
CONVER GENCE OF CONZE-LESIGNE AVERA GES
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Abstra ct. We study the convergenceof 1
N

P
f 1 (T a1 n x)f 2(T a2 n x)f 3 (T a3 n x),

for a measure preserving system (X ; B; �; T ) and f 1 ; f 2 ; f 3 2 L 1 (� ). This gen-
eralizes the theorem of Conze and Lesigne on such expressions and simpli�es
the proof. As well, we obtain a description of the limit.

1. Intr oduction

1.1. Background. An open problem is the existenceof limits of expressionsof the
form

lim
N !1

1
N

N � 1X

n =0

f 1(T a1 n x)f 2(T a2 n x) : : : f ` (T a` n x);(1)

where T is a measurepreserving automorphism of a probabilit y space(X ; B; � ),
f 1; f 2; : : : ; f ` 2 L 1 (X ) and a1; a2; : : : ; a` are distinct integers. Limits of such
expressionsarise in Furstenberg's proof of Szem�eredi's Theorem and have been
studied in various forms by Bourgain[2], Bergelson[1], Furstenberg and Weiss[7]
and Conzeand Lesigne[5].

If oneassumesthat T is weakmixing, Bergelson[1] proveda convergencetheorem
for more general expressions. However, without the assumption of weak mixing,
one can easily show that the limit need not be constant and proving convergence
becomesmuch more di�cult. The existence of limits for the case with ` = 3
and with the added hypothesis that the system is totally ergodic was proved by
Conze and Lesignein a seriesof papers (see[3], [8], [9], [5], [4] and [10]). Similar
expressionswereconsideredby Furstenberg and Weiss[7] in order to study the limit

lim
N !1

1
N

N � 1X

n =0

f 1(T n x)f 2(T n 2
x) :

1.2. Statemen t of results. We reprove the convergenceobtained by Conze and
Lesignedirectly, without needingthe elaborate machinery they used. Furthermore,
we eliminate the reliance on the hypothesis of total ergodicit y. As for the other
known methods for analyzing expressionsof the form of Equation (1), we are unable
to extend our proof to more than three terms. In o�ering a new and simpler proof
of the convergencefor three terms, we hope to gain insights into limits of more
generalexpressions.

In Section 4.3, we show:
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by the FOND AP pro ject. The second author was supported by NSF grant 9804651.
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2 BERNARD HOST AND BR YNA KRA

Theorem 1.1. Let (X ; B; �; T ) be a measure preserving system, a1; a2; a3 three
distinct integers and f 1; f 2; f 3 2 L 1 (� ). Then

lim
N !1

1
N

N � 1X

n =0

3Y

i =1

f i (T a i n x)

exists in L 2(� ).

In fact we prove more than just existence,giving an description of the limit in
Section4.4. A more precisevalue for the limit will be given in a forthcoming paper.

1.3. Organization of the pap er. Our proof, like those of Conzeand Lesigne[5]
and Furstenberg and Weiss[7], is roughly split into two parts. First we reduce
the problem to studying convergenceon a simpler system. We follow classical
methods, using ideas intro duced by Furstenberg[6] in the proof of the Szem�eredi
theorem, such as the Van der Corput lemma[1] and isometric extensions.However,
we have no needfor the detailed structure of the modi�ed system,asusedby Conze
and Lesigne,nor of the normal systemsintro duced by Furstenberg and Weiss. We
include few details of this portion of the proof, referring the readerto the literature.
This is carried out in Section 2.

The secondpart of the proof is the demonstration of the convergencein the
modi�ed system. Our method is more elementary than that previously known, and
we obtain a description of the limit. One of our main tools is a lemma in harmonic
analysis, proved in Section 3. In Section 4, we prove the convergenceand then in
Section 4.4, we give the actual formula.

2. Reduction to a simpler system

We can always assumeergodicit y of the system, without loss of generality, by
using ergodic decomposition.

We plan to modify the original measurepreserving systemthree times, showing
each time that proving the theorem for the new system implies the result for the
old system. First, we clarify the ideasneededfor such reductions.

2.1. Characteristic factors.

De�nition. Given distinct integersa1; a2; : : : ; a` and a factor (Y; Y; � ; S) of a sys-
tem (X ; B; �; T ), we say that Y is a characteristic factor of X for the scheme
a1; a2; : : : ; a` if for any f 1; f 2; : : : f ` 2 L 1 (� ), wheneverthere is somei 2 f 1; 2; : : : ; `g
with E(f i j Y) = 0, the limit

lim
N !1

1
N

N � 1X

n =0

Ỳ

i =1

f i � T a i n

exists in L 2(� ) and is equal to 0.

This property implies that for f 1; f 2; : : : ; f ` 2 L 1 (� )

lim
N !1

 
1
N

N � 1X

n =0

Ỳ

i =1

f i � T a i n �
1
N

N � 1X

n =0

Ỳ

i =1

E(f i � T a i n j Y)

!

= 0

in L 2(� ).
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Therefore, �nding a characteristic factor Y for a system X allows us to restrict
to functions de�ned only on Y, and this restriction simpli�es computations when
Y has a simple form.

