2(x1; y1; y2) + x1x2f 3(x1; x2; y1; y2; y3) + � � � + x1x2x3 : : : xd
~f

wheref i and ~f are smooth. Thus the i th subbundlecorrespondsto f with f 1 = � � � = f i = 0,
while the f j , j > i , are arbitrary . A point in the quotient bundle s� T �

H i
(X )=s� T � (Fi ; H i )

is therefore given by a di�eren tial d(f =x) where only f 1; : : : f i are relevant. Since these
functions are constant on the �bres of H , they may be regardedas functions on Z i . Hence
this is the lift to H i of a bundle over Z i , which we shall denote s� N � Z i . Therefore there is
an induced �bration given by the composition

~� i : s� T �
H i

X ! s� T �
H i

X=s� T � (Fi ; H i ) ! s� N � Z i :

In the coordinates above, the subbundle s� T � (Fi ; H i ) is given by x i = 0; � 1 = � � � = � i =
0; � 1 = � � � = � i = 0, while (x1; : : : ; x i � 1; y1; : : : ; yi ; � 1; : : : ; � i ; � 1; : : : ; � i ) furnish coordinates
on s� N � Z i in a natural way.

The subbundle s� T � (Fi ; H i ) can be interpreted as follows. We observe that each �xed
�bre Fi of H i hasan induced scattering-�bred structure, sinceFi meetsH i +1 : : : Hd and the
�brations � j for j > i restrict to �brations from F \ H j to a face of Z j . Moreover, a total
boundary de�ning function for F is given by x=(x1 : : : x i ), where xk for k 6 i is chosento
be constant on the �bres of H j for j > k. Then the bundle s� T � (Fi ; H i ) restricted to a
single �bre F of H i is naturally isomorphic to the scattering-�bred cotangent bundle of F ,
s� T � F .

3The restriction of s� T � X to a subset S � X will be denoted s� T �
S X
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For concretenessconsiderthe codimension three case.Recall that Z1 is a manifold with-
out boundary, while Z2 has a boundary which we denote @1Z2, and Z3 = mf has two
boundary hypersurfaceswhich we denote @1Z3 (the intersection with H 1) and @2Z3 (the
intersection with H2). Moreover, there is an induced �bration � 12 : @1Z2 ! Z1, as in (3.2).
We claim that the commutativ e diagram (3.2) with i = 1; j = 2 `lifts' to a commutativ e
diagram at the level of cotangent spaces

(3.19)

s� T �
H 1

X s� T �
H 1 \ H 2

X s� T �
H 2

X

s� N � Z1 @1
s� N � Z2

s� N � Z2

?

~� 1

� inc -inc

?

~� 2

+

~� 1

?

~� 2

�
~� 12

-
inc

:

In this diagram everything has been explained except the existenceand properties of
the map ~� 12. To de�ne it, note that the subbundle s� T �

H 1 \ H 2
(F2; H2) is a subbundle of

s� T �
H 1 \ H 2

(F1; H1). Therefore there is an induced map on the quotient bundles, which we
denote

~� 12 : @1
s� N � Z2 ! s� N � Z1;

making the diagram (3.19) commute.
(We remark that there is also a diagram analogousto (3.19) for (i; j ) = (1; 3) or (2; 3) as

well. In thesecases,the maps ~� 3 is the identit y, but the map ~� i 3, i = 1; 2 is still of interest,
mapping from s� T �

H i \ H 3
X to s� N � Z i .)

We shall often be interested in the restriction of the �brations ~� i to s� T �
H i \ mf X !

s� N � Z i ; notice that this is still onto since the �bres of H i are transverseto mf, i < d. We
shall abusenotation slightly and call the restriction ~� i also. Thus, restriction to mf gives
the following variant of (3.19):

(3.20)

s� T �
H 1 \ H 3

X s� T �
H 1 \ H 2 \ H 3

X s� T �
H 2 \ H 3

X

s� N � Z1 @1
s� N � Z2

s� N � Z2

?
~� 1

� inc -inc

?
~� 2

�

~� 1

?
~� 2

�
~� 12

-
inc

:

Remark. Each spacein the diagram above has a simple form in terms of the coordinates
x i ; yi ; � i ; � i . For example, the top left space is f x1 = x3 = 0g, the top middle space
is f x1 = x2 = x3 = 0g, the top right space is f x2 = x3 = 0g, while on the bottom
row the left space is f x1 = x2 = x3 = 0; y2 = y3 = 0; � 2 = � 3 = 0; � 2 = � 3 = 0g,
the middle spaceis f x1 = x2 = x3 = 0; y3 = 0; � 3 = 0; � 3 = 0g and the right spaceis
f x2 = x3 = 0; y3 = 0; � 3 = 0; � 3 = 0g. Moreover, all the maps are the obvious coordinate
projections or inclusions.

3.5. Con tact structures. In the remainder of this paper we restrict attention to the codi-
mensionthree case.We de�ne a 1-form � on s� T �

mf X by contracting the symplectic form !
with xx3@x 3 (where x3 is a boundary de�ning function for mf) and restricting to mf. This
yields a contact structure (i.e. the form � is non-degeneratein the sensethat � ^ (d� )N � 1 6= 0,
N = dim X ) in the interior of mf. However, this contact structure degeneratesat the bound-
ary of mf. In local coordinates (3.14), the contact structure takesthe form

(3.21) � = d� 1 + x1d� 2 + x1x2d� 3 � � 1 � dy1 � x1� 2 � dy2 � x1x2� 3dy3
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and this degeneration is evident. Indeed, at s� T �
H i \ mf X , � vanishes on the subbundle

s� T �
H i \ mf (Fi ; H i ). However, it is not di�cult to seethat � js� T �

H i \ mf X is the lift of a one-
form from s� N � Z i . This is most easilyseenin local coordinates; at x1 = 0, � = d� 1 � � 1 �dy1

is the lift of a one-form � 1 from s� N � Z1 since it is expressiblein terms of the coordinates
y1; � 1; � 1 which are the lifts of functions on s� N � Z1. Similarly, at x2 = 0, � = d� 1 + x1d� 2 �
� 1 � dy1 � x1� 2 � dy2 is the lift of a one-form� 2 from s� N � Z2. Moreover, � 1 is nondegenerate,
i.e. is a contact form, on s� N � Z1, while � 2 is nondegenerateexcept at @1

s� N � Z2.
In the coordinates (3.16) the contact form takesthe form

(3.22) � = d� 1 � � 2dx1 � x1� 3dx2 � � 1 � dy1 � x1� 2 � dy2 � x1x2� 3dy3:

These coordinates are more convenient when analyzing Legendre distributions (see Sec-
tion 4).

The degeneration of � at s� T �
mf \ H i

X and of � 2 on s� N �
@1 Z 2

Z2 is captured by contact
structures on the �bres of the maps ~� i and ~� 12. To de�ne these we make the following
de�nition.

De�nition 3.10. Suppose that M is a manifold, S � M a hypersurfacewith boundary
de�ning function s, and � a one-form on M that vanishesat S. Thus � = s� for someone-
form4 � . We call � the leading part of � at S. It is well de�ned up to multiplication by a
nonzerofunction. This remains true even if � itself is only well-de�ned up to multiplication
by a nonzero function.

Notice that � = ~� �
1� 1 at @1

s� N � Z3 � s� T �
H 1 \ mf X , that � = ~� �

2� 2 at @2
s� N � Z3 �

s� T �
H 2 \ mf X , and that � 2 = ~� �

12 � 1 at @1
s� N � Z2. Using the de�nition we can de�ne � 13 to

be the leading part of � � ~� �
1 � 1 at s� T �

H 1 \ mf X � s� T �
mf X , � 23 to be the leading part of

(� � ~� �
2 � 2)=x1 at s� T �

H 2 \ mf X � s� T �
mf X and � 12 to be the leading part of � 2 � ~� �

12 � 1 at
@1

s� N � Z2 � s� N � Z2. Using the invariance property in the last part of the de�nition, we
seethat theseone-formsare well-de�ned up to multiplication by nonzerofunctions. In local
coordinates, we have

� 12 = d� 2 � � 2 � dy2;

� 23 = d� 3 � � 3 � dy3;

� 13 = d� 2 � � 2 � dy2 + x2
�
d� 3 � � 3 � dy3

�
:

Hencewe have well-de�ned contact structures (i.e. � 12 and � 23 are nondegenerate)on the
�bres of ~� 12 and ~� 2 in (3.20), while � 13 is nondegenerateon the �bres of ~� 1 for x2 > 0.

Part 2. Mac hinery

4. Legendrian submanif olds and distributions

In this section we de�ne Legendredistributions on a scattering-�bred manifold X with
corners of codimension 3. Thesewill be smooth functions in the interior of X which oscil-
latory behaviour at the boundary.

4Note that vanishing at S is a strictly stronger condition than vanishing when restricted to S; e.g. ds
does not vanish at S although it vanishes when restricted to S.
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4.1. Legendre submanifolds.

De�nition 4.1. A Legendresubmanifold is a submanifold G of dimension N of s� T �
mf X

on which the contact form � vanishes, and such that G is transverse to each boundary
s� T �

mf \ H i
X of s� T �

mf X .

Example 4.2. Let f 2 C1
� (X ). Then the graph of d(f =x), restricted to s� T �

mf X , is a
Legendresubmanifold. The condition that f 2 C1

� (X ), as opposedto C1 (X ), is essential;
seeSection 4.2.

As a consequenceof this de�nition, G is well-behaved with respect to the �brations
~� i : s� T �

mf \ H i
X ! s� N � Z i . To easenotation, we write @i G for the boundary hypersurface

of G lying over H i , and @12G for the corner lying over H 1 \ H2.

Prop osition 4.3. (i) The restriction of ~� i to @i G is locally a �br ation

� G
i : @i G ! Gi

to an immersed Legendre submanifold Gi � s� N � Z i , and the �br es of � G
i are Legendre

submanifoldsfor the contact structure for the �br es of ~� i , i.e. for the contact form � i 3.
(ii) The manifold G2 is a manifold with boundary @1G2. The restriction of ~� 12 to @1G2

is locally a �br ation
� G

12 : @1G2 ! G1

and the �br es of � G
12 are Legendre submanifolds for the contact structure for the �br es of

~� 12, i.e. for the contact form � 12. The maps form a commutative diagram

(4.1)

@1G @12G @2G

G1 @1G2 G2

?

� G
1

� inc -inc

?

� G
2

	

� G
1

?

� G
2

�
� G

12

-
inc

:

Notice that each object in (4.1) is an element of the corresponding space in (3.20), and the
maps are induced from those in (3.20).

Proof. For conceptual easewe �rst prove this result in the codimension two case. Thus
suppose that Y is a scattering-�bred manifold with codimension two corners. Near the
corner, there are local coordinates (x1; x2; y1; y2), such that the �bration � 1 on H1 = f x1 =
0g takes the form (x2; y1; y2) 7! y1, while the �bration on the main face H 2 = f x2 = 0g is
the identit y. The contact form on s� TH 2 Y is � = d� 1 + x1d� 2 � � 1 � dy1 � x1� 2 � dy2. Let
k1 = dim y1 and k2 = dim y2. This local model applies everywhereexcept near @12G, which
we treat later.

In the proof we shall needthe following consequenceof the implicit function theorem: if
V is a compact manifold, W is a manifold and f : V ! W is a smooth map of constant
rank, then f (V ) is an immersedsubmanifold of Y and f : V ! f (V ) is (locally) a �bration.

By assumption,G is transversalto f x1 = 0g and the restriction of � to G vanishes.Given
p 2 @1G; let Tp(�bre) denote the tangent spaceto the �bre of ~� 1: Now consider the space

Tp@1G \ Tp(�bre);

we claim that d� 2 + � 2 � dy2 = 0 restricted to this spacevanishes. To prove this, let V
be any vector in Tp@1G \ Tp(�bre), and let W be a vector tangent to G and transverseto
f x1 = 0g. Then d� (V; W ) = 0. But d� = � d� 1 ^ dy1 + dx1 ^ (d� 2 � � 2 � dy2) at @1G. Since



SEMICLASSICAL RESOL VENT 19

the �bres of ~� 1 are given by y1, � 1; � 1 constant, it follows that (d� 1 ^ dy1)(V; W ) vanishes.
Also, dx1(V ) vanishes,but dx1(W ) does not. This forces (d� 2 � � 2 ^ dy2)(V ) to vanish,
which provesthat the restriction of d� 2 � � 2 � dy2 to Tp@1G \ Tp(�bre ) vanishes.Taking the
di�eren tial, we seealso that d� 2 ^ dy2 = 0 vanisheswhen restricted to Tp@1G \ Tp(�bre).

Now recall that coordinates on the �bres of ~� 1 are (y2; � 2; � 2). Since d� 2 ^ dy2 = 0 on
Tp@G \ Tp(�bre) ; the dimension of the projection of this spaceto the span of the variables
@y2 ; @� 2 is at most k2; sincewe further have d� 2 � � 2 � dy2 = 0; we in fact have

(4.2) dim
�
Tp(@G) \ Tp(�bre)

�
6 k2

for any p 2 @G.
On the other hand, we can look at the projection of @G onto s� N � Z1, via ~� 1. We show

that the rank of this map, restricted to @G; is at most k1. For if not, then let k > k1 be the
maximal rank of this map, and p 2 @G a point where this maximum is attained. Then the
rank is exactly k in a neighbourhood of p. Using the implicit function theorem as above we
seethat the image of @G is locally a submanifold of dimension k > k1. However, the form
d� 1 + � 1 � dy1 is zero on this image sinceit vanisheson @G. Therefore the dimension of the
projection of @G is Legendreand can have dimensionat most k1, which contradicts k > k1.
It follows that

(4.3) rank ~� 1j@G = dim(Tp(@G)) � dim
�
Tp(@G) \ Tp(�bre)

�
6 k1:

On the other hand, dim @G = k1+ k2, sothe sumof the LHSsof (4.2) and (4.3) is everywhere
k1+ k2. Consequently , the dimensionof Tp(@G)\ Tp(�bre) is exactly k2 and the rank of ~� 1 j@G

is exactly k2, and hence ~� 1 : @G ! s� N � Z1 has constant rank k1. By the implicit function
theorem, the image of @G in s� N � Z1 is an immersed submanifold, which the reasoning
above shows is Legendrian; the �bres of this map are Legendresubmanifolds with respect
to the contact structure on the �bres of ~� 1.

Now we treat the codimension three case.The codimension two argument applies locally
everywhereexcept for a neighbourhood of the corner @12G where we have be more careful.
We claim that the manifold G2 is transverse(and in particular, regular) up to the boundary
of s� N � Z2. To prove this, we note that the implicit function statement above remains
true if V and W are manifolds with boundary, provided that f pulls back a boundary
de�ning function for W to a boundary de�ning function for V . The argument above that
dim

�
Tp(@G) \ Tp(�bre( ~� 2))

�
6 dim y3 is valid uniformly to the corner, but the argument

on the baseof the �bration doesnot extend automatically to the corner becausethe contact
form � 2 on s� N � Z2 degeneratesthere. Instead, we must further analyzethe structure of G
at the corner @12G. Arguing as above, we seethat for p 2 @12G,

� 23 vanisheson Tp(@12G) \ Tp(�bre ( ~� 2)) ;

� 12 vanisheson ( ~� 2)� Tp(@12G) \ Tp(�bre( ~� 12)) ;

and

� 1 vanisheson ( ~� 1)� Tp(@12G):

The dimension counting argument then shows that dim Tp(@12G) \ Tp(�bre( ~� 2)) = dim y3,
dim( ~� 2)� Tp(@12G) \ Tp(�bre( ~� 12)) = dim y2 and dim( ~� 1)� Tp(@12G) = dim y1 are all con-
stant. This establishesthe constancy of the rank of ~� 2 : @2G ! s� N � Z2 uniformly to the
boundary and thus the regularity of G2, as well as showing that @1G2 �bres over G1 with
Legendrian �bres. �
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Remark. Notice that, becauseof our assumption that the �bration at the main face mf is
the identit y, the scattering-�bred structure locally near the interior of the main face is the
sameas the scattering structure: locally, we have Vs� (X ) = Vsc(X ) near the interior of the
main face. Consequently , the theory coincideswith the theory of Legendredistributions as
de�ned by Melrose and Zworski in the interior of mf.

4.2. Parametrization. Before consideringthe generalcaselet us considerthe special case
of LegendriansG which are projectable, meaning that the projection from G � s� T �

mf X !
mf is a di�eomorphism. In this case,G is necessarilygiven by the graph of the di�eren tial
of a function. We claim that it is necessarilyof the form f =(x1x2x3), where f 2 C1

� (X ).
In fact, consider the graph of d(f =(x1x2x3)) for a generalsmooth f . Expanding this in the
basis (3.15), we �nd that the coordinates � i and � i are given by

� 1 = f � x3@x 3 f ; � 2 = @x 1 f �
x3

x2
@x 3 f ; � 3 =

1
x1

@x 2 f �
x3

x1x2
@x 3 f

� 1 = @y1 f ; � 2 =
1
x1

@y2 f ; � 3 =
1

x1x2
@y3 f

For this to be a smooth submanifold, it follows that @x 2 f and @y2 f are O(x1) and @x 3 f and
@y3 f are O(x1x2). Thus f is of the form

f = f 1(y1) + x1f 2(x1; y1; y2) + x1x2f 3(x1; x2; x3; y1; y2; y3);

which is to say that f 2 C1
� (X ).

Now consider the general case. We will use the notation ~x; ~� ; ~y; ~�; ~v respectively to
denote the setsof coordinates (x1; x2; x3); (� 1; � 2; � 3); (y1; y2; y3); (� 1; � 2; � 3); (v1; v2; v3): A
(local) non-degenerateparametrization of G near a point q 2 G \ s� T �

H 1 \ H 2 \ mf X given in
thesecoordinates as q = (~x = 0; ~y� ; ~� � ; ~� � ) is a smooth function  (~x; ~y;~v) such that  has
the form

(4.4) � (~x; ~y;~v) =  1(y1; v1) + x1 2(x1; y1; y2; v1; v2) + x1x2 3

such that  1,  2,  3 are de�ned on neighborhoods of (y�
1 ; v�

1 ), (0; y�
1 ; y�

2 ; v�
1 ; v�

2 ) and q0 =
(0; 0; 0; y�

1; y�
2 ; y�

3 ; v�
1 ; v�

2 ; v�
3 ) respectively with

(4.5) d
�  

x

�
(q0) = q; d~v  (q0) = 0;

 is non-degeneratein the sensethat

(4.6) d(y1 ;v 1 )
@ 1

@vi
1

; d(y2 ;v 2 )
@ 2

@vj
2

; d(y3 ;v 3 )
@ 3

@vk
3

are independent at (y�
1 ; v�

1 ), (y�
1 ; y�

2 ; v�
1 ; v�

2 ) and q0 respectively, and locally near q, G is given
by

(4.7) G = f d
�  

x

�
j (~x; ~y;~v) 2 C g

where

(4.8) C = f (~x; ~y;~v) j d~v  = 0g:

Note that the non-degeneracyconditions imply that C is a smooth submanifold of codi-
mensionk1 + k2 + k3 of X � Rk1 + k2 + k3 , and that in the interior of mf, the parametrization
is non-degeneratein the senseof [28].
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Remark. We also have

(4.9)  1 is a non-degenerateparametrization of G1

and  1 + x1 2 is a non-degenerateparametrization of G2.

In addition, for �xed (y1; v1) with dv1  1 = 0, the phasefunction

 1(y1; v1) + x1 2(x1; y1; y2; v1; v2)

parametrizes the �bres of the map ~� 12, while for �xed (x1; y1; y2; v1; v2) with dv1 ;v 2  2 = 0,
the phasefunction  parametrizes the �bres of the map ~� 23.

4.3. Existence of parametrizations.

Prop osition 4.4. Let G be a Legendre submanifold. Then for any point q 2 @G there is a
non-degenerate parametrization of G in someneighbourhood of q.

Proof. It is only necessaryto do this in the caseof a point q lying over H 1 \ H2 \ mf , since
the other caseshave already beenproven in [13]. By de�nition of a Legendresubmanifold,
the boundary @2G of G at f x2 = 0g �bres, via the map ~� 23, over G2 with �bres that are
Legendresubmanifolds of scT �

@F F , where F denotesa �bre of H 2. Coordinates on scT �
@F F

are (y3; � 3; � 3) and, as in [28], Proposition 5, we can �nd coordinates y3 = (y[
3; y]

3) near � (q)
so that (y]

3; � [
3) form coordinates on the �bres of @2G ! G2. In turn, @1G2 �bres over G1

with �bres that are Legendrian with respect to the contact form � 12 = d� 2 � � 2 � dy2; hence
we can �nd coordinates y2 = (y[

2; y]
2) near � (q) so that (y]

2; � [
2) form coordinates on the

�bres of @1G2 ! G1. Lastly, sinceG1 is Legendrian, we can �nd coordinates y1 = (y[
1; y]

1)
on Z1 near ~� 13(q) so that (y]

1; � [
1) form coordinates on G1 locally. Using the transversality

of G to f x1 = 0g and f x2 = 0g we seethat

Z = (x1; x2; y]
1; y]

2; y]
3; � [

1; � [
2; � [

3)

form coordinates on G near q. Consequently , we can write the other coordinates asfunctions
of thesecoordinates when restricted to G.

We now use the coordinates (3.15) on the scattering cotangent bundle. The reason is
that, in terms of a phasefunction � parametrizing a Legendrian G, the value of � 1 on G is
given simply by �. The contact form is given by

(4.10) d� 1 � � 2dx1 � x1� 3dx2 � � 1 � dy1 � x1� 2 � dy2 � x1x2� 3 � dy3:

Writing � i , y[
i and � ]

i in terms of the coordinates Z on G, we have

(4.11)

� 1 = N1(Z )

� 2 = N2(Z )

� 3 = N3(Z )

y[
i = Y [

i (Z ); i = 1 : : : 3

� ]
i = M ]

i (Z ); i = 1 : : : 3

on G:

SinceG is Legendrian, we have

(4.12)
dN1 � N2dx1 � x1N3dx2 � � [

1 � dY [
1 � M ]

1 � dy]
1

� x1
�
� [

2 � dY [
2 � M ]

2 � dy]
2

�
� x1x2

�
� [

3 � dY [
3 � M ]

3 � dy]
3

�
= 0:

We claim that the function

(4.13) � = N1 + (y[
1 � Y [

1 ) � � [
1 + x1

�
(y[

2 � Y [
2 ) � � [

2

�
+ x1x2

�
(y[

3 � Y [
3 ) � � [

3

�
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is a local parametrization of G. To avoid confusion, let us write vi instead of � [
i for the

corresponding arguments of �.
First, observe that N1 has the form N1 = N1;1(y1; v1) + O(x1) sinceat x1 = 0, @1G �bres

over G1 where the value of � 1 = � 1 is determined by (y]
1; v1) sincetheseare coordinates on

G1. Similarly, N1 is a function of (x2; y1; y2; v1; v2) plus O(x1x2), Y [
1 is a function of (y1; v1)

plus O(x1), etc. It follows that � has the form (4.4).
Second,supposethat dv1 � = 0. This meansthat

(4.14)
dv1 N1 + y[

1 � Y [
1 � dv1 Y [

1 � v1

� x1
�
dv1 Y [

2 � � [
2

�
� x1x2

�
dv1 Y [

3 � � [
3

�
= 0:

Using the dv1 component of (4.12), this is the samething assaying that y[
1 = Y [

1 . In a similar
way, the conditions that dv i � = 0 imply that y[

i = Y [
i , i = 2; 3. This also shows the non-

degeneracycondition, since d(@v i
j
�) = dyi

j at q which are manifestly linearly independent
di�eren tials.

To seethat the set

G0 = f d
� �

x1x2x3

�
j dv1 ;v 2 ;v 3 � = 0g

coincideswith G locally near q, �rst considerthe value of � [
1; this is given by dy [

1
� = v1. So

we can re-identify � [
1 with v1. Similarly we can re-identify � [

2 with v2 and � [
3 with v3.

Next considerthe value of � 1 on G0. It is given by the value of �, that is, by (4.13). This
simpli�es to N1 when dv i � = 0, since we have y[

i = Y [
i when dv i � = 0. Now consider the

value of � 2. This is given by dx 1 � which is equal to

dx 1 N1 � dx 1 Y [
1 � � [

1 � x1dx 1 Y [
2 � � [

2 � x1x2dx 1 Y [
3 � � [

3

(again using y[
i = Y [

i when dv i � = 0). Since the dx1 component of (4.10) vanishes,this is
equal to N2. So � 2 = N2 on G0. In a similar way we deducethat � 3 = N3, and � ]

i = M ]
i on

G0. It follows that G0 coincideswith G. �

4.4. Equiv alence of phase functions. In this section we shall give a necessaryand suf-
�cien t condition for equivalenceof two phasefunctions parametrizing a given Legendrian.
This is the key step in showing, in the following subsection,that the classof Legendredis-
tributions does not depend on the choice of phasefunction, which is crucial for deducing
that the classof Legendredistributions has a useful symbol calculus.

Two phasefunctions � , ~� are said to be equivalent if they have the samenumber of phase
variables of each type v1; v2; v3 and there exist maps

V1(~x; ~y;~v); V2(~x; ~y;~v); V3(~x; ~y;~v)

such that
~� (~x; ~y; V1; V2; V3) = �:

Prop osition 4.5. The phasefunctions � =  1 + x1 2 + x1x2 3 and ~� = ~ 1 + x1
~ 2 + x1x2

~ 3

are locally equivalent i�

(1) They parametrize the sameLegendrian,
(2) They havethe samenumber of phasevariablesof the form v1; v2; and v3 separately,
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(3)

sgnd2
v1

 1 = sgnd2
v1

~ 1;

sgnd2
v2

 2 = sgnd2
v2

~ 2;

sgnd2
v3

 3 = sgnd2
v3

~ 3:

Proof. The proof follows [17], Theorem 3.1.6 quite closely (and Lemma 4.5 of [13] even
more so), hencewe will be brief. To begin, we let C and ~C denote the respective setswhere
d~v  = 0; d~v

~ = 0; near a given point in the codimension-threecorner.
We begin by noting that when we restrict to the face H 1 we have a phase function

 =  1(y1; v1) parametrizing G1: Hence by the usual argument for equivalence of phase
functions ([17], as extended to Legendrians in [28]), there exists a �b er di�eomorphism
~v1 = V1(y1; v1) such that  1(y1; ~v1) = ~ 1(y1; v1): Furthermore on the face H 2; equivalence
of phasefunctions is guaranteed by [13]. Hence we need only extend from H 1 and H2 to
obtain equivalenceon H 3 as well.

