CONVER GENCE OF CONZE-LESIGNE  AVERA GES
BERNARD HOST AND BRYNA KRA

Abstra ct. We study the convergenceof Nl P f1 (T3 x)fo(T32"x)f 3(T23"x),
for a measure preserving system (X;B; ; T)and fq1;f»;f32 L1 ( ). This gen-
eralizes the theorem of Conze and Lesigne on such expressions and simpli es
the proof. As well, we obtain a description of the limit.

1. Intr oduction

1.1. Background. An open problem is the existenceof limits of expressionsof the
form
lx 1

(1) lim 1 f(T"X)f (T3 ") 1 :f (T2 "X);
NiZT N =0

where T is a measure preserving automorphism of a probability space(X;B; ),
fi;f0;::0;f- 2 LY (X) and ag;ay;::: ;a are distinct integers. Limits of sudh
expressionsarise in Furstenberg's proof of Szemeredi's Theorem and have been
studied in various forms by Bourgain[2], Bergelson[], Furstenberg and Weiss[]
and Conzeand Lesigne[].

If oneassumeghat T is weakmixing, Bergelson[] proveda corvergencetheorem
for more general expressions. However, without the assumption of weak mixing,
one can easily shaw that the limit neednot be constart and proving corvergence
becomesmuch more dicult.  The existence of limits for the casewith = = 3
and with the added hypothesis that the system s totally ergodic was proved by
Conze and Lesignein a seriesof papers (see[3], [8], [9], [5], [4] and [1Q]). Similar
expressionswere consideredby Furstenbergand Weiss[7 in order to study the limit

w1

. 1 n n2 o\
NIl!gn N . fo(T"X)f2(T" x) :

1.2. Statemen t of results. We reprove the convergenceobtained by Conze and
Lesignedirectly, without needingthe elaborate machinery they used. Furthermore,
we eliminate the reliance on the hypothesis of total ergadicity. As for the other
known methods for analyzing expressionof the form of Equation (1), we are unable
to extend our proof to more than three terms. In o ering a new and simpler proof
of the corvergencefor three terms, we hope to gain insights into limits of more
generalexpressions.
In Section 4.3, we show:

This work was completed while the rst author was visiting the Univ ersity of Chile, supported
by the FOND AP project. The second author was supported by NSF grant 9804651.
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2 BERNARD HOST AND BRYNA KRA

Theorem 1.1. Let (X;B; ; T) be a measure preserving system, a;; ay;as three
distinct integersand f1;f,;f32 L1 (). Then
im L X 1y Ty
im — i(Tx
N1 N n=0 i=1
existsin L2( ).

In fact we prove more than just existence,giving an description of the limit in
Section4.4. A more precisevalue for the limit will be givenin a forthcoming paper.

1.3. Organization of the paper. Our proof, like those of Conzeand Lesigne[3
and Furstenberg and Weiss[1, is roughly split into two parts. First we reduce
the problem to studying corvergenceon a simpler system. We follow classical
methods, using ideas introduced by Furstenberg[§ in the proof of the Szeneredi
theorem, such asthe Van der Corput lemma[1] and isometric extensions. However,
we have no needfor the detailed structure of the modi ed system,asusedby Conze
and Lesigne, nor of the normal systemsintro duced by Furstenberg and Weiss. We
include few details of this portion of the proof, referring the readerto the literature.

This is carried out in Section 2.

The secondpart of the proof is the demonstration of the corvergencein the
modi ed system. Our method is more elemenary than that previously known, and
we obtain a description of the limit. One of our main toolsis a lemmain harmonic
analysis, proved in Section 3. In Section 4, we prove the convergenceand then in
Section 4.4, we give the actual formula.

2. Reduction to a simpler system

We can always assumeergadicity of the system, without loss of generality, by
using ergodic decomgposition.

We plan to modify the original measurepreserving systemthree times, showing
ead time that proving the theorem for the new system implies the result for the
old system. First, we clarify the ideasneededfor such reductions.