2.2. The Kronec ker is a characteristic factor for two terms. Throughout
the sequel, (X ; B; �; T ) is an ergodic measurepreserving system and (Z; Z ; m; S)
denotesits Kronecker factor. More speci�cally , S : Z ! Z is the rotation de�ned
by Sz = z + � , and we use � : X ! Z for the natural projection. For f 2 L 2(� ),
we write ~f the function on Z de�ned by ~f � � = E(f j Z ).

Using the Van der Corput lemma (see Bergelson[1]), Furstenberg and Weiss
showed that the Kronecker factor is characteristic for two arbitrary terms b1; b2,
and deduced:

Theorem 2.1 (Furstenberg and Weiss[7]). Let (X ; B; �; T ) be a measure preserv-
ing system, with notations as above. Let b1, b2 be integers. Then for any f 1; f 2 2
L 1 (� )

lim
N !1

1
N

N � 1X

n =0

f 1(T b1 n x)f 2(T b2 n x)

exists in L 2(� ) and equals
Z

Z

~f 1(z + b1� ) ~f 2(z + b2� ) dm(� );

where z = � (x).

2.3. Tw o joinings. We assumehere that a1; a2; a3 are given integers. Let ~Z be
the closedsubgroup

~Z =
�

(z + a1t; z + a2t; z + a3t) : z; t 2 Z
	

of Z 3 and let ~m be its Haar measure. We write ~z = (z1; z2; z3) for an element
~z 2 ~Z . Thesenotations will be usedthroughout the sequel.

By Theorem 2.1, for f 1; f 2; f 3 2 L 1 (� ),

lim
N !1

1
N

N � 1X

n =0

Z

X

3Y

i =1

f i (T a i n x) dm(x) =
Z 3Y

i =1

~f i (z + ai � ) dm(z) dm(� )

=
Z

~Z

3Y

i =1

~f i (zi )d ~m (~z) :(2)

The subgroup ~Z is invariant under the transformation ~S = Sa1 � Sa2 � Sa3 .
Writing

~� = (a1�; a2�; a3� ) ;

the transformation ~S is given by

~S~z = ~z + ~� :

Thus, ( ~Z ; ~m; ~S) is a joining of the systems(Z; m; Sa i ), for i = 1; 2; 3, and each
of these is a factor of the corresponding (X ; �; T a i ). Therefore we can form the
\conditionally independent product" ( ~X ; ~�; ~T) of these systemsover this joining.
It is a joining of (X ; �; T a i ) for i = 1; 2; 3. (SeeFurstenberg[6] and Furstenberg and
Weiss[7].)
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Using this, we rewrite Equation (2) and have

lim
N !1

1
N

N � 1X

n =0

Z

X

3Y

i =1

f i (T a i n x) d� (x) =
Z

~X

3Y

i =1

f i (x i ) d~� (x1; x2; x3) :

2.4. Group extensions. We recall somebasic facts about group extensions.
Let (X ; B; �; T ) be an ergodic measurepreserving system and let (Y; D; � ; T )

be a factor. By de�nition, X is an isometric extension of Y if there exists a
homogeneousspaceH = L=K of a metrizable compact group L and a measurable
map � : Y ! L so that (X ; B; �; T ) is isomorphic to the skew product (Y � H ; B 

BH ; � � mH ; T� ), where BH is the Borel � -algebra of H , mH is the L -invariant
measureon H and T� (y; u) = (Ty; � (y)u). � is called the cocycle of the extension.
If H = L , we say that X is a group extension of Y .

We note for later use that by Lemma 7:2 in Furstenberg and Weiss, given an
ergodic isometric extension X = Y � H , one can expressH = L=K and X =
Y � L=K so that the group extension X 1 = Y � L de�ned by the samecocycle is
also ergodic.

2.5. Reduction to an isometric extension of the Kronec ker. We now use
thesestructures to makeour �rst changein the measurepreservingsystem,allowing
us to assumethat X is an isometric extensionof the Kronecker factor Z .

Lemma 2.2 (Conze and Lesigne[3]). Let a1; a2; a3 be distinct integers. Assume
that f 1; f 2; f 3 2 L 1 (� ) and let F (z1; z2; z3) = f 1(z1)f 2(z2)f 3(z3). If F is orthogonal
to the space of T a1 � T a2 � T a3 -invariant functions in L 2(~� ), then the averages

1
N

N � 1X

n =0

3Y

i =1

f i (T a i x)

converge to 0 in L 2(� ).

Proof. The lemma is proved via an application of the Van der Corput Lemma, with
un (x) = f 1(T a1 n x)f 2(T a2 n x)f 3(T a3 n x). For details, seeFurstenberg and Weiss[7].

For an ergodic system (X ; B; �; T ) with Kronecker factor (Z; � ), let ( bZ ; bD; b� ; T )
denote the maximal isometric extensionof (Z; � ) in (X ; T).