The manifolds C and C ~ are di�eomorphic, via their common �b er-preserving di�eo-
morphism with the Legendrian they parametrize. As they are smooth manifolds, we may
extend this di�eomorphism to a �b er-preservingdi�eomorphism F of an open neighborhood
of C with an open neighborhood of C ~ : Then the phasefunction � := F � ( ~ ) has the prop-
erty that C � = C =: C; and  = � to secondorder along C: Therefore we have reducedby
this initial changeof variables to the casein which we may take  ; ~ equal to secondorder
along C:

We now improve this result to exact equivalenceof  and ~ on H3; under the assumption
that the functions agreeto secondorder on C: As we have equivalenceon H 1; H2 we may
write

 = ~ 1 + x1
~ 2 + x1x2 3:

We may expand in a Taylor serieson H 3:

~ 3 �  3 =
1
2

(r 0
~v  )t B (r 0

~v  )

for some matrix B = B (~x; ~y;~v); where we de�ne r 0 = (@v1  ; @v2 ( 2 + x2 3); @v3  3):
Observe as in [17] that the non-degeneracyassumptions on  3; ~ 3 means precisely that
det(I + B33@2

v3 v3
 3) 6= 0 where B33 is the (3; 3) block of the matrix B . We now expand

 (~x; ~y; ~~v) �  (~x; ~y;~v) = (~~v � ~v) � @~v  + O(( ~~v � ~v)2):

Set
(~v1; ~v2; ~v3) � (v1; v2; v3) = (x1x2w1; x2w2; w3) � r 0

~v  

where wi = wi (~x; ~y;~v) is a matrix for i = 1; 2; 3: We thus have

 (~x; ~y; ~~v) �  (~x; ~y;~v) = x1x2(r 0
~v  )t (w + O(w2))( r 0

~v  ):

We want

 (~x; ~y; ~~v) �  (~x; ~y;~v) = ~ (~x; ~y;~v) �  (~x; ~y;~v)

= x1x2( ~ 3(~x; ~y;~v) �  3(~x; ~y;~v)) :

We thus needto solve

x1x2(r 0
~v  )t (w + O(w2))( r 0

~v  ) =
x1x2

2
(r 0

~v  )t B (r 0
~v  )
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for w: This can be accomplishedfor B small, i.e. for  3 and ~ 3 close,by the inversefunction
theorem; Lemma 3.1.7 of [17] enablesus to extend to the caseof arbitrary  3; ~ 3 using the
hypotheseson the signaturesof @2

v3 v3
 3 and @2

v3 v3
~ 3: �

4.5. Legendrian distributions. Let m; r 1; r2 be real numbers, let N = dim X , let G �
s� T �

mf X be a Legendresubmanifold, and let � be a smooth nonvanishing scattering-�bred
half-density. The set of (half-density) Legendredistributions of order (m; r 1; r2) associated
to G, denotedI m;r 1 ;r 2 (X ; G; s� 


1
2 ), is the setof half-density distributions that canbewritten

in the form u1 + u2 + (u3 + u4 + u5)� , such that

� u1 is a Legendredistribution of order (m; r 1) associated to G and supported away
from H2,

� u2 is a Legendredistribution of order (m; r 2) associated to G and supported away
from H1 (both of theseare de�ned in [13]),

� u3 is given by an �nite sum of local expressionsof the form

(4.15)

Z Z Z
ei (x 1 ;x 2 ;~y;~v)=x a(~x; ~y;~v)

xm � (k1 + k2 + k3 )=2+ N =4
3 xr 2 � (k1 + k2 )=2� f 2 =2+ N =4

2 xr 1 � k1 =2� f 1 =2+ N =4
1 dv1 dv2 dv3;

with vi 2 Rk i ; a smooth and compactly supported, f i the dimension of the �bres of
H i and  =  1 + x1 2 + x1x2 3 a phasefunction locally parametrizing G near a
corner point q 2 @12G, as in Section 4.2,

� u4 is given by a �nite sum of terms of the form

(4.16)

Z Z
ei (  1 + x 1  2 )=x b(x1; x2; x3; y1; y2; y3; v1; v2)

xr 2 � (k1 + k2 )=2� f 2 =2+ N =4
2 xr 1 � k1 =2� f 1 =2+ N =4

1 dv1 dv2

with  1;  2 and f i asabove, b smooth with support compact and O(x1
3 ) at mf, and

� u5 2 _C1 (X ). (We usethe notation _C1 (X ) for x1 C1 (X ).)

Remark. The convention regarding orders is as follows: the order increasesas the distri-
bution gets `better', i.e. vanishesmore rapidly, and it is `zeroed' so that N=4 is critical for
L 2-membership, i.e. for a distribution with positive symbol, u is in L 2 i� all the orders are
more than N=4. This somewhat peculiar choice is to conform to the order convention for
pseudodi�eren tial operators (apart from the changeof sign) on a manifold of dimension n,
whosekernelsare in L 2 provided the order is lessthan � n=2 = � N=4, where N = 2n is the
dimension of the spaceon which the kernel is de�ned. In any case,the order convention
agreeswith that of [28], [13] and [14].

Prop osition 4.6. Let u 2 I m;r 1 ;r 2 (X ; G; s� 

1
2 ) be a Legendre distribution, and let  be any

local parametrization of somesubsetU � G. After localization to U, the u may be expressed
as an oscillatory integral with respect to  , modulo _C1 (X ).

Proof. We give a brief sketch of this proof, which follows standard lines.
By de�nition, u can be written with respect to some phase function parametrizing G,

say  0.
One can modify any phasefunction (without changing the Legendrian parametrized) by

adding a nondegeneratequadratic form Q1(w1) + x1Q2(w2) + x1x2Q3(w3) in extra variables
wi 2 Rl i . This doesnot change,modulo O(x1 ), the distributions that can be written with
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respect to the phasefunction sincethe extra oscillatory factor only contributes a factor

cxl 1 =2
1 x( l 1 + l 2 )=2

2 x( l 1 + l 2 + l 3 )=2
3

which is just an adjustment of the orders. However it allows us to change the number of
phasevariablesof each type, and the corresponding signature. By modifying both  and  0

in this way wemay arrangethat they satisfy the conditions of Proposition 4.5. (This requires
somemod 2 compatibilit y conditions betweendim vi and the signature of d2

v i v i
 i but these

are automatically satis�ed; seeTheorem 3.1.4 of [17].) One can then use the change of
variablesgiven by Proposition 4.5 to write u in terms of the modi�ed phasefunction  , and
therefore in terms of  itself. �

4.6. Sym bol calculus. The previous proposition implies that there is a symbol calculus
for Legendredistributions. Sincethis follows standard lines, we omit the proof.

Let X be a scattering-�bred manifold with codimension 3 corners, let N = dim X , and
let G be a Legendresubmanifold. Let x denote the distinguished total boundary de�ning
function for X , and x1; x2; x3 be the set of boundary de�ning functions for each H i 2
M 1(X ) n f mfg. The Maslov bundle M and the E-bundle are de�ned via the scattering
structure over the interior of G and extend to smooth bundles over the whole of G (that
is, they are smooth up to each boundary of G at s� TH i \ mf X ); see[14]. We de�ne N �

mf @X
to be the bundle over mf given by di�eren tials df of smooth functions f on X vanishing at
each boundary hypersurface. It is a line bundle with nonzerosection dx.

We de�ne the symbol bundle S[m ](G) of order m over G to be the bundle

(4.17) S[m ](G) = M (G) 
 E 

�
�N �

mf @X
�
�m � N =4

;

following [14].

Prop osition 4.7. The symbol map for Legendre distributions, de�ned in the interior of G
[28], extendsby continuity to give an exact sequence

0 ! I m +1 ;r 1 ;r 2 (X ; G; s� 

1
2 ) ! I m;r 1 ;r 2 (X ; G; s� 


1
2 ) ! xr 1 � m

1 xr 2 � m
2 C1 (G; 


1
2
b 
 S[m ](G)) ! 0:

If P 2 s� Di� (X ; s� 

1
2 ) has principal symbol p and u 2 I m;r 1 ;r 2 (X ; G; s� 


1
2 ), then Pu 2

I m;r 1 ;r 2 (X ; G; s� 

1
2 ) and

� m (Pu) =
�
p � G

�
� m (u):

Thus, if p vanisheson G, then Pu 2 I m +1 ;r 1 ;r 2 (X ; G; s� 

1
2 ). The symbol of order m + 1 of

Pu in this case is given by

(4.18)
�

� i L sc H p � i
� 1

2
+ m �

N
4

� @p
@� 1

+ psub

�
� m (u) 
 jdx j;

where scHp is the scattering Hamilton vector �eld of p (that is, the Hamilton vector �eld
multiplied by x � 1 and restricted to G), � 1 is the coordinate in the coordinate system (3.14),
and psub is the subprincipal symbol of P.

Remark. The subprincipal symbol of a di�eren tial operator has the following properties:
(i) for a multiplication operator f , it is the O(x) part of the Taylor seriesof f at x3 =
0. (ii) The subprincipal symbol of i (V � V � ), where V is a real vector �eld, is zero.
(iii) The subprincipal symbol of the composition of two di�eren tial operators P and Q is
� (P)� sub (Q) + � (Q)� sub (P) � i=2f � (P); � (Q)g. Theseproperties in fact uniquely determine
the subprincipal symbol for any di�eren tial operator.
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Example 4.8. A very simple examplemay help to illustrate the symbol calculus. Let P be
the di�eren tial operator x1x2x3(x1D x 1 ), D = � i@, and let u be the Legendredistribution

u = xm + N =4
3 xr 2 � f 2 =2+ N =4

2 xr 1 � f 1 =2+ N =4
1

�
�
�

dx1dx2dx3dy1dy2dy3

xN +1
3 xN +1 � f 2

2 xN +1 � f 1
1

�
�
�
1=2

;

a distribution of order (m; r 1; r2) associated to the zero section (which is a Legendrian
submanifold). We assumethat the half-density factor above, which is a smooth nonva-
nishing scattering-�bred half-density, is covariant constant. Hence Pu = � i (r 1 � f 1=2 +
N=4)x1x2x3u.

In terms of the symbol calculus, the symbol of P is � 1 which vanisheson the Legendrian,
soProposition 4.7 tells us that the result is a Legendredistribution is of order (m + 1; r 1; r2)
and the principal symbol is given by (4.18).

The symbol of u at x3 = 0 is the half-density (where for conveniencewe write u as a
b-half-density on the Legendrian)

� m (u) = xr 2 � m
2 xr 1 � m

1

�
�
�
dx1dx2dx3dy1dy2dy3

x3x2x1

�
�
�
1=2


 jd(x1x2x3)jm � N =4:

The scattering Hamilton vector �eld of P is x1@x 1 . The subprincipal symbol of P is � i (N �
1 � f 1), which is easily obtained from the fact that P + P � has vanishing subprincipal
symbol. Finally @p=@� 1 = 1. Thus, noting that L sc H p leaves the b-half-density dx1=x1

invariant, (4.18) says that

� m +1 (Pu) =
�

� i (r1� m)� i (
1
2

+ m� N=4)+
� i
2

(N � 1� f 1)
�

� m (u) = � i (r1� f 1=2+ N=4)� m (u)

in agreement with the direct calculation.

4.7. Residual space. The residual space for the spaces of Legendre distributions
I m;r 1 ;r 2 (X ; G; s� 


1
2 ) is, by de�nition, the intersection of thesespacesover all m 2 R, and is

denoted I 1 ;r 1 ;r 2 (X ; G; s� 

1
2 ). Let us considerthe special casethat X = Y � [0; � ) as in Ex-

ample3.5. In that case,for a �xed x3 > 0 an element of I m;r 1 ;r 2 (X ; G; s� 

1
2 ) is (after division

by jdx3j1=2) a Legendredistribution on Y belonging to I r 1 � 1=4;r 2 � 1=4(Y; x � 1
3 G2; s� 


1
2 ), in

particular associated to the Legendresubmanifold x � 1
3 G2, whereG2 = @2G is the boundary

of G over H2 and the factor x � 1
3 scalesthe cotangent variables(this follows immediately from

(4.16)). We may regard the spacesI r 1 � 1=4;r 2 � 1=4(Y; x � 1
3 G2; s� 


1
2 ) asforming a smooth bun-

dle over (0; � )x 3 . The residual spaceI 1 ;r 1 ;r 2 (X ; G; s� 

1
2 ) can then be described asa smooth,

O(x1
3 ) section of this bundle on [0; � ). We write this (with a minor abuseof notation) as

I 1 ;r 1 ;r 2 (X ; G; s� 

1
2 ) � x1

3 C1 �
[0; � ]; I r 1 � 1=4;r 2 � 1=4(Y; x � 1

3 G2; s� 

1
2 )

�

 jdx3j1=2:

We remark that the rather irritating drop of 1=4 in the orders, when regarding elements
of I 1 ;r 1 ;r 2 (X ; G; s� 


1
2 ) as distributions on Y parametrized by x3, follows from the order

convention where a Legendredistribution is order N=4 if it is borderline L 2. In terms of
(4.15) and (4.16) it can be seensince f i and N both decreaseby 1 when we �x a value of
x3 > 0.

5. Intersecting Legendre distributions

For a manifold with boundary, M , intersecting Legendre distributions were de�ned in
[13] as the analogueof the intersecting Lagrangian distributions of [25]. They are related to
a pair of Legendresubmanifolds in scT �

@M M that intersect cleanly in codimension 1. Here
we de�ne the analoguefor a scattering-�bred manifold with codimension two corners.
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5.1. In tersecting Legendre submanifolds. Let X be a scattering-�bred manifold with
codimension two corners. By Proposition 3.4, locally near the corner, there are local coor-
dinates (x1; x2; y1; y2) with respect to which the main faceis given by x2 = 0, the boundary
hypersurfaceH1 is given by x1 = 0 and the �bration at H 1 is given by (x2; y1; y2) 7! y1. We
de�ne a pair of intersecting Legendresubmanifolds , ~L = (L; �), in s� T �

mf X , to be a pair
consisting of a Legendresubmanifold L in the senseof De�nition 4.1, thus a manifold with
boundary meeting s� T �

mf \ H 1
X transversally, together with a submanifold � with codimen-

sion two corners of s� T �
mf X which is Legendre, transversal to s� T �

mf \ H 1
X , and satisfying

the following:
� � has two boundary hypersurfaces,@1� = � \ s� T �

mf \ H 1
X , and @L � = L \ �;

� the intersection L \ � is clean;
� the images L 1 = ~� 1(@1L) and � 1 = ~� 1(@1�) (which are Legendre in s� N � Z1 by

Proposition 4.3) form an intersecting pair of Legendresubmanifolds in s� N � Z1.

5.2. Parametrization. A local parametrization of (L; �) near q 2 L \ � \ s� T �
mf \ H 1

X is
a function of the form

(5.1) �( x1; y1; y2; v1; v2; s) = � 00(y1; v1) + s� 10(y1; v1; s)

+ x1� 01(x1; y1; y2; v1; v2) + x1s� 11(x1; y1; y2; v1; v2; s);

de�ned in a neighbourhood of q0 = (0; y�
1 ; y�

2 ; v�
1 ; v�

2 ; 0) in mf � Rk1 + k2 � [0; 1 ) such that
dv1 ;v 2 ;s � = 0 at q0, q = (0; y1; y2; d(� =x1x2)(q0)), � satis�es the non-degeneracyhypothesis

ds; d� 10; d
� @� 00

@vj
1

�
; d

� @� 01

@vk
2

�
are linearly independent at q0;

and near q,

L = f
�
x1; y1; y2; d

�
�
x

�
�

j s = 0; dv1 ;v 2 (�) = 0g;

� = f
�
x1; y1; y2; d

�
�
x

�
�

j s > 0; ds� = 0; dv1 ;v 2 � = 0g:

5.3. Existence of parametrizations. For simplicit y we shall prove existence of para-
metrizations only in a special case,which neverthelesssu�ces for our application. We shall
assumethat L is a `conormal bundle' of a submanifold N � mf that meets the boundary
x1 = 0 transversally. Weshall further assumethat the projection from L \ � to N everywhere
has maximal rank. We needonly prove existenceof a parametrization locally near a point
q 2 L \ � \ s� T �

mf \ H X as above, sinceexistencenear other points has beenshown in [13]
or in the previous section.

By Proposition 4.3, the boundary of N necessarily�bres over a submanifold N1 � Z1.
Choosecoordinates y1 = (y0

1; y]
1) on Z1 so that N1 = f y0

1 = 0g locally. We can then �nd a
splitting y2 = (y[

2; y]
2) with respect to which N locally takesthe form f y0

1 = 0; y[
2 = 0g. Our

assumption on L readsas follows in local coordinates:

L = f y0
1 = 0; y[

2 = 0; � ]
1 = 0; � ]

2 = 0; � 1 = 0; � 2 = 0g:

Let us �rst parametrize the intersecting pair of Legendrians (L 1; � 1). We �rst claim
that one can split (after a suitable linear changeof y1 variables) y0

1 as y0
1 = (y[

1; y\
1), where

dim y\
1 = 1, in such a way that (y\

1; y]
1; � [

1) form coordinates locally on � 1. In fact, we have
local coordinates (y]

1; � 0
1) on L 1. The secondassumption above has the consequencethat

local coordinates on L 1 \ � 1 are furnished by y]
1 and all but one of the � 0

1 variables; after
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making a linear changeof variables,we may split � 0 = (� [
1; � \

1) dual to the splitting of the y0
1

variablessothat y]
1 and � [

1 arecoordinateson L 1\ � 1. It then follows from the condition that
� 1 is Legendrewith respect to the contact structure d� 1 + � 1 � dy1 that (y\

1; y]
1; � [

1) furnish
coordinates on � 1 locally. Thus we can write the other variables y[

1; � \
1; � ]

1; � 1, restricted to
� 1, uniquely as smooth functions of (y\

1; y]
1; � [

1). In particular we have

� 1 = N1;1(y\
1; y]

1; � [
1); y[

1 = Y [
1;1(y\

1; y]
1; � [

1);

and each of thesefunctions is O(y\
1) sincethey vanish at L 1 \ � 1 which is � 1 \ f y\

1 = 0g.
Then a local parametrization of (L 1; � 1) is given by

(y\
1 � s)v\

1 + (y[
1 � Y [

1;1(s; y]
1; v[

1)) � v[
1 + N1;1(s; y]

1; v[
1);

the reasoningis the sameas in the proof of Proposition 4.4.
We now parametrize (L; �) in a neighbourhood of a point on L \ � \ f x1 = 0g. In this

case(x1; y]
1; y]

2; � [
1; � \

1; � [
2) furnish local coordinates on L and (x1; y\

1; y]
1; y]

2; � [
1; � [

2) furnish
local coordinates on �. As before we write

� 1 = N1(x1; y\
1; y]

1; y]
2; � [

1; � [
2); y[

1 = Y [
1 (x1; y\

1; y]
1; y]

2; � [
1; � ]

2);

Y [
2 (x1; y\

1; y]
1; y]

2; � [
1; � ]

2):

Due to the conditions on L and � at x1 = 0 we have N1 = N1;1 + x1N1;2, Y [
1 = Y [

1;1 + x1Y [
1;2

and Y [
2 = x1Y [

2;2 for somesmooth functions N1;2; Y [
1;2 and Y [

2;2. Then the function

(y\
1 � s)v\

1 + (y[
1 � Y [

1 (x1; y]
1; y]

2; v[
1; s; v[

2)) � v[
1 + N1(x1; y]

1; y]
2; v[

1; s; v[
2)

= (y\
1 � s)v\

1 + (y[
1 � Y [

1;1(s; y]
1; v[

1)) � v[
1 + N1;1(s; y]

1; v[
1) + O(x1)

= y\
1v\

1 + y[
1 � v[

1 + y[
2 � v[

2 + O(s)

has the form (5.1) and parametrizes(L; �).

5.4. Equiv alence of phase functions. Two phasefunctions �, ~� are said to be equivalent
if they have the samenumber of phasevariables of each type v1; v2 and there exist maps

V1(x1; ~y;~v; s); V2(x1; ~y;~v; s); S(x1; ~y;~v; s)

such that
~�( ~x; ~y; V1; V2; S) = � :

Prop osition 5.1. The phasefunctions � = � 00 + s� 10 + x1� 01 + x1s� 11 and ~� = ~� 00 +
s~� 10 + x1

~� 01 + x1s~� 11 are locally equivalent i�

(1) They parametrize the sameLegendrians,
(2) They have the samenumber of phasevariablesof the form v1; v2 separately,
(3)

sgnd2
v1

(� 00 + s� 10) = sgnd2
v1

( ~� 00 + s~� 10);

sgnd2
v2

(� 01 + s� 11) = sgnd2
v2

( ~� 01 + s~� 11);

Proof. Using the equivalenceof phase functions in the codimension one casefrom [13] to
solve the problem at x1 = 0; and using Proposition 4.5 to solve at s = 0; we may assume
that we have reducedto the case

~� = � 00 + s� 10 + x1� 01 + x1s~� 11:
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As before, we may further reduceby an initial changeof variables to the casein which we
may take � ; ~� equal to secondorder along C = f ds � = d~v � = 0g:

As the two functions agreeto secondorder on C; we may expand in a Taylor series

~� 11 � � 11 =
1
2

(r 0
~v;s �) t B (r 0

~v;s �)

where we de�ne r 0
~v;s � = (@v1 � ; @v2 (� 01 + s� 11); @s�) : We further expand

�( x1; ~y; ~~v; ~s) � �( x1; ~y; ~~v; s) = (~~v � ~v) � @~v � + (~s � s) � @s � + O(( ~~v � ~v)2 + (~s � s)2):

Set
(~v1; ~v2; ~s) � (v1; v2; s) = (x1w1; w2; x1w3) � r 0

~v �

for wi = wi (x1; ~y;~v; s): We thus have

�( x1; ~y; ~~v; ~s) � �( x1; ~y;~v; s) = x1(r 0
~v;s �) t (w + O(w2))( r 0

~v;s �) :

We want

�( x1; ~y; ~~v; ~s) � �( x1; ~y;~v; s) = ~�( x1; ~y;~v; s) � �( x1; ~y; s)

= x1s( ~� 11(x1; ~y;~v; s) � � 11(x1; ~y;~v; s))

We thus needto solve

x1(r 0�) t (w + O(w2))( r 0�) =
x1s
2

(r 0�) t B (r 0�)

for w: This can always be accomplishedfor s small by the inversefunction theorem. �

5.5. In tersecting Legendre distributions. Let � be a smooth scattering-�bred half-
density. The set of Legendre distributions of order (m; r ) associated to ~L, denoted
I m;r (X ; ~L ; s� 


1
2 ), is the set of half-density distributions of the form u = u1 + u2 + u3 + (u4 +

u5 + u6)� , where

� u1 2 I m;r (X ; �; s� 

1
2 ) with the microsupport of u1 disjoint from @�,

� u2 2 I m +1 =2;r +1 =2(X ; L ; s� 

1
2 ),

� u3 hassupport disjoint from H 1 and is an intersecting Legendredistribution of order
(m; r ) associated to (L; �) as de�ned in [13],

� u4 is a �nite sum of terms, each supported near mf = f x2 = 0g, with an expression

(5.2)
x j 1

1 x j 2
2

Z 1

0

Z Z
ei �( x 1 ;y 1 ;y 2 ;v 1 ;v 2 ;s)=x 1 x 2 a(x1; x2; y1; y2; v1; v2; s) dv1 dv2 ds;

j 1 = r �
k1 + 1

2
+

N
4

�
f
2

; j 2 = m �
k1 + k2 + 1

2
+

N
4

where vi 2 Rk i , a is smooth and compactly supported, f is the dimension of the
�bres of H1, and � = � 00 + s� 01 + x1� 10 + x1s� 11 locally parametrizes(L; �) near
a point q 2 L \ � \ s� T �

mf \ H 1
X , as in (5.1),

� u5 is a �nite sum of terms of the form

(5.3) x
r � k 1 +1

2 + N
4 � f

2
1

Z 1

0

Z
ei ( � 00 + s� 01 )=x 1 x 2 b(x1; y1; x2; y2; v1; s) dv1 ds;

where � 00; � 01, f and vi are as above, and b is smooth and O(x1
2 ) at mf, and

� u6 2 _C1 (X ).
As in Section 4, u3 can be written with respect to any local parametrization, up to

an error in _C1 (X ): This follows from the equivalence result above and the argument in
Proposition 4.6.
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5.6. Sym bol calculus. The geometry of intersecting Legendredistributions is such that
the symbol on L has a 1=� 1 singularity at �, where � 1 is a boundary de�ning function for
@� � L , while the symbol on � is smooth up to the boundary at L \ �. This allows one to
symbolically solve away error terms at L in the equation Pu = f where f is Legendrian on
L , and the principal symbol of P vanishessimply at �; what happensis that the singularities
of the solution u propagate from L \ � along �. The formal symbol calculus for intersecting
Legendredistributions on X follows readily from the codimension one case;we follow the
description from [14] closely.

Let ~L = (L; �) be a pair of intersecting Legendre submanifolds as in Section 5.1. We
consider u 2 I m;r (X ; ~L ; s� 


1
2 ). The symbol of u takes values in a bundle over L [ �. To

de�ne this bundle, let � 1 be a boundary de�ning function for @� asa submanifold of L , and
� 0 be a boundary de�ning function for @� as a submanifold of �. Note that the symbol on
L is de�ned by continuit y from distributions in I m +1 =2;r +1 =2(X ; L ; s� 


1
2 ) microsupported

away from �, and takesvalues in

(5.4) xr � m
1 � � 1

1 C1 (
 1=2
b (L ) 
 S[m +1 =2](L )) = xr � m

1 � � 1=2
1 C1 (
 1=2

b (L n @�) 
 S[m +1 =2](L )) ;

while the symbol on �, de�ned by continuit y from distributions in I m;r (X ; �; s� 

1
2 ) micro-

supported away from @�, takesvalues in

xr � m
1 � 1=2

0 C1 (
 1=2
b (�) 
 S[m ](�)) :

Melroseand Uhlmann showed that the Maslov factors werecanonically isomorphic on L \ �,
so S[m +1 =2](L ) is naturally isomorphic to S[m ](�) 
 jN �

mf @X j1=2 over L \ �. Canonical
restriction of the half-density factors to L \ � gives terms in C1 (


1
2 (L \ �) 
 S[m ](�) 


jN �
L @� j � 1=2 
 jN � @X j1=2 and C1 (


1
2 (L \ �) 
 S[m ](�) 
 jN �

� @� j1=2 respectively. In fact
jN �

L @� j 
 jN �
� @� j 
 jN �

mf @X j � 1 is canonically trivial; an explicit trivialization is given by

(5.5) (d� 0; d� 1; (x1x2)� 1) 7! (x1x2)� 1! (V� 0 ; V� 1 ) � L \ � ;

whereV� i are the Hamilton vector �elds of the functions � i , and ! is the standard symplectic
form. Thus the two bundles are naturally isomorphic over the intersection.

We de�ne the bundle S[m ]( ~L ) over ~L = L [ � to be that bundle such that smooth
sectionsof 
 1=2

b ( ~L ) 
 S[m ]( ~L ) are precisely thosepairs (a; b) of sectionsof � � 1
1 C1 (
 1=2(L ) 


S[m +1 =2](L )) and � 1=2
0 C1 (
 1=2

b (�) 
 S[m ](�)) such that

(5.6) � 1=2
1 b = ei� =4(2� )1=4� � 1=2

0 a at L \ �

under the above identi�cation of bundles (cf. equation (3.7) of [14]). The symbol maps of
order m on � and m + 1=2 on L then extend in a natural way to a symbol map of order m
on ~L taking values in 
 1=2

b ( ~L ) 
 S[m ]( ~L ).

Prop osition 5.2. The symbol map on ~L yields an exact sequence

(5.7) 0 ! I m +1 ;r (X ; ~L; s� 

1
2 ) ! I m;r (X ; ~L ; s� 


1
2 ) ! xr � m

1 C1 ( ~L; 

1
2
b 
 S[m ]) ! 0:

Moreover, if we consider just the symbol map to � , there is an exact sequence

(5.8) 0 ! I m +1 ;r (X ; ~L; s� 

1
2 ) + I m + 1

2 ;r (X ; L ; s� 

1
2 ) ! I m;r (X ; ~L; s� 


1
2 )

! xr � m
1 C1 (� ; 


1
2 
 S[m ]) ! 0:
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If P 2 s� Di� (X ; s� 

1
2 ) has principal symbol p and u 2 I m;r (X ; ~L ; s� 


1
2 ), then Pu 2

I m;r (X ; ~L ; s� 

1
2 ) and

� m (Pu) =
�
p � ~L

�
� m (u):

Thus, if p vanisheson � , then Pu is an element of I m +1 ;r (X ; ~L; s� 

1
2 ) + I m;r (X ; L ; s� 


1
2 )

by (5.8). The symbol of order m + 1 of Pu on � in this case is given by (4.18).

5.7. Residual space. The residual spacefor the spacesof intersecting Legendredistribu-
tions I m;r (X ; ~L; s� 


1
2 ) is

I 1 ;r (X ; ~L; s� 

1
2 ) = \ m I m;r (X ; ~L; s� 


1
2 ):

If X = Y � [0; � ]x 2 where Y is a manifold with boundary, then the residual spacemay be
identi�ed with

x1
2 C1 �

[0; � ]; I r � 1=4(X ; (x � 1
2 L 1; x � 1

2 � 1); s� 

1
2 )

�

 jdx2j1=2:

6. Legendrian distributions with conic points

Here we shall de�ne a more singular situation in which the Legendrian G � s� T �
mf X has

conic singularities. We �rst give a precise description of `having conic singularities'. We
recall the notion of real blowup. Supposethat X is a compact manifold with corners and
S � X a compact product-t ype submanifold5, which meansthat locally near any point s of
S, there are local coordinates x1; : : : ; x j ; y = (y1; : : : ; yk ), x i 2 [0; � ), y 2 B (0; � ) � Rk , with
s corresponding to the origin of coordinates, such that S is given locally by the vanishing
of somesubset of these coordinates. Then by [X ; S] we denote the blow-up of X around
S. As a set this is the union of X n S with the inward pointing spherical normal bundle at
S, which we denote ~S: [X ; S] carries a natural di�eren tiable structure making it a compact
manifold with corners,such that ~S is one of its boundary hypersurfaces.