2.1. Characteristic factors.

De nition.  Given distinct integersas;ay;::: ;a andafactor (Y;Y; ;S) of asys-
tem (X;B; ; T), wesaythat Y is a characteristic factor of X for the scheme
aj;ap;:::;a if foranyfq;fo;:::f- 2 LY (), wheneverthereissomei 2 f1;2;:::; g
with E(f; j Y) = 0, the limit
1 X1y
lim — fi TAN

N1
N n=0 i=1

existsin L?( ) and is equalto O.
This property implies that for f1;f,;:::;f- 2 L1 ()

1% 1Y 1X 1Y

m — f, T8 — E(fi T&"jY) =0
N1 N ) )

n=0 i=1 n=0 i=1

in L2( ).
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Therefore, nding a characteristic factor Y for a system X allows us to restrict
to functions de ned only on Y, and this restriction simpli es computations when
Y hasa simple form.

2.2. The Kronec ker is a characteristic factor for two terms. Throughout
the sequel,(X;B; ; T) is an ergodic measurepreserving systemand (Z;Z;m; S)
denotesits Kronecker factor. More specically, S: Z ! Z is the rotation de ned
by Sz=z+ ,andweuse :X ! Z for the natural projection. For f 2 L?( ),
we write f~the function on Z dened by f~ = E(f j Z).

Using the Van der Corput lemma (see Bergelson[]), Furstenberg and Weiss
showed that the Kronecker factor is characteristic for two arbitrary terms by; by,
and deduced:

Theorem 2.1 (Furstenberg and Weiss[7]) Let (X;B; ; T) be a measure preserv-
ing system, with notations as alove. Let by, b, be integers. Then for any fq;f, 2
LY ()

1

P 1 bin bon
NIl!gn N . f1(TP"x)fo(T™"x)

existsin L?( ) and equal;
1(z+ by )fa(z+ by )dm();
z
where z = (x).
2.3. Two joinings. We assumeherethat aj;ay;as are given integers. Let Z be
the closedsubgroup
Z= (z+at;z+ apt;z+ agt) :z;t2 Z

of Z3 and let m be its Haar measure. We write z = (z1;2;23) for an elemen
#2 Z. Thesenotations will be usedthroughout the sequel.
By Theorem 2.1, for f1;f5;f32 L1 (),
1X 12 v ZY
lim — fi (T2 "x) dm(x)
i=1 i=1

z

fi(z+ & )dm(z)dm( )

) fi(zi)dm (2) :

Zi=1
The subgroup Z is invariant under the transformation S= S S3  S2s,
Writing
~=(a1; a; a3 );
the transformation S is given by
Sz=7+ ~:

Thus, (Z;m; S) is a joining of the systems(Z;m; S#), for i = 1;2;3, and ead
of theseis a factor of the corresponding (X; ; T2). Therefore we can form the
\conditionally independert product" (X; + T) of these systemsover this joining.
It isajoining of (X; ; T#&) fori = 1;2;3. (SeeFurstenberg[f and Furstenberg and
Weiss[1.)
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Using this, we rewrite Equation (2) and have
i x1l e Z
Jim = GTaM0d (0= i) d~(xaixaixa) :
' n=0 X i=1 Xi=1
2.4. Group extensions. We recall somebasicfacts about group extensions.

Let (X;B; ; T) be an ergodic measure preserving system and let (Y;D; ;T)
be a factor. By de nition, X is an isometric extension of Y if there exists a
homogeneousspaceH = L=K of a metrizable compact group L and a measurable
map :Y ! L sothat (X;B;; T) isisomorphicto the skew product (Y H;B
Bu ; my ;T ), where By is the Borel -algebra of H, my is the L-invariant
measureonH and T (y;u) = (Ty; (y)u). iscalledthe cocycle of the extension.
If H=L, wesay that X isagroup extension ofY.

We note for later usethat by Lemma 7:2 in Furstenberg and Weiss, given an
ergadic isometric extension X = Y H, one can expressH = L=K and X =
Y L=K sothat the group extensionX; =Y L de ned by the samecocycle is
also ergaodic.

2.5. Reduction to an isometric extension of the Kronec ker. We now use
thesestructures to make our rst changein the measurepreservingsystem, allowing
us to assumethat X is an isometric extension of the Kronecker factor Z.

Lemma 2.2 (Conzeand Lesigne[3). Let a;;ap;as be distinct integers. Assume
thatf1;fo;f32 LY () andlet F(z1;22;23) = f1(z1)f2(22)f3(23). If F is orthogonal
to the space of T3 T3  T3-jnvariant functions in L?(~), then the averages
1 X1y
N fi(T*x)
n=0 i=1
convergeto 0in L2( ).