Theorem 2.3 (Furstenberg and Weiss[7]). bZ is a characteristic factor of X for all
schemesf a1; a2; a3g.

Proof. The proof usesLemma 2.2, the fact that ~� de�nes a joining of the systems
(X ; �; T a i ) and a theorem on joinings of Furstenberg[6]: invariant functions on a
conditionally independent product factorize through the conditionally independent
product of the maximal isometric extension. Again, we refer to Furstenberg and
Weiss[7] for the details.

Thus in order to prove the existenceof

lim
N !1

1
N

N � 1X

n =0

3Y

i =1

f i (T a i n x)

in L 2(m), it su�ces to show the convergencefor functions de�ned on the isometric
extension bZ of Z . We expressthe extension bZ = Z � L=K in such a way that the
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corresponding group extension X 1 = Z � L is ergodic. Clearly it su�ces to prove
the convergencefor this system X 1. Let Z1 be the Kronecker factor of X 1. By
Lemma 7:3 of Furstenberg and Weiss,X 1 is a group extensionZ1 � L 1 of Z1. The
following diagram explains theserelations:

X
#

bZ = Z � L=K  � Z � L = X 1 = Z1 � L 1

# #
Z  � Z1

For simpli�cation of notation, from now on we can forget the initial system and
assumethat X is itself a group extensionZ � L of its Kronecker factor Z .

2.6. The Mac key groups. The notion of the Mackey group (also referred to as
the group of essential values) is not completely classicaland so we recall the basic
facts.

We consider an ergodic system (Y; � ; S) with an extension by a compact group
H , de�ned by a cocycle � . Thus � is a measurablemap from Y to H . We say
that � is a cob oundary if there exists a cocycle � with � (y) = � (Sy)� (y) � 1. Two
cocycles� and � 0 are said to be cohomologous if there exists a cocycle � so that
� 0(y) = � (Sy)� (y)� (y) � 1.

Prop osition 2.4. For each cocycle � , there is associated a closed subgroup M of
H (uniquely determined up to conjugacy) satisfying:

{) � is cohomologous to somecocycle � 0 with values in M and M is a minimal
closed subgroup of H with this property.

{{) For all m 2 M , each S� 0-invariant function f on Y � H satis�es f (y; mh) =
f (y; h) for almost every (y; h) 2 Y � H .

Givena cocycle� , the associated closedsubgroupM is called its Mac key group .

Proof. The proof, again, is outlined in Furstenberg and Weiss[7].

Property ({{) combined with Lemma 2.2 explains the important role of the
Mackey group in our setup.

2.7. The subgroup M of L 3. Recall that we havede�ned ~X and ~Z in Section2.3.
We have that ~X = ~Z � L 3 is a group extensionof ~Z with cocycle

~� (~z) =
�
� (a1 ) (z1); � (a2 ) (z2); � (a3 ) (z3)

�
:

Thus the transformation ~T on ~X is given by

~T(z1; z2; z3; `1; `2; `3) =
�
z1 + a1�; z2 + a2�; z3 + a3�; � (a1 ) (z1)`1; � (a2 ) (z2)`2; � (a3 ) (z3)`3

�
:(3)

We can not immediately apply the theory of Mackey groups to the group ex-
tension ( ~X ; ~�; ~T) of ( ~Z ; ~m; ~S), as the secondsystem is not ergodic, and so we need
somepreliminaries.

For every z 2 Z the subset

~Zz = f (z + a1t; z + a2t; z + a3t) : t 2 Z g
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of ~Z is invariant under ~S. The uniform measure ~mz on this set is invariant by ~S
and is ergodic. It givesan ergodic decomposition

~m =
Z

Z
~mz dm(z)

of ~m. (This is not the standard ergodic disintegration, as the measuresmz are not
necessarilydistinct.)

Consider the corresponding decomposition

~� =
Z

Z
~� z dm(z)

of ~� . For each z the system( ~X ; ~� z ; ~T) is an extensionof ( ~Zz ; ~mz ; ~S) by the group L 3,
with the restriction of the cocycle ~� , and so has a Mackey group M z de�ned up to
conjugacy. We write [M z ] for the conjugacy classof M z . The family of conjugacy
classesof closed subgroups of the compact metrizable group L 3 can be endowed
with a structure of Polish spaceso that the map z 7! [M z ] is Borel. Moreover,
the measure~� is invariant under the transformation T � T � T , which commutes
with ~T. It follows that [M z+ � ] = [M z ] for all z 2 Z . By ergodicit y of the rotation
S : z 7! z + � , the class[M z ] is constant almost everywhere. Thus we can take M z

equal for almost all z to a �xed subgroupM of L 3. We call M the Mac key group
of the cocycle ~� on ~Z . As for the true Mackey groups, it satis�es the properties
of Propositions 2.4.

2.8. A �nal reduction. The �nal step is to reduceto an abelian group extension.

Theorem 2.5 (Furstenberg and Weiss[7]). X has a characteristic factor for all
schemesa1; a2; a3 that is an abelian group extensionof its Kr onecker factor Z .

