CONVER GENCE OF POLYNOMIAL ERGODIC
AVERA GES

BERNARD HOST AND BRYNA KRA

Abstra ct. We provethe L? corvergencefor an ergadic averageof
a product of functions evaluated along polynomial times in atotally
ergadic system. For eadh set of polynomials, we show that there
is a particular factor, which is an inverselimit of nilsystems, that
cortrols the limit behavior of the average. For a general system,
we prove the convergencefor certain families of polynomials.

1. Intr oduction

Bergelsonand Leibman generalizedFursternberg's celebrated proof
[F77] of Szemeedi's Theorem:

Theorem (Bergelsonand Leibman [BL96]). Let (X;X; ; T) be an
invertible prokability measure preservingsystem,let~ 1 be an integer

and let py(n), p2(n),..., p-(n) be polynomials taking integer valueson
the integerswith pj(0) = Ofor j = 1,2;:::;". If A2 X with (A) > 0,
then
1 X
lim inf TPMAN TPMAN 2\ TPMA > 0
' n=0

Furstenberg's Theoremcorrespndsto the casethat all polynomials
are degreeone. Recettly in [HKO0Z2], we proved that lim inf in Fursten-
berg's Theoremis actually a limit. Here we shaw that the sameresult
holds for the polynomial versionin a totally ergadic systemand in an
arbitrary systemunder somerestrictions on the polynomials.

1.1. Statement of the result. By integer polynomial we mean a
polynomial in onevariable taking integer valueson the integers.

We prove a result of corvergencein L? for a product of bounded
measurablefunctions evaluated along polynomial times:

Theorem 1. Let (X;X; ; T) be an invertible measure preservingsys-
tem, let © 1 be an integer and let p;(n), p2(n),..., p(n) be integer
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guenes of integerswith N; ! +1 , then:
(a) The averges
MixNi 12

1 fo(TPEMX)Fo(TPWx) 2 f (TP Mx) d (%)

N_i n=Mj

(1)

convelgeasi! +1 .
(b) Assume additionally that at least one of the following conditions
holds:

(i) The system(X;X; ; T) is totally ergdic.

Then the averages

1 MiXNi 1
) N f1(TPMX)f o (TPVx) oo f (TP (Mx)
i

n=M;j
convemgein L2( )asi! +1.

The casethat the systemis not totally ergadic and at least one
polynomial is of degreel and at least one other is of higher degree
remainsopen.

If oneassumeghat T is weakly mixing, V. Bergelson[Be87]shoved
that the limit in (2) exists and is constart. Howewer, without the
assumptionof weak mixing onecan easilyshow that the limit neednot
be constart, ewen for linear polynomials. Recenly, N. Frantzikinakis
and the secondauthor [FKO3] have shown that the limit is constart
when the systemis totally ergadic and the polynomials have no non-
trivial relations over Q.

In [FW96], H. Furstenberg and B. Weissproved the existenceof the
limit for the pair of polynomials n and n?. For the family of linear

by the authors in [HKO0Z2].

1.2. Sketch of the proof. We can clearly assumethat the functions
are real valued. Moreover we can assume:

(H) The polynomials pj(n) in Theorem 1 are not constant and the
polynomialsp;(n) p;(n) are not constantfor all i 6 j.

By usingthe ergadic decompsition of whenneededwe canassume
that the systemis ergadic.

The proof conbines three ingredierts. We start with an induction
similar to the PET induction of Bergelsonin [Be87]to shaw that that
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the limit behavior is determinedby somefactor (known asthe charac-
teristic factor). We shaw that thesefactorsare of the form of the factors
Z(X) introducedin [HKO02] and we use properties proven in [HK02]
to descrite them as inverse limits of nilsystems. Lastly, we apply a
recen result of Leibman [LO2] to obtain the convergenceof polynomial
averageson nilsystems.

Using our current method, unfortunately we are unableto eliminate
the hypothesisof total ergadicity for the generalcaseof convergencen
norm. For a systemwhich is not totally ergadic, the estimateswe useto
show that a factor is characteristic depend on the speci ¢ polynomial
family, making the use of the Van der Corput Lemma in the PET
induction impossiblein the generalcase.