Proof. The lemmais provedvia an application of the Van der Corput Lemma, with
Un(x) = f(Ta"x)f,(T22"x)f 3(T22"x). For details, seeFurstenberg and Weiss[7.
O

For an ergadic system (X ;B; ; T) with Kronecker factor (Z; ), let (i’; b; b;T)
denote the maximal isometric extensionof (Z; ) in (X;T).

Theorem 2.3 (Furstenberg and Weiss[7]) B is a characteristic factor of X for all
schemesf a;; az; a3g.

Proof. The proof usesLemma 2.2, the fact that ~ de nes a joining of the systems
(X; ; T#) and a theorem on joinings of Furstenberg[6]: invariant functions on a
conditionally independert product factorize through the conditionally independert
product of the maximal isometric extension. Again, we refer to Furstenberg and

Weiss[1 for the detalils. O
Thus in order to prove the existenceof
li LX Y fi(Tan
i ﬁn=o i=1 : &

in L2(m), it su ces to shaw the corvergencefor functions de ned on the isometric
extension® of Z. We expressthe extension® = Z L=K in suc a way that the
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corresponding group extension X1 = Z L is ergadic. Clearly it suces to prove
the corvergencefor this system X ;. Let Z; be the Kronecker factor of X;. By
Lemma 7:3 of Furstenberg and Weiss, X ; is a group extensionZ; L of Z;. The
following diagram explains theserelations:

X
#

=7 L=K Z L=X;=2; L,
# #
z Z:

For simpli cation of notation, from now on we can forget the initial systemand
assumethat X is itself a group extensionZ L of its Kronecker factor Z.

2.6. The Mackey groups. The notion of the Mackey group (also referred to as
the group of essetial values)is not completely classicaland so we recall the basic
facts.

We consideran ergadic system (Y; ;S) with an extensionby a compact group
H, dened by a cocycle . Thus is a measurablemap from Y to H. We say
that is a coboundary if there existsa cocycle with (y) = (Sy) (y) . Two
cocycles and ©are saidto be cohomologous if there exists a cocycle sothat

Ay)= (Sy) (v) () *.

Prop osition 2.4. For each cocycle , there is asseiated a closal sulgroup M of
H (uniquely determined up to conjugacy) satisfying:

{) is cohomol@ousto somecocycle °with valuesin M and M is a minimal
closel sulgroup of H with this property.

{{) Forallm2 M, each S o-invariant function f onY H satises f (y;mh) =
f (y;h) for almostevery(y;h)2Y H.

Givenacocycle , the assaiated closedsubgroupM is calledits Mac key group .
Proof. The proof, again, is outlined in Furstenberg and Weiss[7]. O

Property ({{) combined with Lemma 2.2 explains the important role of the
Mackey group in our setup.

2.7. The subgroup M of L3. Recallthat we havede ned X and Z in Section2.3.
We havethat X = Z L2 is a group extensionof Z" with cocycle
~(3) = (al)(zl); (az)(ZZ); (a3)(23)

Thus the transformation T on X is given by

T(z1;22;23; 15 25 3) =
3) zZitay; tay; zataz; AV(z1)1 (z2) 2 (z3)s
We can not immediately apply the theory of Mackey groups to the group ex-
tension (X'; + T) of (Z;m; S), asthe secondsystemis not ergadic, and so we need

somepreliminaries.
For every z 2 Z the subset

Z;=f(z+ at;z+ apt; z+ asgt) : t2 Zg



6 BERNARD HOST AND BRYNA KRA

of Z is invariant under S. The uniform measurem; on this setis invariant by S
and is ergaodic. It givesan ergadic de%ommsition

m = m, dm(z)
z
of m. (This is not the standard ergaodic disintegration, asthe measuresm, are not
necessarilydistinct.)
Consider the corresponding decoménsition

~-= ~z dm(2)
z

of ~. For each z the system(X; ~,; T is an extensionof (Z;; m,; S) by the group L 3,
with the restriction of the cocycle ~, and so has a Mackey group M, de ned up to
conjugacy We write [M,] for the conjugacy classof M,. The family of conjugacy
classesof closed subgroups of the compact metrizable group L* can be endoved
with a structure of Polish spaceso that the map z 7! [M.] is Borel. Moreover,
the measure~ is invariant under the transformation T T T, which commutes
with T. It followsthat [M . ]= [M.] for all z2 Z. By ergadicity of the rotation

S:z7'z+ ,theclass[M.]is constart almost everywhere. Thus we can take M,
equalfor almost all z to a xed subgroupM of L3. Wecall M the Mac key group

of the cocycle ~ on Z. As for the true Mackey groups, it satis es the properties
of Propositions 2.4.