Proof. We give a sketch of the proof given by Furstenberg and Weiss[7]. Recall
that the transformation ~T on ~X = ~Z � L 3 is given by Formula (3). Using that Z is
the Kronecker factor of X , they deducethat for all i 6= j 2 f 1; 2; 3g and almost all
z, the (i; j )-two dimensional marginal of ~� z is T a i � T a j -ergodic. Therefore, each
two dimensional projection M ! L � L is surjective. By an algebraic lemma, they
prove that M contains L 0 � L 0 � L 0, where L 0 is the commutator subgroup of L .
Applying Lemma 2.2 and property ({{) of Proposition 2.4, the factor Z � L=L 0 of
X = Z � L is characteristic for all schemesa1; a2; a3.

From now on, we write G = L=L 0 and write this group additiv ely.
At this point, we simplify without lossof generality and assumethat our system

X itself is Z � G, a compact abelian group extensionof its Kronecker.
Our new X is a factor of an extension of a factor of the original X . Many

properties of the original systemmay be lost in this construction, for exampletotal
ergodicit y. This has no implication for our present work.

2.9. The Mac key group in an abelian extension. We have reducedour orig-
inal system to an abelian group extension of its Kronecker, and in this set-up we
can say more about the Mackey group. We make frequent useof someelementary
results about the dualit y in compact abelian groups and we review the necessary
facts here.

Let H be a compact abelian group. The characters of H are the continuous
group homomorphismsfrom H to the circle group S1. They form a multiplicativ e
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group bH called the dual group of H . For a closedsubgroupM of H , its annihilator
M ? is the subgroup of bH given by

M ? = f � 2 bH : � (m) = 1 for all m 2 M g :

Also,

M = M ?? = f h 2 H : � (h) = 1 for all � 2 M ? g :

Let (Y; �; S) be an ergodic system and � a cocycle with values in a compact,
abelian group H . The Mackey group M associated to � is unique. This means
that in Proposition 2.4, the minimal, closedsubgroup of H satisfying property ({)
is actually the smallest.

Prop osition 2.6. Using notations as above:
{) A character � 2 bH belongsto the annihilator M ? of M if and only if � � � is

a multiplicative coboundary (as a cocycle with valuesin the circle group S1).
{{) For all m 2 M , each S� -invariant function f on Y � H satis�es f (y; h+ m) =

f (y; h) for almost all (y; h) 2 Y � H .

Proof. Part {): By Proposition 2.4, property ({), � is cohomologousto a cocycle � 0

with values in M and there is a function b : Z ! H with

� (z) = � 0(z) + b(Sz) � b(z) :

For � 2 M ? ,

� � � (z) = � (b(Sz)) � (b(z))

and � � � is a coboundary.
Conversely, let � 2 bH and assumethat � � � is the coboundary of a function

b . That is, � � � (z) = b(Sz)b(z). The function B (z; h) = b(z)� (h) de�ned on
X = Z � H is invariant by T� . By property ({{) of Proposition 2.4, for every
m 2 M , B (z; h + m) = B (z; h) for almost all z and h. Thus � (m) = 1 and
� 2 M ? .

Part {{): The proof follows immediately from Part {{) of Proposition 2.4.

2.10. Conclusion of the reduction. We summarize the results of our modi�ca-
tions. We have X = Z � G for somecompact abelian metrizable group G (written
additiv ely) and the natural projection X ! Z is given by � (z; g) = z. The trans-
formation T on X is given by the cocycle � : Z ! G and can be written

T(z; g) = (Sz; g + � (z)) :

The measure� = m � mG , where mG is the Haar measureof G.
As usual, we write � (0) (z) = 0 and for n > 0,

� (n ) (z) = � (z) + � (Sz) + � � � + � (Sn � 1z);

with a similar formula for n < 0. For every integer n we have

T n (z; g) = (Sn z; g + � (n ) (z))

and for integersm; n we have the \co cycle equation"

� (n + m ) (z) = � (n ) (Sm z) + � (m ) (z) :
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As before, ~X = ~Z � G3. For i = 1; 2; 3 the i -th projection of ~X on X is given by
(z1; z2; z3; g1; g2; g3) 7! (zi ; gi ). The measure~� is the product ~m � mG � mG � mG

of the Haar measures.The transformation ~T = T a1 � T a2 � T a3 on ~X is given by
~T(~z; g1; g2; g3) =

�
~z + ~� ; g1 + � (a1 ) (z1); g2 + � (a2 ) (z2); g3 + � (a3 ) (z3)

�
:

This means that the system ( ~X ; ~�; ~T) is a compact abelian group extension
of ( ~Z ; ~m; ~S) by the group G3, given by the cocycle ~� : ~Z ! G3, where ~� =
� (a1 ) � � (a2 ) � � (a3 ) .

The results of Proposition 2.6 remain valid for the cocycle ~� and the subgroup
M of G3 de�ned as in Section 2.7.

3. A lemma in Harmonic Anal ysis

Herewestop following the paper of Furstenbergand Weiss[7]. Our main technical
tool in proving Theorem 1.1 is a result in harmonic analysis and its corollaries.