1.3. Notation. In general,wewrite (X; ; T) for ameasurepreserving
system, omitting explicit mertion of the -algebra. We abbreviate
‘measurepreservingsystem' as ‘system'.

Let (X; ; T) be a system. Every subsetof X is implicitly assumed
to be measurable. Every function on X is implicitly assumedto be
measurableand real valued. For a function f de ned on a systemX
and an integer p, we usethe standard shorthand of TPf instead of the
more cumbersomef TP,

A factor of (X; ; T) is a system(Y; ;S), given with a measurable
map :X ! Y sothat = andS = T. Forf 2 LY( ), we

considerE(f j Y) asa function on Y; it is de ned by the relation
Z Z

EF jY))awd (y)= f)g( (x))d (x)foreveryg2L* ():

Y X

For an integerk 0, we write XX for X2 and the points of this
spaceare written asx = (x; : 0 | < 2¢). We write T for the
transformation T T T (2% times) of XX, For k 1 we
often identify X Kl with Xk 1 Xk 1lin the natural way and write
x = (x%x% for a point of X I with x%x%2 XKk 1. thus we have
TK = Tk 1 Tk 1

2. Preliminaries
2.1. Nilsystems. Let G be a Lie group. The lower certral series
ch G®@ Gt g+
of G is de ned by
GY = Gand G = [GW:;G]fori 1:
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This meansthat GU*V s the subgroupof G spannedby
fg *h gh:g2 G"; h2 Gg:

The group G is said to be a k-step nilpotent group if G&*9 = f1g.

Let G be ak-stepnilpotent Lie groupandlet bea discretecocom-
pact subgroupof G. The compactmanifold X = G= iscalledak-step
nilmanifold. The group G actson X by left translations and we write
this action as(g;x) 7! g Xx. The unique Borel probability measure
on X invariant under this action is called the Haar measure of X . Let
abea xed elemen of Gandlet T : X I X begivenby Tx = a x.
The system(X; ; T) is called a k-step nilsystem or a translation on a
nilmanifold.

Ergodic properties of nilsystems have been widely studied; seein
particular [AGH63], [Pa69], [Pa70]and [Le91]. More recerily, the fol-
lowing theoremwas shovn by Leibman:

on X. Then, for all squenes of integersfM;g and f N;jg with N; !
+1 , the avemges

MiXNi 1

- f1(TPMX)f o(TPVx) oo f (TP (Mx)

N;
n=M;
convemgefor everyx 2 X.
Corollary 1. The statementof Theorem 1 holdsfor nilsystems.

Note that for nilsystems,the result holds without the assumptionof
total ergadicity and without restrictions on the polynomials.

(X; ; T) is an ergadic system. We review a construction and some
results of Section3 of [HK02].

For every integerk 0, we de ne a probability measure X on X K,
invariant under T by induction.

Set @M= Fork 0, letlk pethe -algebraof Tk-invariant
subsetsof X I, Then [k*1 js the relatively independert squareof
over | I, This meansthat if F¢F ®are boundedfunctions on X I,

3) z
FOXOF XY d B (xGx% = E(FOj 1) E(Fy 1 H)d
k]

X [k+1] X [
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For a boundedfunction f on X we de ne

Z & 1
k
(4) 7 = f(x)d ¥(x)
XKl - _
j=0
and note that
Z Zv 1 I 1:2k+1
) 0ifika = E? fF(x) 18 d ¥x)
X K] i=0

It is shown in [HKO2] that for every k 1, jik IS a seminormon
LY ().
Let f 2 L ( ); from Equation (5), we immediately have that
Z

ifii.= fd ; foreeryk 1 jifiix iflikes  Kkfky :

For k 1 and an integern, we have
Z A & 1
6 §f Tfif = fog) (T f(x) d M) :
XMoo j=0
By using the Ergodic Theoremand de nition (5), we have
...2k+1 DK !

_ . 1 n ...2k .
(7 if iy = lim, anomf Tk -

An increasingsequencd Z,(X) : k  Og of factors of X is built in
Section4 of [HK02]. Theseare characterizedby the property:

(8) Forf2LY(); Efjz«(X) = 0if andonly if jjf jjxes = O:

Zo(X) is the trivial factor of X and Z,(X) is its Kroneder factor.

