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1.10. Improper Integrals

1.10.1. Improper Integrals. Up to now we have studied inte-

grals of the form
b
| rayas.

where f is a continuous function defined on the closed and bounded
interval [a,b]. Improper integrals are integrals in which one or both of
these conditions are not met, i.e.,

(1) The interval of integration is not bounded:
[a’v +OO) ) (—oo,a] ) (—OO,—I—OO) )

e.g.

(2) The integrand has an infinite discontinuity at some point ¢ in
la, b]:
lim f(z) = +o00.

r—cC
e.g.:
1

/01\/—5da:.

1.10.2. Infinite Limits of Integration. Improper Integrals
of Type 1. In case one of the limits of integration is infinite, we define:

[ e =pm [ sar,

/a f(x)dx:tlizn af(m)dx.

t

or

If both limits of integration are infinite, then we choose any ¢ and

define: . ) )
/_Oof(x)da::/_oof(x)der/c fla)da .

If the limits defining the integral exist the integral is called conver-
gent, otherwise it is called divergent.

Remark: Sometimes we write [F(z)]°° as an abbreviation for

()] = Jim [F(2)]

a a ’
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Analogously:
F@), = lim [P
and
F@)]%, = [F@) o+ [F@)]T = lim [F@); + lim [F()]
Ezxample:

> q t1 11 1
/ — dxr = lim — dz = lim [——} = lim (———I—l):l,
1 x t—oo |1 X t—o00 €T t—o00 t

1
or in simplified notation:

<1 17 1
/ —Qd:c:{——} = lim (———i—l)zl.
1 x], t—o0 t

Answer: If p = 1 then we have

‘1
/ —dr = [Inz] =Int,
1

T
SO

001 ) tl )
—dx = lim —pda::hmlnt:oo,
1

xT t—oo [1 T t—o0

and the integral is divergent. Now suppose p # 1:

SR I R 1,
R R e

If p>1then p—1>0and

<1 1 1
/ “dy=1lim ——{J— —1%=0,
. aP t—oo 1 —p | tP~1

hence the integral is convergent. On the other hand if p < 1 then
p—1<0,1—p>0and

ooi — 1i 1 1-p _ —
/1 dx—hml_p{t 1}—00,

xP t—o00

hence the integral is divergent. So:

o

1

/ - dz is convergent if p > 1 and divergent if p < 1.
LT
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1.10.3. Infinite Integrands. Improper Integrals of Type 2.
Assume f is defined in [a, b) but

lim f(x) = +o0.

r—b—

b
— 1
[ serte= i [ sy

Analogously, if f is defined in (a, b] but

Then we define

lim f(x) = +c0.

z—a™t

/abf(x)dx—tl_i}g/tbf(x)dx.

Finally, if f(x) has an infinite discontinuity at ¢ inside [a, b], then
the definition is

/abf(x)d:c:/acf(a:)dx+/cbf(:c)da:

If the limits defining the integral exist the integral is called conver-
gent, otherwise it is called divergent.

Then we define

Remark: If the interval of integration is [a,b) sometimes we write
[F (x)]z as an abbreviation for lirgl [F(z)].—and analogously for inter-
t—b—

vals of the form (a,b].

Example:
1
[ gatr= i [ =t el = i (2 -2v0) =

or in simplified notation:

/0 \/Lgdxz [2\/ﬂé: lim (2_2\/7;) _

t—0~

1
Example: Evaluate / Inxdx.
0
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Answer: The function In x has a vertical asymptote at x = 0 because

lim Inz = —o0. Hence:
z—0t

1 1
/ Inzdx = lim Inz dx
0

t—>0+ t

= lim [zInz — 2],

t—0t

= li Ilnl—-1)—(tInt —¢

lim {(1n1—1) — (tlnt — 1)}

= 1li t—1—tlnt lim ¢Int =0
g 4 nh (g tint =0)

~ 1.

1.10.4. Comparison Test for Improper Integrals. Suppose f
and ¢ are continuous functions such that f(x) > g(x) > 0 for > 0.

(1) If [ f(z) dx is convergent then [ g(x)dzx is convergent.
(2) If [ g(x) dw is divergent then [ f(z)da is divergent.

A similar statement holds for type 2 integrals.
Ezxample: Prove that / e dx is convergent.
0

Answer: We have:

00 1 [e'e]
/ e dr = / e dr + / e dr .
0 0 1

The first integral on the right hand side is an ordinary definite integral
so we only need to show that the second integral is convergent. In fact,
for > 1 we have 22 > z, so e’ < e™*. On the other hand:

t
/ e dx = [—e_‘c]j = —et4et,
1
hence -
/ e “dr = lim (—e_t + e_l) =e !,
1

t—o0

so |, 1oo e~* dx is convergent. Hence, by the comparison theorem || 100 e dx
is convergent, QED.