Unless otherwise noted, all L 2-norms k � k2 are relative to the the measurem,
Haar measureon Z , and are assumedto be taken with respect to the variable z.

We recall that Z is a compact monothetic group and so Z� is densein Z . We
say that a function ! is a�ne if ! = c
 , the product of a constant c and a character

 on Z .

Lemma 3.1. Let f be a function of modulus 1 on Z so that the following two
conditions are satis�ed:

1.
R

Z jf (z + � ) � f (z)j2 dm(z) < 2=9
2. For all s 2 Z there exists an a�ne function ! s on Z such that

Z

Z
jf (z + s) � ! s(z)f (z)j2 dm(z) < � 2(4)

for some� > 0.
Then there exists an a�ne function ! so that kf � ! k < 3

p
2� .

Proof. If � >
p

2=3, there is nothing to prove. We assumethat � �
p

2=3.
Write ! s(z) = cs 
 s(z) for a constant cs and a character 
 s on Z . Since� �

p
2=3,

the character 
 s is uniquely de�ned by the bound (4). Moreover, by the �rst
hypothesis, 
 � = 1.

The constant cs is not de�ned by the bound (4) and we can choose it so that
the integral in (4) is minimal. By the continuit y of translations on L 2(Z ), the map
s 7! cs is continuous on Z .

For s; t 2 Z , applying bound (4) with s, t and s + t, we have

kcs+ t 
 s+ t � csct 
 s(t)
 s 
 t k2 < 3� �
p

2 :

Thus 
 s+ t = 
 s 
 t . Furthermore, if s is su�cien tly closeto 0 in Z , by again using
the same continuit y argument we have that kf (z + s) � f (z)k2 <

p
2=3 and so


 s = 1. Thus the map s 7! 
 s is a continuous group homomorphism from Z to
bZ . Since 
 � = 1, 
 s = 1 for all s 2 Z by continuit y and density. The bound (4)
becomes

kf (z + s) � csf (z)k2 < � :
Taking the Fourier transform with respect to z and integrating with respect to

s in this bound, we get
X

� 2 bZ

j bf (� )j2
�
1 � Re(bc(� ))

�
< � 2=2 ;
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where

bc(� ) =
Z

cs
�� (s) dm(s) :

Since
P

� 2 bZ j bf (� )j2 = 1, there exists 
 2 bZ such that 1 � Re(bc(
 )) < � 2=2. Thus
jbc(
 )j2 > 1 � � 2. Since

P
� 2 bZ jbc(� )j2 = 1, for all � 6= 
 we have jbc(� )j < � and thus

1 � Re(bc(� )) > 1 � � . We get

X

� 6= 


j bf (� )j2 <
� 2

2(1 � � )
< � 2 :

That is, kf � bf (
 )
 k2 < � . Taking c = bf (
 )=j bf (
 )j and we get the statement of the
lemma.

Prop osition 3.2. Let a be a non-zero integer. There exists a constant C > 0
(depending only on a) such that wheneverf is a function of modulus 1 on Z so
that for some� > 0 the following two properties are satis�ed:

1.
R

Z jf (z + � ) � f (z)j2 dm(z) < � 2

2. For all s 2 Z there exists an a�ne function ! s on Z such that
Z

Z
f (z + as) � ! s(z)f (z)j2 dm(z) < � 2;(5)

then there exists an a�ne function ! on Z so that kf � ! k2 < C� .

Proof. We use C to denote any positive constant depending only on a. Without
lossof generality we can assumethat � is as small as needed.

Let K be the open subgroupaZ of Z and let k be its index in Z . As Z� is dense
in Z , (k� )Z is densein K , K = kZ , and the K -cosetsareK ; � + K ; : : : ; (k� 1)� + K .
As K is monothetic with generatork� , we canapply Lemma 3.1with K substituted
for Z and k� substituted for � .

Fix j 2 f 0; : : : ; k � 1g, de�ne a function f j on K by f j (z) = f (j � + z) and so
Z

K
jf j (z + k� ) � f j (z)j2 dmK (z) < k3� 2 :

Furthermore, for all s 2 K ,
Z

K
jf j (z + s) � f j (z)! s(z + j � )j2 dmK (z) < k� 2 :

The restriction of the function ! s(z + j � ) to K is a�ne and so we can apply
Lemma 3.1 with the function f j . As � is small, there exists a constant cj and a
character 
 j 2 bZ with

Z

K
jf j (z) � cj 
 j (z)j2 dmK (z) < C2� 2

for someconstant C. The character 
 j is de�ned only modulo K ? .
By the �rst hypothesis,we have

k � 2X

j =0

Z

K
jcj +1 
 j +1 (z) � cj 
 j (z)j2 dmK (z)

+
Z

K
jc0
 0(z + k� ) � ck � 1
 k � 1(z)j2 dmK (z) < C� 2
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for some constant C. Thus 
 j +1 = 
 j mod K ? for 0 � j < k � 1, and we can
choose
 2 bZ with 
 j = 
 mod K ? for all j . Moreover we have jcj +1 � cj j < C�
for 0 � j < k � 1 and jc0
 (k� ) � ck � 1j < C� . Thus there exists c with jcj = 1 and
jc � cj j < C� for 0 � j � k � 1, and we have also j1 � 
 (� )k j < C� .

