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Abstra ct. We provethe L 2 convergencefor an ergodic averageof
a product of functions evaluated alongpolynomial times in a totally
ergodic system. For each set of polynomials, we show that there
is a particular factor, which is an inverselimit of nilsystems, that
controls the limit behavior of the average. For a general system,
we prove the convergencefor certain families of polynomials.

1. Intr oduction

Bergelsonand Leibman generalizedFurstenberg's celebratedproof
[F77] of Szemer�edi's Theorem:

Theorem (Bergelson and Leibman [BL96]). Let (X ; X ; �; T) be an
invertible probability measure preservingsystem,let ` � 1 be an integer
and let p1(n), p2(n),. . . , p` (n) be polynomials taking integer valueson
the integerswith pj (0) = 0 for j = 1; 2; : : : ; `. If A 2 X with � (A) > 0,
then

lim inf
N !1

1
N

N � 1X

n=0

�
�
Tp1(n)A \ Tp2(n)A \ : : : \ Tp` (n)A

�
> 0 :

Furstenberg's Theoremcorrespondsto the casethat all polynomials
are degreeone. Recently in [HK02], we proved that lim inf in Fursten-
berg's Theoremis actually a limit. Here we show that the sameresult
holds for the polynomial version in a totally ergodic systemand in an
arbitrary systemunder somerestrictions on the polynomials.

1.1. Statemen t of the result. By integer polynomial we mean a
polynomial in onevariable taking integer valueson the integers.

We prove a result of convergencein L 2 for a product of bounded
measurablefunctions evaluated along polynomial times:

Theorem 1. Let (X ; X ; �; T) be an invertible measure preservingsys-
tem, let ` � 1 be an integer and let p1(n), p2(n),. . . , p` (n) be integer
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polynomials. If f 1; f 2; : : : ; f ` 2 L1 (� ) and f M i g, f N i g are two se-
quencesof integerswith N i ! + 1 , then:
(a) The averages

(1)
1

N i

M i + N i � 1X

n= M i

Z
f 1(Tp1(n)x)f 2(Tp2(n)x) : : : f ` (Tp` (n)x) d� (x)

convergeas i ! + 1 .
(b) Assumeadditionally that at least one of the following conditions
holds:

(i) The system(X ; X ; �; T) is totally ergodic.
(ii) The polynomials f p1; p2; : : : ; p`g are all of degree > 1.
(iii) The polynomials f p1; p2; : : : ; p`g are all of degree 1.

Then the averages

(2)
1

N i

M i + N i � 1X

n= M i

f 1(Tp1(n)x)f 2(Tp2(n)x) : : : f ` (Tp` (n)x)

converge in L 2(� ) as i ! + 1 .

The casethat the system is not totally ergodic and at least one
polynomial is of degree1 and at least one other is of higher degree
remainsopen.

If oneassumesthat T is weakly mixing, V. Bergelson[Be87]showed
that the limit in (2) exists and is constant. However, without the
assumptionof weakmixing onecan easilyshow that the limit neednot
be constant, even for linear polynomials. Recently, N. Frantzikinakis
and the secondauthor [FK03] have shown that the limit is constant
when the systemis totally ergodic and the polynomials have no non-
trivial relations over Q.

In [FW96], H. Furstenberg and B. Weissproved the existenceof the
limit for the pair of polynomials n and n2. For the family of linear
polynomials f n; 2n; : : : ; `ng, the existenceof the limit in (2) is proven
by the authors in [HK02].

1.2. Sketch of the pro of. We can clearly assumethat the functions
are real valued. Moreover we can assume:

(H) The polynomials pi (n) in Theorem 1 are not constant and the
polynomials pi (n) � pj (n) are not constant for all i 6= j .

By usingthe ergodic decomposition of � whenneeded,wecanassume
that the systemis ergodic.

The proof combines three ingredients. We start with an induction
similar to the PET induction of Bergelsonin [Be87]to show that that
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the limit behavior is determinedby somefactor (known as the charac-
teristic factor). Weshow that thesefactorsareof the form of the factors
Zk(X ) introduced in [HK02] and we useproperties proven in [HK02]
to describe them as inverse limits of nilsystems. Lastly, we apply a
recent result of Leibman [L02] to obtain the convergenceof polynomial
averageson nilsystems.

Using our current method, unfortunately we are unable to eliminate
the hypothesisof total ergodicity for the generalcaseof convergencein
norm. For a systemwhich is not totally ergodic, the estimatesweuseto
show that a factor is characteristic depend on the speci�c polynomial
family, making the use of the Van der Corput Lemma in the PET
induction impossiblein the generalcase.

1.3. Notation. In general,wewrite (X ; �; T) for a measurepreserving
system, omitting explicit mention of the � -algebra. We abbreviate
`measurepreservingsystem' as `system'.

Let (X ; �; T) be a system. Every subsetof X is implicitly assumed
to be measurable. Every function on X is implicitly assumedto be
measurableand real valued. For a function f de�ned on a systemX
and an integer p, we usethe standard shorthand of T pf instead of the
more cumbersomef � Tp.