2.3. The case of a totally ergodic system. We assumen this Sec-
tion that the system(X; ; T) is totally ergadic and prove a general-
ization of relation (7).

Prop osition 1. Assumethat (X; ; T) is totally ergadic. Then for
everyintegerk 1, anyf 2 L! () and any non-zeo integer a,

1 X! ’
Wi = fim G T
' n=0

The proof relieson the following two Lemmas.
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Lemma 1. Let a be a non-zeo integer and let (Y; ;S) be a totally
ergaic system. Then the -algebm of S  S&-invariant subsetsof
Y v, ) coincides up to -null setswith the -algeba of
S S invariant subsets.

Proof. We can clearly reduceto the casethat a is positive. Let f 2
L2( ) beinvariant under S# S2 We write ; for the correlation
measureof this function for the Z2-action spannedoy S id andid S.
By de nition, ¢ isthe positive nite measureon T T, de ned by
Z
ci(m;n) := exp 2 i(ms+ nt) d ¢(s;t)
TT 7
= F(S™% S"y)f(x;y)d (x)d (y):
Y Y

Sincef isinvariant underS? S2, we havecs (m+ga;n+qga) = ¢¢ (m;n)
for all integersm;n; g. It follows that the measure ; is concenrated
onthe unionfor 0 j < aofthelinesD; = (s; s+j=a:s2T .

Assumethat ¢ (D;) > Oforsomej 2 f0;1;:::;a 1g. Let bethe
maximal spectral type of (Y; ;S). It is classicalthat ; is absolutely
cortinuouswith respectto the measure andthus (Dj) > 0. By
Fubini's Theorem, there existss 2 T sothat hasatomsat the points
sand s+ j=a This meansthat exp(2 is) andexp(2 i( s+ j=a) are
eigervaluesof (Y; ;S) and thereforesois exp(2 ij =a). By hypothesis,
j = 0.

Therefore ; is concetrated on the line Dy and it follows that f is
invariant underS  S.

We note that the previous Lemmaonly neededthat S? be ergadic.
Similarly, the next Lemmaonly needsthat T2 be ergadic.

Lemma 2. For everyinteger a 6 0 and everyintegerk 0, the -
algeba of (Tk)2-invariant subsetsof X kI coincidesupto -null sets
with the -algeba | K1 of T invariant subsets.

Proof. For k = 0 the statemert is a reformulation of the hypothesisof
total ergadicity. For k = 1, this is a reformulation of Lemma 1 applied
with (Y; ;S) = (X; ; T). We procedeby induction.

Let kK 1 besothat the statemert holds for every non-zerointeger
a. Let Z

k] =  dP(!)

be the ergadic decompsition of ! for T, The induction hypothesis
meansthat for P-almostevery ! , the system (X K, : TK] js totally
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ergadic. The invariant -algebraof T* s included in the invariant
-algebraof (Tk*11)2 and soit su ces to prove the opposite inclusion.
The de nition (3) of k1 canbe rewritten as
Z

el = ! P dP(!)

Let A be a subsetof X k*1 | invariant under (Tk*11)2 for somenon-
zerointegera. By Lemmal appliedwith (Y; ;S) = (XK. ; TK) we

have that for almostewery ! , the setA coincides , | -almost every-
wherewith asetinvariant under T*3 Thus , | (AnTk*1A) = 0.
We have that
Z
kU (AnTkA) = v G (AnTMHAYdP(1)=0

and A coincidesup to a ®*3-null setwith a setinvariant under T4
meaningthat the statemen holds for k + 1.

Proof of Proposition 1. By Equation (6) and the Ergodic Theorem,the
limit in the Proposition exists and is equal to

Z zv 1
B2 f(x) I d M)
X [K] i=0

where | ¥ is the -algebraof (T))2 invariant sets. The Proposition
follows immediately from Lemma 2 and formula (5).

2.4. Systems of level k. Foranintegerk 0, we sa that an ergadic
system(X; ; T) is a systemof levelk if X = Z,(X). Thus, the unique
systemof level O is the trivial systemand systemsof level 1 are ergadic
rotations. For ewery ergadic system(X; ; T) and ewery integerk 0
the systemZ,(X) is a systemof level k. We use:

Theorem 2 ([HKO0Z2], Theorems10.2and 10.4). For everyinteger k
1, every systemof level k is an inverse limit of a sequene of ergaic
k-step nilsystems.