There exists a complex number � with � k = 1 and j
 (� ) � � j < C� . But, since
the index of K in Z is k, there exists a character � 2 K ? with � (� ) = � .

It is now immediate that the a�ne function ! = c�� 
 satis�es kf � ! k2 < C� for
someconstant C.

Although we only usethe following results for three terms, we state them more
generally for ` terms.

Lemma 3.3. Let ` � 1 be an integer and let a1; a2; : : : ; a` be distinct integers.
There exists a constant C > 0 such that wheneverf 1; f 2; : : : ; f ` are functions of
modulus 1 on Z so that

Z

Z
jf i (z + � ) � f i (z)j2 dm(z) < � 2(6)

for i = 1; : : : ; ` and
Z

Z � Z

�
�1 �

Ỳ

i =1

f i (z + ai t)j2 dm(z) dm(t) < � 2(7)

for some� > 0, then there exist a�ne functions ! 1; ! 2; : : : ; ! ` with

k1 � ! i f i k2 < C�(8)

for i = 1; 2; : : : ; ` and

Ỳ

i =1

! i (z + ai t) = 1(9)

for all z; t 2 Z .

Proof. The result is obvious for ` = 1 and we proceedby induction. Let ` > 1 and
assumethat the statement holds for any choice of a1; a2; : : : ; a` � 1.

Fix a1; : : : ; a` . As before, we write C for any constant depending only on the
data a1; : : : ; a` and all L 2 norms are assumedto be taken with respect to z.

Let f 1; : : : ; f ` be functions of modulus 1 such that conditions (6) and (7) hold
for some� > 0. Clearly we can assumethat � is as small as needed.

For i = 1; : : : ; `, set bi = ai � a` . Fix s 2 Z . Substituting z � a` s for z and t + s
for t in (7) we get

Z

Z � Z

�
�1 �

Ỳ

i =1

f i (z + bi s + ai t)j2 dm(z) dm(t) < � 2 :

Setting gi (z) = f i (z + bi s)f i (z), using the bound (7) again we get
Z

Z � Z
j1 �

` � 1Y

i =1

gi (z + ai t)j2 dm(z) dm(t) < 4� 2

becauseb̀ = 0. Moreover, for each i ,

kgi (z + � ) � gi (z)k2 < 2� :
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Using the induction hypothesis,for i = 1; : : : ; ` � 1 and for all s 2 Z there exists
an a�ne function ! s;i such that

kf i (z + bi s) � ! s;i (z)f i (z)k2 < C�(10)

for someconstant C. By Proposition 3.2, there exists an a�ne function ci 
 i such
that

kf i � ci 
 i k2 < C�(11)

for someconstant C. Exchanging the role played by the indices ` and ` � 1 we �nd
an a�ne function c` 
 ` satisfying the relation (11) for i = `.

Using (7) again we have
Z

Z � Z

�
�
�1 �

Ỳ

i =1

ci 
 i (z + ai t)
�
�
�
2

dm(z) dm(t) < C� 2 :(12)

Since� is small,
Ỳ

i =1


 i =
Ỳ

i =1


 a i
i = 1

and j1�
Q `

i =1 ci j < C� . Modifying c` by an amount lessthan C� sothat
Q `

i =1 ci = 1
and setting ! i = ci 
 i , we have the a�ne functions satisfy the announcedproperties.

Lemma 3.4. Let a1; a2; : : : ; a` be distinct integers. For 1 � i � ` and k 2 N,
let f k ;i be a function of modulus 1 on Z such that the following two properties are
satis�ed as k ! 1 :

1. For i = 1; : : : ; `, f k ;i (z + � )f k ;i (z) convergesin L 2(Z )

2.
Ỳ

I =1

f k ;i (z + ai t) convergesin L 2(Z � Z ).

Then, for i = 1; : : : ; ` and k 2 N, there exists an a�ne function ! k ;i such that the
following two statementshold:

1. ! k ;i f k ;i convergesin L 2(Z ) as k ! 1
2. For all k 2 N and for all z; t 2 Z ,

Ỳ

i =1

! k ;i (z + ai t) = 1 :(13)

In particular,
Ỳ

i =1

f k ;i (z) convergesin L 2(Z ) as k ! 1 .