A factor of (X ; �; T) is a system(Y; � ; S), given with a measurable
map � : X ! Y so that � � = � and S � � = � � T. For f 2 L 1(� ), we
considerE(f j Y) as a function on Y; it is de�ned by the relation
Z

Y
E(f j Y )(y) g(y) d� (y) =

Z

X
f (x) g(� (x)) d� (x) for every g 2 L 1 (� ) :

For an integer k � 0, we write X [k] for X 2k
and the points of this

spaceare written as x = (x j : 0 � j < 2k). We write T [k] for the
transformation T � T � � � � � T (2k times) of X [k]. For k � 1 we
often identify X [k] with X [k� 1] � X [k� 1] in the natural way and write
x = (x0; x00) for a point of X [k], with x0; x00 2 X [k� 1]; thus we have
T [k] = T [k� 1] � T [k� 1].

2. Preliminaries

2.1. Nilsystems. Let G be a Lie group. The lower central series

G(1) � G(2) � � � � � G(i ) � G(i +1) � : : :

of G is de�ned by

G(1) = G and G(i +1) = [G(i ) ; G] for i � 1 :
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This meansthat G(i +1) is the subgroupof G spannedby

f g� 1h� 1gh : g 2 G(i ) ; h 2 Gg :

The group G is said to be a k-step nilpotent group if G(k+1) = f 1g.
Let G be a k-stepnilpotent Lie group and let � be a discretecocom-

pact subgroupof G. The compactmanifold X = G=� is calleda k-step
nilmanifold. The group G acts on X by left translations and we write
this action as (g; x) 7! g � x. The unique Borel probability measure�
on X invariant under this action is called the Haar measure of X . Let
a be a �xed element of G and let T : X ! X be given by Tx = a � x.
The system(X ; �; T) is called a k-step nilsystem or a translation on a
nilmanifold.

Ergodic properties of nilsystems have been widely studied; seein
particular [AGH63], [Pa69], [Pa70] and [Le91]. More recently, the fol-
lowing theoremwas shown by Leibman:

Theorem (Leibman [L02]). Let (X ; �; T) bea nilsystem,p1(n); p2(n); : : : ;
p` (n) be integer polynomials and f 1; f 2; : : : ; f ` be continuous functions
on X . Then, for all sequences of integers f M i g and f N i g with N i !
+ 1 , the averages

1
N i

M i + N i � 1X

n= M i

f 1(Tp1(n)x)f 2(Tp2(n)x) : : : f ` (Tp` (n)x)

converge for every x 2 X .

Corollary 1. The statementof Theorem 1 holdsfor nilsystems.

Note that for nilsystems,the result holdswithout the assumptionof
total ergodicity and without restrictions on the polynomials.

2.2. The seminorms jjj � jjjk and the factors Zk(X ). In this Section,
(X ; �; T) is an ergodic system. We review a construction and some
results of Section3 of [HK02].

For every integerk � 0, we de�ne a probability measure� [k] on X [k],
invariant under T [k] by induction.

Set � [0] = � . For k � 0, let I [k] be the � -algebra of T [k]-invariant
subsetsof X [k]. Then � [k+1] is the relatively independent squareof � [k]

over I [k]. This meansthat if F 0; F 00are boundedfunctions on X [k],
(3)Z

X [k +1]
F 0(x0)F 00(x00) d� [k+1] (x0; x00) :=

Z

X [k ]
E(F 0 j I [k]) E(F 00j I [k]) d� [k] :
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For a boundedfunction f on X we de�ne

(4) jjjf jjj2
k

k =
Z

X [k ]

2k � 1Y

j =0

f (x j ) d� [k](x)

and note that

(5) jjjf jjjk+1 :=

 Z

X [k ]
E2

� 2k � 1Y

j =0

f (x j )
�
�
� I [k]

�
d� [k](x)

! 1=2k +1

:

It is shown in [HK02] that for every k � 1, jjj � jjjk is a seminormon
L1 (� ).

Let f 2 L1 (� ); from Equation (5), we immediately have that

jjjf jjj1 =
�
�
Z

f d�
�
� ; for every k � 1; jjjf jjjk � jjjf jjjk+1 � kf k1 :

For k � 1 and an integer n, we have

(6) jjjf � Tn f jjj2
k

k =
Z

X [k ]

� 2k � 1Y

j =0

f (x j )
�

� (T [k])n
� 2k � 1Y

j =0

f (x j )
�

d� [k](x) :

By using the Ergodic Theoremand de�nition (5), we have

(7) jjjf jjj2
k +1

k+1 = lim
N ! + 1

1
N

N � 1X

n=0

jjjf � Tn f jjj2
k

k :

An increasingsequencef Zk(X ) : k � 0g of factors of X is built in
Section4 of [HK02]. Theseare characterizedby the property:

(8) For f 2 L1 (� ); E
�
f j Zk(X )

�
= 0 if and only if jjjf jjjk+1 = 0 :

Z0(X ) is the trivial factor of X and Z1(X ) is its Kronecker factor.

2.3. The case of a totally ergodic system. We assumein this Sec-
tion that the system(X ; �; T) is totally ergodic and prove a general-
ization of relation (7).

