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1.5. Integration by Parts

The method of integration by parts is based on the product rule for
differentiation:

[f(2)g(@)] = ['(z)g(x) + f(x)g'(x),

which we can write like this:

f@)g'(z) = [f(z)g(x)] — f(x)g(z).

Integrating we get:

[1@1dw e = [ir@ga)as— [ gwrad

[ 1@g @) ds = f@g(o) - [ g(a)s (@) e,
hWriting u = f(z), v = g(z), we have du = f'(z)dz, dv = ¢'(x) dx,

/udv:uv—/vdu.

Ezample: Integrate [ ze® dx by parts.

Answer: In integration by parts the key thing is to choose u and
dv correctly. In this case the “right” choice is u = z, dv = e* dz, so
du = dx, v = e*. We see that the choice is right because the new
integral that we obtain after applying the formula of integration by
parts is simpler than the original one:

/ rz efdr= x € — e® dx =|xe® —e" + (.
N ~
u dv u v [ du

Usually it is a good idea to check the answer by differentiating it:

(ze® —e* + C) = €e* + xe” — " = ze”.
A couple of additional typical examples:

Ezxample: /xsin:cda: =...
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u =z, dv=sinxdx, so du=dr, v=—cosz:
-:/ r sinzxdr= =z (—cosx)—/(—cosx) dx

~ T —— ~ — ——
u dv u v v du

:‘—xcosx—i-sinx—l—C‘.

Ezample: /lnxda: =...

u=1Inx, dv=dx, sodu= %dx,v:x:

-:/lnx dx—lnx:z:—/xldx
x

L N N —~ =~

U dv u v v du

:a:lna:—/dx

:’xlnx—aﬁLC’.

Sometimes we need to use the formula more than once.
Example: /132696 de = ...

u =22 dv=e"dx, so du = 2xdr, v = e

-:/ 22 ezdx:x2em—/ex2xdx:...

~ —

U dv
u =2z, dv=e"dr, so du = 2dzx, v = e*:
---::1:269”—/ 2 exdx:xQGw—2x6x+/2€xdx

—~ =

u dv

= |z%e” —21‘€$+26$+C‘.

In the following example the formula of integration by parts does
not yield a final answer, but an equation verified by the integral from
which its value can be derived.

Example: /sinxem de = ...
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u=sinz, dv =e"dx, so du = cosxdx, v = e":

-:/Sinxexdx:sinz-ex—/excosxdzz...
e

u dv
u=cosx, dv=e"dx, so du = —sinxdr, v=e":

.=sinx-e* — /cosxemdx
e e

u dv

=ginz-e* —cosx - e” —/emsinxd:c

Hence the integral I = [ sinz e® dx verifies
I =sinx-e* —cosx-e* —1,

ie.,
2] =sinz-e* —cosx-e”,

hence

I = e®(sinz — cosz) + C|.

1.5.1. Integration by parts for Definite Integrals. Combin-
ing the formula of integration by parts with the Evaluation Theorem
we get:

[ 1@y @ e = @)~ [ oo s

1
Example: / tan o dr = - --
0

uw=tan"'z, dv =dz, so du = ——dz, v = :
1+ a2

x
1 1 1
-:/ tan'z dr =[tan 'z =z ]é—/ x mdm

x
0 —— —— 0 ——
u dv u v v du

1
:[tan_11~1—tan_1()-0]—/ -
0

1+ 22
1
N xr
S d
4 /01+x2 v
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The last integral can be computed with the substitution t = 1 + 22,

1 2
1 1 1 In2
[iga=) [Las =2
o 1+ a2 2 ), t 2 2

dt = 2x dx:

Hence the original integral is:

1
/ tan 'z dr =
0

In2

2

1.5.2. Reduction Formulas. Assume that we want to find the
following integral for a given value of n > 0:

/x"ex dz .

Using integration by parts with u = 2™ and dv = e€* dx, so v = €* and

du = nz" 1 dx, we get:

/x”e” der =z"e" —n / " le”

dz|.

On the right hand side we get an integral similar to the original one
but with z raised to n—1 instead of n. This kind of expression is called
a reduction formula. Using this same formula several times, and taking
into account that for n = 0 the integral becomes [ e” dx = e” + C, we
can evaluate the original integral for any n. For instance:

/x?’e‘” dr = z3e* — 3 / x2e® dx

= 2e” — 3(2?e” — Q/xem dx)

= 2%e” — 3(2%e” — 2(xe” — /e’” dzx))

2 x

= 2e” — 3(2%e” —

2(ze” — "))+ C

= |23e® — 32%e” + 6xe” — 6e” + C'|.
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Another example:

/Sin" rdr = / sin" !z sinz dx

——— ——
u dv
o con—1 2 coon—2
= —sin" “zcosx+ (n—1) [ cos®xsin"* dx
——
1—sin?x

= —sin" tzcosz + (n—1) /sin"_2 dx

—(n— 1)/sin”xdas

Adding the last term to both sides and dividing by n we get the fol-
lowing reduction formula:

coon—1
. sin rcosr n—1 L
/sm"xdx:— + /sm" 2rdx).

n n