De�nition 6.1. Let X be a manifold with cornersand S � X a submanifold, and G � X a
closedset which is a submanifold locally near every point of G nS. We say that G hasconic
singularities at S if the lift of G to [X ; S], i.e. the closure of G n S in [X ; S], is a smooth
product-t ype submanifold Ĝ which is transverseto ~S.

Legendresubmanifoldswith conic singularities have beende�ned already in two di�eren t
settings in [28] and [13], and we review thesede�nitions for the convenienceof the reader.

The original setting of Melrose-Zworski was that of a Legendresubmanifold G � scT �
@X X

in the boundary of the scattering cotangent bundle of a manifold X with boundary, which has
conic singularities at a submanifold J ] which is the spanof a smooth projectable Legendrian
G] . Projectabilit y meansthat the restriction of the projection � : scT �

@X X ! @X to G] is
a di�eomorphism, or in other words G] is a graph over @X ; then J ] , which is obtained by
replacing each point of G] by the ray in scT �

@X X through this point, is a submanifold with
dimension equal to dim X (one greater than dim G] ) . By choosing coordinates judiciously
we may arrange that, in local coordinates (y; � ; � ) on scT �

@X X given by writing scattering
covectors as

� d
� 1

x

�
+ � �

dy
x

;

we have G] = f � = 1; � = 0g, and J ] = f � = 0g. We say that (G; G] ) are a pair of
Legendre submanifolds with conic points, or a Legendrian conic pair for short, if G has

5All the submanifolds considered in this paper are product-t ype submanifolds; from here on we refer to
them simply as submanifolds for brevit y.
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conic singularities at J ] , i.e. G lifts to [scT �
@X X ; J ] ] to a smooth submanifold Ĝ transverse

to ~J ] .
We recall what it meansto locally parametrize (G; G] ). Transversality of Ĝ to the span

of G] at q 2 Ĝ \ ~J ] meansthat dj� j 6= 0 at q; we may assume(after making a linear change
of coordinates in y) that the �rst component � 1 of � is a local boundary de�ning function
for the blowup of the span of G] near q. Assuming this, a local parametrization of (G; G] )
near q is given by a phasefunction of the form

1 + s (y; s; v); s > 0; v 2 Rk

de�ned in a neighbourhood of (y� ; 0; v� ), satisfying the non-degeneracycondition

(6.1) dy 1  and dy ;v
� @ 

@vi

�
are linearly independent at (y� ; 0; v� );

such that Ĝ is given by

(6.2) Ĝ =
n

d
� 1 + s (y; s; v)

x

�
j ds;v  = 0

o
:

Furthermore we require that dv  (y� ; 0; v� ) = 0 and that the point on Ĝ corresponding to
(y� ; 0; v� ) is q. To be precise,the meaning of (6.2) is that when the set on the RHS is lifted
to the space[scT �

@X X ; J ] ] obtained by blowup of J ] it coincideswith Ĝ. We remark that
the correspondencein (6.2) lifts to a di�eomorphism from f (y; s; v) j ds;v  = 0g to Ĝ, so
the blowup is implicit in the parametrization  .

Next we recall the de�nition of Legendreconic pairs in the caseof a manifold X with
�bred boundary and codimension 2 corners. Let G] be a smooth projectable Legendrian
submanifold of s� T �

mf X , and G be a Legendrian submanifold of s� T �
mf X which is smooth

away from G] and which has conic singularities at J ] � s� T �
mf X , where J ] is the span of

G] . Let Ĝ denote the lift of G to [s� T �
mf X ; J ] ]; we assumethat it is transverseto both

boundary hypersurfacesof [s� T �
mf X ; J ] ] (that is, transverseto both the lift of s� T �

mf \ H 1
X

and the lift of J ] ). Let @1Ĝ and @1G] denote the boundary hypersurfaceof Ĝ, resp. G] ,
at (the lift of) s� T �

mf \ H 1
X . We say that (G; G] ) form a conic Legendrian pair if @1Ĝ and

@1G] �bre over the sameLegendrian submanifold G1 � s� N � Z1 as base.

Remark. This implies that the �bres of @1Ĝ ! G1 and the �bres of @1G] ! G1 form an
intersecting pair of Legendresubmanifolds in scT �

@F F for each �bre F � H1. The reasoning
is analogousto that in Proposition 4.3.

This di�ers from the structure above only over the codimension two corner of X , so we
shall consider a point of s� T �

H 1 \ mf X lying over the codimension two corner. We shall use
coordinates (x1; x2; y1; y2) as in Section 4.1, and associated dual coordinates (� 1; � 2; � 1; � 2)
de�ned by writing scattering-�bred covectors in the form

� 1d
� 1

x1x2

�
+ � 2d

� 1
x2

�
+ � 1 �

dy1

x1x2
+ � 2 �

dy2

x2
:

For de�niteness we shall assumethat G]
2 is the submanifold f � 1 = 1; � 2 = 1; � 1 = 0; � 2 = 0g

which is parametrized by the function 1 + x1. This is the form of G]
2 that turns up in our

application (and in any case,it can always be arranged by a changeof coordinates). Then
the span of G]

2 is given by

(6.3) J ]
2 = f x2 = 0; � 1 = � 2; � 1 = 0; � 2 = 0g:
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The corresponding Legendrian in s� N � Z1 is

G]
1 = f � 1 = 1; � 1 = 0g:

The condition of being a conic Legendrian pair meansthat at f x1 = x2 = 0g, if we set
� 1 = 1; � 1 = 0 and �x y1, then we have remaining coordinates (y2; � 2; � 2) and theseare local
coordinates on the �bre scT �

@F F which is a contact manifold with contact form d� 2 + � 2 � dy2;
we are then asking that the restriction of G2 to this �bre have a conic singularity at (and
therefore becomessmooth after blowup of) f � 2 = 0g. In particular dj� 2j 6= 0 on Ĝ2 at its
intersection with J ]

2.
We next recall the form of a parametrization of (G2; G]

2) near a point q 2 Ĝ2 on the
codimension two corner of Ĝ2, i.e. lying above x1 = 0 and on ~J ]

2. Assumethat coordinates
have beenchosenso that dy1

2 6= 0 at q. A local parametrization of (G2; G]
2) near q is given

by a phasefunction of the form

1 + x1 + sx1 (x1; y1; y2; s; v); s > 0; v 2 Rk

de�ned in a neighbourhood of (0; y�
1 ; y�

2 ; 0; v� ), satisfying the non-degeneracycondition

(6.4) dy 1
2
 and dy2 ;v

� @ 
@vi

�
are linearly independent at (0; y�

1 ; y�
2 ; 0; v� );

such that Ĝ2 is given by

(6.5) Ĝ2 =
n

d
� 1 + x1 + sx1 (x1; y1; y2; s; v)

x1x2

�
j ds;v  = 0

o
:

Furthermore werequire that dv  (0; y�
1 ; y�

2 ; 0; v� ) = 0 and that the point on Ĝ2 corresponding
to (0; y�

1 ; y�
2 ; 0; v� ) is q. The precisemeaning of (6.5) is that when the set in (6.5) is lifted

to the spaceobtained by blowup of J ]
2 it coincideswith Ĝ2.

Remark. As in the caseabove, the correspondencein (6.5) lifts to a di�eomorphism from
f (x1; y1; y2; s; v) j ds;v  = 0g to Ĝ, so the blowup is implicit in the parametrization  . Also,
if we �x a value of y1, or equivalently �x a point in the base G]

1 of the �bration ~� 12 jG ,
then the function  (0; y1; y2; s; v) parametrizes the �bre (which is a Legendrian conic pair
in scT �

@F F ).

6.1. Legendre submanifolds with conic poin ts. We now de�ne Legendresubmanifolds
with conic points in two new situations, although both are closely analogousto the ones
reviewed above.

6.1.1. Codimension two corners. Supposethat X is a scattering-�bred manifold with cor-
ners of codimension 2. Let x2 be a boundary de�ning function for the main facemf and x1

a boundary de�ning function for the �bred face H 1. Let G]
1 be a projectable Legendrian

in s� N � Z1, and let J be the lift of the span of G]
1 to s� T �

H 1 \ mf X via the �bration ~� 12.

Let Ĝ be the lift of G to [s� T �
mf X ; J ]. We shall say that (G; G]

1) form a conic Legendrian
pair of submanifolds if Ĝ has conic singularities at J , i.e. is transverseto both boundary
hypersurfacesof [s� T �

mf X ; J ] (that is, transverseto both the lift of s� T �
mf \ H 1

X and to the
lift ~J of J ).

Let @1Ĝ and @] Ĝ denote the boundary hypersurfacesof Ĝ. Also, let G1 denote the
projection of G \ f x1 = 0g to s� N � Z1 via ~� 12. It follows from the de�nition that G1 has
conic singularities at G]

1; let Ĝ1 be the lift of G to [s� N � Z1; J1] where J1 is the span of
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G]
1. Then, as a consequenceof (G; G]

1) being a conic Legendrian pair, the �bres of the map
@1Ĝ ! Ĝ1 are Legendrian, while @] Ĝ is itself Legendrian with respect to a natural contact
structure on the lift of G]

1 to ~J de�ned by the leading part of � .

6.1.2. Codimension three corners. Now let us assumethat X is a scattering-�bred manifold
with cornersof codimension3, and considera Legendriansubmanifold G � s� T �

mf X which is
singular at the boundary. We usethe notation H 1; H2; H3 for boundary hypersurfacesof X
and x1; x2; x3 for boundary de�ning functions as in Section4.1. Let G1 = � 13(G\ f x1 = 0g)
and G2 = � 23(G \ f x2 = 0g). Here we could consider the caseswhere either G1 or G2 have
conic singularities at someLegendrian G]

1 or G]
2; however, we shall only consider the case

whereG2 hasconic singularities sincethat is the casethat occurs in our applications. Thus,
we considera casewhereG1 is smooth, but G2 hasconic singularities, and indeedthat there
is a projectable smooth Legendrian G]

2 � s� N � Z2 such that (G2; G]
2) form a Legendrian

conic pair. Thus, if J2 is the span of G]
2 in s� N � Z2, then G2 lifts to a smooth manifold Ĝ2

in [s� N � Z2; J2] that is transversal to ~J2. Let J denotethe preimageof J2 inside s� T �
H 2 \ mf X

via ~� 23 : s� T �
mf \ H 2

X ! s� N � Z2. We shall say that (G; G]
2) form a conic Legendrian pair if

G has conic singularities at J , i.e. the lift Ĝ of G to [s� T �
mf X ; J ] is smooth and transverse

to ~J as well as to the lifts of s� T �
mf \ H 1

X and s� T �
mf \ H 2

X .
The manifold Ĝ is a manifold with corners of codimension three. The boundary at

s� T �
mf \ H 1

X (more precisely, at the lift of this to [s� T �
mf X ; J ]) is denoted@1Ĝ, the boundary

at the lift of s� T �
mf \ H 2

X is denoted @2Ĝ and the boundary at ~J is denoted @] Ĝ. It follows
from the de�nition that @1Ĝ �bres over G1 with Legendrian �bres relative to � 13, that @2Ĝ
�bres over Ĝ2 via a map � G

23 induced from ~� 23, with �bres that are Legendrian for the
contact structure � 23, and @] Ĝ is Legendrian for the contact structure on the lift of G]

2 to
~J given by the leading part of � .

6.2. Parametrization.

6.2.1. Codimension two corners. In this situation, the lifted submanifold Ĝ is a manifold
with corners of codimension two. The two boundary hypersurfacesof Ĝ are denoted @1Ĝ
(at x1 = 0 and away from ~J ) and @] Ĝ (at f x1 = 0g\ ~J ). Locally near a point on the interior
of @1Ĝ the situation is as for a smooth Legendrian distribution, so consider a point q on
@] Ĝ. We needto distinguish two cases:the �rst is that q is on the codimension two corner
@1Ĝ \ @] Ĝ, and the secondis that q is on the interior of @] Ĝ.

To make things concretewe shall assumethat coordinates have beenchosenso that G]
1

is the Legendrian f � 1 = 1; � 1 = 0g, and that � 1
1 is a local boundary de�ning function for ~J .

Then a local parametrization of (G; G]
1) near q is a phasefunction of the form

(6.6)  (s; x1; y1; y2; v1; v2) = 1+ s 1(y1; s; v1)+ x1 2(s;
x1

s
; y1; y2; v1; v2); s > 0; vi 2 Rk i ;

de�ned in a neighbourhood of (0; 0; y�
1 ; y�

2 ; v�
1 ; v�

2 ), where  1 and  2 are smooth, satisfying
the non-degeneracycondition

(6.7) dy 1
1
 1; dy1 ;v 1

� @ 1

@vi
1

�
and dy2 ;v 2

� @ 2

@vj
2

�
are linearly independent at (0; 0; y�

1 ; y�
2 ; v�

1 ; v�
2 );

and such that Ĝ is given by

(6.8)
n

d
�  

x1x2

�
j ds;v 1 ;v 2  = 0

o
:
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Furthermore we require that ds;v 1 ;v 2  (0; 0; y�
1 ; y�

2 ; v�
1 ; v�

2 ) = 0, and that the point on Ĝ
corresponding to (0; 0; y�

1 ; y�
2 ; v�

1 ; v�
2 ) is q.

Remark. The non-degeneracyconditions imply that the subset

C = f (s;u; y1; y2; v1; v2) j ds  = 0; dv1 ( 1 + u 2) = 0; dv2  2 = 0; u =
x1

s
g

is a submanifold6 and that (6.8) de�nes a di�eomorphism between C and Ĝ locally near
(0; 0; y�

1 ; y�
2 ; v�

1 ; v�
2 ), sothis indeedcorrespondsto the usualnotion of non-degenerateparamet-

rization. Notice that under this correspondences is a boundary de�ning function for @] Ĝ
and u is a boundary de�ning function for @1Ĝ.

In the secondcase,sincewe are away from the lift of f x1 = 0g, given by x1=s = 0, we do
not needthe special variable s > 0, and we obtain the following: a local parametrization of
(G; G]

1) near q is a phasefunction of the form

(6.9)  (x1; y1; y2; v) = 1 + x1 (x1; y1; y2; v)

de�ned in a neighbourhood of (0; y�
1 ; y�

2 ; v� ), satisfying the non-degeneracycondition

(6.10) dy1 ;y 2 ;v
� @ 

@vj

�
are linearly independent at (0; y�

1 ; y�
2 ; v� );

such that Ĝ is given by

(6.11)
n

d
�  

x1x2

�
j dv  = 0

o
:

Furthermore we require that dv  (0; y�
1 ; y�

2 ; v� ) = 0, and that the point on Ĝ corresponding
to (0; y�

1 ; y�
2 ; v� ) is q.

Remark. This is very similar to the parametrization of a smooth Legendrian, but with
respect to a di�eren t �bration on H 1, where the base of the �bration is a point. This
can also be seenby noting that blowing up f � 1 = 0; x1 = 0g amounts to intro ducing the
variable M 1 = � 1=x1 as a smooth coordinate. This is dual to dy1=x2 and so corresponds to
a coordinate along the �bre of the �bration rather than on the base. This is related to the
blowup of the submanifold W in Section 11.

Remark. Notice that, if we localize the phasefunction in (6.6) to the region x1=s > � > 0,
then it can be expressedin the form

1 + x1
�
w 1(y1; x1w; v1) +  2(x1w; 1=w; y1; y2; v1; v2)

�
; w =

s
x1

;

and is therefore of the form (6.9). So these two forms of parametrization are consistent on
their overlapping regionsof validit y.

6.2.2. Codimension three corners. Now the lifted submanifold Ĝ is a manifold with corners
of codimension three. The three boundary hypersurfacesare denoted @1Ĝ (at x1 = 0), @2Ĝ
(at x2 = 0 and away from G]

2), and @] Ĝ (at f x2 = 0g \ G]
2). Locally near a point on the

interior of @1Ĝ or @2Ĝ the situation is as for a smooth Legendrian distribution, so consider
a point q on @] Ĝ. If q is not also in @1Ĝ then the situation is (locally) the codimension two
situation described above, so we assumethat q 2 @] Ĝ \ @1Ĝ. We need to distinguish two
cases:the �rst is that q is on the codimension three corner @1Ĝ \ @2Ĝ \ @] Ĝ and the second
is that q is on the interior of @] Ĝ \ @1Ĝ.

6The partial derivativ e ds  in the equation above is taken keeping x1 �xed, not keeping u �xed
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To make things concretewe shall assumethat coordinates have beenchosenso that G]
1 is

the Legendrian f � 1 = 1; � 1 = 0g, that G]
2 is the Legendrian f � 1 = � 2 = 1; � 1 = 0; � 2 = 0g,

so that 1 + x1 parametrizes G]
2, and that � 1

2 is a local boundary de�ning function for the
third boundary hypersurfaceof Ĝ. Let q 2 Ĝ lie on the codimension three corner. A non-
degenerateparametrization of (G; G]

2) near q 2 Ĝ is then a smooth phasefunction 	 of the
form

(6.12)
	( s; x1; x2; y1; y2; y3; v2; v3) = 1 + x1 + sx1 2(s; x1; y1; y2; v2)

+ x1x2 3(s; x1; x2=s;y1; y2; y3; v2; v3); s > 0; vi 2 Rk i ;

where  2 and  3 are smooth, with 	 non-degeneratein the sensethat such that

(6.13) dy2  2; dy2 ;v 2

� @ 2

@vi
2

�
and dy3 ;v 3

� @ 3

@vi
3

�
are linearly independent at q0

with

(6.14) Ĝ = f d
� 	

x1x2x3

�
(q00) j q002 C	 g (lifted to [s� T �

@X X ; J ]) near q;

and such that q0 corresponds to q under this correspondence.
The non-degeneracycondition implies that there is a local di�eomorphism between the

set

C	 = f (s; x1; u; y1; y2; y3; v2; v3) j ds 	 = dv2 	 = dv3 	 = 0 at (s; x1; su; y1; y2; y3; v2; v3)g

and Ĝ.
In the secondcase,as we are localizing away from the boundary of f x2 = 0g, given by

x2=s = 0, we do not needthe special variable s. In this case,a non-degenerateparametriza-
tion of (G; G] ) near q 2 Ĝ is a smooth phasefunction 	 of the form

(6.15) 1 + x1x2 (x1; x2; y1; y2; y3; v)

de�ned on a neighborhood of q0 = (0; 0; y�
1 ; y�

2 ; y�
3 ; v� ) with 	 non-degeneratein the sense

that such that

(6.16) dy2  ; dy2 ;v
� @ 

@vi

�
are linearly independent at q0

with

(6.17) Ĝ = f d
� 	

x1x2x3

�
(q00) j q002 C	 g (lifted to [s� T �

@X X ; J ]) near q;

and such that q0 corresponds to q under this correspondence.

6.3. Existence of parametrizations. For brevity we only show the existenceof paramet-
rizations in the codimension 3 setting. The construction is analogous(and simpler) in the
codimension2 setting. We usecoordinates as in the proof of Proposition 4.4 above, in which
we have G1 = f � 1 = 1; � 1 = 0g and G]

2 = f � 1 = (1 + x1)� 2; � 1 = 0; � 2 = 0g.
First let q 2 Ĝ lie on the codimensionthree corner of Ĝ. Recall that Ĝ �bres over Ĝ2 with

�bres that are Legendrian submanifolds of scT �
@F F ; therefore we can �nd a splitting of the

y3 coordinates, y3 = (y[
3; y]

3), so that (y]
3; � [

3) form coordinates on the �bre over � (q) 2 Ĝ2.
Also, asin [13], Proposition 3.5,wecan�nd a splitting of the y2 coordinates, y2 = (y1

2 ; y[
2; y]

2),
where y[

2 = (y2
2 ; : : : ; yj

2), so that, with �̂ [ = (� 2
2=� 1

2; : : : ; � j
2=� 1

2), �̂ ]
2 = � ]

2=� 1
2, the functions

(y]
2; � 1

2; �̂ [ ) form coordinates Ĝ2 near � (q). It follows that

Z = (x1; � 1
2; x2=� 1

2; y1; y]
2; �̂ [

2; y]
3; � [

3)
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form coordinates on Ĝ near q.
We now follow the proof of Proposition 4.4 as closely as possible. Writing � i , y[

i and � ]
i

in terms of the coordinates Z on Ĝ, we have

(6.18)

� 1 = N1(Z )

� 2 = N2(Z )

� 3 = N3(Z )

y[
i = Y [

i (Z ); i = 2; 3

� 1 = M 1(Z )

�̂ ]
2 = M ]

2(Z )

� ]
3 = M ]

3(Z )

on Ĝ:

SinceG is Legendrian, we have

(6.19)
dN1 + N2dx1 + x1N3dx2 � M 1 � dy1

� x1� 1
2

�
dY 1

2 + �̂ [
2 � dY [

2 + M ]
2 � dy]

2

�
� x1x2

�
� [

3 � dY [
3 � M ]

3 � dy]
3

�
= 0:

We claim that the function (where we substitute s for � 1
2, v2 for �̂ [

2 and v3 for � [
3)

(6.20) 	( x1; x2; s; y1; y2; y3; v2; v3) = N1+ x1s
�
(y1

2 � Y 1
2 )+ (y[

2 � Y [
2 ) �v2

�
+ x1x2

�
(y[

3 � Y [
3 ) �v3

�

is a local parametrization of G.
First, observe that N1 is equal to 1 at x1 = 0 and is equal to 1+ x1 + O(s) at s = 0 since

the value of � 1 on G]
2 is equal to 1 + x1. Henceit has the form (6.12).

Second,supposethat ds 	 = 0. This meansthat

dsN1 + x1(y1
2 � Y 1

2 ) � x1sds(Y 1
2 + Y [

2 � v2
�

� x1x2dsY [
3 � v3 = 0:

Using the ds component of (6.19) and dividing by an overall factor of x1 we now obtain
y1

2 = Y 1
2 . In a similar way, the conditions that dv i 	 = 0 imply that y[

i = Y [
i , i = 2; 3. This

also shows the non-degeneracycondition, since d(ds  2) = dy1
2 , d(dv2  2) = y]

2, d(@v3  3) =
dy3 at q; theseare manifestly linearly independent di�eren tials.

To seethat the set

G0 = f d
� 	

x1x2x3

�
j ds;v 2 ;v 3 	 = 0g

coincideswith G locally near q, consider the value of � 1
2 on G0; it is given by dy 1

2
	 =x1 = s.

Similarly, the value of � [
2 is given by sv2, and the value of � [

3 is given by v3. So we can
re-identify these values. Next consider the value of � 1 on G0. It is given by the value of
	, that is, by (6.20). This simpli�es to N1 when ds;v i 	 = 0, since we have y1

2 = Y 1
2 when

ds 	 = 0 and y[
i = Y [

i when dv i 	 = 0. Next consider the value of � 2. This is given by dx 1 	
which is equal to

dx 1 N1 � x1sdx 1 Y [
1 � � [

1 � x1sdx 1 Y [
2 � � [

2 � x1x2dx 1 Y [
3 � � [

3

(again using y[
i = Y [

i when ds;v i 	 = 0). Sincethe dx1 component of (6.19) vanishes,this is
equal to N2. So � 2 = N2 on G0. In a similar way we deducethat � 3 = N3, and � ]

i = M ]
i on

G0. It follows that G0 coincideswith G.



38 ANDREW HASSELL AND JARED WUNSCH

6.4. Equiv alence of phase functions.
We sketch the proof of equivalence of parametrizations only in the codimension three

case.
Two phase functions 	, ~	 are said to be equivalent if they have the same number of

phasevariables of each type v1; v2 and there exist maps

V1(x1; ~y;~v; s); V2(x1; ~y;~v; s); S(x1; ~y;~v; s)

such that
~	( ~x; ~y; V1; V2; S) = 	 :

Prop osition 6.2. The phasefunctions 	 = 1+ x1 + sx1 2 + x1x2 3; ~	 = 1+ x1 + sx1
~ 2 +

x1x2
~ 3 are locally equivalent i�

(1) They parametrize the sameLegendrians,
(2) They have the samenumber of phasevariablesof the form v2; v3 separately,
(3)

sgnd2
v2

( 2) = sgnd2
v2

( ~ 2);

sgnd2
v3

( 3) = sgnd2
v3

( ~ 3);

By using the codimension two result from [13], we reduceto the case

	 = 1 + x1 + sx1 2 + x1x2 3; ~	 = 1 + x1 + sx1 2 + x1x2
~ 3:

As usual, we can arrange that the two functions agreeto �rst order along C := f ds;v 2 (s 2 +
x2 3); dv3  3 = 0g: Thus

~ 3 �  3 =
1
2

(r 0
~v;s 	) t B (r 0

~v;s 	)

where we de�ne r 0	 = (@v2 (s 2 +  3); @v3  3; @s(s 2 +  3)) : We now expand

	( x1; ~y; ~~v; ~s) � 	( x1; ~y; ~~v; s) = (~~v � ~v) � @~v 	 + (~s � s) � @s	 + O(( ~~v � ~v)2 + (~s � s)2):

Set

(~v1; ~v2; ~s) � (v1; v2; s) = (x2w1; w2; x2w3) � r 0
~v  

for wi = wi (x1; ~y;~v; s): Thus

	( x1; ~y; ~~v; ~s) � 	( x1; ~y;~v; s) = x1x2(r 0
~v;s 	) t (w + O(w2))( r 0

~v;s 	) :

We want

	( x1; ~y; ~~v; ~s) � 	( x1; ~y;~v; s) = ~	( x1; ~y;~v; s) � 	( x1; ~y;~v; s)

= x1x2( ~ 3 �  3)

We thus needto solve

x1x2(r 0	) t (w + O(w2))( r 0	) =
x1x2

2
(r 0	) t B (r 0	)

for w: This can always be accomplishedfor B small by the inversefunction theorem, and
extended to the generalcaseby using the condition on signatures.

6.5. Legendre distributions associated to a conic pair.
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6.5.1. Codimension 2 corners. Let X be a scattering �bred manifold with codimension 2
corners, let N = dim X and let (G; G]

1) be a conic Legendrian pair. Let m; p and r be real
numbers, and let � be a smooth nonvanishing scattering-�bred half-density. A Legendre
distribution of order (m; p; r ) associated to (G; G]

1) is a half-density distribution of the form
u1 + (u2 + u3 + u4 + u5)� , where

� u1 is a Legendredistribution of order (m; r ) associated to G and microsupported
away from J ,

� u2 is given by an �nite sum of local expressions

(6.21)
u2(x1; x2; y1; y2) =

Z

Rk 2

Z

Rk 1

Z 1

0
ei (s;x 1 ;y 1 ;y 2 ;v 1 ;v 2 )=x 1 x 2 a(s;

x1

s
; x2; y1; y2; v1; v2)

xm � (1+ k1 + k2 )=2+ N =4
2

� x1

s

� r � (1+ k1 )=2� f 1 =2+ N =4
sp� 1� f 1 =2+ N =4 dsdv1 dv2;

where a is a smooth compactly supported function of its arguments, f 1 is the di-
mension of the �bres of H1, and  = 1 + s 2 + x1 2 is a phase function locally
parametrizing (G; G]

1) near a point q 2 @1Ĝ \ @] Ĝ, as in (6.6),
� u3 is given by an �nite sum of local expressions

(6.22)
u2(x1; x2; y1; y2) =

Z

Rk
ei (x 1 ;y 1 ;y 2 ;v )=x 1 x 2 ~a(x1; x2; y1; y2; v)

xm � k=2+ N =4
2 xp� 1� f 1 =2+ N =4

1 dv;

where ~a is smooth and compactly supported, and  is a local parametrization of
(G; G]

1) near a point q 2 @] Ĝ n @1Ĝ as in (6.9),
� u4 is given by

(6.23)
u4(x1; y1; z) =

Z
ei (1+ s 1 )=x 1 x 2 b(x1; s;

x1

s
; y1; v; z)

� x1

s

� r � (1+ k1 )=2� f 1 =2+ N =4
sp� 1� f 1 =2+ N =4 dv2

where  1 is as above and b is smooth and O(x1
2 ) at mf = f x2 = 0g, and

� u5 2 xp� f 1 =2+ N =4
1 x1

2 ei=x 1 x 2 C1 (X ) (which always contains _C1 (X ) as a subset).

The set of such distributions is denoted I m;p ;r (X ; (G; G]
1); s� 


1
2 ).