From Corollary 1 we deduceimmediately:

Corollary 2. The statementof Theorem 1 holdsfor systemsof levelk
for any integerk 1.
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2.5. Characteristic factors. In the next sections,given a family of
polynomialssatisfying condition (H), we producean appropriate factor
Z(X) of the given ergadic systemX (called the characteristic factor)
sothat the limit behavior of the averageg1) remainsunchangedwhen
ead f; is replacedby its conditional expectation on the factor Z(X).
Furthermore, assumingthat the one of the three assumptionsin the
secondpart of Theorem 1 is satis ed, the limit behavior of the aver-
ages(2) alsoremainsunchangedunder the samechangeof functions.
More precisely we show:

(a) Thereexistsanintegerk 0 sothat for any functionsf ;;f,;:::;f- 2
LY (), if EfnjZk(X) = 0then

Z _ MYN 1
9 sup TPWf, TPMf, 0 TPMEd 10
M

asN! +1.
(b) Assumethat one of the three hypthesesof part (b) of Theorem1 is
satis ed. Then there existsan integerk 0 sothat for any functions

MXN 1

(10) sup TPWf, TP, oo TPF I 0
m N L2( )

It followsthat underthe correspnding hypothesesof Theorem1, the
di erence betweenthe averages(1) (or (2), respectively) and the same
averageswith E(f; ] Zx(X)) substituted for f; for ead j, corverges
to zero (or corvergesto zeroin L2-norm, respectively). As Z,(X) is a
systemof level k, Theorem 1 follows from Corollary 2.

The readercanched that the constart k arisingin the Theoremdoes
not depend on the particular system,but only on the polynomials.

3. the linear case

Henceforth(X; ; T) is an ergadic system.
We state more preciselya result of [HK02]; it impliesthat Theorem3
holds when all polynomials are of degreel.
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m2fl:::;°Q,
MXN 1
lim supsup N T T2, 0 T2, Ciif mii~+1 :
N1 M n=M 2

Furthermore, if (X; ; T) is totally ergdic, the constant C can be taken
equalto 1.

Proof. We procedeby induction on .

Let a be a non-zerointegerand let f 2 L1 ( ). Let | , denotethe
T2-invariant -algebraof (X; ).

Let fM;g and fN;g be two sequence®f integerswith N; ! +1 .
Thenwheni! +1 ,

MiXNi 1

1 T 1 KE( lake :

N;

n=M;

R
If the systemis totally ergadic this limit isequaltoj f d j= jjf jj1
=1

Returning to the generalcase,we have that

1 X 17
KE(f j1g)ki= lim = f T3fd
N1 N =0
1X1 4
lim supN f T3fd
N1 n=0
1 X1 z 2
jalim supW f T'fd =ja jfis
N1 n=0

by Relation (7). This provesthe rst part of the Proposition for * = 1.
Assumethat the result of the Proposition holds for some™ 1. Let

a;; ap;:::;a+ bedistinct non-zerointegers,letm 2 f1;:::;" + 1gand
let f1;f5;:::;f 40 2 LY () with jf;j 1. Choosej 2 f1;2;:::;" + 1g
with j 8 m and let C be the constart assaiated to the family of
integersfay, &g :1 i "+ L i jo.

Forn 2 Z de ne

Up = T3fy T2, o0 T&f,
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For all integersM ;N with N > 0 and ewery integer h,

1 MxN 1Z . 1 M 1Z 1 ant Ta) G
N Un Up+h = T T
N n=M N n=M i=1
MyN 1
=, Tahy, X Y T@ N, TaM,)d
] ] N | ]
n=M 1 i “+1
i6]
1 MXN 1y
_ T(ai aj)n(fi Taihfi) :
N 2

n=M 1 i "+1
i6]
By the inductive hypothesis,
Z
. 1 MXY 1 ahe =
lim supsupﬁ U, Up+nd Ciifm T i+ :
N1 M n=M