Prop osition 1. Assume that (X ; �; T) is totally ergodic. Then for
every integer k � 1, any f 2 L 1 (� ) and any non-zero integer a,

jjjf jjj2
k +1

k+1 = lim
N ! + 1

1
N

N � 1X

n=0

jjjf � Tan f jjj2
k

k :

The proof relieson the following two Lemmas.
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Lemma 1. Let a be a non-zero integer and let (Y; � ; S) be a totally
ergodic system. Then the � -algebra of Sa � Sa-invariant subsetsof
(Y � Y; � � � ) coincides up to � � � -null sets with the � -algebra of
S � S invariant subsets.

Proof. We can clearly reduceto the casethat a is positive. Let f 2
L2(� � � ) be invariant under Sa � Sa. We write � f for the correlation
measureof this function for the Z2-action spannedby S� id and id � S.
By de�nition, � f is the positive �nite measureon T � T, de�ned by

c� f (m; n) :=
Z

T� T
exp

�
2� i (ms + nt)

�
d� f (s; t)

=
Z

Y � Y
f (Smx; Sny) f (x; y) d� (x) d� (y) :

Sincef is invariant underSa� Sa, wehavec� f (m+ qa;n+ qa) = c� f (m; n)
for all integersm; n; q. It follows that the measure� f is concentrated
on the union for 0 � j < a of the lines D j =

�
(s; � s + j =a) : s 2 T

	
.

Assumethat � f (D j ) > 0 for somej 2 f 0; 1; : : : ; a � 1g. Let � be the
maximal spectral type of (Y; � ; S). It is classicalthat � f is absolutely
continuouswith respect to the measure� � � and thus� � � (D j ) > 0. By
Fubini's Theorem,there existss 2 T sothat � hasatomsat the points
s and � s+ j =a. This meansthat exp(2� is) and exp(2� i (� s+ j =a)) are
eigenvaluesof (Y; � ; S) and thereforesois exp(2� ij =a). By hypothesis,
j = 0.

Therefore � f is concentrated on the line D0 and it follows that f is
invariant under S � S. �

We note that the previous Lemma only neededthat Sa be ergodic.
Similarly, the next Lemma only needsthat T a be ergodic.

Lemma 2. For every integer a 6= 0 and every integer k � 0, the � -
algebra of (T [k])a-invariant subsetsof X [k] coincidesup to � [k]-null sets
with the � -algebra I [k] of T [k] invariant subsets.

Proof. For k = 0 the statement is a reformulation of the hypothesisof
total ergodicity. For k = 1, this is a reformulation of Lemma1 applied
with (Y; � ; S) = (X ; �; T). We procedeby induction.

Let k � 1 be so that the statement holds for every non-zerointeger
a. Let

� [k] =
Z



� ! dP(! )

be the ergodic decomposition of � [k] for T [k]. The induction hypothesis
meansthat for P-almost every ! , the system(X [k]; � ! ; T [k]) is totally
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ergodic. The invariant � -algebraof T [k+1] is included in the invariant
� -algebraof (T [k+1] )a and so it su�ces to prove the opposite inclusion.

The de�nition (3) of � [k+1] can be rewritten as

� [k+1] =
Z



� ! � � ! dP(! ) :

Let A be a subsetof X [k+1] , invariant under (T [k+1] )a for somenon-
zerointegera. By Lemma1 appliedwith (Y; � ; S) = (X [k]; � ! ; T [k]), we
have that for almost every ! , the set A coincides� ! � � ! -almost every-
wherewith a set invariant under T [k+1] . Thus � ! � � ! (A nT [k+1] A) = 0.
We have that

� [k+1] (A n T [k+1] A) =
Z



� ! � � ! (A n T [k+1] A) dP(! ) = 0

and A coincidesup to a � [k+1] -null setwith a set invariant under T [k+1] ,
meaningthat the statement holds for k + 1. �

Proof of Proposition 1. By Equation (6) and the Ergodic Theorem,the
limit in the Proposition exists and is equal to

Z

X [k ]
E2

� 2k � 1Y

j =0

f (x j )
�
�
� I [k]

a

�
d� [k](x)

where I [k]
a is the � -algebra of (T [k])a invariant sets. The Proposition

follows immediately from Lemma 2 and formula (5). �

2.4. Systems of level k. For an integerk � 0, we say that an ergodic
system(X ; �; T) is a systemof levelk if X = Zk(X ). Thus, the unique
systemof level 0 is the trivial systemand systemsof level 1 are ergodic
rotations. For every ergodic system(X ; �; T) and every integer k � 0
the systemZk(X ) is a systemof level k. We use:

Theorem 2 ([HK02], Theorems10.2and 10.4). For every integer k �
1, every systemof level k is an inverse limit of a sequence of ergodic
k-step nilsystems.