2.8. A nal reduction. The nal stepisto reduceto an abelian group extension.

Theorem 2.5 (Furstenberg and Weiss[7]) X has a characteristic factor for all
schemesa;; ap; ag that is an akelian group extension of its Kronecker factor Z.

Proof. We give a sketch of the proof given by Furstenberg and Weiss[7]. Recall
that the transformation T on X = Z L2 is given by Formula (3). Usingthat Z is
the Kronecker factor of X, they deducethat for all i 6 j 2 f1;2;3g and almost all
z, the (i; j )-two dimensional marginal of ~ is T3  T& -ergodic. Therefore, each
two dimensional projection M ! L L is surjective. By an algebraiclemma, they
prove that M contains L°® L° L% where L%is the commutator subgroup of L.
Applying Lemma 2.2 and property ({{) of Proposition 2.4, the factor Z L=L° of
X = Z L is characteristic for all schemesay; ay; as. O

From now on, we write G = L=L % and write this group additiv ely.

At this point, we simplify without lossof generality and assumethat our system
X itself isZ G, a compact abelian group extension of its Kronecker.

Our new X is a factor of an extension of a factor of the original X. Many
properties of the original systemmay be lost in this construction, for exampletotal
ergadicity. This has no implication for our presert work.

2.9. The Mackey group in an abelian extension. We have reducedour orig-
inal systemto an abelian group extension of its Kronecker, and in this set-up we
can say more about the Mackey group. We make frequert use of someelemenary
results about the duality in compact abelian groups and we review the necessary
facts here.

Let H be a compact abelian group. The characters of H are the continuous
group homomorphismsfrom H to the circle group S*. They form a multiplicativ e
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group 1 called the dual group of H. For a closedsubgroupM of H, its annihilator
M ? is the subgroup of | given by

M?=f 2 : (m)=1foralm2Mg:
Also,
M=M?” =fh2H : (h)=1foral 2M?g:

Let (Y; ; S) be an ergadic systemand a cocycle with valuesin a compact,
abelian group H. The Mackey group M asscaiated to  is unique. This means
that in Proposition 2.4, the minimal, closedsubgroup of H satisfying property ({)
is actually the smallest.

Prop osition 2.6. Using notations as alove:

{) A character 2 ] belongsto the annihilator M ? of M if and only if is
a multiplicative coboundary (as a cocycle with valuesin the circle group S*).

{{) Forallm2 M, eachS -invariant function f onY H satisesf(y;h+m) =
f (y;h) for almostall (y;h)2Y H.

Proof. Part {): By Proposition 2.4, property ({), is cohomologousto a cocycle °©
with valuesin M and there is a function b: Z ! H with

@)= A2+KSz) N2):

For 2M?,
(2)= (KSz)) (K(2))
and is a coboundary.

Conversely let 2 # and assumethat is the coboundary of a function
b. That is, (z) = b(Sz)b(z). The function B(z;h) = b(z) (h) dened on
X = Z H isinvariant by T . By property ({{) of Proposition 2.4, for every
m 2 M, B(z;h+ m) = B(z;h) for almost all z and h. Thus (m) = 1 and

2M7?.
Part {{): The proof follows immediately from Part {{) of Proposition 2.4. O

2.10. Conclusion of the reduction. We summarizethe results of our modi ca-
tions. Wehave X = Z G for somecompact abelian metrizable group G (written
additiv ely) and the natural projection X ! Z is givenby (z;g) = z. The trans-
formation T on X is given by the cocycle :Z ! G and can be written

T(z;9) = (Sz;g+ (2)):

The measure = m mg, wheremg is the Haar measureof G.
As usual, we write  © (z) = 0 and for n > 0,

M@= @+ (S9+ + (8" '2);
with a similar formula for n < 0. For every integer n we have
T"(z:9) = (S"z;g+ (V(2))
and for integersm; n we have the \co cycle equation”

(Mg = s+ M)
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As before,X = Z G3. Fori = 1;2;3the i-th projection of X on X is given by
(z1;22;23;01; 92;93) 7! (zi; ). The measure~isthe productm mg mg Mg
of the Haar measures.The transformation T= T3 T& T2 on X is given by

T(Z0 0 %) = 2+ o+ @(z);m+ @)(z);05+ )(z3)

This meansthat the system (X;+ T) is a compact abelian group extension
of (Z;m;S) by the group G2, given by the cocycle ~ : Z ! G323, where ~ =
(a1) (az) (as)
The results of Proposition 2.6 remain valid for the cocycle ~ and the subgroup
M of G2 de ned asin Section2.7.