By the Van der Corput Lemma,

. MXE L2 _ 1 Xt e
lim supsup N Un Climsup—  jifm Tl +1
N 11 M n= M 2 H! +1 h=0
. 1 K 1... -+ 1:2‘+1
Climsup =  jifm T2, ji%, :
H! +1 h=0

If the systemis totally ergadic, C = 1 by the inductive hypothesis
and the above lim sup equalsjf j?., by Proposition 1; this shovs the
secondpart of the Proposition for = + 1.
In the generalcase,the last expressionis bounded by
o'+l 1 X 1 S+l =2+ o'+l
Ciam'™ " limsup = §fm T'nf% = Cianj'? " i i’
H! +1 h=0

by Equation (7) and the rst part of the Proposition is proven.

4. Pol ynomial families
4.1. Ordering polynomial families.

Denition 1. Letr 0 bean integer. An integer polynomial with r
parametersis an integer polynomial whosecoe cien ts are polynomial
functions of r integer parameters.

We abbreviate the expression\in teger polynomial with r parame-
ters" asl.P, or I.P. whenthe number of parametersis not important.
An I.Pg is simply an integer polynomial. We write an I.P, in the form
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able.

The degree of a non-idertically zerol.P. is its degreein the variable
n, meaningit is the largestintegerd sothat the coe cient of n? is not
idertically zero.

De nition 2. Letr 0 be an integer. A polynomial family with r
parametersis a nite non-empt sequence

(11 pi(hy;::heyn); i p(he; i hen)
of integer polynomialsin r parametersso that
() Forl i °,the polynomial pj hasa degree 1.
(i) Forl i;j " with i 6 j, the polynomialp; p, hasadegree
1.
Moreover, a polynomial family with r parametersasin (11) is given
with a mark, meaninganindexm 2 f1;2;:::;°g. The I.P. py, is called

the marked polynomial.

We abbreviate the expression\p olynomial family with r parameters
asP.F, or P.F.

The setof polynomial familiesis partitioned accordingto their types
which we now de ne:

De nition 3. Let F beaP.F,;, asin (11). " is calledthe length of this
P.F. The maximum degreed of the polynomialsis called the degree of
the P.F.

Forl | d, considerthe subfamily of F consistingin polynomials
of degreej . Let w; be the number of distinct coe cients of n' in this

type of the polynomial family.

We say that the P.F. is standad if the degreeof the marked poly-
nomial is equalto the degreeof the family. We abbreviate \standard
polynomial family with r parameters"asS.PF, or S.PF.

,wehavewy > 0andwg+ wy 1 + + W,
Let the set of all possibletypes be ordered lexicographically This

d= d°and wy > w3, orif d= d% wg = wl andwg ;> wJ ,, ...
The following Lemma is immediate:

Lemma 3. Any decreasing sequene of typesis eventualy constant.

This implies that the ordering of typesis a wel ordering: ewery
non-emply set of typeshasa smallestelemen.
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4.2. Two prop erties of polynomial families. In the next section
we show by induction that somepolynomial families satisfy two prop-
erties. Before stating the theorem we needsomemaore notation:

Forr 1 we de ne inductively the notion of a small subsetof Z".
A subsetof Z is small if and only if it is nite. A subsetE of Z'*! is
smallif and only there existsa small subsetF of Z" sothat the subset

it holdsoutsidea small subsetof Z". To avoid the needto considersome
specialcaseseparately we usealsothis sertencefor r = 0. In this case,

simply meansthat the property holds.
The properties that we study for a P.F. are the following.

De nition 4. Letk 1beanintegerandlet F beaP.F, asin (11),
with mark m.

() We say that F satis es property | (with constart k) if, for all

MxN 1Z
(12) sup N TPu(haiishein) 1o TP (uzshems g4 1 0
M n=M

MXN 1
(13)  sup — Tehuzzhen)g oo pRtazmieng. g
v N

2
n=M
asN ! +1 ,foralmostewery (hy;:::;h) 2 Z".

A P.F. satisfying property N alsosatis es property | with the same
constart. By Proposition 2 every P.F. of degre€l satis es property (N ).
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5. The main induction

We procedeby induction: starting with a P.F we modify it by ap-
plying alternately two transformations. We shaw that this algorithm
stopsafter a nite number of steps.