Proof. Let f kj g be an increasing sequenceof integers such that for all j and all
k > kj ,

Z

Z � Z

�
�1 �

Ỳ

i =1

f k j ;i (z + ai t)f k ;i (z + ai t)
�
�2

dm(z) dm(t) < 4� k

and for all i 2 f 1; : : : ; `g,
Z

Z

�
� f k ;i (z + � )f k j ;i (z + � ) � f k ;i (z)f k j ;i (z)

�
�2

dm(z) < 4� k :
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Proceedingby induction and using Lemma 3.3 at each step, for each i 2 f 1; : : : ; `g
and each j 2 N there exists an a�ne function ! k j ;i such that relation (13) is valid
for k = kj and




 ! k j +1 ;i f k j +1 ;i � ! k j ;i f k j ;i






2
< C2� j :

For kj < k < kj +1 we useLemma 3.3 applied to the functions f k ;i f k j ;i and obtain
a�ne functions ! k ;i such that the relation (13) is valid and

k! k ;i f k ;i � ! k j ;i f k j ;i k2 < C2� j :

The a�ne functions ! k ;i now de�ned for all values of k satisfy the required prop-
erties.

We note that it follows immediately from Lemma 3.3 that, if all the limits arising
in the hypothesisof Lemma 3.4 are equal to the constant 1, then the limits arising
in the conclusioncan all be taken equal to the constant 1 too.

4. Pr oof of Theorem 1.1

We now return to our original problem. We assumethat a1; a2; a3 are �xed,
distinct and non-zero integersand that we are given f 1; f 2; f 3 2 L 1 (� ). We prove
the existencein L 2(� ) of

lim
N !1

1
N

N � 1X

n =0

3Y

i =1

f i (T a i n x) :(14)

However, it now su�cies to prove the existencein L 2(� ) of the limit (14) for the
modi�ed system described in Section 2.10.

By density, it su�ces to consider the casewhen the functions f i are of the form

f i (z; g) = wi (z)� i (g)(15)

for i = 1; 2; 3, where wi 2 L 1 (m), � i 2 bG and x = (z; g). We consider two cases,
depending on whether or not the character ~� = (� 1; � 2; � 3) belongsto M ? .

4.1. The easy case. For ~� =2 M ? , the proof is straightforward.

Lemma 4.1. Let the functions f i be given by Formula (15) and assumethat ~� =2
M ? . Then

lim
N !1

1
N

N � 1X

n =0

3Y

i =1

f i (T a i n x)

exists in L 2(� ) and equals0.

Proof. Let mM denote the Haar measureof M . For z 2 Z and g 2 G we have
Z

M

3Y

i =1

f i (zi ; gi + ui ) dmM (u1; u2; u3) =

3Y

i =1

wi (zi )� i (gi )
Z

M

3Y

i =1

� i (ui ) dmM (u1; u2; u3) = 0

since ~� =2 M ? . On the other hand, each ~T-invariant function F in L 2(~� ) satis�es
for all (u1; u2; u3) 2 M ,

F (~z; g1 + u1; g2 + u2; g3 + u3) = F (~z; g1; g2; g3) ~� -a.e.
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by property ({{) of Proposition 2.6. Consequently , the function
3Y

i =1

f i (zi ; gi ) is or-

thogonal in L 2(~� ) to the spaceof invariant functions. Thus by Lemma 2.2 (seethe
remark at the end of Section 2.10), the averagesconvergeto 0 in L 2(� ).

4.2. The function � t . For ~� 2 M ? , the proof is a bit more involved, and we use
the following lemma to expressthe limit as a continuous map.

Lemma 4.2. Let ~� 2 M ? . There exists a continuous map s 7! � s(:) from Z to
L 2(m) such that

� n� (z) =
3Y

i =1

� i
�
� (na i ) (z)

�

for all n 2 Z.

We note that � s is of modulus one for all t.

Proof. Let f nk g be a sequenceof integerssuch that f nk � g convergesto somes 2 Z .
For 1 � i � 3 and k 2 N we write

f k ;i (z) = � i
�
� (n k a i ) (z)

�
:

We have to prove that
Q 3

i =1 f k ;i (z) convergesin L 2(Z ) as k ! 1 .
By property ({) of Proposition 2.6, the multiplicativ e S1-cocycle

~� � ~� (~z) =
3Y

i =1

� i
�
� (a i ) (zi )

�

is a multiplicativ e coboundary of ( ~Z ; ~S). Therefore, there exists a function b(z; t)
of modulus 1 on Z � Z such that for all k 2 N

3Y

i =1

f k ;i (z + ai t) =
3Y

i =1

� i
�
� (n k a i ) (z + ai t)

�
= b(z; t + nk � )b(z; t)

for m � m-almost all (z; t) 2 Z � Z . As the translations act on L 2(Z � Z ) in a
continuous way,

3Y

i =1

f k ;i (z + ai t) ! b(z; t + s)b(z; t)

in L 2(Z � Z ) as k ! 1 . Moreover, for i = 1; 2; 3 and k 2 N,

f k ;i (z + � )f k ;i (z) = � i
�
� (n k a i ) (z + � ) � � (n k a i ) (z)

�
= � i

�
� (z + nk ai � ) � � (z)

�

by the cocycle relation, and it follows as above that

f k ;i (z + � )f k ;i (z) ! � i
�
� (z + ai s) � � (z)

�

in L 2(Z ) as k ! 1 .
The result follows now immediately from Lemma 3.4
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4.3. Pro of of convergence and a �rst expression of the limit. In order to
show that the limit in Equation (14) exists, we are left with considering the case
~� 2 M ? . For x = (z; g) and f i (z; g) = wi (z)� i (g), we have

1
N

N � 1X

i =1

3Y

i =1

f i (T a i n x) =
3Y

i =1

� i (g)
1
N

N � 1X

n =0

3Y

i =1

wi (z + nai � )� i
�
� (na i ) (z)

�
:

The function
Q 3

i =1 ! i (z + nai � )� i (� (na i ) (z)) is exactly the value at t = n� of the
mapping

t 7! � t (z)
3Y

i =1

wi (z + ai t) ;

a continuous map from Z to L 2(m) by Lemma 4.2.