6.5.2. Codimension 3 corners. We now assumethat X is a scattering-�bred manifold with
codimension 3 corners. Let N = dim X , let m; r 1; r2 and p be real numbers, and let � be a
smooth nonvanishing scattering-�bred half-density on X . A Legendredistribution of order
(m; p; r1; r2) associated to (G; G]

2) is a half-density distribution of the form u1 + u2 + (u3 +
u4 + u5 + u6)� , where

� u1 is a Legendredistribution of order (m; r 1; r2) associated to G and microsupported
away from J ,

� u2 is a Legendredistribution of order (m; p; r 2) associated to (G; G]
2) and supported

away from H1, as de�ned above,
� u3 is given by an �nite sum of local expressions

(6.24)

u2(x1; x2; x3; y1; y2; y3) =
Z

Rk 3

Z

Rk 2

1Z

0

ei 	( x 1 ;x 2 ;y 1 ;y 2 ;y 3 ;s;v 2 ;v 3 )=x a(x1; s;
x2

s
; x3; y1; y2; y3; v2; v3)

xm � (1+ k2 + k3 )=2+ N =4
3

� x2

s

� r 2 � (1+ k2 )=2� f 2 =2+ N =4
sp� 1� f 2 =2+ N =4xr 1 � f 1 =2+ N =4

1 dsdv2 dv3;
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wherea is a smooth compactly supported function of its arguments, f i arethe dimen-
sion of the �bres on H i , and 	 = 1+ x1 + sx1 2 + x1x2 3 is a local parametrization
of (G; G]

2) near a corner point q as in (6.12),
� u4 is given by an �nite sum of local expressions

(6.25)
u2(x1; x2; x3; y1; y2; y3) =

Z

Rk

Z 1

0
ei 	( x 1 ;x 2 ;y 1 ;y 2 ;y 3 ;v )=x ~a(x1; x2; x3; y1; y2; y3; v)

xm � k=2+ N =4
3 xp� 1� f 2 =2+ N =4

2 xr 1 � f 1 =2+ N =4
1 dv;

where~a is smooth and compactly supported, 	 is a local parametrization of (G; G]
2)

near a point q 2 @1Ĝ \ @] Ĝ n @2Ĝ as in (6.15),
� u5 is given by

(6.26)
u4(x1; x2; y1; y2; z3) =

Z
ei (1+ sx 1  2 )=x b(x1; s;

x2

s
; y1; y2; z3; v2)

� x2

s

� r 2 � (1+ k2 )=2� f 2 =2+ N =4
sp� 1� f 2 =2+ N =4xr 1 � f 1 =2+ N =4

1 dv1 dv2

where  2 is as above, b is smooth and O(x1
3 ) at mf, and

� u6 2 xr 1 � f 1 =2+ N =4
1 xp� f 2 =2+ N =4

2 x1
3 ei (1+ x 1 )=x C1 (X ) (which includes _C1 (X ) asa sub-

set).

The set of such distributions is denoted I m;p ;r 1 ;r 2 (X ; (G; G]
2); s� 


1
2 ).

6.6. Sym bol calculus.

6.6.1. Codimension 2 corners. For a conic pair of Legendresubmanifolds ~G = (G; G]
1), with

Ĝ the desingularizedsubmanifold obtained by blowing up J = ~� � 1
12 (spanG]

1), the symbol
calculus takesthe form

Prop osition 6.3. Let s be a boundary de�ning function for @] Ĝ � Ĝ. Then there is an
exact sequence

(6.27) 0 ! I m +1 ;p;r (X ; ~G; s� 

1
2 ) ! I m;p ;r (X ; ~G; s� 


1
2 )

! xr � m
1 sp� m C1 (Ĝ; 


1
2
b 
 S[m ](Ĝ)) ! 0:

If P 2 s� Di� (X ; s� 

1
2 ) has principal symbol p and u 2 I m;p ;r (X ; ~G; s� 


1
2 ), then Pu 2

I m;p ;r (X ; ~G; s� 

1
2 ) and

� m (Pu) =
�
p � Ĝ

�
� m (u):

Thus, if p vanisheson Ĝ, then Pu is an element of I m +1 ;p;r (X ; ~G; s� 

1
2 ) by (6.27). The

symbol of order m + 1 of Pu in this case is given by (4.18).

6.6.2. Codimension 3 corners. Let ~G = (G; G]
2) now be a conic pair of Legendresubmani-

folds in the codimension three setting. Then we have

Prop osition 6.4. Let s be a boundary de�ning function for @] Ĝ � Ĝ, and let � be a
boundary de�ning function for @2Ĝ (for example,� = x2=s). Then there is an exactsequence

(6.28) 0 ! I m +1 ;p;r 1 ;r 2 (X ; ~G; s� 

1
2 ) ! I m;p ;r 1 ;r 2 (X ; ~G; s� 


1
2 )

! xr 1 � m
1 � r 2 � m sp� m C1 (Ĝ; 


1
2
b 
 S[m ](Ĝ)) ! 0:
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If P 2 s� Di� (X ; s� 

1
2 ) has principal symbol p and u 2 I m;p ;r 1 ;r 2 (X ; ~G; s� 


1
2 ), then

Pu 2 I m;p ;r 1 ;r 2 (X ; ~G; s� 

1
2 ) and

� m (Pu) =
�
p � Ĝ

�
� m (u):

Thus, if p vanisheson Ĝ, then Pu is an elementof I m +1 ;p;r 1 ;r 2 (X ; ~G; s� 

1
2 ) by (6.27). The

symbol of order m + 1 of Pu in this case is given by (4.18).

6.7. Residual space. In the codimensiontwo case,considerthe casewhereX = Y � [0; � ]x 2

where Y is a manifold with boundary. In this case,the residual space

I 1 ;p;r (X ; (G; G]
1); s� 


1
2 ) = \ m I m;p ;r (X ; (G; G]

1); s� 

1
2 )

may be identi�ed with

x1
2 C1 �

[0; � ]; I r � 1=4;p� 1=4(X ; (x � 1
2 G1; x � 1

2 G]
1); s� 


1
2 )

�
:

In the codimension three case,if X = Y � [0; � ]x 3 whereY is a scattering-�bred manifold
with codimension two corners, then the residual spaceis

I 1 ;p;r 1 ;r 2 (X ; (G; G]
2); s� 


1
2 ) = \ m I m;p ;r 1 ;r 2 (X ; G; G]

2); s� 

1
2 )

and this may be identi�ed with

x1
3 C1 �

[0; � ]; I r 2 � 1=4;p� 1=4;r 1 � 1=4(X ; (x � 1
3 G2; x � 1

3 G]
2); s� 


1
2 )

�

 jdx3 j1=2:

7. Legendrian-La grangian distributions

7.1. Legendrian-Lagrangian submanifolds. The �nal type of distribution we shall in-
tro duce are `Legendrian-Lagrangian distributions' associated to the scattering cotangent
bundle scT � X of a manifold with boundary X . We shall restrict attention to X of the form
X = Y � [0; h0). We ignore the noncompactnessof Y � [0; h0) as h ! h0 sincewe will only
be interested in distributions supported near the boundary at h = 0.

Let T
sc �

X be the compacti�cation of scT � X via radial compacti�cation of each �bre.
This is a manifold with corners of codimension two; its boundary hypersurfacesare the
�brewise radial compacti�cation of scT �

@X X , which we denote scl (`semiclassicallimit'),
and the new hypersurfaceat `�bre-in�nit y', which we shall denote �. Fibre-in�nit y has a
natural contact structure given by �

P
i � i dyi in local coordinates y on Y (where � are the

dual cotangent coordinates), where � is a boundary de�ning function for � (e.g. � = 1=j� j).
If � 1=j� j > 0 locally then we may take � = 1=� 1 and then the contact form takes the form
dy1 +

P
i > 2 � i =� 1dyi .

There is a natural subbundle S of scT �
@X X given by the annihilator of h2@h , or equiva-

lently , spannedby the one-forms dyi =h. Let @S � � \ scl denote the boundary of S after
radial compacti�cation.

De�nition 7.1. A Legendrian-Lagrangian submanifold on X is a Legendre submanifold
with boundary L � scl that meets the corner scl\ � transversally, and such that @L � @S.

Recall that given local coordinates y on Y, we have coordinates h; y; � ; � on scT � X near
f h = 0g given by writing any element of scT � X relative to the basisd(1=h) and dyi =h:

scT � X 3 p = � d
� 1

h

�
+

X

i

� i
dyi

h
:

The coordinates (� ; � ) are linear coordinates on each �bre, and S is given by f h = 0; � = 0g.
Now let q be a point on the corner of @L after radial compacti�cation of the �bres. Let
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us assumefor a moment that � 1=j� j > 0 at q (which can always be arranged after a linear
change of y variables), so that we can use � = 1=� 1 as a boundary de�ning function for
� near q. Let � = � =� 1 and M 0 = � 0=� 1, where � 0 = (� 2; : : : ; � m ), m = dim Y . Then
(h; y; �; � ; M 0) are local coordinates for T

sc �
X near q.

At scl, the contact structure is given by the form d� � dy1 � M 0 � dy0 � � d�=� . This
form vanisheson L . Therefore at @L; which is contained in f � = 0g by assumption,we have
dy1 + M 0�dy0 = 0. Thus, @L can be naturally identi�ed with a Legendrianat �bre-in�nit y on
the �brewise compacti�cation of T � Y , and hencewith a conic Lagrangian � in T � Y n0. We
shall soon seethat a Legendrian-Lagrangiandistribution is, for �xed h > 0, a Lagrangian
distribution associated to �.

7.2. Parametrization. Let q 2 @L. We shall usecoordinates (h; y; �; � ; M 0) as above. We
recall that � = 0 at q, indeed everywhereon @L.

A local parametrization of L near q is a function � =� , where � = �( y; �; v) is a smooth
function of y, � and v 2 Rk , de�ned in a neighbourhood of (y0; 0; v0) so that

d� ;v (� =� )jy0 ;0;v 0 = 0

and

q =
�

0; y0; dh;y
� �

�h

� �
;

such that � is non-degeneratein the sensethat

d
� @�

@vi

�
; d� and d� are linearly independent at (y0; 0; v0);

and so that

(7.1) L =
� �

0; y; dh;y
� �

�h

�
: d� ;v

� �
�

�
= 0

� 	

locally near q. (Note that � is a parameter to be integrated, on the samefooting with v:)
This is a parametrization using `compact coordinates'. We may also usenoncompact or

homogeneouscoordinates by intro ducing w 2 Rk+1 given in terms of (� ; v) by w = (w1; w0)
with w1 = 1=� and w0 = v=� . Also write � = � 1(y; v) + � � 0(y; � ; v). Then changing to the
w variables we have a parametrization of the form

	 1(y; w) + 	 0(y; w)

where 	 1 = w1� 1 is homogeneousof degree1 in w and 	 0 = � 0 is a symbol of order zero
in w. Then 	 1 parametrizes the Lagrangian �.

7.3. Existence of parametrizations. This is provedin the usualway. Let y = (y1; y0; y00),
� = (� 1; � 0; � 00), � 0 = � 0=� 1 and � 00= � 00=� 1. We choosecoordinates so that (�; � 0; y00) are
coordinates on L near q. (Note that � always has nonzerodi�eren tial on L at q sinceL is
assumedtransverseto �.) We can therefore expressthe other coordinates on L as smooth
functions of (�; � 0; y00):

y1 = Y1(�; � 0; y00)

y0 = Y 0(�; � 0; y00)

� = �( �; � 0; y00)

� 00= � 00(�; � 0; y00)
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We claim that

�( y; � ; � 0)
�

=
�( y; � ; � 0) + (y1 � Y1(y; � ; � 0)) + (y0 � Y 0(y; �; � 0)) � � 0

�

parametrizesL near q; with v = � 0: In fact, sinceL is Legendrian, the form

� d� + �
d�
�

+ dY1 + � 0 � dY 0+ � 00� dy00

vanisheson L . Setting the coe�cien ts of d� , d� 0 and dy00to zero we �nd that

�
@�
@�

+
�
�

+
@Y1

@�
+ � 0 �

@Y 0

@�
= 0(7.2)

@�
@� 0 +

@Y1

@� 0 + � 0 �
@Y 0

@� 0 = 0(7.3)

@�
@y00+

@Y1

@y00+ � 0 �
@Y 0

@y00+ � 00= 0(7.4)

Using (7.2) and (7.3), one �nds that d� ;v (� =� ) = 0 implies that Y1 = y1 and Y 0 = y0 on L ,
while equating dy1 (� =� ) with 1=� and dy0(� =� ) with � 0=� gives � = � and �

0
= � 0. Finally

one obtains (7.1) near q.

7.4. Equiv alence of phase functions. Acceptable changes of variables for our phase
function are smooth coordinate changesof the form (�; v) 7! ( ~�; ~v) where ~� = �f ; with
f 2 C1 : In the noncompact model described above, this is equivalent to w 7! ~w where ~w is
a polyhomogeneoussymbol of order 1 in the w variables. We therefore declare two phase
functions to be equivalent if such a transformation maps one to the other. We continue to
employ the noncompact phasevariable description of parametrization in what follows.

Prop osition 7.2. The phasefunctions 	 , ~	 are locally equivalent near q i�

(1) They parametrize the sameLegendrian,
(2) They have the samenumber of phasevariable.
(3) sgnd2

w 	 = sgnd2
w

~	 at q.

Proof. We begin as usual by arranging to have 	 and ~	 in agreement to �rst order along
C = f dw 	 = 0g:

We may thus expand in a Taylor series

~	 � 	 =
1
2

(r w 	) t B (r w 	)

for some matrix B = B (y; w): As both ~	 and 	 are symbols of order 1 in w, B is also
symbolic of order 1.

The non-degeneracyassumptionson 	 ; ~	 meansprecisely that det(I + B @2
w  2) 6= 0: We

now expand
	( y; ~w) � 	( y; w) = ( ~w � w) � @w 	 + O(( ~w � w)2):

Set
~w � w = z � r w 	 ;

where z is a matrix depending on w; note that this is a changeof variables of the required
form. We thus have

	( y; ~w) � 	( y; w) = (r w 	) t (z + O(z2))( r w 	) :
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We want
	( y; ~w) � 	( y; w) = ~	 (y; w) � 	( y; w);

we thus needto solve

(r w 	) t (z + O(z2))( r w 	) =
1
2

(r w 	) t B (r w 	)

for z: This can be accomplishedfor B small by the inversefunction theorem, with a result
that is symbolic in w: Lemma 3.1.7 of [17] enablesus to extend to the caseof arbitrary
B : �

7.5. Legendrian-Lagrangian distributions. Let L bea Legendrian-Lagrangiansubman-
ifold as above. Let N = dim X . A Legendrian-Lagrangian distribution u of order (m; r )
associated to L on X , denotedu 2 I m;r (X ; L ), is a half-density u = u1 + u2 + u3 + u4, where

� u1 is in h1 C1
�
[0; h0); I � r � 1=4(Y; h� 1�; 


1
2 )

�

 jdhj1=2,

� u2 is a Legendriandistribution of order m associated to L and microsupported away
from �bre-in�nit y,

� u3 is a sum of terms of the form

(7.5) hm � (k+1) =2+ N =4
Z 1

0

Z

Rk
ei �( y ;�;v )=�h � r � k=2� 1� N =4a(h; y; �; v) dv d�

�
� dydh
hN +1

�
�1=2

where � is a local parametrization of L and a is smooth, and
� u4 2 _C1 (X ).

We remark that (7.5) is an oscillatory integral unlessr is su�cien tly positive.
If we rewrite this using the homogeneousparametrization, we get

(7.6) hm � (k+1) =2+ N =4
Z

ei 	 1 (y ;w )=h ei 	 0 (y ;w )=h ~a(h; y; w) dw
�
� dydh
hN +1

�
�1=2

where ~a is a (classical) polyhomogeneoussymbol of order � r � (k + 1)=2 + N=4 � 1=2 in
w. For h > 0 the ei 	 0 =h factor is a symbol of order zero and so ei 	 0 =h ~a is a symbol of the
sameorder as ~a. Hencefor �xed h > 0 this is a Lagrangian distribution, of order � r � 1=4,
associated to � depending smoothly on h for h > 0, and whosesymbol is itself oscillatory
as h ! 0.

7.6. Sym bol calculus and residual space.

Prop osition 7.3. The symbol map for Legendre distributions, de�ned in the interior of G
[28], extendsby continuity to give an exact sequence

0 ! I m +1 ;r (X ; L ; s� 

1
2 ) ! I m;r (X ; L ; s� 


1
2 ) ! � r � N =4C1 (L; 


1
2
b 
 S[m ](G)) ! 0:

The residual space I 1 ;r (X ; L ; s� 

1
2 ) � \ m I m;r (X ; L ; s� 


1
2 ) may be identi�e d with

h1 C1 �
[0; h0); I � r � 1=4(Y; h� 1�; 


1
2 )

�

 jdhj1=2:

7.7. Distributional limits of Legendrian conic pairs. We now consider a situation
which leads to a Legendrian-Lagrangiandistribution. Let M be a compact manifold with
boundary. We may view M � [0; h0) as a scattering-�bred manifold (where we again ig-
nore the noncompactnessat h = h0) with main face H2 = M � f 0g and other boundary
hypersurfaceH1 = @M � [0; h0) with �bration H1 ! @M given by projection onto the @M
factor. Supposethat we have a distribution u 2 I (G; G]

1) associated to a Legendrian conic
pair (G; G]

1) as described in the previous section (codimension 2 case). Coordinates in this
casecan be taken to be x; h; y near H 1, wherey is a local coordinate for @M , extendedto a
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collar neighbourhood of @M , and x is a boundary de�ning function for M . Corresponding
scattering-�bred cotangent coordinates are � 1; � 2; � given by expressingcovectors

q = � 1d
� 1

xh

�
+ � 2d

� 1
h

�
+ � �

dy
xh

:

We supposeas in Section 6.2.1 that G]
1 is given by f � = 0; � 1 = 1g.

We consider the problem of restricting u 2 I m;p ;r (X ; (G; G]
1)) to H1. The �rst issue is

that u is a half-density, so to restrict we must divide by the half-density jdx=xj1=2 to obtain
a half-density on H1. The secondissue is that u is oscillatory as x ! 0, so we must �rst
multiply by e� i=xh to have any hope of being able to restrict to x = 0. Thirdly we must
divide by a power of x, depending on the order p at G]

1, in order to get a �nite, nonzero
limit. If we do all this, and if the Legendrian G intersectsf � = 0g only at G]

1, then it turns
out that u has a restriction in the distributional sense.In the non-semiclassicalcase(no h
variable) this was proved by Melrose-Zworski [28].

Let Ĝ be the blowup of the singular Legendrian G at J = f x = 0; � = 0g � s� T �
mf (M �

[0; h0)). We write ~J for the new boundary hypersurfacecreated by the blowup. Recall that
Ĝ is a manifold with corners of codimension 2, with one boundary hypersurface@] Ĝ at ~J
and the other, @1Ĝ, at x = 0 but away from ~J .

Lemma 7.4. The submanifold ~J \ f � 1 = 1g of ~J is naturally di�e omorphic to the �br ewise
compacti�c ation of scT �

@M �f 0g(@M ) � [0; h0)) , and under this identi�c ation, the boundary

hypersurface @] Ĝ (which lies inside ~J \ f � 1 = 1g) is a Legendrian-Lagrangian submanifold
L .

Proof. Scattering-�bred covectors in s� T � (M � [0; h0)) are represented by forms of the form
d
�
(f (y) + xg)=xh

�
where g is smooth. If we restrict to the set � 1 = 1; � = 0 then these

are of the form d((1 + xg)=xh) = d(1=xh) + d(g=h), and the coordinates are given by
y; � 1 = 1; � 2 = g; � = xdg. Thus on the interior of ~J , where we may take x as a boundary
de�ning function, the coordinates are given by y; � 1 = 1; � 2 = g; �=x = dg. It is now
clear that the map from the point on ~J \ f � 1 = 1g speci�ed by (y; � 2 = g; �=x = dg) to
d(g=h) 2 scT �

@M �f 0g(@M � [0; h0)) is a natural di�eomorphism. This identi�es the interior

of ~J \ f � 1 = 1g with scT �
@M �f 0g(@M � [0; h0)). The �bres of the blowdown map ~J ! J

are radial compacti�cations of vector spacescoordinatized by �=x , sincewe have x=j� j as a
boundary de�ning function for @~J and �= j� j asa coordinate along the boundary. Hencethe
natural di�eomorphism extends from ~J \ f � 1 = 1g to the �brewise radial compacti�cation
of scT �

@M �f 0g(@M � [0; h0)).
The contact form on s� T �

mf (M � [0; h0)) is given by d� 1 + xd� 2 + � � dy. Let � = �=x .
Then this can be written d� 1 + x(d� 2 + � � dy); which vanishesat Ĝ. Taking the di�eren tial
and restricting to @] Ĝ we get dx ^ (d� 2 + � � dy) = 0, and sincedx 6= 0 at the interior of ~J we
concludethat d� 2 + � � dy = 0 at @] Ĝ. Since� = 1 on G]

1, we have � 1 = 1 at @] Ĝ. Using our
identi�cation of the interior of ~J \ f � 1 = 1g with scT � (@M � [0; h0)), we seethat the imageof
@] Ĝ under this identi�cation, which we denoteL , is Legendrian. Also, by the transversality
requirements in the de�nition of a Legendrianconic pair, L is transverseto the boundary at
�bre-in�nit y. Finally, sinceĜ is a compact submanifold of [s� T �

mf (M � [0; h0)); J ], and since
� 2 is a continuous function on this space,the value of � 2 is bounded on Ĝ. On the other
hand, the value of � = �=x goes to in�nit y at the boundary of L . Hence� 2=� = 0 at the
boundary of L . It follows that @L � @S, so L is a Legendrian-Lagrangiansubmanifold. �
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The analytic result corresponding to this geometric lemma is

Prop osition 7.5. Let X be a scattering-�br ed manifold with codimension 2 corners, let
dim X = N , and let (G; G]

1) be as above. Suppose that u 2 I m;p ;r (X ; (G; G]
1)) , and assume

that G \ f � = 0g is contained in G]
1. Then

(7.7) x � p+ N =4e� i=xh
�
� dx

x

�
� � 1=2

u

has a distribution limit as x ! 0. The limit is an element of I m � 1=4;p� r � (N � 1)=4(H1; L ),
where L is as in Lemma 7.4.

Proof. By de�nition, u is a sum of terms ui as in the de�nition above (6.21). Clearly we
can ignore any summandswhich are rapidly decreasingat x = 0. We next note that, if we
microlocalize u to any region where � 6= 0, then (non-)stationary phase(involving repeated
integrations by parts in y) shows that the pairing of u with any function of y is rapidly
decreasingin x as x ! 0. Hencewe can restrict attention to the microlocal region where �
is closeto zero, which by assumption is near G]

1, i.e. near the conic singularity of G.
In this region, we have seenthat u can be written as a sum of terms of the form (6.21)

and (6.22) (with y2 and v2 absent and x1 replacedby x). Consider an integral of the form
(6.21): Z

Rk

Z 1

0
ei (1+ s 1 (s;y ;v )+ x 2 (s;x=s;y ;v )) =xh a(s;

x
s

; y; v; h)

� hm � (1+ k)=2+ N =4sp� 1=2+ N =4� x
s

� r � (1+ k)=2� 1=2+ N =4 ds
s

dv �

where � is a scattering-�bred half-density. We may take � to be

� =
�
�
�

dy
(xh)N � 2

dx
x2h

dh
h2

�
�
�
1=2

:

We want to expressthis in terms of a scattering half-density � = jdydh=hN j1=2; we seethat

� = h� 1=2x � (N � 1)=2
�
� dx

x

�
�1=2

� :

It follows that (7.7) is given by
Z

Rk

Z 1

0
ei (s 1 (s;y ;v )+ x 2 (s;x=s;y ;v )) =xh a(s;

x
s

; y; v; h)hm � (1+ k)=2+ N =4� 1=2

�
� x

s

� p� 1=2+ N =4� x
s

� r � (1+ k)=2� 1=2+ N =4 ds
s

dv � :

Let us intro duce the variables � 1 = s=x and � 0 = v� 1 2 Rk . We can write this

(7.8)

Z

Rk

Z 1

0
ei ( � 1  1 (x� 1 ;y ;� 0=� 1 )+  2 (x� 1 ;� � 1

1 ;y ;� 0=� 1 )) =h a(x� 1;
1
� 1

; y; � 0=� 1; h)

� hm � (1+ k)=2+ N =4� 1=2� p� r +(1+ k)=2
1 � � k

1
d� 1

� 1
d� 0� :

If we set x = 0 in the integrand then the integral becomes
Z

Rk

Z 1

0
ei ( � 1  1 (0 ;y ;� 0=� 1 )+  2 (0 ;� � 1

1 ;y ;� 0=� 1 )) =h a(0;
1
� 1

; y; � 0=� 1; h)

� hm � (1+ k)=2+ N =4� 1=2� p� r � (1+ k)=2
1 d� 1 d� 0� :
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It is straightforward to check that � 1 1(0; y; � 0=� 1) +  2(0; � � 1
1 ; y; � 0=� 1) is a non-degenerate

parametrization of L . Therefore this is a Legendrian-Lagrangiandistribution of order (m �
1=4; p� r � (N � 1)=4) associated to L . It remains to prove that this is indeed the distribu-
tional limit of (7.8) asx ! 0. This is clear if the exponent of � 1 is su�cien tly negative, since
then the integral is absolutely convergent, uniformly in x. In general, we can exploit the
fact that dy 1  6= 0 according to (6.7) (where y1 is the �rst component of y) and integrate
by parts repeatedly in y1, using

ei� 1  1 =h =
h

i� 1

1
@y 1  1

@y 1 ei� 1  1 =h :

Doing this su�cien tly many times eventually reducesthe exponent of � 1 to the point of
absolute integrabilit y. We can then take the limit x ! 0 and perform the integrations by
parts in reverse,which givesthe desiredconclusion.

A similar argument applied to an integral of the form (6.22) givesthe sameresult (in this
case,we only get a Legendrian distribution microlocalized to a compact part of the interior
of L sincethis part is away from the corner of Ĝ). �

8. Quadra tic scattering-fibred str ucture

In order to describe precisely the microlocal structure of the Schr•odinger propagator, we
need to intro duce the quadratic-scattering �br ed structure on manifolds with codimension
three corners. This structure is a variant of the scattering-�bred structure, in which we have
an extra order of vanishing of the Lie algebra at someof the boundary hypersurfaces.The
basic example, on a manifold with boundary, is the quadratic scattering structure, which
we now review.

8.1. The basic structure. Recall that the quadratic scattering structure on a manifold
with boundary, X , is given by the quadratic scattering Lie algebra Vqsc(X ) � xVsc(X ).
Locally near the boundary, using coordinates (x; y), x > 0 a boundary de�ning function,
Vqsc is the C1 (X )-span of the vector �elds

x3@x ; x2@y i :

This structure was used to analyze the propagation of singularities at in�nit y of solutions
to the time-dependent Schr•odinger equation [45], [34].

In the quadratic scattering-�bred structure on a manifold with codimension 3 corners,
we start with a manifold X with �brations � i , as in De�nition 3.3. However, instead of
a distinguished total boundary de�ning function x we require a distinguished function x q

which vanishesto secondorder at the H 1 and H2 boundary hypersurfaces;in other words
xq = x2

1x2
2x3 for someboundary de�ning functions x i of H i . Correspondingly, we consider

a di�eren t Lie algebra of vector �elds. In place of De�nition 3.7, we make

De�nition 8.1. The Lie algebra of quadratic scattering-�bred vector �elds Vqs� is de�ned
by

(8.1) V 2 Vqs� (X ) i� V = x1x2W; W (xq ) 2 x3
1x3

2x2
3C1 (X ) and W is tangent to � :

An analogueof Proposition 3.4 applies, where we replace the last condition � x i = x by
x2

1x2
2x3 = xq . In terms of such coordinates, the Lie algebra is given locally by arbitrary
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linear combinations (over C1 (X )) of vector �elds of the form

(8.2)

� (x2
1x2

2x3)x1@x 1 ; (x2
1x2

2x3)@y1 ;

x1x2
2x3(x1@x 1 � x2@x 2 ); (x1x2

2x3)@y2 ;

x1x2x3(x2@x 2 � 2x3@x 3 ); x1x2x3@y3 :

It follows, as in Section 3, that Vqs� (X ) is the spaceof sectionsof a vector bundle over
X . The dual bundle, denotedqs� T � (X ), is spannedby one-formsof the form d(f =(x2

1x2
2x3))

where f 2 C1
� (M ).