From Corollary 1 we deduceimmediately:

Corollary 2. The statementof Theorem 1 holdsfor systemsof levelk
for any integer k � 1.
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2.5. Characteristic factors. In the next sections,given a family of
polynomialssatisfyingcondition (H), weproducean appropriate factor
Zk(X ) of the given ergodic systemX (called the characteristic factor)
sothat the limit behavior of the averages(1) remainsunchangedwhen
each f i is replacedby its conditional expectation on the factor Zk(X ).
Furthermore, assumingthat the one of the three assumptionsin the
secondpart of Theorem 1 is satis�ed, the limit behavior of the aver-
ages(2) also remainsunchangedunder the samechangeof functions.
More precisely, we show:

Theorem 3. Let (X ; �; T) bean ergodic system,f p1(n); p2(n); : : : ; p` (n)g
a family of integerpolynomialssatisfyingproperty (H) andm 2 f 1; : : : ; `g.
(a) Thereexistsan integerk � 0 sothat for any functions f 1; f 2; : : : ; f ` 2
L1 (� ), if E

�
f m j Zk(X )

�
= 0 then

(9) sup
M

�
�
�
Z

1
N

M + N � 1X

n= M

Tp1(n) f 1 � Tp2(n) f 2 � : : : � Tp` (n) f ` d�
�
�
� � ! 0

as N ! + 1 .
(b) Assumethat oneof the three hypothesesof part (b) of Theorem 1 is
satis�ed. Then there existsan integer k � 0 so that for any functions
f 1; f 2; : : : ; f ` 2 L1 (� ), if E

�
f m j Zk(X )

�
= 0 then

(10) sup
M








1
N

M + N � 1X

n= M

Tp1(n) f 1 � Tp2(n) f 2 � : : : � Tp` (n) f `








L 2 (� )
� ! 0

It followsthat under the correspondinghypothesesof Theorem1, the
di�erence betweenthe averages(1) (or (2), respectively) and the same
averageswith E(f j j Zk(X )) substituted for f j for each j , converges
to zero (or convergesto zero in L 2-norm, respectively). As Zk(X ) is a
systemof level k, Theorem1 follows from Corollary 2.

The readercancheck that the constant k arising in the Theoremdoes
not depend on the particular system,but only on the polynomials.

3. the linear case

Henceforth(X ; �; T) is an ergodic system.
Westate morepreciselya result of [HK02]; it implies that Theorem3

holds when all polynomials are of degree1.

Prop osition 2. Let ` � 1 be an integerand let a1; a2; : : : ; a` be pairwise
distinct non-zero integers. Thereexistsa constantC = C(a1; a2; : : : ; a` )
so that, for all functions f 1; f 2; : : : ; f ` with jf i j � 1 and for every
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m 2 f 1; : : : ; `g,

lim sup
N !1

sup
M








1
N

M + N � 1X

n= M

Ta1n f 1 : Ta2n f 2 � : : : � Ta` n f `








2
� Cjjjf m jjj`+1 :

Furthermore, if (X ; �; T) is totally ergodic, the constant C can be taken
equal to 1.

Proof. We procedeby induction on `.
Let a be a non-zerointeger and let f 2 L 1 (� ). Let I a denote the

Ta-invariant � -algebraof (X ; � ).
Let f M i g and f N i g be two sequencesof integerswith N i ! + 1 .

Then when i ! + 1 ,








1
N i

M i + N i � 1X

n= M i

Tan f







2
! kE(f j I a)k2 :

If the systemis totally ergodic this limit is equal to j
R

f d� j = jjjf jjj1 �
jjjf jjj2 and the secondpart of the Proposition is proven for ` = 1.

Returning to the generalcase,we have that

kE(f j I a)k4
2 = lim

N !1

� 1
N

N � 1X

n=0

Z
f � Tan f d�

� 2

� lim sup
N !1

1
N

N � 1X

n=0

� Z
f � Tan f d�

� 2

� jaj lim sup
N !1

1
N

N � 1X

n=0

� Z
f � Tn f d�

� 2
= jaj � jjjf jjj42

by Relation (7). This provesthe �rst part of the Proposition for ` = 1.
Assumethat the result of the Proposition holds for some` � 1. Let

a1; a2; : : : ; a`+1 be distinct non-zerointegers,let m 2 f 1; : : : ; ` + 1g and
let f 1; f 2; : : : ; f `+1 2 L1 (� ) with jf i j � 1. Choosej 2 f 1; 2; : : : ; ` + 1g
with j 6= m and let C be the constant associated to the family of
integersf ai � aj : 1 � i � ` + 1; i � j g.

For n 2 Z de�ne

un = Ta1 f 1 � Ta2n f 2 � : : : � Ta` +1 f `+1 :
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For all integersM ; N with N > 0 and every integer h,
�
�
�

1
N

M + N � 1X

n= M

Z
un � un+ h d�

�
�
� =

�
�
�

1
N

M + N � 1X

n= M

Z `+1Y

i =1

Tai n (f � Tai hf i ) d�
�
�
�

=
�
�
�
Z

f j � Taj hf j �
1
N

M + N � 1X

n= M

Y

1� i � `+1
i 6= j

T (ai � aj )n (f i � Tai hf i ) d�
�
�
�

�







1
N

M + N � 1X

n= M

Y

1� i � `+1
i 6= j

T (ai � aj )n (f i � Tai hf i )







2
:

By the inductive hypothesis,

lim sup
N !1

sup
M

�
�
�

1
N

M + N � 1X

n= M

Z
un � un+ h d�

�
�
� � Cjjjf m � Tam hf m jjj`+1 :

By the Van der Corput Lemma,

lim sup
N !1

sup
M








1
N

M + N � 1X

n= M

un








2

2
� C lim sup

H ! + 1

1
H

H � 1X

h=0

jjjf m � Tam hf m jjj`+1

� C lim sup
H ! + 1

� 1
H

H � 1X

h=0

jjjf m � Tam hf m jjj2
` +1

`+1

� 1=2` +1

:

If the system is totally ergodic, C = 1 by the inductive hypothesis
and the above lim sup equalsjjjf m jjj2`+2 by Proposition 1; this shows the
secondpart of the Proposition for ` + 1.