Lemma 4.3. Let Z be a compact metric space, S : Z ! Z a homeomorphism so
that Z is uniquelyergodic with invariant measure m. Let f : Z ! H be a continuous
map into a Hilbert space H. Then for all z 2 Z ,

lim
N !1

1
N

N � 1X

n =0

f (T n z) =
Z

Z
f (u) dm(u)

in H .

Proof. Without loss, we can assumethat
R

Z f (u) dm(u) = 0. For an integer k, we
consider the continuous, complex valued function z 7! hf (Sk z); f (z)i on Z , where
h ; i denotesthe inner product on H. By unique ergodicit y,

lim
N !1

1
N

N � 1X

n =0

hf (Sn + k z); f (Sn z)i =
Z

Z
hf (Sk u); f (u)i dm(u) :

Using 
 k to denote this limit, by the Hilb ert spaceVan der Corput lemma (see
Bergelson[1]) it su�ces to show that 1

K

P K � 1
k=0 
 k ! 0 as K ! 1 , and this follows

from the ergodic theorem.

By the lemma and the fact that (Z; S) is uniquely ergodic,

lim
N !1

1
N

N � 1X

n =0

3Y

i =1

! i (z + nai � )� i (� (na i ) (z)) =
Z

Z
� t (z)

3Y

i =1

wi (z + ai t) dm(t)

in L 2(m).
Thus, the limit in Equation (14) exists and equals

Z

Z
� t (z)

3Y

i =1

� i (g)wi (z + ai t) dm(t) :

The proof of Theorem 1.1 is complete.

4.4. A global expression of the limit. The function � t (z) constructed in Sec-
tion 4.2 dependson the character ~� 2 M ? usedto decomposethe f i . To take this
into account, we write � ~�

t (z). By construction, the dependenceon ~� is multiplica-
tiv e. More speci�cally , for ~�; ~� 2 M ?

� ~� ~�
t (z) = � ~�

t (z)�
~�
t (z)
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for all z 2 Z . As M ? is the dual group of the compact group G3=M , it follows
that there exists a measurablemap Ft (z) with values in G3=M such that � ~�

t (z) =
~� (Ft (z)) for all ~� 2 M ? . We can lift this map to a measurablemap

~� t (z) =
�
� t; 1(z); � t; 2(z); � t; 3(z)

�

taking values in G3. Then for ~� = (� 1; � 2; � 3) 2 M ? ,

� ~�
t (z) =

3Y

i =1

� i
�
� t;i (z)

�
:

For f 1; f 2; f 3 2 L 1 (� ), consider the function on 	 on X = Z � G given by

	( z; g) =
Z 3Y

i =1

f i
�
z + ai t; g + gi + � t;i (z)

�
dm(t) dmM (g1; g2; g3)

where mM is the Haar measureof M .
We �rst consider the casethat for each i , the function f i (z; g) is of the form

wi (z)� i (g), with wi 2 L 1 (m) and � i 2 bG. Then 	( z; g) equals
Z 3Y

i =1

� i (g)wi (z + ai t)�
~�
t (z) dm(t)

Z 3Y

i =1

� i (gi ) dmM (g1; g2; g3) :

If ~� =2 M ? the last integral equals 0. Therefore, 	( z; g) = 0 for all z and g and
so 	 = 0. Thus, 	 is the limit in Theorem 1.1 by the discussionof Section 4.1. If
~� 2 M ? , we also have that 	( z; g) is equal to the limit already obtained.

By density, 	 equalsthe limit for all choicesof the functions f i . We have proven
the following theorem, with Theorem 1.1 as a corollary.

Theorem 4.4. Let (X ; B; �; T ) be a measure preservingsystem, a1; a2; a3 distinct
integersand f 1; f 2; f 3 2 L 1 (� ). Assumethat X = Z � G, a compact abelian group
extension of the Kr onecker Z , and let M � G3 be the Mackey group constructed
in Section 2.7. There exists a measurable map ~� t (z) =

�
� t; 1(z); � t; 2(z); � t; 3(z)

�
:

Z ! G3 so that

lim
N !1

1
N

N � 1X

n =0

3Y

i =1

f i (T a i n (x))

exists in L 2(m) and equals
Z 3Y

i =1

f i
�
z + ai t; g + gi + � t;i (z)

�
dm(t) dmM (g1; g2; g3)

at the point x = (z; g).
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