5.1. The transformation A. Let F beaP.F, asin (11), with mark

polynomial. We sa that that the family F %is the result of the trans-
formation A appliedto F.

S.PF. then FCis alsoa S.PF. If F is of degree> 1, then the length of
F %is strictly greaterthan the length of F .

Lemma 4. Let F be a P.F, asin (11) with mark m and assumethat
transformation A applied to F.

If FO satis es property (1) with constant k, then F satis es prop-
erty (N) with the sameconstant.

Proof. We proceedas in the proof of Proposition 2. Let fq;:::;f- 2
L ( ) and assumethat jjf njik = 0. For (hy;:::;h,) 2 Z"andn 2 Z
we write u(hgy;:::;h,;n) for the function
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Z Y
— -|-pi(h1;:::;hr;n)fi TPi(hsshein+ hr+1)fi

i2J i2J

Z'*1 | the averagesfor n in an interval of this integral corvergeto zero
when the length of the interval tendsto +1 .

holds for all but a nite number of valuesof h,,;. By the Van der
Corput Lemma,

sup — u(hg;:::;heyn) 10
n=M 2

asN | +1 . This is the announcedresult.

5.2. The transformation B. Let F beaS.PF, asin (11), with mark
m and length ~ > 1.

Claim 1. There existsj 2 f1;:::; g, dier ent than m, so that the
family F°givenby
(15) pithy;iiishen)  pthgishen) il 00 5 06

This meansthat all polynomials of the given family have the same
degreed and the sameleadingcoe cient. Choosej 6 m sothat p, p,
hasthe maximal possibledegree.Then d°is equalto the degreeof py,
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coe cien ts of p; and py, aredierent. Then d°= d, F%is a S.PF. and
wi=wg 1. Thus (d;wg;wg 1;::1;w1) > (d%whrwde 450005 w)).

3) Assumethat w, > 0 for somer < d.
Choosej sothat p; hasthe smallestpossibledegreer. Thenr < d and

choicesfor j, we take the smallestone. We sa that the S.PF. F°
de ned by (15) is the result of the transformation B appliedto F. The
length of F%is * 1.

Lemma 5. Let F be a S.PF, of length™ > 1 and let F°be the S.PF,
obtained by applying the transformation B to F.

If FO satis es property (N) with constant k, then F satis es prop-
erty (I ) with the sameconstant.

Proof. Let the P.F. F with mark m be written asin (11). We usethe
samenotation asabove. For all integersM ;N with N > 0 we have

1 MxN 12 R
I Ti 1yeees r
N
n=M 1
oMV LY
= fJ:W Tpl(l ----- rin) pj(has "n)fid
n=M 1 i
i6]
1MxN 1y
kf'kzi = Tpi(hl;:::;hr;n) pj (ha;:sshy n)f
) N 2
n=M 1

and the result is proven.

5.3. The iteration.

Prop osition 3.

(i) Every S.P.F. satis es property (N ).
(i) Every P.F. satis es property (1).
(i) Every P.F. sothat the marked polynomial has degree > 1 sat-
is es property (N).

Proof. (i) Consider rst a P.F, of degreel. The family of polynomials
in the variable n obtainedby xing the valuesof the parameterssatis es
property (H) for almost every choiceof thesevalues. By Proposition 2,
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property (N) holds for this P.F. Thus we can restrict to polynomial
families of degree> 1.

Starting with a given S.PF, F of degree> 1 we alternately apply
transformations A and B, starting with transformation A.

SinceF is of degree> 1, the S.PF. obtained after the rst transfor-
mation A haslength > 1 andtransformation B canbe applied. Assume
now that the P.F. obtained after someof the transformations B of the
iteration has degreed® > 1, length *\° 1 and is a S.PF. Then the
S.PF. obtained by transformation A has degreed®> 1 and of length

0+ 1> 1. Again, applying transformation B is possible. The result
of this transformation is a S.PF. of length "° 1.

Thereforeit is possibleto cortinue the iteration aslong asthe S.PF.
is of degree> 1. A S.PF. of degreel can occur only after a transfor-
mation B.

The type is presened by transformation A and decreasesstrictly
when the transformation B is applied. By Lemma 3, the iteration
stopsafter a nite number of steps,resulting in a S.PF. of degreel.