3. A lemma in Harmonic Anal ysis

Here we stop following the paper of Furstenbergand Weiss[]. Our main technical
tool in proving Theorem 1.1 is a result in harmonic analysisand its corollaries.
Unless otherwise noted, all L2-norms k k, are relative to the the measurem,
Haar measureon Z, and are assumedto be taken with respect to the variable z.
We recall that Z is a compact monothetic group and soZ is densein Z. We
say that afunction ! isane if! = ¢ , the product of a constart ¢ and a character
onZ.

Lemma 3.1. Let f be a function of modulus 1 on Z so that the following two
conditﬁ)ns are satis ed:

1. Sjf(z+ ) f (2)j?dm(z) < 2=9

2. Foralls2 7 thezre existsan ane function ! s on Z suchthat

(4) ifz+9) !s(2)f (2)i%dm(z) < 2
z

for some > 0. p_
Then there existsan ane function ! sothat kf k< 3 2.

Proof. If > P 2=3, there is nothing to prove. We assumethat P 2=3.

Write ! s(z) = ¢s s(z) for aconstart cs and a character  onZ. Since 2=3,
the character s is uniquely de ned by the bound (4). Moreover, by the rst
hypothesis, = 1.

The constart ¢ is not de ned by the bound (4) and we can chooseit so that
the integral in (4) is minimal. By the cortinuity of translations on L2(Z), the map
s 7! ¢ is cortinuouson Z.

For s;t 2 Z, applying bound (4) with s, t and s+ t, we have

P_
KCs+t s+t GCsC s(t) s tka< 3 2.

Thus s+t = s t. Furthermore, if s is sucien tly closeto 0in Z, b)b again using
the same cortinuity argument we have that kf (z+ s) f(z)k, < 2=3 and so
s = 1. Thusthe map s 7! ¢ is a cortinuous group homomorphism from Z to
P Since =1 g=1forals2zZ by continuity and density. The bound (4)
becomes
kf (z+s) csf(2)ks <
Taking the Fourier transform with respect to z and integrating with respect to
s in this bound, we get

)7 1 Re®()) < 2=2;
2p
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where Z
b()= ¢ (s)dm(s):

P
Since ijfa( )j? = ]Pthere exists 2 2 such that 1 Re(d( )) < 2=2. Thus
jb( )j*>1 2 Since ,ujb()j>=1,forall 6 wehavejb( )j< andthus
1 Re(®()>1 . Weget

X . 2 |
6 Ji*“()12<2(1 7 < 2

That is, kf () k, < . Taking c= X )X )j and we get the statemert of the
lemma. O

Prop osition 3.2. Let a be a non-zem integer. There exists a constant C > 0
(depending only on a) such that wheneverf is a function of modulus 1 on Z so
that for some > 0 the following two properties are satis ed:

1. Sjf(z+ ) f(2)j?dm(z) < 2
2. Foralls2 7 thgre existsan ane function ! s on Z suchthat

(5) f(z+as) !s(@f(@i%dm(z)< %
4

then there existsan ane function! on Z sothat kf !k, < C .

Proof. We use C to denote any positive constart depending only on a. Without
lossof generality we can assumethat is as small as needed.