The dual basis to the vector �elds (8.2) is

(8.3) d
� 1

x2
1x2

2x3

�
; d

� 1
x1x2

2x3

�
; d

� 1
x1x2x3

�
;

dy1

x2
1x2

2x3
;

dy2

x1x2
2x3

;
dy3

x1x2x3
:

Here dyi is shorthand for a ki -vector of 1-forms, if yi 2 Rk1 . An alternativ e basis is given
by

d
� 1

x2
1x2

2x3

�
;

dx1

x2
1x2

2x3
;

dx2

x1x2
2x3

;
dy1

x2
1x2

2x3
;

dy2

x1x2
2x3

;
dy3

x1x2x3
:

Any element of s� T � X may therefore be written uniquely as

(8.4) ~� 1d
� 1

x2
1x2

2x3

�
+ ~� 2d

� 1
x1x2

2x3

�
+ ~� 3d

� 1
x1x2x3

�
+ ~� 1 �

dy1

x2
1x2

2x3
+ ~� 2 �

dy2

x1x2
2x3

+ ~� 3 �
dy3

x1x2x3

or, alternativ ely, as

(8.5) ~� 1d
� 1

x2
1x2

2x3

�
+ ~� 2

dx1

x2
1x2

2x3
+ ~� 3

dx2

x1x2
2x3

+ ~� 1 �
dy1

x2
1x2

2x3
+ ~� 2 �

dy2

x1x2
2x3

+ ~� 3 �
dy3

x1x2x3

The function ~� 1, regarded as a linear form on the �bres of s� T � X , can be identi�ed with
the vector �eld (x2

1x2
2x3)x1@x 1 , and similarly for the other �bre coordinates. The same

expressioncan be viewed asthe canonicalone-formon qs� T � X . Taking d of (3.14) therefore
givesthe symplectic form on qs� T � X .

The samereasoningasin Section3, but consideringdi�eren tials of the form d(f =(x2
1x2

2x3)
where f 2 C1

� (X ), leadsto the de�nition of the bundles qs� T � (Fi ; H i ) and qs� N � Z i aswell
as the induced �brations ~� i .

The contact form on qs� T �
mf X is de�ned by contracting the symplectic form ! with

(x2
1x2

2x3)x3@x 3 and restricting to mf. This gives

(8.6) � = d~� 1 + x1d~� 2 + x1x2d~� 3 � ~� 1 � dy1 � x1 ~� 2 � dy2 � x1x2 ~� 3dy3

= d~� 1 � ~� 2dx1 � x1 ~� 3dx2 � ~� 1 � dy1 � x1 ~� 2 � dy2 � x1x2 ~� 3dy3

which is exactly the sameexpressionas the contact form in the scattering-�bred case. In a
similar way we get induced contact forms on qs� N � Z i and on the �bres of ~� i .

Given a scattering-�bred manifold, Y , with codimension two corners, we can form the
product X h = Y � [0; h0) and endow it with the structure of a scattering-�bred manifold
with codimensionthree corners,as in Section4, or we can form the product X t = Y � [0; t0]
and endow it with the structure of a quadratic scattering-�bred manifold with codimension
three corners. It turns out that there is a contact transformation Q between s� T �

mf X h n
N and qs� T �

mf X t n N , where N denotes the subbundle of s� T �
mf X h , resp. qs� T �

mf X t ,
spanned,at p 2 mf, by elements of the form d(f =(x1x2x3)), resp. d(f =(x2

1x2
2x3)), where f 2
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C1
� (X ) vanishesat p. This contact transformation is very useful in relating the semiclassical

resolvent and the propagator (in the casethat Y = M 2
b ). The map Q is de�ned by

(8.7) Q
� df

x1x2h

�
=

� d(f 2)
2x2

1x2
2t

�
; f 2 C1

� (X h ); f 6= 0:

The proof of this is very straightforward if we use the coordinates � i , � i from (3.17) on
s� T �

mf X h and the analogouscoordinates on qs� T �
mf X t . Then, with ~� the contact form on

qs� T �
mf X t , we �nd that Q� ( ~� ) = � 1� , showing that Q is a contact transformation away from

� 1 = 0, which is the set denotedN above. We remark that such contact transformations can
be de�ned far more generally; the point of the transformation f 7! f 2=2 is that shows up
when we obtain the propagator from the resolvent via an integral over the spectral measure.

8.2. Legendre distributions. The theory of Legendredistributions on quadratic scattering-
�bred manifolds proceedsin parallel to that of scattering-�bred manifolds.

De�nition 8.2. A Legendre submanifold of a quadratic scattering-�bred manifold X of
dimensionN is a submanifold G of dimensionN � 1 of qs� T �

mf X on which the contact form
� vanishes,and such that G is transverseto each boundary qs� T �

mf \ H i
X of qs� T �

mf X .

A parametrization of a quadratic scattering-�bred Legendresubmanifold can be de�ned
much as in the scattering-�bred case. In fact, near a point q 2 G \ qs� T �

mf \ H 1 \ H 2
X , the

de�nition is identical to that of Section 4.2 except that we replace(4.7) by

(8.8) G = f d
�  

(x2
1x2

2x3)

�
j (~x; ~y;~v) 2 C g:

We also give the de�nitions for a local parametrization near a point q 2 G lying in the
interior of G, or in the interior of oneof the boundary hypersurfacesof G. In the former case
this is just a standard Legendre parametrization locally. In the latter casethe de�nition
is analogousto the codimension 3 caseexcept that, near the interior of H 1 we split the
coordinates as (x1; x3; Y1 = y1; Y3 = (y2; x2; y3)), our phasefunction is of the form

 (x1; Y1; Y3; v1; v3) =  1(Y1; v1) + x1 2(x1; Y1; Y3; v1; v3)

and we ignore the variables with a `2' subscript. Near H 2 we split the coordinates (x2; Y2 =
(x1; y1; y2); x3; Y3 = y3), our phasefunction is of the form

 (x2; Y2; Y3; v2; v3) =  1(Y2; v2) + x2 2(x2; Y2; Y3; v2; v3)

and we ignore the variables with a `1' subscript.
Let m; r1; r2 be real numbers, let N = dim X , let G � qs� T �

mf X be a quadratic Legendre
submanifold, and let � be a smooth nonvanishing quadratic scattering-�bred half-density.
The set of quadratic Legendre distributions of order (m; r 1; r2) associated to G, denoted
I m;r 1 ;r 2 (X ; G; qs� 


1
2 ), is the set of half-density distributions that can be written in the form

(u1 + u2 + u3 + u4 + u5)� , such that

� u1 � � is a quadratic Legendre distribution of order (m; r 1) associated to G and
supported away from H 2, i.e. u1 is given by a �nite sum of expressionsof the form

(8.9)

Z
ei (x 1 ;x 2 ;~y;~v)=(x 2

1 x 2
2 x 3 ) a(~x; ~y;~v)

xm � (k1 + k2 )=2+ N =4
3 xr 1 � k1 � k2 =2� f 1 =2+3 N =4

1 dv1 dv2;

where  parametrizesG locally and a is smooth and supported away from x2 = 0,



50 ANDREW HASSELL AND JARED WUNSCH

� u2 � � is similarly a quadratic Legendredistribution of order (m; r 2) associated to G
and supported away from H 1,

� u3 is given by an �nite sum of local expressionsof the form
(8.10) Z

ei (x 1 ;x 2 ;~y;~v)=(x 2
1 x 2

2 x 3 ) a(~x; ~y;~v)

xm � (k1 + k2 + k3 )=2+ N =4
3 xr 2 � (k1 + k2 ) � k3 =2� f 2 =2+3 N =4

2 xr 1 � k1 � (k2 + k3 )=2� f 1 =2+3 N =4
1 dv1 dv2 dv3;

with vi 2 Rk i ; a smooth and compactly supported, f i the dimension of the �bres of
H i and  =  1 + x1 2 + x1x2 3 a phasefunction locally parametrizing G near a
corner point q 2 @12G,

� u4 is given by a �nite sum of terms of the form

(8.11)

Z
ei (  1 + x 1  2 )=(x 2

1 x 2
2 x 3 ) b(x1; x2; x3; y1; y2; y3)

xr 2 � (k1 + k2 ) � f 2 =2+3 N =4
2 xr 1 � k1 � k2 =2� f 1 =2+3 N =4

1 dv1 dv2

with  1;  2 and f i asabove, b smooth with support compact and O(x1
3 ) at mf, and

� u5 2 _C1 (X ).

If X = X t = Y � [0; t0] as in the previous subsectionand G is disjoint from N then we
can locally write G = Q(G0) for someLegendrianG0 � s� T �

mf X h ; then if �=x 1x2h is a local
parametrization of G0, � 2=2(x2

1x2
2t) is a local parametrization of G.

Prop osition 8.3. Supposethat uh 2 I m;r 1 ;r 2 (X h ; G; s� 

1
2 ) is a Legendre distribution asso-

ciated to the Legendrian G which does not intersect N . Also supposethat � (t) is a smooth
function of t 2 R that vanisheson [0; R] and is identically equal to 1 on [2R; 1 ], for some
R > 0. Then the integral in h

(8.12)
Z 1

0
e� it= 2h2

� (
p

t=h)uh
jdhdtj1=2

h

is in
I m +1 =2;r 1 + m +1 =2� N =4;r 2 + m +1 =2� N =4(X t ; Q(G); qs� 


1
2 );

i.e. is a quadratic Legendre distribution associated to Q(G), with orders shifted by 1=2 at mf
and m + 1=2 � N=4 at H 1 and H2.

Remark. Our interest in this lemma is for the following reason: if uh is (2� i ) � 1 times the
di�erence of the limit of the semiclassicalresolvent on the spectrum, taken from above and
below,

u�
h =

1
2� i

� �
h2� + 2h2V � (1 + i0)

� � 1
�

�
h2� + 2h2V � (1 � i0)

� � 1
�


 jdhj1=2;

then the integral above gives the Schr•odinger propagator e� it (� =2+ V ) (times jdtj1=2). Note
that the V term is of a higher semiclassicalorder in this setting than in the usualsemiclassical
resolvent, henceV doesnot a�ect the Legendrian geometry of the Schr•odinger propagator.

Proof. Locally u may be written in the form

(8.13)

Z
ei =(x 1 x 2 h) a(~x; ~y;~v)

xm � (k1 + k2 + k3 )=2+ N =4
3 xr 2 � (k1 + k2 )=2� f 2 =2+ N =4

2 xr 1 � k1 =2� f 1 =2+ N =4
1 dv1 dv2 dv3 � �
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The condition on G meansthat j j > � > 0 at G; by cutting o� the symbol closeto G wemay
assumethat j j > � everywhere on the support of the symbol. Then in the integral (8.12)
we get a phasefunction of the form � t=2h2 +  =x1x2h. Changing variable to k = tx 1x2=h
this becomes(� k2=2 + k )=(x2

1x2
2t), while the symbol becomesa function of tx 1x2=k. Due

to the � cuto�, the integral in k is supported in k > Rx1x2
p

t.
Let us insert cuto� functions 1 = � 1(k) + � 2(k), where � 1 is supported in f k 6 �=2g and

� 2 is supported in f k > �=4g.
With � 1 inserted, there are no stationary points in the integral in k since the phaseis

stationary when k =  . This term is in _C1 (X ), as follows by writing

ei ( � k 2 =2+ k )=x 2
1 x 2

2 t =
�

i
x2

1x2
2t

k �  
@k

� N
ei ( � k 2 =2+ k )=x 2

1 x 2
2 t

and integrating by parts N times, for arbitrary N . We gain at least
p

tx 1x2 with each
integration-by-parts.

With � 2 inserted, weavoid the singularity causedby the argument tx 1x2=k in the symbol,
and this term is a quadratic Legendre distribution associated to Q(G) since the phase
function  k � k2=2 parametrizesQ(G). Collecting powers of t; x1 and x2 (bearing in mind
that the number k1 of v1 variableshas increasedby 1 due to the appearanceof k) completes
the proof. �

8.3. Conic pairs. We now give an analogoussketch of the theory of Legendredistributions
associated to conic Legendrian pairs on quadratic scattering-�bred manifolds.

De�nition 8.4. Let G]
2 be a projectable Legendrian in qs� N � Z2, and let G � qs� T �

mf X
be a Legendresubmanifold that is singular at the boundary. Let J2 be the span of G]

2 in
qs� N � Z2, and J the preimageof J2 in qs� T �

mf \ H 2
X under the map ~� 2. We say that (G; G]

2)
form an conic Legendrianpair if G hasconic singularities at J , i.e. lifts to [qs� T �

mf X ; J ] to a
smooth manifold Ĝ transverseto ~J as well as to the lifts of qs� T �

mf \ H 1
X and qs� T �

mf \ H 2
X .

A parametrization of a quadratic scattering-�bred Legendresubmanifold can be de�ned
much as in the scattering-�bred case. In fact, near a point q 2 G \ qs� T �

mf \ H 1 \ H 2
X , the

de�nition is identical to that of Section 6.2.2 except that we replace(6.14) and (6.17) by

(8.14) Ĝ = f d
� 	

(x2
1x2

2x3)
(q00)

�
j q002 C	 g (lifted to [qs� T �

mf X ; J ]) near q :

If X = X t = Y � [0; t0] as in the previous subsectionand G is disjoint from N then we
can locally write G = Q(G0) for some Legendrian G0 � s� T �

mf X h ; then if �=x 1x2h is a
local parametrization of G0, � 2=2(x2

1x2
2t) is a local parametrization of G. To simplify the

de�nition of a distribution associated to a quadratic conic Legendrianpair, assumethat this
is the case.Then we can usethe parametrizations of G0 from Section 6.5.

Let N = dim X , let m; r 1; r2 and p be real numbers, and let � be a smooth nonvanishing
quadratic scattering-�bred half-density on X . A quadratic Legendredistribution of order
(m; p; r1; r2) associated to (G; G]

2) is a half-density distribution of the form u1 + u2 + (u3 +
u4 + u5 + u6)� , where

� u1 is a Legendredistribution of order (m; r 1; r2) associated to G and microsupported
away from J ,

� u2 is a Legendredistribution of order (m; p; r 2) associated to (G; G]
2) and supported

away from H1,
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� u3 is given by an �nite sum of local expressions
(8.15)

u2(~x; ~y) =
Z

Rk 3

Z

Rk 2

Z 1

0
ei 	 2 (x 1 ;x 2 ;~y ;s;v 2 ;v 3 )=2x q a(x1; s;

x2

s
; x3; ~y; v2; v3)xm � (1+ k2 + k3 )=2+ N =4

3

�
� x2

s

� r 2 � (1+ k2 ) � k3 =2� f 2 =2+3 N =4
sp� 1� f 2 =2+3 N =4xr 1 � f 1 =2� (k2 + k3 )=2+3 N =4

1 dsdv2 dv3;

wherea is a smooth compactly supported function of its arguments, f i arethe dimen-
sion of the �bres on H i , and 	 = 1+ x1 + sx1 2 + x1x2 3 is a local parametrization
of (G0; (G0)]

2) near a corner point q as in (6.12),
� u4 is given by an �nite sum of local expressions

(8.16)
u2(~x; ~y) =

Z

Rk

Z 1

0
ei 	 2 (x 1 ;x 2 ;~y ;v )=2x q a(~x; ~y; v)

� xm � k=2+ N =4
3 xp� 1� k=2� f 2 =2+3 N =4

2 xr 1 � k=2� f 1 =2+3 N =4
1 dv;

where~a is smooth and compactly supported, 	 is a local parametrization of (G0; (G0)]
2)

near a point q 2 @1Ĝ \ @] Ĝ n @2Ĝ as in (6.15),
� u5 is given by

(8.17)
u3(x1; x2; y1; y2; z3) =

Z
ei (1+ sx 1  2 )2 =2x q b(x1; s;

x2

s
; y1; y2; z3; v2)

� x2

s

� r 2 � (1+ k2 )=2� f 2 =2+3 N =4
sp� 1� f 2 =2+3 N =4xr 1 � k2 =2� f 1 =2+3 N =4

1 dv1 dv2

where  2 is as above, b is smooth and O(x1
3 ) at mf, and

� u6 2 xr 1 � f 1 =2+3 N =4
1 xp� f 2 =2+3 N =4

2 x1
3 ei (1+ x 1 )2 =2x q C1 (X ) (which includes _C1 (X ) as

a subset).

The set of such distributions is denoted I m;p ;r 1 ;r 2 (X ; (G; G]
2); qs� 


1
2 ).

Prop osition 8.5. Suppose that uh 2 I m;p ;r 1 ;r 2 (X h ; G; s� 

1
2 ) is a Legendre distribution

associated to the Legendrian G which does not intersect N . Then
Z

e� it= 2h2

uh
jdhdtj1=2

h

is in I m +1 =2;p+ m +1 =2� N =4;r 1 + m +1 =2� N =4;r 2 + m +1 =2� N =4(X t ; Q(G); qs� 

1
2 ), i.e. is a quadratic

Legendre distribution associated to Q(G), with ordersshifted by 1=2 at mf and m+ 1=2� N=4
at J , H1 and H2.

The proof is identical to that of Proposition 8.3.

Part 3. Resolv ent

9. The example of Euclidean space

In this section we look at the structure of the resolvent, Poisson operator, scattering
matrix and propagator on Euclidean space,with the 
at metric and no potential, from a
Legendrian point of view, and show explicitly that these kernels obey the claims made in
Theorems1.1, 1.4 and 1.5, and Corollaries 1.2 and 1.3.

Webegin with the outgoing resolvent kernel. Wemay identify functions and half-densities
via the Riemannian half-density, and regard our kernel as acting on half-densities. The
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kernel itself is then a half-density on R2n . In order to �t into the framework here we need
to multiply by a half-density in h, so that the kernel becomesa half-density on X . Which
power of h to include with this half-density factor is an arbitrary choice. We will adopt the
convention that the semiclassicaloutgoing (+)/incoming (� ) resolvent is

(h2� � (1 � i 0)) � 1jdhj1=2:

The di�erence of these, multiplied by (2� i ) � 1jdh=h2j1=2, is the spectral measuredE(� 2)
(� = h� 1).

The kernel of the outgoing resolvent is then

(9.1) R+ = h� n ei j z� z0j =h f n (jz � z0j=h)jdzdz0j1=2 jdhj1=2 = ei j z� z0j =h f n (jz � z0j=h)h�

where � is a nonvanishing scattering-�bred half-density, and f n (t) � cn t � (n � 1)=2 as t ! 1 .
Let us compute the orders of this as a Legendrian distribution at N � � b (see(11.4)), at

the propagating LegendrianL + , and at the b-faceand the left and right boundary. We recall
that the order convention is that the order gets larger as the distribution becomessmaller,
i.e. more regular, and that the order is N=4 if the distribution is borderline L 2. To determine
the order at N � � b, we microlocalize away from L + by inserting a cuto� function � that
vanishesin a neighbourhood of fj � j = 1g and write the kernel as an oscillatory integral:

h
Z

ei (z� z0) � � =h (j� j2 � 1)� 1� (� ) d� �:

On the one hand, this is a semiclassicalpseudodi�eren tial operator of order (� 2; 0; 0); on
the other hand, it is a Legendre distribution associated to N � � b, of semiclassicalorder
m = 1+ n=2� (2n + 1)=4 = 3=4 and order at bf equal to r 2 = n=2+ 1=2� (2n + 1)=4 = 1=4
(by (4.15)). To determine the order at L + we use the expression(9.1); then (5.2) gives
the semiclassicalorder as m = (n + 1)=2 � (2n + 1)=4 = 1=4 and the order at bf equal to
r2 = (n � 1)=2 � (2n + 1)=4 + 1=2 = � 1=4. Note that both these orders are 1=2 lessthan
the corresponding order at N � � b as required for an intersecting Legendredistribution (see
Section 5.5). The order at H 1, i.e. the left or right boundaries, is calculated from (9.1) to
be r1 = s1 + k=2 + f 1=2 � N=4 = (n � 1)=2 + (n + 1)=2 � (2n + 1)=4 = n=2 � 1=4:

In the caseof the free resolvent, the Legendrian L + is smooth at L ] . However, when
this is true, by writing the phase and the symbol in polar coordinates around the in-
tersection L + \ L ] we can regard an element of I m ;r 1 ;r 2 (X ; L ; s� 


1
2 ) as an element of

I m;r 2 + d;r 1 ;r 2 (X ; (L; L ] ); s� 

1
2 ) where d is the codimension of the intersection; here, d =

(n � 1)=2. (This is explained in more detail in section 14 of [28].) Thus we seethat the free
outgoing resolvent kernel is an element of

	 2;0;0(X ) + I 1=4;� 1=4(X ; (N � � b; L + ); s� 

1
2 ) + I 1=4;n= 2� 3=4;n= 2� 1=4;� 1=4(X ; (L + ; L ] ); s� 


1
2 ):

We recall that for a �xed h > 0, the semiclassicalorder has no meaning while the other
ordersmust be adjusted by adding 1=4, re
ecting the fact that the ordersare `zeroed' using
N=4 where N is the total dimension. We seethen that the orders agreewith those claimed
in [13] for the resolvent at a �xed energy.

The Poisson kernel has a natural normalization: we can ask that the family f P(� )g,
� = h� 1 2 (0; 1 ), form a unitary operator mapping from M to L 2(@M � R+ ; � n � 1d�d! )
with measurecorresponding to the conic metric d� 2 + � 2d! (i.e. a scattering metric) (see
[13], section 9). To do this we needto multiply the Poissonoperator of [28] and [13] by the
half-density jdh=h2j1=2.



54 ANDREW HASSELL AND JARED WUNSCH

To obtain the Poissonkernel at rb we divide R+ by jdr0j1=2e� i j z0j =h , where r 0 = jz0j, and
restrict at r 0 = 1 , i.e. at rb, to get a half-density at rb: we get

P(h� 1) = lim
j z0j!1

e� i j z0j h ei j z� z0j =h f n (jz � z0j=h)h� jdr0j � 1=2:

The limit of e� i j z0j hei j z� z0j =h as jz0j ! 1 is e� iy 0�z=h , where y0 = z0=jz0j. Also, � jdr0j � 1=2

is equal to h� 1=2 � (jz0j=jzj)(n � 1)=2 times a nonzero scattering-�bred half-density � on the
PoissonspaceM � @M � [0; h0); since
�
�
�
dh
h2

dx
x2h

dx0

(x0)2h
dy

(xh)(n � 1)

dy0

(x0h)(n � 1)

�
�
�

1
2

=
�
�
�
dh
h2

dx
x2h

dy
(xh)(n � 1)

dy0

(xh)(n � 1)

�
�
�

1
2
jdr0j

1
2 h� 1

2
� x

x0

� n � 1
2

= � jdr0j
1
2 h� 1

2
� x

x0

� n � 1
2 :

Therefore, using the asymptotic f n (t) � cn t � (n � 1)=2 as t ! 1 , we have

P(h� 1) = cn (x0)� (n � 1)=2h(n � 1)=2he� iy 0�z=h � h� 1=2� x
x0

� n � 1
2 = cn x(n � 1)=2hn= 2e� iy 0�z=h � :

This givesorders m = n=2 � (2n)=4 = 0 at the main faceand (n � 1)=2 + 1=2 � (2n)=4 = 0
at the b-face. The zeroorders re
ect the unitarit y of this operator. A possibly more natural
way of writing the kernel is

P(� ) = cn e� i�y 0�z j� n � 1d�dy 0dzj1=2;

in which it is clear that P(� ) is essentially the Fourier transform.
To get the scattering matrix we again divide by jdr j � 1=2 and restrict at r = 1 . Let � 0

be a scattering-�bred half-density on the scattering matrix space@M � @M � [0; h0): Then
�
�
�
dh
h2

dx
x2h

dy
(xh)(n � 1)

dy0

(xh)(n � 1)

�
�
�
1=2

=
�
�
�
dh
h2

dy
h(n � 1)

dy0

h(n � 1)

�
�
�
1=2

jdr j1=2h� 1=2jzjn � 1

= � 0jdr j1=2h� 1=2jzjn � 1:

Thus,
S(h� 1) = lim

j zj!1
cn e� iy 0�z=h jzj � (n � 1)=2h(n � 1)=2� 0jzjn � 1:

This can be written

S(h� 1) = lim
r !1

cn e� ir y 0�y=h � r
h

� (n � 1)=2�
� dh
h2 dydy0

�
�1=2

= � (y � y0)
�
� dh
h2 dydy0

�
�1=2

which is the scattering matrix times a scattering half-density in h. We may also write

S(h� 1) =
Z

ei (y � y 0) � � =h d�
�
�
�

dhdydy0

h2hn � 1hn � 1

�
�
�
1=2

which has semiclassicalorder m = 0 + (n � 1)=2 � (2n � 1)=4 = � 1=4 and Lagrangian
order � 1=4. This implies that the order as a Lagrangian for a �xed positive h is 0 (see
Section 7.5), so this again re
ects unitarit y of S(h� 1) for a �xed h.

The freepropagator is given, using the convention in [16] regarding the half-density factor
in t, by

(2� it ) � n= 2ei j z� z0j 2 =2t
�
�dzdz0dt

�
�1=2

:

We can write t � n= 2jdzdz0dtj1=2 in the form tn= 2+1 � , where � is a scattering �bred half-
density, and this in turn can be written

tn= 2+1 �
� lb � rb � bf

� N =2
� q;
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where � q is a nonvanishing quadratic scattering half-density. It follows from (4.15) that the
orders of this distribution are n=2+ 1� (2n + 1)=4 = 3=4 at Q(L ), (2n + 1)=2+ (n + 1)=2�
3(2n+ 1)=4 = 1=4 at lb and rb and (2n+ 1)=2+ 1=2� 3(2n+ 1)=4 = � n=2+ 1=4 at bf. As with
the resolvent, we may regard this as an especially simple caseof a Legendrian associated
to a pair of intersecting Legendredistributions (Q(L ); Q(L ]

2)) with conic points, where the
distribution is in fact `smooth acrossQ(L ]

2)'. We then �nd that the free propagator is an
element of

I 3=4;n= 2+1 =4;1=4;� n= 2+1 =4(X ; (Q(L ); Q(L ]
2)); s� 


1
2 ):

Theseorders agreewith those calculated in [16].

10. Pseudodifferential constr uction

In this section we show that the inverse(h2� + V � � 2
0)� 1 of our operator family lies in

the algebra of semiclassical pseudodi�er ential operators when Re� 0 6= 0.

10.1. h-pseudo di�eren tial calculus. The scattering calculusasdescribed herewasintro-
duced by Melrose [29], although its roots go back a good deal further: in various guiseson
Rn it has beenexamined by Shubin [37], Parenti [31], and Cordes [4]; on manifolds, it has
also beenconsideredby Schrohe [36]. It is also the Weyl calculus for the metric

jdzj2

1 + jzj2
+

jd� j2

1 + j� j2
:

The semiclassicalvariant hasbeenconsideredby Vasy-Zworski [44] and by the secondauthor
and Zworski [46]. Seethe appendix of [46] for a summary of the properties of this classof
operators. Herewesimply recall that the space	 m;l;k

sc;h (X ) of semiclassicalscattering pseudos
is indexed by the di�eren tial order m, the boundary order l and the semiclassicalorder k.
This spaceof operators can be expressedin terms of the space	 m; 0;0

sc;h (X ) by

(10.1) 	 m;l;k
sc;h (X ) = x l h� k 	 m; 0;0

sc;h (X ):

Following [46], we shall restrict to operators with polyhomogeneoussymbols. The symbols
of such operators are functions a on (0; h0) � T

sc �
X , having the property that hk x � l � � m a 2

C1 ([0; h0) � T
sc �

X , where � is a boundary de�ning function for the boundary hypersurface
of T

sc �
X at �bre-in�nit y. The (principal) symbol map is given by restriction of hk x � l � � m a

to the boundary of [0; h0) � T
sc �

X ) and denoted � m;l;k
sc;h (A), where a is the symbol of A.

Sincethe boundary consistsof three di�eren t faces,one at � = 0, one at x = 0; and one at
h = 0, the principal symbol corresponding can be decomposedinto three parts (subject, of
course,to compatibilit y conditions where the facesintersect). We shall call theseparts the
interior symbol, the boundary symbol and the h-symbol respectively. These symbols lead
to three separateexact sequences,with each symbol being the obstruction to the operator
being of lower order in the corresponding sense: if the h-symbol vanishes,our operator is
divisible by an additional power of h; if the x symbol vanishes,by a power of x; and if the
� symbol vanishes,the operator is of lower order in the (usual) senseof di�eren tiation.