In the generalcase,the last expressionis boundedby

Cjam j1=2` +1
lim sup
H ! + 1

� 1
H

H � 1X

h=0

jjjf m � Thf m jjj2
` +1

`+1

� 1=2` +1

= Cjam j1=2` +1
jjjf m jjj2`+2

by Equation (7) and the �rst part of the Proposition is proven. �

4. Pol ynomial f amilies

4.1. Ordering polynomial families.

De�nition 1. Let r � 0 be an integer. An integer polynomial with r
parameters is an integer polynomial whosecoe�cien ts are polynomial
functions of r integer parameters.

We abbreviate the expression\in teger polynomial with r parame-
ters" as I.Pr or I.P. when the number of parametersis not important.
An I.P0 is simply an integer polynomial. We write an I.P r in the form
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p(h1; : : : ; hr ; n), whereh1; : : : ; hr are the parametersand n is the vari-
able.

The degree of a non-identically zero I.P. is its degreein the variable
n, meaningit is the largest integer d sothat the coe�cien t of nd is not
identically zero.

De�nition 2. Let r � 0 be an integer. A polynomial family with r
parameters is a �nite non-empty sequence

(11)
�

p1(h1; : : : ; hr ; n); : : : ; p`(h1; : : : ; hr ; n)
	

of integer polynomials in r parametersso that
(i) For 1 � i � `, the polynomial pi hasa degree� 1.
(ii) For 1 � i; j � ` with i 6= j , the polynomial pi � pj hasa degree

� 1.
Moreover, a polynomial family with r parametersas in (11) is given
with a mark, meaningan index m 2 f 1; 2; : : : ; `g. The I.P. pm is called
the marked polynomial.

We abbreviate the expression\p olynomial family with r parameters
asP.Fr or P.F.

The setof polynomial families is partitioned accordingto their types,
which we now de�ne:

De�nition 3. Let F be a P.Fr , as in (11). ` is called the length of this
P.F. The maximum degreed of the polynomials is called the degree of
the P.F.

For 1 � j � d, considerthe subfamily of F consistingin polynomials
of degreej . Let wj be the number of distinct coe�cien ts of nj in this
subfamily of polynomials. The vector (d;wd; wd� 1; : : : ; w1) is called the
type of the polynomial family.

We say that the P.F. is standard if the degreeof the marked poly-
nomial is equal to the degreeof the family. We abbreviate \standard
polynomial family with r parameters"as S.P.Fr or S.P.F.

By de�nition, for a family of type (d;wd; wd� 1; : : : ; w1) and of length
`, we have wd > 0 and wd + wd� 1 + � � � + w1 � `.

Let the set of all possibletypes be ordered lexicographically. This
meansthat if (d;wd; wd� 1; : : : ; w1) and (d0; w0

d0; w0
d0� 1; : : : ; w0

1) aretypes,
we have (d;wd; wd� 1; : : : ; w1) > (d0; w0

d0; w0
d0� 1; : : : ; w0

1) if d > d0, or if
d = d0 and wd > w0

d, or if d = d0, wd = w0
d and wd� 1 > w0

d� 1, . . .
The following Lemma is immediate:

Lemma 3. Any decreasing sequence of types is eventually constant.

This implies that the ordering of types is a well ordering: every
non-empty set of typeshasa smallestelement.
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4.2. Tw o prop erties of polynomial families. In the next section
we show by induction that somepolynomial families satisfy two prop-
erties. Beforestating the theoremwe needsomemore notation:

For r � 1 we de�ne inductively the notion of a small subsetof Z r .
A subsetof Z is small if and only if it is �nite. A subsetE of Z r +1 is
small if and only there existsa small subsetF of Zr sothat the subset

�
n 2 Z : (n1; n2; : : : ; nr ; n) 2 E

	

of Z is �nite for every (n1; n2; : : : ; nr ) 2 Zr n F .
Note that if p(n1; n2; : : : ; nr ) is a non-identically zero integer poly-

nomial in r variables,then its zeroset
�

(n1; n2; : : : ; nr ) 2 Zd : p(n1; n2; : : : ; nr ) = 0
	

is small.
Wesay that a property holdsfor almostevery (n1; n2; : : : ; nr ) 2 Zr if

it holdsoutsidea small subsetof Zr . To avoid the needto considersome
specialcasesseparately, weusealsothis sentencefor r = 0. In this case,
the sentence\the property holdsfor almostevery (n1; n2; : : : ; nr ) 2 Zr "
simply meansthat the property holds.

The properties that we study for a P.F. are the following.

De�nition 4. Let k � 1 be an integer and let F be a P.Fr as in (11),
with mark m.