Let K bethe opensubgroupaZ of Z and let k beits indexin Z. AsZ isdense
inZ, (k )Zisdensein K,K = kZ, andthe K -cosetsareK; +K;:::;(k 1) +K.
As K is monothetic with generatork , we canapply Lemma3.1with K substituted
for Z and k substituted for

Fix j 210;:::;k Zlg, de ne afunction f; onK by f;(z) = f(j + z) andso

jffiz+k ) fj(2)j>dmg(z) < k® 2:
K
Furthermore, fzor alls2 K,
fiiz+s) fi(@'s(z+] )jPdmg ()< k ?:
K

The restriction of the function ! s(z+j ) to K is ane and sowe can apply
Lemma 3.1 with the function f;. As is small, there exists a constart ¢; and a
character ; 2 2 with

) ifi (2 g j(2)i*dmg (2) < C* 2

for someconstart C. The character ; is de ned only modulo K ? .
By the rst hypothesis,we have

K 22

KJ'<%+1 i@ g j(2i*dmg (2)

Z

+ KJ'Co oz+ k) o 1k 1(2jfdmg(z)< C ?

j=0
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for someconstart C. Thus j;; = j modK? for 0 j < k 1, and we can
choose 2 2 with j = modK? forall j. Moreover we havejcj+1 ¢j< C
forO j<k 21andjcy (k) ¢ 1j< C . Thusthere existsc with j¢j = 1 and
jc gj<C for0 j k 1,andwehavealsojl ( )¢j<C .

There exists a complexnumber with ¥ = 1andj () j< C . But, since
the index of K in Z is k, there exists a character 2 K’ with ( )=

It is now immediate that the ane function! = ¢ satiseskf !k,< C for
someconstart C. O

Although we only usethe following results for three terms, we state them more
generally for * terms.

Lemma 3.3. Let’ 1 be an integer and let a;;ap;:::;a be distinct integers.
There exists a constant C > 0 such that wheneverf {;f,;::: ;f- are functions of
modulus 1 on Z so that 7
(6) ifiz+ ) fi(@iPdm(z) < ?
z
fori=1;:::; and
ZA Y
(7 1 fi(z+ at)j*dm(z) dm(t) < 2
z z i=1
for some > 0, then there existane functions! 1;!5;::: ;! with
(8) ki !ifiko< C
fori=1,2:::; and
Y
(9) Li(z+at)=1
i=1

forall z;t 2 Z.
Proof. The result is obvious for * = 1 and we proceedby induction. Let ~ > 1 and
assumethat the statement holds for any choiceof a;;az;:::;a ;1.

Fix a;;:::;a . As before, we write C for any constart depending only on the
data a;;:::;a and all L, norms are assumedto be taken with respect to z.

Let f1;:::;f- be functions of modulus 1 such that conditions (6) and (7) hold
for some > 0. Clearly we can assumethat is assmall as needed.
Fori=1;:::;",seth = a a. Fix s2 Z. Substituting z asforzandt+s
for t in (7) we get
z Y
1 fi(z+ bs+ at)j2dm(z)dm(t) < 2:
z z i=1
Setting gi(z) = fi(z + bs)fi(z), using the bound (7) again we get
Z v
i1 g (z+ ait)j*dm(z) dm(t) < 4 2
z z i=1

becauseb = 0. Moreover, for eath i,

kgi(z+ ) @(2)ke< 2 :
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Using the induction hypothesis,fori = 1;:::;° 1andfor all s2 Z there exists
anane function ! sud that
(10) kfi(z+ bs) !si(9)fi(z2ke<C

for someconstart C. By Proposition 3.2, there exists an a ne function ¢; ; suc
that

(11) kfi ¢ ko< C

for someconstart C. Exchanging the role played by the indices™ and~ 1we nd
an ane function ¢ - satisfying the relation (11) fori = °
Using (7) again we have

(12) 1 G i(z+ at) 2dm(z) dm(t) < C 2:

Since is small,

andjl Q{:I Gj < C . Modifying ¢ by anamourt lessthan C sothat Qi‘:l =1
and setting ! j = ¢ i, we havethe a ne functions satisfy the announcedproperties.
O

Lemma 3.4. Let a;;ap;:::;a be distinct integers. For 1 i “and k 2 N,
let fi; be a function of modulus 1 on Z suchthat the following two properties are
satisedask! 1:

1. Fori=1;:::;, fri(z+ )fki(2) convergesin L?(Z)

2. fri(z+ at) convergesin L?(Z  Z).
=1
Then, for i = 1;:::;" and k 2 N, there existsan ane function ! \; suchthat the
following two statementshold:
1. !'ify; convemgesin L?(Z) ask! 1
2. Forallk2 Nandfor all z;t 2 Z,