10.2. Resolv ent (away from the spectrum). Let � 0 havenonzeroimaginary part. Then
the principal symbol of h2� + V � � 2

0 is equal to g(z; � ) + V (z) � � 2
0. This is invertible on

each boundary face, so by the symbol calculus there is an operator G1(� 0) 2 	 � 2;0;0
sc;h (X )

such that
(h2� + V � � 2

0)G1(� 0) = Id � E (� 0); E (� 0) 2 	 � 1;1;� 1
sc;h :
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Let E2(� 0) be an asymptotic sum of the Neumann seriesId + E(� 0) + E(� 0)2 + : : : . Then
we have, with G2(� 0) = G1(� 0)E2(� 0),

(h2� + V � � 2
0)G2(� 0) = Id � E1 (� 0);

with E1 (� 0) in the `completely residual space' 	 �1 ;1 ;�1
sc;h ; equivalently , the kernel of

E1 (� 0) is in h1 � 1 C1 (M 2), where � is a product of boundary de�ning functions for M 2.
The inverse of Id � E1 (� 0) certainly exists as a bounded operator on L 2(M ), for small
h, since the operator norm kE1 (� 0)kL 2 ! L 2 is O(h1 ). Let us write (Id � E1 (� 0)) � 1 =
Id + S(� 0). We then have

S(� 0) = E1 (� 0) + E1 (� 0)2 + E1 (� 0)S(� 0)E1 (� 0):

This identit y shows that the kernel of S(� 0) is also in h1 � 1 C1 (M 2). Thus, we have
S(� 0) 2 	 �1 ;1 ;�1

sc;h . The resolvent is equal to

(h2� + V � � 2
0)� 1 = G2(� 0)(Id + S(� 0))

which is in 	 � 2;0;0
sc;h , as claimed.

11. Str ucture of the pr opagating Legendrian

We now consider the casewhere � 0 is real and positive, i.e. we are on the spectrum. In
the casewhere � 0 is in the resolvent set, studied in the previous section, the singularities
of (H � � 2

0)� 1 live on the conormal bundle of the diagonal. Here, by contrast, singularities
propagate o� the diagonal. The reason for this is that the characteristic variety of the
operator H � � 2

0, in either the left or the right variable, intersectsthe conormal bundle of the
diagonal on mf (as well as bf). Moreover, the Hamilton vector �eld along the characteristic
set is nonzeroat this intersection, which allows singularities to move into the characteristic
set away from the diagonal. In this section we analyze the geometric structure of this

o wout, along bicharacteristics, from the characteristic variety at the diagonal; we shall
seethat it forms a Legendresubmanifold in s� T �

mf (X ) which becomessmooth after certain
blowups are performed.

The �rst step is to compute the left and right Hamilton vector �elds for the operator
H � � 2

0. First, we do this in the interior of s� T �
mf X . We may choosecoordinates z; z0; � ; � 0; � ,

corresponding to writing covectors

� � d
� 1

h

�
+ � �

dz
h

+ � 0 �
dz0

h
:

The left and right Hamilton vector �elds take the form (where we divide by a factor of 2 for
convenience)

(11.1) Vl = h
�

gij (z)� i
@

@zj
�

1
2

� @gij (z)
@zk

� i � j +
@V
@zk

� @
@� k

+ gij (z)� i � j
@
@�

�

and

(11.2) Vr = h
�

gij (z0)� 0
i

@
@(z0) j �

1
2

� @gij (z0)
@(z0)k � 0

i �
0
j +

@V
@(z0)k

� @
@� 0

k
+ gij (z0)� 0

i �
0
j

@
@�

�
:

Let us write V 0
l = Vl =h and V 0

r = Vr =h, restricted to f h = 0g. Thesevector �elds commute,
and are tangent to the left and right characteristic sets

(11.3) � l = f gij (z)� i � j + V (z) = � 2
0g; � r = f gij (z0)� 0

i �
0
j + V (z0) = � 2

0g:
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Let � = � L \ � R denote the intersection of the characteristic sets for pL and pR , and let

(11.4) N � � b = f d
� f

x

�
(p) j p 2 � b; f 2 C1

� (X ); f � � b = 0g;

in coordinates, N � � b = f h = 0; z = z0; � = � � 0; � = 0g. Note that on N � � b; � L and � R

coincide; henceN � � b \ � L = N � � b \ � R = N � � b \ � and is codimension 1 in N � � b.
Notice also that V 0

l and V 0
r are everywherenontangential to N � � b. In fact, for V 0

l to be
tangential we would need� = 0 and r V = 0, which meansthat V 0

l = 0; but this contradicts
the nontrapping hypothesis. Considerthe 
o wout by V 0

l from the intersection of N � � b \ � L .
It is at least locally a smooth Legendremanifold (Legendrebecausethe vector �elds V 0

l and
V 0

r are contact vector �elds and the initial hypersurfaceis isotropic of dimension 2n � 1).
However, V 0

l � V 0
r is tangent to N � � b. Moreover, [Vl ; Vr ] = 0, as follows directly from the

commutation of the left and right operators h2� l and h2� r : The two-plane distribution
spannedby Vl ; Vr (or V 0

l ; V 0
r ) is therefore integrable; as V 0

l � V 0
r is tangent to N � � b; the

integral manifold consisting of all leavesthrough N � � b is thus 2n-dimensional (rather than
2n + 1-dimensionalas one would expect without this tangency). It follows that the 
o wout
from N � � b \ � by V 0

l coincideswith the 
o wout by V 0
r :

This geometry holds uniformly to the boundary of N � � b. We now work near N � � b \ bf.
Then we usecoordinates (where � = x0=x is small, so x0 � x)

(11.5) � 0d
� 1

x� h

�
+ �d

� 1
xh

�
+ � d

� 1
h

�
+ � 0 dy0

x� h
+ �

dy
xh

:

In fact thesecoordinates are valid in the region � 6 C for any �nite C, say C = 2, a region
which includes a neighbourhood of the corner bf \ rb.

The symbols of h2� + V � � 2
0 acting on the left and right factors are respectively

pL = � 2 + hij (x; y)� i � j + V (x; y) � � 2
0;

pR = (� 0)2 + hij (x0; y0)� 0
i �

0
j + V (x0; y0) � � 2

0:

The left and right vector �elds thus take the form

(11.6) Vl = xh
�

� �x@x + �� @� + hij � i @y j +
�
hij � i � j +

1
2

x@x (hij � i � j + V)
�
@�

+
�

� � k � �
1
2

@yk (hij � i � j + V )
�
@� k �

1
2

@x hij � i � j @�

�
;

and

(11.7)

Vr = x� h
�

� � 0� @� + hij (x� ; y0)� 0
i @y 0

j
+

�
hij (x� ; y0)� 0

i �
0
j +

1
2

� @� (hij (x� ; y0)� 0
i �

0
j + V (x� ; y0))

�
@� 0

+
�

� � 0
k � 0 �

1
2

@y 0
k
(hij (x� ; y0)� 0

i �
0
j + V(x� ; y0))

�
@� 0

k
�

1
2

(@x 0hij )(x� ; y0)� 0
i �

0
j @�

�
:

In this region let us write V 0
l = Vl =xh and V 0

r = Vr =x� h. Then we have

(11.8)
Vl

xh
+

Vr

x� h
= (� � � 0)� @� �

1
2

�
@x j� j2 + @x 0j� 0j2

�
@� � �x@x + hij � i @y j

+
�
hij � i � j +

1
2

x@x (hij � i � j + V )
�
@� +

�
� � k � �

1
2

@yk (hij � i � j + V )
�
@� k

+ h0ij � 0
i @y 0

j
+

�
h0ij � 0

i �
0
j +

1
2

� @� (h0ij � 0
i �

0
j + V 0)

�
@� 0 +

�
� � 0

k � 0 �
1
2

@y 0
k
(h0ij � 0

i �
0
j + V 0)

�
@� 0

k

Note that this vanishesonly on f � 0 = �; � = � 0 = 0; x = 0g.
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We de�ne the setsL + ; L � and L by

(11.9)
L + =L� is the forward/backward 
o wout from N � � b \ � by V 0

l

L = L + [ L � :

Equivalently , we may de�ne L + =L� as the forward/backward 
o wout from N � � b \ � by
V 0

r . By the arguments above, L � and L are Legendrian submanifolds; moreover, the pairs
(N � � b; L � ) form intersecting pairs of Legendresubmanifolds in the senseof Section 5.

The main goal of this section is to determine the regularity of the Legendrian L , which
we call the `propagating Legendrian', as we move far from N � � b. By symmetry it su�ces
to consider just L + . It turns out that L + is smooth except for a conic singularity at a
submanifold L ]

2 of s� T �
bf X ; when J , the span of L ]

2, is blown up, L + lifts to a smooth
manifold with codimension 3 corners.

First considersmoothnessat bf = f x = 0g. Notice that the 
o ws V 0
l , V 0

r ; when restricted
to bf; are naturally identi�ed with the 
o ws for a �xed positive value of h from [14], so
L + \ bf can be identi�ed with L + (� ) from [14]. It wasshown in [14] that L + (� ) wassmooth
after the spacef x = 0; � = � 0; � = � 0 = 0g was blown up7. Let us then de�ne

J = f x = 0; � = � 0; � = � 0 = 0g = spanG]
2 � s� T � X 2

b

with
G]

2 = f x = 0; � = � 0 = 1; � = � 0 = 0g
and consider the space

(11.10) [s� T � X ; J ]:

We denote by ~J the lift of J to this space,i.e. the new boundary hypersurfacecreated by
the blowup.

Prop osition 11.1. The closure of the lift of L + to the space (11.10) is a smooth manifold
with corners of codimension three. Consequently, in a neighbourhood of G]

2, the pair (L + ; G]
2)

forms a conic Legendrian pair of submanifoldsin the senseof Section 6.

Proof. It su�ces to show that L = L + [ L � is a smooth manifold with cornersof codimension
three, sinceL is transversal to N � � b, which divides it smoothly into two piecesL + and L � .
By standard ODE theory, L is smooth at all points reachable from N � � b by the vector �eld
V 0

l or V 0
r in a �nite time. However, we need to check the regularity of the closure of L at

the boundary of s� T � X .
It has already been observed that the two-plane distribution D determined by V 0

l and
V 0

r is integrable; therefore L is foliated by two-dimensional leaves,each of which intersects
N � � b in a one-dimensional set (since V 0

l � V 0
r is tangent to N � � b). Consider a point

(q; ~q) 2 N � � b \ �, where q is a covector in the interior of scT �
z X with jqj =

p
� 2

0 � V (z),
and the tilde denotesnegation of the �bre variables of q. The leaf containing this point is
the set of points (q1; ~q2), where qi lie on the samebicharacteristic 
 as q; we shall denote it

 2 = 
 2

q .
It is convenient to choosea `section'S of N � � b, by which we meana smooth submanifold

of N � � b of codimension 1 that intersects each 
 2 transversely at a unique point. It is not
di�cult to seethat a section exists, using the following argument: From (11.6), under the

o w along Vl =(xh);

x0 = � �x; � 0 = hij � i � j +
1
2

x@x hij � i � j +
1
2

x@x V (x; y):

7The coordinates �; � 0 here correspond to � 0; � 00 from [14].
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The form hij + 1
2 x@x hij is positive de�nite for small x and the potential term vanishesat

x = 0; hencechoosing x1 > 0 and � > 0 small, for x 6 x1 and j� j < � 0 � � ; we have � 0 > 0
on the characteristic variety. For small x, we can now take S to be N � � b \ f � = 0g. The
null bicharacteristics corresponding to such points remain in the region where x is small,
since on the 
o wout of S \ � ; it is easy to verify that x0 < 0 and � 0 > 0 except possibly
when � > � 0 � � : In the region where x is large|sa y x > x0 where x0 < x1|eac h entering
geodesic meets the boundary f x = x0g in exactly two points (by the same argument as
above). We can take the section to be that point on the diagonal of 
 2 corresponding to
the point on the geodesic which is halfway (with respect to arc length) between the two
intersection points with f x = x0g. We interpolate betweenthesetwo prescriptions to obtain
a smooth section S. Then each leaf intersectsS in a unique point.

The strategy of our proof is to �rst restrict attention to a single leaf and analyze its
closure;we shall show that it is a manifold with codimension2 corners. We shall then show
that the union of theseclosedleavesis the closureof L , and that this forms a submanifold
with codimension 3 corners.

We will, initially , have to work on a larger (i.e. more blown-up) spacethan (11.10) (an
analogouspoint arisesin the proof of Proposition 7.1 of [13]). Let J � be the submanifold

f x = 0; � = 0; � 0 = 0; � = � � 0g � s� T �
bf X

(the only di�erence in this de�nition and that of J being a changeof sign in the equation
� = � � 0). Weshall blow up the submanifold J � aswell as8 J . Also considerthe submanifold

W = f � = 0; � 0 = 0g � s� T �
rb (X ):

Let W 0 denote the lift of W and let ~J and ~J � denote the lifts of J resp. J � to the blow-up
of J [ J � : Then W 0 is transverseto ~J and ~J � . Now consider the space

(11.11)
�
[s� T � X ; J [ J � ]; W 0� :

Denote the new boundary hypersurfacecreatedby this blowup by ~W . We shall work on the
space(11.11) for most of this proof, although eventually we shall seethat we can return to
the space(11.10).

Consider a leaf 
 2 of the distribution D which intersects S at (q; q), where q lies in the
interior of X 2

sc. (Later we considerq lying in the boundary, i.e. at x = 0.) Let y�1 , resp. y1

be the points on @X obtained as the initial, resp. �nal end of the bicharacteristic through q.
Consider the intersection of 
 2 with the boundary of s� T � X , i.e. with f x = 0g [ f x0 = 0g.
To get there we must sendeither q1 or q2 to in�nit y along the bicharacteristic. If we send
q1 to in�nit y keepingq2 �xed, we arrive at the set

f (y�1 ; 0; � 1; z0; � 0; 0) j (z0; � 0) 2 
 g [ f (y1 ; 0; 1; z0; � 0; 0) j (z0; � 0) 2 
 g � s� T �
lb X

using coordinates (y; �; �; z0; � ; � � 1). Similarly, if we sendq2 to in�nit y keepingq1 �xed, we
arrive at the set

f (z; � ; y�1 ; 0; 1; 0) j (z; � ) 2 
 g [ f (z; � ; y1 ; 0; � 1; 0) j (z; � ) 2 
 g � s� T �
rb X

using coordinates (z; � ; y0; � 0; � 0; � ). If q1 and q2 are simultaneously sent to in�nit y, we end
up at the set

f (y�1 ; 0; � 1; y�1 ; 0; 1; � )g [ f (y1 ; 0; 1; y1 ; 0; � 1; � )g

8Note that although these two submanifolds intersect, the intersection is away from the closure of L ,
since on J \ J � , � = � 0 = 0, � = � 0 = 0; on the other hand, L is contained in � l \ � r , so over bf this is
given by � 2 + j� j2 = (� 0)2 + j� 0j2 = � 2

0 > 0. We are only interested in a neighbourhood of the closure of L ,
so J and J � are disjoin t in the region of interest, hence they can be blown up independently .
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rb (incoming)

lb (outgoing) N* diagonal

incoming/incoming

incoming/outgoing

outgoing/incoming

outgoing/outgoing

lb (incoming)

   rb (outgoing)

V'  l

V'r

A

B

C

DE

F

G

H

Figure 2. The closure of a leaf. Here `incoming', resp. `outgoing' in the
left factor meansat � = 0; � < 0, resp. � > 0, while for the right factor it
means� 0 = 0; � 0 < 0, resp. � 0 > 0.

if they go to in�nit y in the samedirection, or

f (y�1 ; 0; � 1; y1 ; 0; � 1; � )g [ f (y�1 ; 0; � 1; y1 ; 0; � 1; � )g

if they go to in�nit y in opposite directions.
We claim that the closure
 2 inside the space(11.11) is a surfacewith corners,with eight

edgesasabove, as in Figure 2. Our analysisis basedon the following lemma. Beforestating
this we needthe following

De�nition 11.2. Let X be on a manifold with corners, and let Vb(X ) denote the smooth
vector �elds on X tangent to each boundary hypersurface. Let � be a boundary de�ning
function for a boundary hypersurfaceH of X . We say that V 2 Vb(X ) is b-normal at H if

V = c�@� + �W for someW 2 Vb(X )

where the coe�cien t c is never zero. We say that V is incoming, resp. outgoing b-normal if
c is positive, resp. negative. (We note that the `radial' vector �eld �@� � H is nonzeroas a
b-vector �eld, and independent of coordinates.)

Notice that if a vector �eld V is b-normal at H , then V=� is smooth and transverseto
H .

Lemma 11.3. On the space (11.11), the vector �eld V 0
r is incoming/outgoing b-normal at

~W \ � r , V 0
l + V 0

r is incoming/outgoing b-normal at ~J \ � l \ � r and V 0
l � V 0

r is incom-
ing/outgoing b-normal at ~J � \ � l \ � r . In all cases,the sign of �; � 0 2 f� � 0g determines
whether the vector �eld is incoming or outgoing.

Proof. We �rst look at V 0
l + V 0

r . On � l \ � r ;

(11.12) � 2 � (� 0)2 = j� 0j2 � j� j2 on L:
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Thus � � � 0 = o(j� 0j + j� j) near p, so we can take a boundary de�ning function for ~J in
� l \ � r to be � ~J =

p
x2 + j� j2 + j� 0j2. By (11.12), � � � 0 is O(� 2

~J
), so (11.8) gives

(V 0
l + V 0

r )jL = � � (x@x + � �@� + � 0�@� 0+( � � � 0)(@� � @� 0))+ � �@y + � 0�@y 0+ O(j� j2)(@� ; @� ; @� ; @� ; @� 0; @� 0):

This implies that in our local coordinates,

(11.13) V 0
l + V 0

r = � �� ~J @� ~J
+ � ~J Vb;

on the space(11.10). An analogousargument applies to V 0
l � V 0

r at the blowup of J � .
We next analyze V 0

r . In (11.11), the submanifold ~W is given by the equations f � =
0; � 0=� ~J = 0g. Hence in a neighbourhood of ~W, � 0 = o(

p
x2 + j� j2), so we may take

� ~J =
p

x2 + j� j2 in this region, which we shall do from now on. We can switch to local
coordinates on (11.10)

(11.14) y; y0; � ~J =
p

x2 + j� j2; � bf =
x

x + � ~J
; � ; M 0 =

� 0

� ~J
; �; � =

� � � 0

� ~J
; �̂:

From (11.7), in thesecoordinates,

V 0
r = � � (� @� + M 0 � @M 0) + � 0 � @y 0 + O(j� 0j2)(@� ; @� 0; @� );

hence
V 0

r = � � 0� ~W @� ~W
+ � ~W Vb:

�

Continuation of the proof of Proposition 11.1. Now we return to showing that the closure
of 
 2 is a smooth 2-manifold with corners. First consider the point A in the �gure. This
lies on the intersection of ~J and ~W . We may set Vr = V 0

r =� and Vc = (V 0
l + V 0

r )=� ~J ; then

 2 is contained in the 
o wout from 
 2 \ S by Vr and Vc. Notice that these vector �elds
no longer commute, but they still determine an integrable two-plane distribution D . By
Lemma 11.3 and the remarks above it, they are both smooth vector �elds on (11.11) such
that Vr is transversal to ~W \ � r and tangent to ~J , while Vc is transversal to ~J \ � l \ � r

and tangent to ~W . The 
o wout by thesevector �elds therefore sweepsout a smooth, closed
2-dimensionalmanifold with corners meeting the boundary of (11.11) transversally, and it
is clear that this is the closureof the leaf.

Since L is invariant under the 
o w of Vr , which is tangent to the lift of rb and bf, the
closureof the leaf is a smooth submanifold which is disjoint from rb and bf (assumingthat 
 2

is a leaf through S� , the interior of the section S). It follows that d� 6= 0 at the intersection
of L and ~W , since� can be taken as a boundary de�ning function for ~W away from rb.

Since Vc and Vr do not vanish in a neighbourhood of A, nearby leaves also have this
property, and they vary smoothly with their intersection point � 2 S by standard ODE
theory. This givesus smooth coordinates on the closure of L near the point A, namely � ,
� ~J , and a coordinate on S.

Exactly the sameargument givessmoothnessnear the point E . Indeed, a similar argu-
ment applies to the corner points D and H in Figure 2, since there is a symmetry of L
coming from the involution (q; q0) 7! (q0; q) on X 2

sc. Moreover, essentially the sameargu-
ment also givessmoothnessnear the other corner points; the only di�erence is that we are
working near the blowup of J � rather than J , but this makesno di�erence at all, because
if we replace the minus sign by a plus sign in the left hand side of (11.12) this makes no
di�erence to the argument.
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We also needto check smoothnessnear a point on an edge. However, we have e�ectiv ely
already donethis, becauseour coordinates are valid for � 6 2, say, while for � > 1=2 we can
perform the involution above and useV 0

l instead of V 0
r .

Notice that the closureof this leaf is disjoint from bf (or more precisely, the lift of bf to
(11.11)). In fact the vector �elds Vc and Vr are everywheretangent to bf so it is impossible
to reach bf after 
o wing for a �nite time along these vector �elds. There is another way
of seeingthis which gives more insight into how these leaves �t together. Notice that a
boundary de�ning function for bf on the space(11.11) can be taken to be

x + x0

p
x2 + (x0)2 + j� j2 + j� 0j2

in a neighbourhood of L . For an exactly conic metric, the quantit y x=j� j is constant along
the bicharacteristic and is equal to the maximal value of x that occursalong it. In a general
scattering metric, this quantit y is approximately equal to the maximal value of x along the
bicharacteristic, and this approximation is better and better (in the sensethat the ratio of
these two quantities tends to 1 uniformly as the bicharacteristic approaches the boundary
uniformly); this follows from [12] for example. Hence, for a �xed interior leaf, the limiting
value of x=j� j is nonzero,which says that the leaf is disjoint from bf. On the other hand, the
leaf will approach bf uniformly as the associated bicharacteristic approachesthe boundary
uniformly.

Now considera leaf associated to a boundary point of S. In that case,the bicharacteristic
is a limiting geodesiccontained in the boundary of X , so the leaf is contained in bf. In this
case,there is an explicit formula for the leaf. Fix (y0; � 0) 2 Ty0 @M with j� 0j 6 1. Then the
leaf is given by

(11.15)

f (� ; y; y0; �; � 0; �; � 0) : 9(y0; �̂ 0) 2 S� @X ; s; s0 2 (0; � ); s.t.

� =
sins0

sins
; � = �j � 0 j coss; � 0 = j� 0 j coss0;

(y; � ) = j� 0 j sinsexp(sH 1
2 h )(y0; �̂ 0); (y0; � 0) = �j � 0 j sins0exp(s0H 1

2 h )(y0; �̂ 0)g

This corresponds to the interior of the leaf in Figure 2, which we can think of in this
boundary caseas the square(0; � )2 with the s axis horizontal and the s0 axis vertical; V 0

l is
given by � sins@s and V 0

r is given by sins0@s0 in thesecoordinates. The closure is given by
the closedregion in the �gure, where the parts over rb (i.e, the boundary lines AH and DE)
now lie over the intersection of rb \ bf and the parts at ~J and ~J � (the boundary lines AB
and EF, resp. CD, GH) now lie in the intersection of those spaceswith bf. So the closure
of L in the space(11.11) is the disjoint union of the closed leaves, one for every point in
S. Sinceeach leaf is contractible, this meansthat the closure of L on the space(11.11) is
di�eomorphic to S � 
 2, for some�xed 
 2, and is therefore a smooth manifold with corners
of codimension 3.

Now we need to show that the closure of L in the smaller space(11.10) is a smooth
manifold of codimension 3. We usethe following lemma:

Lemma 11.4. Assume that Z is a compact manifold with boundary, that S � @Z is a
submanifold and that V is a smooth vector �eld on Z that lifts to [Z ; S] to be b-normal at
~S, the lift of S to [Z ; S]. Suppose that L � Z � is a submanifold of the interior Z � of Z
suchthat V is tangent to L , the closure ~L of L in [Z ; S] is transverseto ~S and disjoint from
@Z n ~S. Final ly, assumethat at each point s 2 ~S \ ~L ,

(11.16) the intersection of Ts ~L with the tangent space to the �br e of ~S at s is trivial.
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Then the closure L � Z of L in Z is transverseto @Z , and V jL is b-normal to @L.

Proof. We can �nd coordinates (x; y; z) locally near a point of S so that x is a boundary
de�ning function for @Z , and S is given by f x = y = 0g. Then coordinates near an interior
point s 2 ~S are x; Y = y=x and z, and the �bres of ~S are parametrized by z. Near s, due to
condition (11.16), there is a splitting of the coordinates z = (z0; z00) so that (x; z0) furnish
coordinates on the submanifold ~L . Thus, on ~L, the other coordinates are given by smooth
functions of x and z0:

Yi = ~Yi (x; z0); z00= ~z00(x; z0):

It follows that on L , the coordinates (y; z00) are given by smooth functions of x and z0,
namely y = x ~Yi (x; z0), z00= ~z00(x; z0), and henceL is smooth up to, and transverseto, the
boundary of Z . Finally, the vector �eld V , restricted to ~L, has the form

x(a@x +
X

i

b0
i @z0

i
);

wherea and b0
i aresmooth functions of x and z0. This remainstrue whenviewedasrestricted

to L � Z , which provesthe �nal statement of the lemma. �

Example 11.5. The following simple examplesmay help to illustrate the lemma. First
consider the vector �eld V = � (x@x + y@y + z@z) on Z = f (x; y; z) j z > 0g, let S �
Z = f (0; 0; 0)g and let L be the 
o wout from f (x; y; z) j x2 + y2 = 1; z = 1g via V . Then
condition (11.16) is not satis�ed, and L hasa genuine conic singularity at S which is resolved
by blowup of S.

Second,considerthe casewhereZ = f (x; y; z; x0; y0; z0) j z > 0g, V = � (x@x + y@y + z@z ),
S = f (0; 0; 0; x0; y0; z0)g and L is the 
o wout from f (x; y; z; x0; y0; z0) j x2 + y2 = 1; z = 1; x0 =
x; y0 = y; z0 = zg via V . In this case,(11.16) is satis�ed, and the closure of L is a smooth
manifold with boundary with no blowup required. Indeed, we can take coordinates on L to
be � = tan � 1(y0=x0) and z.

Completion of the proof of Proposition 11.1. We apply the lemma to L , with S equal
to W 0 and V equal to V 0

r . Condition (11.16) holds becausecoordinates on L near ~W can
be taken to be � ; x; y; � (away from the codimension 3 corner of L ). The functions y i and
� j have linearly independent di�eren tials since this is true on N � � b and since y and �
are invariant under the 
o w. Near the codimension 3 corner of L , we can take the three
boundary de�ning functions together with y and �̂ and the sameargument goes through.
Then the lemmashows that wemay blow down ~W and L is still a manifold with codimension
3 corners,with V 0

r still b-normal at f � = 0g.
At ~J � a totally di�eren t argument is needed. Note the asymmetry between J and J � :

the diagonal N � � b intersects J � , while it is disjoint from J . To understand the structure
of L near J � we can start from N � � b \ J � , which is codimension 1 in L , and 
o w using
either V 0

l or V 0
r . In the region � 6 2 it su�ces to useV 0

r . Then sinceV 0
r =� is smooth and non

vanishing in this region, we deducethat L is smooth at J � before blowup. Therefore, (the
closureof) L is a smooth manifold with codimension 3 cornerson the space(11.10). �

Remark. We emphasizethat the blowup at J is essential|it resolvesgenuine conic singu-
larities of the Legendrian L |while the blowup at J � resolves no singularities and can be
dispensedwith. Nevertheless,the blowup at J � has somegood features; in particular, it
separatesall the leaves. On the space(11.10), the leaves join together at J � like the pages
of a book joined at the binding.
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12. Parametrix constr uction

12.1. Near the h-scattering diagonal. Webeginby usinga semiclassicalscattering pseu-
dodi�eren tial operator to remove the diagonal singularities of the resolvent. Let PC =
h2� + V + C with C > � inf V . Then in Section 10 we showed that P � 1

C is a semiclassical
pseudodi�eren tial operator of order (� 2; 0; 0). We have

(h2� + V � � 2
0)P � 1

C = Id � (� 2
0 + C)P � 1

C :

Let Q be an asymptotic sum of the Neumann series

Q = P � 1
C

1X

j =0

�
(� 2

0 + C)P � 1
C

� j
2 	 � 2;0;0

sc;h (X );

which exists sincethe di�eren tial order of P � 1
C is negative. Then

(h2� + V � � 2
0)Q = Id + E1; E1 2 	 �1 ;0;0

sc;h (X ):

Notice that the error term E1 is trivial except at the boundary of the diagonal � b � [0; h0)
on X , i.e., at � b � f h = 0g and at @� b � [0; h0). It remains to solve away the error E1 : we
now seeka solution Q0 to

(12.1) (h2� + V � � 2
0)Q0 = � E1;

then adding Q0 to Q will give the desiredparametrix.