(i) We say that F satis�es property I (with constant k) if, for all
functions f 1; f 2; : : : ; f ` 2 L1 (� ), if jjjf m jjjk = 0 then

(12) sup
M

�
�
�

1
N

M + N � 1X

n= M

Z
Tp1(h1 ;:::;h r ;n) f 1 � : : : � Tp` (h1 ;:::;h r ;n) f ` d�

�
�
� ! 0

as N ! + 1 , for almost every (h1; : : : ; hr ) 2 Zr .
(ii) We say that F satis�es property N (with constant k) if, for all

functions f 1; f 2; : : : ; f ` 2 L1 (� ), if jjjf m jjjk = 0 then

(13) sup
M








1
N

M + N � 1X

n= M

Tp1(h1 ;:::;h r ;n) f 1 � : : : � Tp` (h1 ;:::;h r ;n) f `








2
! 0

as N ! + 1 , for almost every (h1; : : : ; hr ) 2 Zr .

A P.F. satisfying property N alsosatis�es property I with the same
constant. By Proposition 2 every P.F. of degree1 satis�esproperty (N ).
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5. The main induction

We procedeby induction: starting with a P.F we modify it by ap-
plying alternately two transformations. We show that this algorithm
stopsafter a �nite number of steps.

5.1. The transformation A. Let F be a P.Fr as in (11), with mark
m and type (d;wd; : : : ; w1).

Let J be the set of i 2 f 1; 2; : : : ; `g so that pi (h1; : : : ; hr ; n) is of
degree1 (note that this set may be empty). Let F 0 be the sequence
of I.Pr +1 with parametersh1; : : : ; hr ; hr +1 obtainedby concatenationof
the sequences

�
pi (h1; : : : ; hr ; n) : i =2 J

	
;

�
pi (h1; : : : ; hr ; n + hr +1 ) : i =2 J

	
;

�
pi (h1; : : : ; hr ; n) : i 2 J

	
:

It follows immediately that this sequencesatis�es the condition of Def-
inition 1 and so is a P.Fr +1 . Take pm (h1; : : : ; hr ; n) to be the marked
polynomial. We say that that the family F 0 is the result of the trans-
formation A applied to F .

The type of F 0 is equal to the type (d;wd; : : : ; w1) of F . If F is a
S.P.F. then F 0 is alsoa S.P.F. If F is of degree> 1, then the length of
F 0 is strictly greater than the length of F .

Lemma 4. Let F be a P.Fr as in (11) with mark m and assumethat
the degree of pm (h1; : : : ; hr ; n) is > 1. Let F 0 be the P.Fr +1 obtained by
transformation A applied to F .

If F 0 satis�es property (I ) with constant k, then F satis�es prop-
erty (N ) with the sameconstant.

Proof. We proceedas in the proof of Proposition 2. Let f 1; : : : ; f ` 2
L1 (� ) and assumethat jjjf m jjjk = 0. For (h1; : : : ; hr ) 2 Zr and n 2 Z
we write u(h1; : : : ; hr ; n) for the function

Y

i � `

Tpi (h1 ;:::;h r ;n) f i :

For i 2 J and for (h1; : : : ; hr +1 ) 2 Zr +1 we have

pi (h1; : : : ; hr ; n + hr +1 ) � pi (h1; : : : ; hr ; n) = hr +1 qi (h1; : : : ; hr )
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for somepolynomial qi in the variablesh1; : : : ; hr . We have

(14)
Z

u(h1; : : : ; hr ; n) � u(h1; : : : ; hr ; n + hr +1 ) d�

=
Z Y

i =2 J

Tpi (h1 ;:::;h r ;n) f i �
Y

i =2 J

Tpi (h1 ;:::;h r ;n+ hr +1 ) f i �

Y

i 2 J

Tpi (h1 ;:::;h r ;n)(f i � Thr +1 qi (h1 ;:::;h r ) f i ) d� :

Note that m =2 J . By hypothesis,for almost every (h1; : : : ; hr ; hr +1 ) 2
Zr +1 , the averagesfor n in an interval of this integral convergeto zero
when the length of the interval tends to + 1 .

Therefore, for almost every (h1; : : : ; hr ) 2 Zr , the same property
holds for all but a �nite number of values of hr +1 . By the Van der
Corput Lemma,

sup
M








1
N

M + N � 1X

n= M

u(h1; : : : ; hr ; n)







2
! 0

asN ! + 1 . This is the announcedresult. �

5.2. The transformation B. Let F bea S.P.Fr asin (11), with mark
m and length ` > 1.

Claim 1. There exists j 2 f 1; : : : ; `g, di�er ent than m, so that the
family F 0 given by

(15)
�

pi (h1; : : : ; hr ; n) � pj (h1; : : : ; hr ; n) : 1 � i � `; i 6= j
	

with mark pm (h1; : : : ; hr ; n)� pj (h1; : : : ; hr ; n) is a S.P.Fr of type strictly
lessthan the type of F .

Proof of the claim. We note that F 0 is a P.Fr . Let (d;wd; wd� 1; : : : ; w1)
and (d0; w0

d0; w0
d0� 1; : : : ; w0

1) be the types of F and of F 0, respectively.
Note that d0 � d. We distinguish three cases.