Y
(13) Pei(z+ at)=1:
i=1
Y
In particular, fii(z) convergesin L?(Z) ask! 1.
i=1
Proof. Let fkjg be an increasing sequenceof integers such that for all j and all
k > kj s
z Y
1 fi i (z+ at)fia(z+ at) - dm(z) dm(t) < 4 X
z z i=1

and for all iZZ f1,:::;°0,

fri(z+ )fki i(z+ ) fy (Z)fki i(2) de(Z) <4k
4
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Proceedingby induction and using Lemma 3.3 at eadh step, foreahi 2 f1;:::;°g
and ead j 2 N there existsan ane function ! i ;i suc that relation (13) is valid
for k = k; and

D ifiad Miafis ,<C2 0
For kj < k < kj+1 we useLemma 3.3 applied to the functions fy;; fy,; and obtain
ane functions! y; sud that the relation (13) is valid and

Khifii Digafigike< C20 e

The ane functions ! ; now de ned for all valuesof k satisfy the required prop-
erties. O

We note that it followsimmediately from Lemma 3.3that, if all the limits arising
in the hypothesisof Lemma 3.4 are equal to the constart 1, then the limits arising
in the conclusioncan all be taken equal to the constart 1 too.

4. Pr oof of Theorem 1.1

We now return to our original problem. We assumethat a;;ay;as are xed,
distinct and non-zerointegersand that we are givenfq;f,;f32 L (). We prove
the existencein L?( ) of

. 1 X 1Y an
(14) nglm N ’ fi(TH"x) :
n=0 i=1

However, it now su cies to prove the existencein L?( ) of the limit (14) for the
modi ed systemdescribed in Section 2.10.

By density, it su ces to considerthe casewhen the functions f; are of the form

(15) fi(z;9) = wi(z) i(9)
fori = 1,2;3, wherew; 2 L' (m), ;2 & and x = (z;9). We considertwo cases,
depending on whether or not the character ~= ( 1; »; 3) belongsto M 7.

4.1. The easy case. For ~2 M ?, the proof is straightforward.

Lemma 4.1. Let the functions f; be given by Formula (15) and assumethat ~ 2

M?. Then
. 1 X1y .
NIllgn N fi(T%"x)
n=0 i=1

existsin L?( ) and equalsO.

Proof. Let my, denotethe Haar measureof M. For z2 Z and g 2 G we have
Z

fi(zi;gi + ui) dmy (us;uz;ug) =
M =1
z
wi(zi) i(9) i(ui) dmy (ug;uz;uz) = 0
i=1 Mi=1
since ~2 M?. On the other hand, each T-invariant function F in L?(~) satis es
for all (uz;uz;usz) 2 M,

F(Z01+ Ui; 0+ Uz O3+ U3) = F(Z01;0;03) ~a.e.
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\8
by property ({{) of Proposition 2.6. Consequetly, the function fi(zi;g) is or-
i=1
thogonal in L?(~) to the spaceof invariant functions. Thus by Lemma 2.2 (seethe
remark at the end of Section 2.10), the averagescorvergeto 0in L2( ). O

4.2. The function . For ~2 M7, the proof is a bit more involved, and we use
the following lemma to expressthe limit asa contin uous map.

Lemma 4.2. Let ~2 M?. There exists a continuous map s 7! s(:) from Z to
L?(m) suchthat

B
n@= 0 )
i=1
foralln2 Z.

We note that s is of modulus one for all t.

Proof. Let f ngg beasequencefintegerssuch that fni g convergesto somes 2 Z.
Forl i 3andk2 N wewrite

fri(z) = i (Ma)(z)

We have to prove that Qf’:l fii(z) corvergesin L2(Z) ask! 1.
By property ({) of Proposition 2.6, the multiplicativ e S*-cocycle

8
- ~@= @)
i=1

is a multiplicativ e coboundary of (Z;S). Therefore, there exists a function b(z;t)
of modulus 1onZ Z sudh that for all k 2 N

YS -
fri(z+ at) = i () (z+at) = bzit+ ne )bzt
i=1 i=1

for m m-almost all (z;t) 2 Z Z. As the translations act on L?(Z Z) in a
cortin uous way,

fri(z+at)! bz;t+ s)b(z;t)
i=1

inL2(Z Z)ask! 1. Moreover,fori=1;2;3andk 2 N,

fiiz+ M@=+ ™+ ) M)z = | (z+na ) (2)
by the cocycle relation, and it follows as above that
fii(z+ Mi(@!  (z+as) (2

inL?(Z) ask! 1.
The result follows now immediately from Lemma 3.4 O
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4.3. Pro of of convergence and a rst expression of the limit. In order to
show that the limit in Equation (14) exists, we are left with consideringthe case
~2M?. Forx=(z;9) and fi(z;9) = wi(2) i(9), we have