12.2. Near the h-b diagonal. We begin by considering the kernel of E1 on the double
spaceX = X 2

b � [0; h0). The fact that E1 is an h-pseudodi�eren tial operator of di�eren tial
order �1 meansthat its kernel has an oscillatory integral representation of the form

h� n
Z

ei (z� z0) � � =h e(z; � ; h) d� jdzdz0j1=2

near � b and away from bf, and of the form

h� n
Z

~e(x; � ; y; y0; h; � ; � )ei ( � � 1) � +( y � y 0) � �
xh d� d� jdzdz0j1=2 (� =

x
x0)

near bf. We multiply this by the half-density jdhj1=2, to turn it into a density on X . It may
then be regarded as a half-density Legendre distribution of order (3=4; 1=4) associated to
the Legendresubmanifold N � � b, where � b � X � f 0g is the b-diagonal at h = 0. Since
we wish to solve the equation (12.1), we need to take into account the (left) characteristic
variety � l � s� T � (X ) of the operator h2� + V � � 2

0. The Legendrian N � � b is given in the
coordinates of (11.5) by

f y = y0; � = 1; � = � � 0; � = � � 0; � = 0g;

and the left characteristic variety is given in the samecoordinates by

� l = f � 2 + hij (y)� i � j + V (z) = � 2
0g:

Theseintersect transversely in a submanifold of dimension 2n � 1, as proved in Section 11.
Let L � be de�ned by (11.9); recall that L � are Legendrian submanifolds with boundary,
which intersect N � � b cleanly at @L � , and are both transverseto the boundary bf; hence
(N � � b \ � ; L � ) have the appropriate geometry for a pair of intersecting Legendresubman-
ifolds, at least in a neighbourhood of N � � b.
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We now seekto solve away the error term E1 near � b using an intersecting Legendrian
distribution associated to (N � � b \ � ; L + ) ; in particular, we would like to �nd

Q1 2 I 1=4;� 1=4(X ; (N � � b; L + ))

such that (h2� + V � � 2
0)Q1 � E1 is microsupported only at L + , in a region disjoint from

N � � b. (We chooseL + for the outgoing resolvent kernel, and L � for the incoming resolvent
kernel; the reasonfor this is that the coordinate � 1 is positive, resp. negative on L + , resp.
L � which implies having a positive, resp. negative phasefunction in the oscillatory integral
expressionfor our kernel.) To do this we solve away the singularity at N � � b order by order.
(This is a standard construction for intersecting Lagrangian or Legendriandistributions; see
[25].)

We begin by choosing a Q1;1 to solve away the principal symbol of E1 at N � � b. We do
this by choosing the symbol of Q1;1 at N � � b to be

� 3=4(Q1;1) = � 3=4(E1)=� (h2� + V � � 2
0):

Of coursethis hasa singularity at N � � b \ L + , but the simple vanishing of � (h2� + V � � 2
0)

at L + meansthis is eligible to be the N � � b pieceof the symbol of an intersecting Legendrian
distribution with respect to (N � � b; L + ). The compatibilit y relation (5.6) then determines
the value of the symbol on L + at @L + = L + \ N � � b; it is essentially given by the residue
of the singularity (seeSection 5.6). We then specify the symbol at L + to be that symbol
which solves the transport equation (4.18) along L + . SinceVl is transverseto N � � b; this
is a regular ODE and there is a unique solution with our initial condition speci�ed above.
This givesa Q1;1 2 I 1=4;� 1=4(X ; (N � � b; L + )) such that

(h2� + V � � 2
0)Q1;1 � E1 2 I 5=4;� 1=4(X ; N � (� b); L + )

near N � � b with principal symbol vanishing at L + . Using (5.8), we seethe error term is
actually in

(12.2) I 7=4;� 1=4(X ; N � � b) + I 9=4;� 1=4(X ; N � (� b); L + )

The error will thus be more regular at N � � b than E1:
Now we iterate this construction. Assumeinductiv ely that we have found Q1;n such that

(12.3) (h2� + V � � 2
0)Q1;n � E1 2 I n +3 =4;1=4(X ; N � � b) + I n +5 =4;� 1=4(X ; N � (� b); L + )

in a neighborhood of N � � b: We want to improve this by �nding Q1;n +1 satisfying (12.3)
with n replacedby n + 1. By (5.7) and (5.8) we have to solve away the principal symbol of
the �rst error term E1;n; 1 in (12.3) at N � � b, and the principal symbol of the seconderror
term E1;n; 2 at L + . We do this as above: we let Q0

1;n have symbol at N � � b equal to

� (h2� + V � � 2
0)� 1� (E1;n; 1)

and symbol at L + given by solving the transport equation on L + to remove the principal
symbol of E1;n; 2 there, using the initial condition coming from the compatibilit y condition
(5.6). We cut o� this symbol away from N � � b to make it supported in a neighborhood
of N � � b: Letting Q1;n +1 = Q1;n + Q0

1;n completes the inductiv e step. We can take an
asymptotic limit of the Q1;n obtaining a Q1 2 I 1=4;� 1=4(X ; (N � � b; L + )) satisfying

(12.4) (h2� + V � � 2
0)Q1 � E1 = E2 + E 0

2

with E 0
2 2 I 1 ;1=4(N � � b) + I 1 ;� 1=4(N � � b; L + ) and E2 2 I 1=4;� 1=4(X ; L + ), arising from

the cuto�, microsupported away from N � � b. In fact, we can improve this statement to
E 0

2 2 I 1 ;1=4(N � � b) + I 1 ;3=4(N � � b; L + ) sinceh2� + V � � 2
0 is characteristic at h� 1@bf L +
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for every h > 0 which automatically givesus an extra order of vanishing at L + , hencean
improvement by 1 in the order at bf.

12.3. A t the propagating Legendrian. As in the �nite energycase,we now considerthe
Legendrian conic pair

~L(� 0) = (L (� 0); L ]
2(� 0)) ;

from Proposition 11.1. We set aside the error E 0
2 until Section 12.4 and seekhere to solve

away the error E2 from (12.4) by adding a Legendredistribution Q2 2 I 1=4;p;r (X ; ~L(� 0)),
where p is the order at L ]

2 and r represents orders (r bf ; r rb ; r lb ) at the other boundary
hypersurfaces. We shall seethat the orders are p = n=2 � 3=4, r bf = � 1=4, r rb = r lb =
n=2 � 1=4. Our precisegoal in this step in the construction is to �nd Q2 so that

(12.5) (h2� + V � 1)Q2 � E2 2 I + 1 ;n= 2+1 =4;(3 =4;n= 2� 1=4;n= 2+7 =4) (X ; ~L(� 0));

that is, the error has beencompletely solved away at h = 0. The spacein which the error
lies is the sameas h1 I � 1=2;(n � 2)=2;( n � 1)=2;(n +3) =2(X 2

b ; @bf L; L ]
2) (seeSection 6.7), that is, a

family of Lagrangian distributions associated to the boundary of L at bf and to L ]
2, and

rapidly decreasingas h ! 0. This will reducethe problem to a parametrized version of the
problem already studied in [14].

Again we solve away error terms, this time on L + , order by order. The �rst step is to
�nd Q2;1 solving (12.5) with the order 1 at h = 0 replacedby 9=4. The order of Q2;1 must
be 5=4 at L + and � 1=4 at bf. By (4.18), to solve (12.5) it su�ces to obtain q2 satisfying
the ODE

(12.6)
�

L V 0
l

�
� 1

2
+ m �

2n + 1
4

� @pL

@�
+ f l

�
� 1=4(q2) 
 jd(h� x0)j = e2; m =

1
4

and9 with the `initial condition' that the symbol q2 vanishesnear N � � b, re
ecting the fact
that we do not want to disturb our parametrix near N � � b. Here we are using coordinates
induced from the canonical 1-form

(12.7) �d
� 1

x0� h

�
+ � 0d

� 1
x0h

�
+ � d

� 1
h

�
+ �

dy
x0� h

+ � 0dy0

x0h
which are valid for � = � � 1 6 2, say, thus valid near the corner lb \ bf. Also f l denotesthe
subprincipal symbol of the (left) operator h2� + V � � 2

0. SinceVl is smooth and nonvanishing
in the interior of L + , this has a unique smooth solution in the interior of L + . We proceed
to analyzethe regularity of the symbol at the boundary of L + . This will be doneexploiting
the b-normal vector �elds from Lemma 11.3. Consider L + \ lb. Here the ODE takes the
form

(12.8)
�

� L ( � lb @� lb + � lb Vb ) � (m �
2n � 1

4
)� + f l

�
q2 = 0

where Vb denotesa vector �eld on L + tangent to the boundary at � lb = 0. We recall that
the sub-principal symbol f l vanishesat � = 0, hence is O(� lb ) at � lb = 0. So we may
write f l = � lb ~f l . Also recall that q2 is a half-density and it is convenient to write it as a
b-half-density, that is, q2 = ~q2 jd� lb d� bf d� =� lb j1=2; note that this half-density is invariant
under Lie derivation by � lb @� lb . We get an equation for ~q2 of the form

�
�� lb @� lb + � lb Vb � (m �

2n � 1
4

)� + � lb
~f l

�
~q2 = 0

9The factor d(h� x0) in the equation above is a `formal factor' adjusting for the di�erence in the symbol
bundle (4.17) when the order m changes by 1
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hencewe obtain
~q2 2 � (2n � 1)=4� m

lb C1 (L )
at least locally. Thus, using Proposition 6.3, the order at lb is (2n � 1)=4.

To show regularity at rb, we usethe fact that near rb the symbol q2 automatically satis�es
the right transport equation aswell; that is, if wede�ne q2 using the right transport equation
rather than the left, then we get the sameresult. We shall not give the proof here since it
is essentially identical to the proof of the analogousstatement in [14], section 4.4. Then,
reversing the left and right variables in the argument above provesregularity at rb with the
order also equal to (2n � 1)=4.

To show regularity at L ] (� 0), we combine both vector �elds. By Lemma 11.3, the vector
�eld V 0

l + V 0
r is b-normal to ~J ; which is the blowup of L ]

2; thus we add together the left and
the right transport equations. The right transport equation, written with respect to the
variables in (11.5), takesthe form of (12.6) with the left and right variables switched:

(12.9)
�

L V 0
r

�
� 1

2
+ m �

2n + 1
4

� @pR

@�
+ f r

�
� 1=4(q2) 
 jd(h� x)j = e2; m =

1
4

To comparethe two symbols, we must expressthem with respect to the sametotal boundary
de�ning function. The total boundary de�ning function used in (12.6) is hx0, while that
used in (12.9) is hx. The ratio is � ; in view of the presenceof the factor jdxjm � N =4 in
the symbol bundle (see(4.17)), the symbol gets multiplied by a factor of � m � N =4 when we
switch (where N = 2n + 1 here). Thus, with respect to the total boundary de�ning function
hx,

(12.10)
�

L V 0
r

�
� 1

2
+ m �

2n + 1
4

� @pR

@�
+ f r

�
� 1=4(� m � N =4q2) 
 jd(h� x)j = e2; m =

1
4

We can multiply this equation by � N =4� m and add it to (12.6). The e�ect of this is that the
� � 0� @� term in V 0

r givesa contribution of � (m � N=4)� 0. As a result (taking into account
� = � 0+ O(� ~J ) at ~J and @pL =@� = 2�; @pR =@� 0 = 2� 0;),

(12.11)
�

L V 0
l + V 0

r
�

� 1
2

+ m �
2n + 1

4

�
� +

1
2

� 0+ f l + f r

�
� � 1=4(q2) 
 jd(h� x)j = 0; m =

1
4

:

Since f l vanishesat � = 0 and f r vanishesat � 0 = 0, they both vanish at ~J . So we can
write f l + f r = � ~J

~f . Also, of course� = � 0+ O(� ~J ): Thus (12.11) amounts to an equation
of the form (again writing q2 = ~q2 times a b-half-density)

�
�� ~J @� ~J

+ � ~J Vb � (m �
2n � 3

4
)� + � ~J

~f
�

~q2 = 0 =) ~q2 2 � (2n � 3)=4� m
~J

C1 (L )

locally. This shows regularity of the symbol at L ] , and that the order p at L ] is n=2 � 3=4.
The error term when we apply the operator is given by (12.5) with 9=4 replacing 1 . This
is becausethe operator is characteristic at L + , and at the induced Legendriansat bf and at
lb (but not at rb); in addition we have solved the transport equations at L + and, trivially ,
at the left boundary (this becausethe transport operator is trivial at lb at order (2n � 1)=4)
so we gain two orders in each of thesetwo cases.

Now we iterate the procedure. Assumeinductiv ely that we have found Q2;k satisfying

(12.12) (h2� + V � � 2
0)Q2;k � E2 2 I 5=4+ k;n= 2+1 =4;(3 =4;n= 2� 1=4;n= 2+7 =4) (X ; ~L (� 0)) :

We want to improve the error term to have order 5=4+ k + 1 at L + . To do this, we solve the
transport equation at order 5=4+ k along L + , and as above the main point is to determine
the regularity of the solution at the boundary of L̂ + . Consider the solution of (12.6), with
m replacedby 1=4 + k, and with the right hand side replacedby the error term in (12.12).
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Using Proposition 6.3 the right hand side is O(� (2n � 1)=4� (1=4+ k)+1
lb ). Therefore the right

hand side avoids the indicial root, in this case(2n � 1)=4 � (1=4 + k) which would lead to
possiblelog terms in the solution, and weseethat the solution is in � (2n � 1)=4� (1=4+ k)

lb C1 (L + )
locally. Since,asnoted above, we get the sameparametrix if we solve via the right transport
equation instead of the left, the sameresult is true at rb. Similar reasoningalso shows that
the symbol is in � (2n � 3)=4� (1=4+ k)

~J
C1 (L̂ + ) at � ~J = 0; it is essentially the sameargument as

in [14], section 4.4, so we omit it. This completesthe inductiv e step. Taking an asymptotic
limit of the Q2;k givesa correction term satisfying (12.5).

Remark. If the potential V is replaced by h2V , then V does not appear in the principal
symbol of H � � 2

0 and therefore does not a�ect the bicharacteristic 
o w or the Legen-
drian L ; on the other hand, it contributes an additional error term on the right hand
side of (12.6). Becauseof our assumption V = O(x2), this additional error term is also
O(� (2n � 1)=4� (1=4+ k)+1

lb ), and therefore the construction goesthrough as above.

12.4. A t the boundary for h > 0. Our error term is now of the form (using Section 5.7
and 6.7)

E 0
2 + E3 2 I 1 ;1=4(X ; N � � b; s� 


1
2 ) + I 1 ;3=4�

X ; (N � � b; L + ); s� 

1
2
�

+ I + 1 ;n= 2+1 =4;r bf +1 =4;r lb +1 =4;r rb +1 =4�
X ; ~L(� 0); s� 


1
2 )

where rbf = 1=2, r lb = (n + 3)=2 and r rb = (n � 1)=2. Equivalently , the error term is a
smooth, O(h1 ) function of h valued in

I 0(M 2
b ; N � � b; s� 


1
2 ) + I 1=2(M 2

b ; (N � � b; h� 1@bf L + ); s� 

1
2 )

+ I r bf ;n= 2;r lb ;r rb (M 2
b ; h� 1@bf ~L(� 0); s� 


1
2 ):

We now use the results of [14] to solve away these errors. The main point here is to keep
track of powers of h: our error terms are rapidly decreasingin h and we would like to �nd a
correction term that is also rapidly decreasingin h. Examining the construction in [14], we
seethat the vector �elds in the transport equations are linear in � = h� 1, while � appears
polynomially in the right hand side due to derivativesbringing down powers of � from the
phaseand from the factor � 2 in front of the potential. It follows that the correction term
is O(h1 ) if the error terms are O(h1 ). Thus, by [14] we can solve away the error term E3

above with a term Q3 in the space

Q3 2 h1 C1 �
[0; h0); I � 1=2(X 2

b ; @bf N � � b; h� 1@bf L + )
�

+ h1 C1 �
[0; h0); I � 1=2;(n � 2)=2;( n � 1)=2(h� 1@bf L + ; h� 1L ]

2)
�
;

or equivalently

Q3 2 I �1 ;� 1=4�
X 2

b ; (@bf N � � b; @bf L + ); s� 

1
2
�

+ I 1 ;(2n � 3)=4;(2 n � 1)=4;� 1=4�
X ; (@bf L + ; L ]

2); s� 

1
2
�
:

up to a new error term E4 where the expansionsat lb, bf are trivial, but the expansion
at rb has not been improved. (We recall that when we act with the operator on the left
variable, we can improve our parametrix at lb order by order using the symbol calculus,
but to improve at rb we have to solve global problems of the form (h2� + V � � 2

0)v = f ,
which of coursewe cannot do until we have constructed the resolvent kernel! Soit cannot be
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expectedthat we get any improvement at rb.) Thus E4 2 I 1 ;1 ;1 ;1 ;r rb (X ; (L + ; L ]
2); s� 


1
2 ),

r rb = (n � 1)=2,or more simply,

(12.13) E4 2 h1 x1 (x0)(n � 1)=2ei� 0 =x 0h C1 (X ; 
 1=2
sf ):

In summary, we have found a parametrix G(h) in the space

(12.14) 	 � 2;0;0
sc;h (X ) 
 jdhj1=2 + I 1=4;� 1=4(X ; (N � � b; L + ))

+ I 1=4;(2n � 3)=4;(2 n � 1)=4;� 1=4(L + ; L ]
2)

such that

(12.15) (h2� + V � � 2
0)G(h) � Id = E4 2 h1 x1 (x0)(n � 1)=2ei� 0 =x 0h C1 (X ; 
 1=2

sf ):

13. Resol vent fr om parametrix

Using the parametrix G(h) constructed in the previous section, which lies in the space
(12.14), we can show that the resolvent kernel itself lies in this space for small h. The
error term E4 in the previous section is compact on weighted L 2 spacesxsL 2(X ), for s >
1=2. Moreover, the Hilb ert-Schmidt norm of E4, thought of as an operator on xsL 2(X )
parametrized by h, tends to zero. It follows that Id + E4 is invertible for small h. Let the
inversebe Id + F (h). Then the identit y

(13.1) � F = E4 + E 2
4 + E4F E4

shows that F also lies in the space(12.13). Finally, the resolvent kernel is

R(h) = G(h) + G(h)F (h):

SinceF (h) is rapidly decreasingas both h ! 0 and asx ! 0, it follows from this that R(h)
is also in the space(12.14); indeed the rapid decreaseof F (h) in x wipesout all expansions
of G(h) at bf and at rb in this composition, and the rapid decreaseof F (h) as h ! 0 wipes
out all expansionsof G(h) as h ! 0. We are left with the expansionof G(h) at lb. This
takesthe form ei=xh x(n � 1)=2 times smooth functions of the other variables (ignoring density
factors), and the result of the composition is an operator of the form

x(n � 1)=2(x0)(n � 1)=2ei� 0 =xh ei� 0 =x 0h h1 C1 (M 2 � [0; h0)) ;

rapidly decreasingat bf, at rb, and ash ! 0. SoG(h)F (h) is a particularly simple example
of an operator in (12.14) (corresponding to the term u6 in Section 6.5.2). This completes
the proof of Theorem 1.1.

Part 4. Applications

14. Spectral measure and Schr •odinger pr opagator

In this section we prove Corollary 1.2 and Theorem 1.5. Let H denote � + V in this
section, let R� = (h2� + h2V � (1 � i0)) � 1, and let � = h� 1. By the remark at the end
of Section 12.3, R� has the samestructure as the semiclassicalresolvent with no potential
term. (The term h2V vanishesto secondorder at @X so it is not present in the principal
symbol of the operator, and henceplays no role in determining the LegendriansL or L ]

2.
It does, of course, a�ect the symbol of the resolvent, but does not change its regularity
properties.) Note that as a result, the bicharacteristics arising in the resolvent construction
are simply geodesicsand V is irrelevant to the non-trapping hypothesis.
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A direct consequenceof Theorem 1.1 is the structure of the spectral measuredE(� 2) for
large � > 0. By Stone's theorem, we have

dE(� 2) =
1

2� i

�
(H � (� + i0)2)� 1 � (H � (� � i 0)2)� 1�

2�d�

=
1
� i

�
R+ (h) � R� (h)

�



�
� dh
h2

�
�1=2

:

We then have immediately from Theorem 1.1 that d(E(� 2)) 
 jdh=h2j � 1=2 is in the sum of
spaces

	 � 2;0;0(X ) + I � 1=4;� 1=4((N � � b; L + ); X ; s� 

1
2 ) + I 1=4;n= 2� 3=4;n= 2� 1=4;� 1=4((L + ; L ]

2); X ; s� 

1
2 )

+ I � 1=4;� 1=4((N � � b; L � ); X ; s� 

1
2 ) + I 1=4;n= 2� 3=4;n= 2� 1=4;� 1=4((L � ; L ]

2); X ; s� 

1
2 ):

However, the kernel of dE(� 2) solvesan elliptic equation

(� + V � � 2)dE(� 2) = 0:

So there can be no singularity of dE(� 2) at N � � b, except at the characteristic variety
N � � b \ � l = N � � b \ L . along the diagonal. Moreover, dE(� 2) must be Legendrian along
L = L + [ L � at the intersection L + \ L � = L \ N � � b, sinceit is Legendrianaway from N � � b

and Legendrianregularity propagatesalong the bicharacteristic 
o w, which is non-vanishing
at L \ N � � b. Thus in fact

dE(� 2) 

�
� dh
h2

�
� � 1=2

2 I 1=4;n= 2� 3=4;n= 2� 1=4;� 1=4((L; L ]
2); X ; s� 


1
2 );

which is Corollary 1.2.

We now turn to the proof of Theorem 1.5. We begin with some preliminaries on the
geometry of the b-double spaceM 2

b . A total boundary de�ning function for this spacecan
be taken to be xb = (r 2 + (r 0)2)� 1=2. We need to consider small neighbourhoods of the
b-diagonal � b in M 2

b . A neighbourhood is given, for example,by

f (z; z0) j d(z; z0) < �=xb g = f (z; z0) j d(z; z0) < �
p

r 2 + (r 0)2g

for � > 0. Let � be a smooth function on [0; 1 ) equal to 1 on [0; 1] and equal to 0 on [2; 1 ).
Then � (d(z; z0)xb =�) is a smooth function on M 2

b equal to 1 at � b and supported near � b

(for small � ). Abusing notation somewhat,we shall denotethis function on M 2
b simply by � .

The local injectivit y radius on M is bounded below by cr for somec > 0; we shall assume
that � > 0 is chosenso that the local injectivit y radius is at least 10�r . Then the squareof
the distance function d(z; z0)2 will be smooth on the support of � .

To obtain the kernel of the propagator e� itH =2, H = � + V, consider the integral over
the spectrum:

(14.1) e� itH =2 =
Z 1

�1
e� it�= 2dE(� ):

To deal with this integral we break it into several pieces.We �rst usea spectral cuto�. Let
us insert 1 = � 1(�t )+ � 2(�t ) into the integral, where� 1 2 C1

c (R) is equal to 1 on [� 1; 1] and
equal to 0 on Rn(� 2; 2). The � 1 term yields the operator � 1(tH )e� itH =2. Letting s =

p
t,

this is a C1
c function of s2H and is therefore a semiclassicalscattering pseudodi�eren tial

operator (with s playing the role of Planck's constant) of order �1 (cf. [7]). In particular,
it is smooth away from the diagonal, and rapidly decreasingasd(z; z0)=s ! 1 . Let us write
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this kernel Unear ;1. Notice that (1 � � )Unear ;1 is residual, i.e. in _C1 (M 2
b � [0; t0)), for any

function � localized near � b as above (i.e., for any � > 0).
Now consider the integral with � 2(�t ) inserted. For t small enough, the only part of the

spectrum of H lying in the support of this term is continuous spectrum in [0; 1 ); hencewe
may changevariables, and rewrite this term as

(14.2) e� itH =2 =
Z 1

0
~� 2(�

p
t)e� it� 2 =2dE(� 2):

where
~� 2(� ) = � 2(� 2):

We now localize basedon the value of the phase function  =x, x = x b h = xb =� , in the
representation of the semiclassicalresolvent as a Legendredistribution. Let us write

1 = � n ( =�) + � i ( =�) + � f ( =�)

where � n is supported in [0; 1=2], � i is supported in [1=4; 3] and � f is supported in [5=2; 1 ).
We obtain three kernels,denotedUnear ;2, Uin t and Ufar , by inserting the cuto�s � � ( =�) into
(14.2). Let us alsode�ne Unear = Unear ;1 + Unear ;2: Thus we may write the exact propagator

e� itH =2 = Unear + Uin t + Ufar :

Lemma 14.1. (i) The kernel d� � Unear is in _C1 (M 2
b � [0; t0)) .

(ii) The kernel

(14.3) (1 � � )(D t +
1
2

H )Uin t + (D t +
1
2

H )Ufar

is in _C1 (M 2
b � [0; t0)) .

(iii) Uin t is a quadratic Legendre distribution associated to Q(L ), and Ufar is a quadratic
Legendre distribution associated to (Q(L ); Q(L ]

2)) .

Proof. (i) We havealready observedthat this is true in the caseof Unear ;1 soconsiderUnear ;2.
Observe that

ei� =x b =
� i xb

�
1

dv  
dv ei� =x b ;

and that on the support of 1 � � and on the support of d� n ( =�) we have dv  6= 0. (This
is becausedv  = 0 implies that  =xb = d(z; z0), yet xb d(z; z0) > � on the support of 1 � �
and  6 �=2 on the support of d� n .) Thus we can integrate by parts in v as many times as
we like.10 Each integration by parts gains us xb =� . This allows us to absorb any number of
spatial or t-derivatives,as well as any number of negative powers of x b or t (remembering
that the combination � � 2t � 1 is bounded on the support of ~� 2). This provesmembership in
_C1 (M 2

b � [0; t0)).
(ii) Let us start with the �rst term, (1 � � )(D t + 1

2 H )Uin t . Uin t is given by a �nite sum
of integrals of the form

Z Z
e� it� 2 =2ei� ( � ;v )=x b ~� 2(�

p
t)� i ( =�)a(�; �; v) dv d�:

Here, � refers to the spatial variables on M 2
b . If we apply (D t + 1

2 H ) to the integral then
the result vanishesif none of the derivativeshits one of the cuto�s � i ( =�) or ~� 2(�

p
t), so

10If there are no v variables then we simply use the fact that  =x b = d(z; z0):
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(1 � � )(D t + 1
2 H )Uin t is a sum of terms of the form

(1 � � )
Z Z

e� it� 2 =2ei� ( � ;v )=x b ~� 0
2(�

p
t)� i ( =�)~a(�; �; v) dv d�

or

(1 � � )
Z Z

e� it� 2 =2ei� ( � ;v )=x b ~� 2(�
p

t)� (k )
i ( =�)~a(�; �; v) dv d�:

where k, the number of derivatives falling on � i , is either 1 or 2. In the �rst case,we can
integrate by parts in � as many times as we like, using the identit y

ei ( � t� 2 =2+ � =x b ) =
� i xb

� t� xb +  
@

@�
ei ( � t� 2 =2+ � =x b )

and the fact that the denominator is boundedbelow since > �=4 on the support of � i ( =�);
xb is a bounded function, and it su�ces to consider only times t � 1: This allows us to
reduce the order of the symbol in � , and increasethe order in x1 and x2, as much as we
like. Using the samereasoningas in part (i), the kernel is in _C1 (M 2

b � [0; t0)). Exactly
the samearguments allows us to disposeof the terms coming from (D t + 1

2 H )Ufar when a
derivative hits ~� 2.

In the caseof the secondintegral, we needto further divide into two cases,according as
the derivative � (k )

i is supported in [1=4; 1=2] or in [5=2; 3]. In the �rst case,supported in
[1=4; 1=2], we can integrate by parts in v asmany times aswe like, as in part (i), and we see
that theseterms are in _C1 (M 2

b � [0; t0)). In the secondcase,supported in [5=2; 3], we note
that modulo _C1 (M 2

b � [0; t0)) we can replace the factor 1 � � by 1, for exactly the same
reason.

