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ABSTRACT. We prove an extension of the Gradient Theorem to Lips-
chitz continuous functions.

1. INTRODUCTION

The Gradient Theorem (GT), that can be seen as a generalization of the
Fundamental theorem of Calculus (FTC) to n dimensions, is typically for-
mulated for functions F' : U C R™ — R that are continuously differentiable
on an open subset U of R™. If F' is one such function, and ~ : [a,b] — U is
a smooth (continuously differentiable) path, then the theorem states that

(1) / VF(x) - dx = F(4(8)) - F(7(a)).

where x = (z1,...,2,), VF = (%"“’%)’ and - represents the dot
product, so the integrand is VF(x) - dx = > | %3(;) dx;. A proof can be
found in [5].

In one dimension the GT becomes the FTC for continuously differentiable
functions, i.e.:

b
2) / F'(z)dz = F(b) — F(a).

The FTC can be extended to absolutely continuous functions, as shown in
[3] sec. 33.2, theorem 6. On the other hand, advances in some fields require
the use of extensions of the GT that apply to classes of functions that are not
necessarily everywhere differentiable (see e.g. [4], proposition 1.), so there
are practical motivations to extend the GT in a similar manner if possible.
However, although we can extend the definition of absolute continuity to
R™ (in more than one way), this property poses some problems, e.g. the
composition of two absolutely continuous functions may not be absolutely
continuous. So we will restrict the extension of the GT to a smaller class of
functions with better properties, namely Lipschitz continuous functions.

Definition 1. A function F' : § C R"™ — R™ is Lipschitz continuous if there
is a constant K > 0 such that || f(x) — f(y)|| < K||x—y]|| for every x,y € S,
where || - || represents Euclidean distance.
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A good source on Lipschitz Analysis is [2].

In order to make sense of the integral of the derivative or gradient of
a function, the given function at the least needs to be almost everywhere
differentiable, i.e. differentiable everywhere except for a zero measure subset.
The following theorem ensures that such is the case for Lipschitz continuous
functions.

Rademacher’s theorem. If U is an open subset of R™ and F : U — R™
is Lipschitz continuous, then f is differentiable almost everywhere in U.

Proof. See e.g. [1], Theorem 3.1.6., or [2] Theorem 3.1. O

This may not be still enough for an extension of the GT to Lipschitz
functions, because everywhere differentiability does not imply differentiable
almost everywhere on a given path—e.g. the function max(z,y) is every-
where continuous, and almost everywhere differentiable on R?, but is not
differentiable at any point of the line z = y. So (almost everywhere) differ-
entiability on the path will need to be included as an additional premise.

2. MAIN RESULT
Now we will pose and prove the main result.

Theorem 1 (Gradient Theorem for Lipschitz Continuous Functions). Let
U be an open subset of R*. If FF : U — R is Lipschitz continuous, and
v la,b] = U is a smooth path such that F is differentiable at v(t) for
almost every t € [a,b], then

/VF F(y(b)) — F((a)).

Proof. The path - is continuously differentiable on a compact set (the inter-
val [a, b]), hence it is Lipschitz continuous (because its derivative is continu-
ous and so bounded on [a, b]). The composition of two Lipschitz continuous
functions is Lipschitz continuous, hence ¢ — F'((t)) is Lipschitz continu-
ous, which implies absolutely continuous. By the Fundamental Theorem of
Calculus for absolutely continuous functions we have

b
d
FGO) - Fota) = [ SFO@)dr.
By the multivariate chain rule we have
d

2 F00) = VEG(#) -+'(t)

wherever F is differentiable (for almost every t € [a, b] by hypothesis). Hence

/F( ) dt = /VF t)dt = /VF
o dt

and the result follows.



3. CONCLUSIONS

We have discussed difficulties of a possible extension of the Gradient Theo-
rem to functions that are not everywhere differentiable. Then we have posed
and proved one such extension to functions that are Lipschitz continuous.
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