LKLY ¥ LK 1Y
N fi(T*"x) = i(9) wi(z+na ) i ™(2)
i=1 i=1 i=1 n=0 i=1
Qs

The function
mapping

L Vi(z+na ) ( (™i)(2)) is exactly the value at t = n  of the

8
t7! (2)  wi(z+ at);
i=1
a cortinuous map from Z to L?(m) by Lemma 4.2.

Lemma 4.3. Let Z be a compact metric sppce, S: Z ! Z a homesmorphism so
that Z is uniquely ergadic with invariant measurem. Letf : Z ! H bea continuous
map into a Hilbert sppoe H. Then for all z2 Z,

X 1 z

lim — f(T"z)= f(u)dm(u)

N1 _ z

n=0

in H.

R
Proof. Without loss, we can assumethat  f (u) dm(u) = 0. For an integer k, we
considerthe continuous, complex valued function z 7! hf (Skz);f (z)i on Z, where
h; i denotesthe inner product on H. By unique ergadicity,
1 X z
lim N W (S"*%2);f (S"2)i =  H (SXu);f (u)i dm(u) :
z

N 11
n=0

Using k to denote this limit, by the Iﬂlb ert spaceVan der Corput lemma (see
Bergelson[]}) it suces to show that Ki Ezol k! OasK ! 1, and this follows

from the ergadic theorem. O

By the lemma and the fact that (Z;S) is uniquely ergadic,

1X 1y 4
lim = Liz+na ) i( ™@) = «(2)  wi(z+ at)dm(t)
NN z _
n=0 i=1 i=1
in L?(m).
Thus, the limit in Equation (14) exists and equals
z

v
((2)  i(gwi(z+ ait)dm(t) :

z i=1
The proof of Theorem 1.1 is complete.

4.4. A global expression of the limit. The function {(z) constructed in Sec-
tion 4.2 dependson the character ~2 M ? usedto decompsethe f;. To take this
into accourt, we write [ (z). By construction, the dependenceon ~ is multiplica-
tive. More speci cally, for + 2 M~

c@= (@ (2
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forall z2 Z. As M? is the dual group of the compact group G3=M, it follows
that there exists a measurablemap F(z) with valuesin G3=M suc that [ (z) =
~(F¢(2)) for all ~2 M ?. We can lift this map to a measurablemap

T1(z) = 11(2); ¢2(2); ¢3(2)

taking valuesin G3. Thenfor ~= ( 1; 2; 3)2M?,

_ A&
((2) = i i (2)
i=1
For f1;f5;f32 Lt (), considerthe function on onX = Z G givenby
Z oy
(z9= fi z+atg+ g+ i(z) dm(t)dmy (9i;02;9s)
i=1
where my is the Haar measureof M .
We rst consider the casethat for ead i, the function fi(z;g) is of the form
wi(2) i(9), with w; 2 LT (m) and ; 2 8. Then ( z;9) equals

Z v z )
i(Qwi(z+ at) ((z)dm(t) i(9) dmw (915 %; Gs)
i=1 i=1
If ~2 M? the last integral equals0. Therefore, ( z;g) = 0 for all z and g and
so = 0. Thus, isthe limit in Theorem 1.1 by the discussionof Section4.1. If

~2 M7, wealsohavethat ( z;g) is equalto the limit already obtained.
By density, equalsthe limit for all choicesof the functions f;. We have proven
the following theorem, with Theorem 1.1 as a corollary.

Theorem 4.4. Let (X;B; ; T) be a measure preservingsystem, a;; ay; ag distinct
integersand f1;f,;f32 L' ( ). Assumethat X = Z G, a compact atelian group
extension of the Kronecker Z, and let M G2 be the Mackey group constructed
in Section 2.7. There existsa measurablemap ~1(z2) =  +1(2); t2(2); ¢3(2)
Z! G2 sothat
. 1 X 1Y an
L, e
n=0 i=1

existsin L?(m) and equals

Z ¥

fi z+at g+ g+ i(z) dm(t)dmu (01;%; %)
i=1

at the point x = (z;g).
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