Now we seethat theseterms, with � (k )
i ( =�) supported in [5=2; 3] and with 1� � replaced

by 1, exactly cancelthe remaining terms from (D t + 1
2 H )Ufar , since� (k )

i ( =�) = � � (k )
f ( =�)

when restricted to the interval ( =�) 2 [5=2; 3]. We conclude that (14.3) is in _C1 (M 2
b �

[0; t0)).
(iii) This follows immediately from Propositions 8.3 and 8.5. �

It appears to be di�cult to determine the microlocal nature of Unear using the integral
(14.2). One reason is that the spectral cuto�s � 1; � 2, neededin order to apply Proposi-
tions 8.3 and 8.5 in part (iii) of the above lemma, interfere with the microlocal nature of
the pieces. In particular, the pieceUnear ;1 doesnot lie in the space(1.1). We shall seethat
this is an artifact of the spectral cuto�s and the sum Unear ;1 + Unear ;2 does lie in (1.1). To
seethis we need to change strategy. What we shall do is construct a parametrix in the
near-diagonal region, and show that we can glue it together with the kernel constructed
above to obtain the true propagator modulo a _C1 (M 2

b � [0; t0)) error.
In the near-diagonalregion we usethe sameansatz as in Step 1 of [16]. For the reader's

conveniencewe recall that this takesthe form

(2� it ) � n= 2ei �( z;z 0)=t
1X

j =0

t j aj (z; z0):

We want this to be a formal solution, so we apply the operator t2D t + t2=2� and solve the
resulting equationsto each order in t. The �rst is the eikonal equation � � + g(r z � ; r z �) =
0 which has the exact solution �( z; z0) = d(z; z0)2=2. Thus we seethat this is a Legendrian
associated to the same Legendre submanifold, namely Q(L ), to which Uin t and Ufar are
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associated. The remaining equations are transport equations taking the form (in normal
coordinates z about z0)

(zi + O(jzj2))
@

@zi
a0 = f � a0;

(zi + O(jzj2))
@

@zi
aj + j aj = f � aj �

i
2

� z aj � 1 (j > 1)
f =

1
2

�� +
n
2

= O(z);

where all terms are smooth. These equations have unique solutions with aj smooth and
a0(0) = 1. We cut this formal solution o� by multiplying by a cuto� function � (d(z; z0)=�r 0)
localizing near � b.

This argument only applies away from the front face of M 2
b since the analysis of [16]

was only carried out there. However, the near-diagonalansatz above holds uniformly up to
bf � M 2

b , i.e. in a full neighbourhood of � b � M 2
b . We proceedto show this. We �rst note

that the function 	 = d(z; z0)2=2(r 0)2 is a smooth function on M 2
b in a neighbourhood of

� b. In fact, if we take coordinates x0; � = x=x0; y0 and y locally near � b, where y0 is a local
coordinate on @M and for a �xed y0, y are normal coordinates on @M centred at y0 (hence,
y is not a coordinate lifted from the left factor of @M ), then � b is de�ned by f � = 1; y = 0g
and near � b,

	 = (� � 1)2 +
X

y2
i + terms vanishing to third order at � b:

On the other hand, the operator t2(D t + 1
2 �) takesthe form

t2D t + (tx 0� 2D � )2 + (n � 1)t2x0� 3@� + hij (x)
�

(tx 0D y i )( tx 0D y j ) + � k
ij (x)( t2(x0)2D yk )

�

where �( x) is the Christo�el symbol for the metric h(x). Let us seeka formal solution, as
a seriesin t, near the boundary of � b. It takesthe form

(2� it ) � n= 2ei 	 =t (x 0)2
1X

j =0

t j bj (x0; � ; y; y0); with bj smooth.

Sincehij = � ij at y = y0 and � = O(y) there, it follows then that we end up with transport
equations for the bj of the form

�
yi

@
@yi

+ (� � 1)
@

@�
+ W

�
b0 = f � b0;

�
yi

@
@yi

+ (� � 1)
@

@�
+ W

�
bj + j bj = f � bj �

i
2

� bj � 1 (j > 1)

where all terms are smooth, f = 1
2 �� + n

2 vanishes linearly at � b and W is a vector
�eld vanishing quadratically at � b. Theseequations have unique smooth solutions bj in a
neighbourhood of � b, with b0 = 1 at � b. An asymptotic sum of this formal seriesis therefore
a solution to the equation to order t1 , i.e. the error term after applying t2(D t + 1

2 �) is in
t1 C1 (M 2

b � [0; t0)) near � b.
We also needour near-diagonalparametrix to be good as x0 ! 0. To improve the error

term at x0 = 0 we expand in a Taylor seriesin x0. The error term has a Taylor series

ei 	 =t (x 0)2
1X

k=0

(x0) j ej (t; x0; � ; y; y0);
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near � b with each ej = O(t1 ) and smooth. We try to solve this away with a series

(14.4) ei 	 =t (x 0)2
1X

k=0

(x0) j cj (t; x0; � ; y; y0):

This givesus equationsof the form
�

yi
@

@yi
+ (� � 1)

@
@�

+ t
@
@t

+ W
�

cj = tej + P(c0; c1; : : : ; cj � 1);

where W is as above and P is a di�eren tial operator with smooth coe�cien ts. Sinceej =
O(t1 ) there is a unique solution cj which is O(t1 ). Adding the correction term (14.4)
yields a parametrix with an error term O(t1 (x0)1 ) locally near � b. Let us denote this
near-diagonalparametrix, de�ned in a neighbourhood of � b by Vnear .

We now claim that, on the support of d� , Vnear is equal to Uin t up to _C1 (M 2
b � [0; t0)). In

the interior of M 2
b , this follows from [16] where we showed that Vnear is equal, microlocally,

to the exact propagator modulo t1 C1 (M 2
b � [0; t0)). Our construction is such that Unear is

in _C1 (M 2
b � [0; t0)) on the support of d� (Lemma 14.1) while Ufar is microsupported where

the phasefunction is relatively large. (Using the cuto�  f , and the contact transformation
Q, we have ~� 1 > (5�=2)2=2 on the microsupport of Ufar , while we have ~� 1 6 (2� )2=2 on the
microsupport of Vnear and on the support of d� . Here ~� 1 is the coordinate from (8.5) and
Q de�ned by (8.7).) Therefore, at least away from the boundary of M 2

b , Vnear is equal to
Uin t modulo t1 C1 (M 2

b � [0; t0)) on suppd�:
However, both Vnear and Uin t are Legendredistributions associated to the sameLegen-

drian, and their full symbol expansionat t = 0 is smooth up to the boundary of M 2
b . Since

they agreeeverywhere in the interior of M 2
b on suppd�; they agreeup to the boundary.

Hence Vnear is equal to Uin t modulo t1 C1 (M 2
b � [0; t0)) globally on the support of d� .

Finally, both Vnear and Uin t solve the Schr•odinger equation microlocally, and we saw above
that the Taylor seriesof V at x0 = 0 was uniquely determined by this condition, it follows
that Vnear and Uin t are equal to all orders in both t and x0 microlocally near the Legendrian
L and on the support of d� .

We now construct an accurate global parametrix for the propagator. De�ne

U = �V near + (1 � � )Uin t + Ufar :

We claim that this parametrix U satis�es the initial condition

lim
t ! 0

U(t) = Id

distributionally (i.e. the distribution limit of U(t) as t ! 0 is equal to the delta function on
� b), and satis�es the equation (D t + 1

2 H )U(t) = 0 up to an error term in _C1 (M 2
b � [0; t0)),

(i.e. smooth and vanishing to in�nite order at t = 0 and all boundary hypersurfacesof
M 2

b ). The initial condition follows from the stationary phase lemma applied to Legendre
distributions; in particular the delta function on the diagonal comesfrom Vnear while Uin t

and Ufar contribute nothing, since the phase function is always nonzero for all Legendre
distributions comprising Uin t and Ufar .

To prove the claim about U satisfying the equation, we write

(14.5)
(D t +

1
2

H )U(t) = � (D t +
1
2

H )Vnear + (1 � � )(D t +
1
2

H )Uin t + (D t +
1
2

H )Ufar

+ r � � r (Vnear � Uin t ) +
1
2

� � (Vnear � Uin t ):



SEMICLASSICAL RESOL VENT 75

We have arranged that Vnear is an accurate parametrix on the support of � , so the �rst
term is in _C1 (M 2

b � [0; t0)). Next, Lemma 14.1 shows that the sum of the secondand
third terms is in _C1 (M 2

b � [0; t0)). Third, we have seenthat Vnear is equal to Uin t up to
_C1 (M 2

b � [0; t0)) on the support of d� . It follows that the last two terms on the right hand
side of (14.5) are in _C1 (M 2

b � [0; t0)). This completesthe proof that U is a parametrix up
to _C1 (M 2

b � [0; t0)) errors.
Finally we correct the error term. It follows from a commutator argument due to Craig,

[5] Th�eor�eme14, that

(14.6) e� itH =2 : _C1 (M ) ! _C1 (M ) for all t:

We can correct our parametrix U to the exact propagator by adding to U the kernel

i
Z t

0
e� i ( t � s)H =2�

(D s +
1
2

H )U(s)
�

ds 2 t1 _C1 (M 2
b � [0; t0)) :

Since�V near , (1� � )Uin t , Ufar and elements of _C1 (M 2
b � [0; t0)) are all Legendredistributions

associated to the conic pair (Q(L ); Q(L ]
2)), the proof of the theorem is complete.

Remark. One might wonder why it was necessaryto use the cuto� � 1(�
p

t), instead of a
t-independent cuto�. The reason is that a t-independent cuto� will yield a term that is
smooth on M 2

sc down to t = 0. This term does not lie in the space(1.1) so it would have
to be eliminated by an a posteriori argument. In this respect it is not so di�eren t from the
term Unear ;1; however Unear ;1 is localized closeto the diagonal so it automatically becomes
harmlesswhen we glue in our Vnear parametrix, which is a little more convenient.

Remark. Note that Ufar neednot be supported away from the diagonal. In fact, if there is
a geodesic curve on M that self-intersects, then there will be a corresponding part of Ufar

supported over the diagonal, although microlocally it will be away from the zero section. It
is for this reasonthat we intro duce Uin t : we arranged that Uin t be supported closeto, but
not at, the diagonal, and this allowed us to piecetogether Vnear and Uin t using the cuto� �
in (14.5).

15. Poisson opera tor and scattering matrix

Having constructed the semiclassicalresolvent as a Legendrian distribution, we can now
easily determine the structure of the semiclassicalPoissonoperator and scattering matrix,
sincethe kernelsof theseoperators are related in a simple way to the resolvent kernel.

We recall that the outgoing resolvent kernel was normalized, as a half-density in h, as
(h2� + V � (� 2

0 + i0)) � 1jdhj1=2. The Poisson operator P(h� 1) may be de�ned by the
restriction of e� i� 0 =x 0h jdr0j � 1=2 times the resolvent kernel to the right boundary rb = H 1 of
X (seeRemark 8.4 of [13]). This may be regardedas the principal symbol of the resolvent
kernel at the LegendrianL 1 corresponding to the baseof the �bration @1L ! L 1 at rb = H1

(seeProposition 4.3).
Since the kernel of P(� ) is a function on M � @M � [0; h0) it is natural to regard M �

@M � [0; h0) asa scattering-�bred manifold, with the main facebeing M � @M � f 0g and the
other boundary hypersurface,@M � @M � [0; h0) �bred over @M � @M by projection o� the
h variable. To determine the Legendrian structure of P(h� 1) we start with the geometry
of the propagating Legendrian L , de�ned in (11.9), near the right boundary rb of s� T �

mf X 2
b .

Working near the right boundary, we usecoordinates (x; � = x0=x; y; y0; h; �; � 0; �; � 0; � ), as
de�ned in (11.5).
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Let W be the set f � = 0; � 0 = 0g � s� T � X 2
b , and consider the blowup [s� T � X 2

b ; W ] of
s� T � X 2

b at W . Let ~W denote the new boundary hypersurfacecreated by this blowup, and
write � 0 = � 0=� ; this is a smooth function in the interior of ~W .

Lemma 15.1. ~W \ f � 0 = � 0g is di�e omorphic to s� T � (M � @M � [0; h0)) and hence ~W \
f � 0 = � 0; h = 0g has a natural contact structure (degenerating at x = 0), contactomorphic
to s� T �

mf (M � @M � [0; h0)) :

Proof. The contact form at s� T �
mf X 2

b is given in coordinates (� ; x; h; y0; y; � 0; �; � ; � 0; � ) by

(15.1) � d� 0 � � d� � x� d� + � 0 � dy0+ � � � dy:

Performing the blowup of W; i.e. intro ducing the new coordinate � 0; and restricting to
� 0 = � 0; we �nd that this contact form becomes

� (� d� � xd� + � 0 � dy0+ � � dy):

Dividing by � ; i.e. taking the leading part at ~W \ f � 0 = � 0g; yields the contact form

(15.2) � d� � xd� + � 0 � dy0+ � � dy:

On the other hand, we may write the canonical one-form on s� T � (M � @M � [0; h0)) as

~� d
� 1

xh

�
+ ~� d

� 1
h

�
+ ~�

dy
xh

+ ~� 0dy0

xh
;

in the induced canonical coordinates, the contact form on this spacebecomes

� d~� � xd~� + ~� 0 � dy0+ ~� � dy;

henceidentifying � with ~� , � with ~� , � with ~� and � 0 with ~� 0 exhibits the desired contac-
tomorphism. �

Lemma 15.2. The propagating Legendrian L intersects ~W \ f � 0 = � 0; h = 0g transversally,
hence using the identi�c ation abovewe may regard the boundary of L at ~W , which we denote
SR (for `sojourn relation'), as a submanifold of s� T �

mf (M � @M � [0; h0)) . Making this
identi�c ation, then SR is a Legendre submanifold of s� T �

mf (M � @M � [0; h0)) which is
smooth after further blowupof f x = 0; � = � 0 = 0g.

Proof. SinceL is Legendrian in s� T � X 2
b ; the form (15.1) vanisheson it. Near rb, sinceL is

contained in � l , the left characteristic variety, wehave(� 0)2 = � 2
0 � hij (x0; y0)� 0

i �
0
j � V (� x; y0):

Lemma 11.3 shows that L meets f � = 0g only in the interior of the blowup of W and does
so transversely, so we can usethe blow-up variable � 0

i = � 0
i =� . In terms of this we have

(� 0)2 = � 2
0 � � 2hij � 0

i �
0
j � V (� x; y0) =) d� 0 =

�
� 0hij � 0

i �
0
j d� + O(� 2)

(recall that V (x; y) = O(x2)). Thus d� 0=� , which by (15.1) is equal to (15.2) on L , vanishes
when restricted to L \ f � = 0g.

Now we consider the smoothnessof SR at the boundary f x = 0g. By Lemma 11.3, L is
desingularizedby blowing up �rst Z = f � 0 = � = 0; x = 0; � = � 0g and then the lift of W .
Thus away from Z , the �rst blowup has no e�ect and L is desingularizedby the blowup of
W . We have to analyze the situation further near L \ Z . Here we can take advantage of
the explicit formula for L \ f x = 0g given by (11.15). At x = 0, we have

(15.3) � =
j� 0j
j� j

:
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It follows that in a neighbourhood of L \ Z we have j� j > j� 0j. Similarly, we have
(15.4)

� 0� � =
q

� 2
0 � j� 0j2 � V (x; y)�

q
� 2

0 � j� j2 � V (x; y) = O(x2+ j� j2+ j� 0j2) = O(x2+ j� j2) on L:

It follows that after Z is blown up, we may cover a neighborhood of the intersection of L and
the front faceby coordinate charts in which either x or j� j is a boundary de�ning function.
Thus, in place of x; �; � 0; � 0 � �; we may take as coordinates

�
x

;
� 0

x
;

� 0 � �
x

and x;

in the region where dx 6= 0, and

�
j� j

;
� 0

j� j
;

� 0 � �
j� j

;
x

j� j
and j� j:

in the region where dj� j 6= 0. As for the secondblowup, of f � = 0; �=� ~Z = 0g, where � ~Z is
a boundary de�ning function for the face ~Z created by the Z blowup, (15.3) implies that
� may be taken as a boundary de�ning function for the new face in a neighbourhood of L .
Thus coordinates replacing those above become

(15.5)
�
x

;
� 0

x�
=

� 0

x
;

� 0 � �
x

and x; and � ; y; y0; h; �; �

in the region where dx 6= 0, and

(15.6)
�
j� j

;
� 0

j� j�
=

� 0

j� j
;

� 0 � �
j� j

;
x

j� j
and j� j; and � ; y; y0; h; �; �

in the region wheredj� j 6= 0. It follows from this and from Lemma 11.3that � , x, and 2n � 2
of the remaining coordinates from (15.5) (in the �rst region), or � , x=j� j, j� j and 2n� 3 of the
remaining coordinates from (15.6) (in the secondregion) furnish coordinates on L on this
space,and the remaining coordinates (restricted to L ) can be written as smooth functions
of thesecoordinates on L . Restricting to f � = 0g, then, we seethat SR is desingularizedby
blowing up f x = 0; � = 0; � = 0; � 0 � � = 0g.

We can also observe that (� 0 � � )=x or (� 0 � � )=j� j cannot serve as a coordinate on L
at � = 0, since we seefrom (15.4) that this function has vanishing di�eren tial there. This
implies that SR is also desingularizedby blowing up

f x = 0; � = 0; � = 0g;

which completesthe proof of the lemma. �

Remark. This lemma shows that SR forms a Legendreconic pair with the Legendresub-
manifold G] = f x = 0; � = � 0; � = 0; � 0 = 0g which is contained in the contact manifold
s� N � (@M � @M ), @M � @M being the baseof the �bration at the hypersurfaceat x = 0 of
the scattering-�bred manifold M � @M � [0; h0).

To interpret the Legendrian SR geometrically, we recall the de�nition of the sojourn
relation from [16] (in fact, weneedto generalizeit to include the caseof a nonzeropotential).
SR is the graph of a contact transformation S from S� M � to scT �

@M M given as follows:
given a unit covector (z; �̂ ) � S� M � , we let 
 (s) be the bicharacteristic (geodesic,in the case
of no potential) emanatingfrom (z; �̂ ). By assumption,
 (s) tendsto the boundary, and there
is a well-de�ned �nal `direction' y. The action A(s) accumulated along the bicharacteristic
is the integral of � 2

0 � V with respect to s along 
 , with initial condition A(0) = 0. Sincex =
O(s� 1) along 
 and V = O(x2), weseethat A(s) = � 2

0s+ O(1). Moreover, it follows from the
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regularity of the boundary of SR (Lemma 15.2) that j� j = O(x), hence _r = � 0 + O(s� 2) and
so r (s) = � 0s + O(1). We let � , the sojourn time, be de�ned by � = lim s!1 A(s) � � 0r (s);
which is well de�ned by the above considerations. We �nally de�ne M = lim s!1 � (
 (s))=s.
Then the sojourn relation is S(z; �̂ ) = (y; � ; M ) � scT �

@M M .11 If V � 0 then A(s) is � 0

times the geodesicdistance along 
 .

Lemma 15.3. The Legendrian SR is the (twisted) graph of the sojourn relation in the
interior of s� T �

mf (M � @M � [0; h0)) .

Proof. Consider a local parametrization of the Legendrian L near rb and away from x = 0.
The Legendrian L rb = f � 0 = � 0; � 0 = 0g is parametrized by the phasefunction � 0=� xh, so
we can chooseour phasefunction to be of the form (� 0 + x0 )=x0h, where  =  (y0; z; v)
and it is non-degeneratein the sensethat

(15.7) dz;v
� @ 

@vi

�
are linearly independent ; i = 1 : : : k where v 2 Rk :

Then L is given locally by

L = f (x0; y0; z; � 0 + x0 + (x0)2 x 0;  ; dy 0 ; dz  ) j dv  = 0g

in coordinates (x0; y0; z; � 0; � ; M 0; � ) given by writing covectors in the form

� 0d
� 1

x0h

�
+ � d

� 1
h

�
+ M 0dy0

h
+ �

dz
h

:

By (11.3), we have j� j2g + V = � 2
0; henceunder the 
o w of h� 1 times the Hamilton vector

�eld, (11.2) gives _� = � 2
0 � V: In other words,

� 0

x0 +  =
Z

� 2
0 � V ds = A(s):

Thus  (0; y0; z; v) = lim s!1 A(s) � � 0=x0; which is the sojourn time (when dv  = 0).
Moreover, dy 0 = M 0 = � 0=x0 where � 0 is the variable dual to dy0=x0h. Finally dz  =
dz (� 0 + x0 )=x0 givesminus the covector �̂ at z which is the initial condition (z; �̂ ) for the
bicharacteristic.

The boundary of the Legendrian L at ~W \ f � 0 = � 0g is given in thesecoordinates by

SR = f (y0; z;  ; dy 0 ; dz  ) j dv  = 0g

and it is now evident from the interpretations of  , dy 0 and dz  that this is a non-
degenerateparametrization of the sojourn relation.12 �

Prop osition 15.4. The Poisson operator is a Legendrian conic pair associated to the Le-
gendre submanifold SR and the submanifold G] ; in fact,

P(h� 1) 2 I 0;(n � 1)=2; 0(M � M � [0; h0); (SR; G] )) :

Remark. The fact that the orders of P(h� 1) at mf and at are equal to zero re
ects that
the fact that the Poissonoperator is a unitary operator mapping betweenM and the space
@M � R+ with a conic (i.e. scattering) metric, as proved in [13], section 9.

11The sojourn relation S actually depends on a choice of coordinates; it is invariantly de�ned on a certain
a�ne bundle identi�ed in [16].

12It would be more correct to say that we are `identifying' this with the sojourn relation; it is not exactly
the same as the sojourn relation as de�ned in [16] since it lies in a di�eren t bundle, with di�eren t scalings
as x0 ! 0. This can be traced to the fact that the bicharacteristics in [16] tend to in�nit y quadratically ,
while here they move to in�nit y linearly , re
ecting the di�eren t scalings in the two operators (propagator
vs. resolvent). The two bundles are related via the identi�cation Q in (8.7) .
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Proof. The kernel of the resolvent is given by a �nite sum of oscillatory integrals, each
giving a Legendredistribution associated to the propagating Legendrian L , plus a smooth
term vanishing at rapidly at each boundary hypersurfaceof X 2

b � [0; h0). Consider a single
oscillatory integral expressioninvolving a phase function parametrizing some piece of L .
There are four di�eren t types of such expressionsto consider, corresponding to regions of
L which are (i) away from f x = 0g, (ii) near f x = 0g but away from f � = � 0 = 0g,
(iii) near f x = 0; � = � 0 = 0g and near the codimension three corner of L , (iv) near
f x = 0; � = � 0 = 0g but away from the codimension three corner of L .

In region (i), the result follows directly from the proof of Lemma 15.3. The proof in
the other regions follows the samepattern; we needonly check that we can choosea non-
degeneratephasefunction of the form (� 0 + �  )=x� h for (L; L ] ) in each region, such that  
is a non-degenerateparametrization of (SR; G] ). This was explicitly noted in (4.9), which
covers regions(i) and (ii)). In the caseof region (iii), we can usea parametrization 	 as in
(6.12); the corresponding function  above is � 0 + s 2 + x2 3, using notation from (6.12).
Comparison of (6.13) and (6.7) shows that (	 � � 0)=x1 is a non-degeneratephasefunction
(where we need to make the transformation x2 ! x1; x3 ! x2; (y1; y2) ! y1, y2 ! fg ,
v2 ! v1; v3 ! v2 to make the comparison) in the senseof (6.6). Since we know that it
parametrizes SR for x2 > 0, it follows that this is a non-degenerateparametrization of
(SR; G] ). In region (iv) the result follows from the analogouscomparison of (6.15) and
(6.9).

To determine the orders, notice that we divided by the half-density factor jdr 0j1=2 to
obtain the Poissonkernel. In terms of the boundary de�ning functions x1 for rb and x2 for
bf, this is dividing by jdx1=x2

1x2j1=2. The semiclassicalorder is decreasedby � 1=4 accounting
for the changein total dimension from N to N � 1, but the orders at bf increase by 1=4 in
view of the power x � 1=2

2 in jdx1=x2
1x2j1=2. This shows that the new orders are as stated in

the proposition. �

We now turn to the analysis of the scattering matrix S(h� 1). This is de�ned on f 2
C1 (@M ) by distributionally restricting the outgoing part of x � (n � 1)=2e� i� 0 =xh P(h� 1)f to
@M . In terms of kernels, and taking into account the half-density factors, it may be con-
structed from the Poissonoperator by microlocalizing near the intersection of SR and G] ,
multiplying by e� i� 0 =x� jdx=x2 j � 1=2 and restricting to x = 0.

Thus the only part of the Legendrian SR of importance for the scattering matrix is the
part in a neighbourhood of � = 0, i.e. at the blowup of Z . Thuswemakea further symplectic
reduction and restrict SR to the face Y created by the blowup of f x = 0; � = 0; � 0 = 0g �
s� T � (M � @M � [0; h0)); let T denote this set.

Lemma 15.2tells us that T is a Legendrian-Lagrangiansubmanifold of s� T � (@M � @M �
[0; h0)). Thus, the contact form, which may be written

(15.8) � d� + M 00� dy0+ M � dy:

in terms of blowup coordinates M = �=x , M 00= � 0=x, vanishesat T .
Let us de�ne the `total sojourn Legendrian' inside scT �

@M � @M �f 0g(@M � @M � [0; h0)) as

the set consisting of points (y; y0; � ; M ; M 00) such that there a point (z; �̂ ) in the interior of
M with (y; � 1; M ) = S(z; �̂ ), (y0; � 2; M 00) = S(z; � �̂ ) and � = � 1 + � 2. We can also express
� as the limit of A(s1; s2) � � 0(1=x2 + 1=x1) where s1 ! �1 , s2 ! 1 and A(s1; s2) is the
action accumulated along the bicharacteristic determined by (z; �̂ ). If there is no potential
then � is given by the limit of � 0

�
d(z1; z2) � 1=x(z1) � 1=x(z2)

�
where z1 goes to in�nit y
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along the geodesicin onedirection and z2 goesto in�nit y along the geodesicin the opposite
direction; this is � 0 times the original `sojourn time' de�ned by Guillemin [9].

Lemma 15.5. The Legendrian T coincides with the total sojourn Legendrian.

Proof. The vector �eld � V 0
l is tangent to SR and b-normal to Y . Therefore, every point

of T is the endpoint of an integral curve of � V 0
l lying inside SR. An arbitrary point of

T is therefore obtained from an interior point (z0; �̂ 0; y0; � ; � 0) of SR by 
o wing along a V 0
l

integral curve. This does not change the values of y0 or M 0, while (z; �̂ ) moves along the
bicharacteristic with initial condition (z0; �̂ 0). Thus when the bicharacteristic arrivesat Y
the y coordinate is the asymptotic direction of this bicharacteristic, while M = �=x is the
asymptotic `angular coordinate'. To work out an interpretation of the � variable, notice
that when we usecoordinates on ~W given by

� d
� 1

h

�
+

� � dz
h

+ M 0dy0

h

then � has the interpretation of the sojourn time starting from (z0; �̂ 0) (see the proof of
Lemma 15.3). Near Y we changeto variables given by

�d
� 1

xh

�
+ � d

� 1
h

�
+ � �

dy
xh

+ � 0 �
dy0

xh
= �d

� 1
xh

�
+ � d

� 1
h

�
+ M �

dy
h

+ M 0 �
dy0

h
:

Comparing the two sets of coordinates gives � = � � �=x . Since � = � 0 at T , this gives
� = lim x ! 0 � � � 0=x on T. Since� is the sojourn time starting from (z; �̂ ), i.e. the limit of
A � � 0=x0, this shows that at Y , � = lim x;x 0! 0(A � � 0=x0 � � 0=x) is the total sojourn time
along the bicharacteristic determined by (y0; M 0), or equivalently by (y; M ). This completes
the proof that T is the total sojourn relation. �

Prop osition 15.6. The set T is a Legendrian-Lagrangian submanifoldof s� T � (@M � @M �
[0; h0), and the scattering matrix S(h) is a Legendrian-Lagrangian distribution on @M �
@M � [0; h0) associated to T ; indeed S(h� 1) 2 I � 1=4;� 1=4(@M � @M � [0; h0); T ; sc


1
2 ).

Proof. This follows directly from Proposition 7.5. �
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