Ead time we apply transformation A, the S.PF. has degree> 1.
Thusthe marked polynomial is of degree> 1 and we canuseLemma4.

At the end of the iteration we obtain a S.P.F. of degreel and as
already noted, property (N ) holds for this S.PF. By alternating Lem-
mas4 and 5, we have that the initial P.F. satis es property (N ).

andintegersM, N with N > 0, the integral in (12) remainsunchanged
when the P.F. F%is substituted for F. Therefore F satis es prop-
erty ().

Part (iii) of the Proposition follows immediately from part (ii) and
Lemma4.

5.4. The case of a totally ergodic system.

Prop osition 4. Assumethat (X; ; T) is totally ergadic. Then prop-
erty (N) holdsfor everyP.F.

Proof. We assumethat (X; ; T) is totally ergadic.

The proof follows along the samelines asthe proof of Proposition 3,
by using a quartitativ e version of the properties (I ) and (N) and
correspnding modi cations of Lemmas4 and 5.
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Denition 5. Letk 1beaninteger, 2 (0;1]arealandF aP.F,
asin (11), with mark m.

(i) We say that F satis es property | © (with constarts k and )
if, for all functionsf;f,;:::;f- 2 Lt () with jf;j 1 for ead
¥

(16)

MxN 1Z
lim supsup N TPa(hs;shein)¢ S TP (hiishen)f g if mil
N! +1 M n=M

(17)
MXN 1
lim supsup N -|-p1(h1;:::;hr;n)f1 o P (hashen) g iif mii
NI +1 M n=M 2
for almostewery (hy;:::;h) 2 Z".

Property N °with constarts k and  implies property | © with the
sameconstans. It alsoimplies property N °with constarts k®and °
if k% kandO< © (becausejf mjix  jifmiko  1).

Lemma 6. Let F be a P.F, asin (11) with mark m. Let F° ke the
P.F;.1 obtainad by transformation A applied to F.

If FOsatis es property (1 9 with constantsk and , then F satis es
property (N) with constantsk + 1 and =2.

Proof of Lemmaé. Let J, the polynomials g and u(hy;:::;hy;n) be
de ned asin the proof of Lemma4. We distinguish two cases.
Assumerst that m 2 J. By hypothesis,for almostevery (hy;:::;h;;

h;+1), the lim sup of the absolute value of the averagesin n of the
integral (14) is boundedby jif njiy-

Corput Lemma, the lim sup of the L?-norm of the averagesin n of
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. 1 Xt et = 172

lim sup — jifm Theetomhazhos

HE +1 hy 41 =0
. 1 K ! h (h ----- h ) ...2k = 2k+1
l”Tl Sup q Jllfm T r+1 Om (N335 r fmJ||k = ]llfmJIIk+1
HY +1 hr+1:0

by Proposition 1. This meansthat F satis es property N with con-
stants k + 1 and and soalsowith constaris k+ 1 and =2.

The proof of the following Lemmais similar to the proof of Lemmab:

Lemma 7. LetF bea S.PF, of length® > 1 and let F°be the S.PF,
obtainel by applying transformation B to F.

If FOsatis es property (N 9 with constantsk and , thenF satis es
property (I 9 with the sameconstants.

We cortinue exactly asin the proof of Proposition 3. Property (N 9
is satis ed by a P.F. of degreel by last part of Proposition 2. The same
iteration asin the proof of Proposition 3 shows that ewery S.PF. sat-
is es property (N 9. We deducethat every P.F. satis es property (1 9
and by using Lemma 6 that ewvery P.F. satis es property (N 9. Prop-
erty (N) follows immediately.

5.5. End of the pro of of Theorem 3. Any family of integerpolyno-
mials satisfying hypothesis(H) is a P.Fo. Thereforepart (a) of Theo-
rem 3 follows from part (ii) of Proposition 3. Part (b) of this Theorem
for linear polynomials follows from Proposition 2. If all polynomials
are of degree> 1 this statemert follows from part (iii) of Proposition 3
and when the systemis totally ergadic from Proposition 4.

As noted, Theorem 1 follows from Theorem 3 and Corollary 2.
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