1) Assumethat (d;wd; wd� 1; : : : ; w1) = (d;1; 0; : : : ; 0).
This means that all polynomials of the given family have the same
degreed and the sameleadingcoe�cien t. Choosej 6= m sothat pm � pj

hasthe maximal possibledegree.Then d0 is equalto the degreeof pm �
pj and F 0 is a S.P.F. Moreover d0 < d and thus (d;wd; wd� 1; : : : ; w1) >
(d0; w0

d0; w0
d0� 1; : : : ; w0

1).
2) Assumethat (d;wd; wd� 1; : : : ; w1) = (d;wd; 0; : : : ; 0) with wd > 1.

Then all polynomialsof the givenfamily have the samedegreed but not
the sameleading coe�cien t. Choosej 2 f 1; : : : ; `g so that the leading
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coe�cien ts of pj and pm are di�erent. Then d0 = d, F 0 is a S.P.F. and
w0

d = wd � 1. Thus (d;wd; wd� 1; : : : ; w1) > (d0; w0
d0; w0

d0� 1; : : : ; w0
1).

3) Assumethat wr > 0 for somer < d.
Choosej sothat pj hasthe smallestpossibledegreer . Then r < d and
j 6= m; F 0 is a S.P.F. and(d0; w0

d0; w0
d0� 1; : : : ; w0

1) = (d;wd; wd� 1; : : : ; wr +1 ;
wr � 1; w0

r � 1; : : : ; w0
1) which is strictly lessthan (d;wd; wd� 1; : : : ; w1).

The claim is proven. �

Let j 2 f 1; : : : ; `g be as in the claim. If there are several possible
choices for j , we take the smallest one. We say that the S.P.F. F 0

de�ned by (15) is the result of the transformation B applied to F . The
length of F 0 is ` � 1.

Lemma 5. Let F be a S.P.Fr of length ` > 1 and let F 0 be the S.P.Fr

obtained by applying the transformation B to F .
If F 0 satis�es property (N ) with constant k, then F satis�es prop-

erty (I ) with the sameconstant.

Proof. Let the P.F. F with mark m be written as in (11). We usethe
samenotation as above. For all integersM ; N with N > 0 we have

�
�
�

1
N

M + N � 1X

n= M

Z Y

1� i � `

Tpi (h1 ;:::;h r ;n) f i d�
�
�
�

=
�
�
�
Z

f j :
1
N

M + N � 1X

n= M

Y

1� i � `
i 6= j

Tpi (h1 ;:::;h r ;n)� pj (h1 ;:::;h r ;n) f i d�
�
�
�

� kf j k2 :







1
N

M + N � 1X

n= M

Y

1� i � `
i 6= j

Tpi (h1 ;:::;h r ;n)� pj (h1 ;:::;h r ;n) f i








2

and the result is proven. �

5.3. The iteration.

Prop osition 3.

(i) Every S.P.F. satis�es property (N ).
(ii) Every P.F. satis�es property (I ).
(iii) Every P.F. so that the marked polynomial has degree > 1 sat-

is�es property (N ).

Proof. (i) Consider�rst a P.Fr of degree1. The family of polynomials
in the variablen obtainedby �xing the valuesof the parameterssatis�es
property (H) for almost every choiceof thesevalues. By Proposition 2,
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property (N ) holds for this P.F. Thus we can restrict to polynomial
families of degree> 1.

Starting with a given S.P.Fr F of degree> 1 we alternately apply
transformations A and B, starting with transformation A.

SinceF is of degree> 1, the S.P.F. obtained after the �rst transfor-
mation A haslength > 1 and transformation B canbeapplied. Assume
now that the P.F. obtained after someof the transformations B of the
iteration has degreed0 > 1, length `0 � 1 and is a S.P.F. Then the
S.P.F. obtained by transformation A has degreed0 > 1 and of length
� `0+ 1 > 1. Again, applying transformation B is possible.The result
of this transformation is a S.P.F. of length � `0 � 1.

Thereforeit is possibleto continue the iteration aslong asthe S.P.F.
is of degree> 1. A S.P.F. of degree1 can occur only after a transfor-
mation B.

The type is preserved by transformation A and decreasesstrictly
when the transformation B is applied. By Lemma 3, the iteration
stopsafter a �nite number of steps,resulting in a S.P.F. of degree1.

Each time we apply transformation A, the S.P.F. has degree> 1.
Thus the markedpolynomial is of degree> 1 and we canuseLemma4.

At the end of the iteration we obtain a S.P.F. of degree1 and as
already noted, property (N ) holds for this S.P.F. By alternating Lem-
mas4 and 5, we have that the initial P.F. satis�es property (N ).
(ii) Let F be a P.Fr as in (11) of type (d;wd; : : : ; w1). De�ne F 0 to be

�
nd+1 + pi (h1; : : : ; hr ; n) : 1 � i � `

	
:

Then F 0 is a S.P.F. and satis�es property (N ) by part (i) of the Propo-
sition and thus alsoproperty (I ). For all functions f 1; : : : ; f ` 2 L1 (� )
and integersM , N with N > 0, the integral in (12) remainsunchanged
when the P.F. F 0 is substituted for F . Therefore F satis�es prop-
erty (I ).

Part (iii) of the Proposition follows immediately from part (ii) and
Lemma 4. �

5.4. The case of a totally ergodic system.

Prop osition 4. Assumethat (X ; �; T) is totally ergodic. Then prop-
erty (N ) holdsfor every P.F.

Proof. We assumethat (X ; �; T) is totally ergodic.
The proof follows along the samelines asthe proof of Proposition 3,

by using a quantitativ e version of the properties (I ) and (N ) and
corresponding modi�cations of Lemmas4 and 5.
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De�nition 5. Let k � 1 be an integer, � 2 (0; 1] a real and F a P.Fr

as in (11), with mark m.

(i) We say that F satis�es property I 0 (with constants k and � )
if, for all functions f 1; f 2; : : : ; f ` 2 L1 (� ) with jf i j � 1 for each
i ,

(16)

lim sup
N ! + 1

sup
M

�
�
�

1
N

M + N � 1X

n= M

Z
Tp1(h1 ;:::;h r ;n) f 1 � : : : � Tp` (h1 ;:::;h r ;n) f ` d�

�
�
� � jjjf m jjj �k

for almost every (h1; : : : ; hr ) 2 Zr .
(ii) We say that F satis�es property N 0 (with constants k and � )

if, for all functions f 1; f 2; : : : ; f ` 2 L1 (� ) with jf i j � 1 for each
i ,

(17)

lim sup
N ! + 1

sup
M








1
N

M + N � 1X

n= M

Tp1(h1 ;:::;h r ;n) f 1 � : : : � Tp` (h1 ;:::;h r ;n) f `








2
� jjjf m jjj �k

for almost every (h1; : : : ; hr ) 2 Zr .

Property N 0 with constants k and � implies property I 0 with the
sameconstants. It also implies property N 0 with constants k0 and � 0

if k0 � k and 0 < � 0 � � (becausejjjf m jjjk � jjjf m jjjk0 � 1).

Lemma 6. Let F be a P.Fr as in (11) with mark m. Let F 0 be the
P.Fr +1 obtained by transformation A applied to F .

If F 0 satis�es property (I 0) with constantsk and � , then F satis�es
property (N ) with constantsk + 1 and � =2.

Proof of Lemma6. Let J , the polynomials qi and u(h1; : : : ; hr ; n) be
de�ned as in the proof of Lemma 4. We distinguish two cases.

Assume�rst that m =2 J . By hypothesis,for almostevery (h1; : : : ; hr ;
hr +1 ), the lim sup of the absolute value of the averagesin n of the
integral (14) is boundedby jjjf m jjj �k .

By the Van der Corput Lemma, for almost every (h1; : : : ; hr ), the
lim supof the L2-norm of the averagesin n of the functionsu(h1; : : : ; hr ; n)
is boundedby jjjf m jjj �= 2

k � jjjf m jjj �= 2
k+1 . This is the announcedresult.

Assumenow that m 2 J . By hypothesis,for almostevery (h1; : : : ; hr ;
hr +1 ), the lim sup of the absolute value of the averagesin n of the
integral (14) is boundedby jjjf m � Thr +1 qm (h1 ;:::;h r ) f m jjj �k . By the Van der
Corput Lemma, the lim sup of the L 2-norm of the averagesin n of
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u(h1; : : : ; hr ; n) is boundedby

lim sup
H ! + 1

� 1
H

H � 1X

hr +1 =0

jjjf m � Thr +1 qm (h1 ;:::;h r ) f m jjj �k
� 1=2

� lim sup
H ! + 1

� 1
H

H � 1X

hr +1 =0

jjjf m � Thr +1 qm (h1 ;:::;h r ) f m jjj2
k

k

� �= 2k +1

= jjjf m jjj �k+1

by Proposition 1. This meansthat F satis�es property N with con-
stants k + 1 and � and so alsowith constants k + 1 and � =2. �

The proof of the following Lemmais similar to the proof of Lemma5:

Lemma 7. Let F be a S.P.Fr of length ` > 1 and let F 0 be the S.P.Fr

obtained by applying transformation B to F .
If F 0 satis�es property (N 0) with constantsk and � , then F satis�es

property (I 0) with the sameconstants.

We continue exactly as in the proof of Proposition 3. Property (N 0)
is satis�ed by a P.F. of degree1 by last part of Proposition 2. The same
iteration as in the proof of Proposition 3 shows that every S.P.F. sat-
is�es property (N 0). We deducethat every P.F. satis�es property (I 0)
and by using Lemma 6 that every P.F. satis�es property (N 0). Prop-
erty (N ) follows immediately. �

5.5. End of the pro of of Theorem 3. Any family of integerpolyno-
mials satisfying hypothesis(H) is a P.F0. Thereforepart (a) of Theo-
rem 3 follows from part (ii) of Proposition 3. Part (b) of this Theorem
for linear polynomials follows from Proposition 2. If all polynomials
are of degree> 1 this statement follows from part (iii) of Proposition 3
and when the systemis totally ergodic from Proposition 4.

As noted, Theorem1 follows from Theorem3 and Corollary 2.
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