
Polynomials

There have been many problems about polynomials in Putnam exams. Here we will try to go
through some examples.

• Many problems can be solved through basic methods like factorizing or expanding polynomials.

– (Putnam 1985, B1)? Let k be the smallest positive integer for which there exist distinct
integers m1,m2,m3,m4,m5 such that the polynomial

(x−m1)(x−m2)(x−m3)(x−m4)(x−m5)

has exactly k non-zero coefficients. Find, with proof, a set of integers m1,m2,m3,m4,m5

for which this minimum is achieved.

– (Putnam 1992, B2) ? For non-negative integers n and k, define Q(n, k) to be the coefficient
of xk in the expansion of (1 + x+ x2 + x3)n. Prove that

Q(n, k) =

n∑
j=0

(
n

j

)(
n

k − 2j

)

(Hint: Think about the binomial expansion.)

– (Putnam 1999, A2) ? Let p(x) be a polynomial that is non-negative for all real x. Prove
that for some k, there are polynomials f1(x), . . . , fk(x) such that

p(x) =

k∑
i=1

(fi(x))
2

(Hint: A real polynomial can be factorized over C to a product of factors such as x − a
where a is a real root and (x − α)(x − ᾱ) where α is a complex non-real root. This
yields the standard fact that any real polynomial can be written as product of real linear
polynomials along with real quadratic polynomials of positive discriminant. Keeping in
mind that in this problem p ≥ 0, what can you say about those linear factors?)

– (Putnam 2001, A3) For each integer m , consider the polynomial

Pm(x) = x4 − (2m+ 4)x2 + (m− 2)2

For what values of m is Pm(x) the product of two non-constant polynomials with integer
coefficients? (Hint: Treat Pm as a quadratic polynomial of x2.)

• There is a notion of multiplicity for a root of a polynomial. If α is a root of multiplicity
m for the polynomial p(x), then p(x) must be divisible by (x − α)m but not by (x − α)m+1

(divisibility for real or complex polynomials works just like divisibility for integers). In this
case, it might be a good idea to write p(x) as (x−α)mp1(x) where p1(x) and x−α are coprime
(i.e. p1(α) 6= 0). Another interpretation is that p(α) = p′(α) = · · · = p(m−1)(α) = 0 but the
mth derivative p(m) does not vanish at α. Here is a good practice exercise:
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– (Putnam 1999, B2) ? Let P (x) be a polynomial of degree n such that P (x) = Q(x)P ′′(x),
where Q(x) is a quadratic polynomial and P ′′(x) is the second derivative of P (x). Show
that if P (x) has at least two distinct roots [in complex numbers] then it must have n
distinct roots [in complex numbers]. (Hint: Assuming the contrary write P (x) as the
product (x− α)mP1(x) where m ≥ 2 and plug it in P (x) = Q(x)P ′′(x).)

• There are some polynomial related problems that are of number theoretic nature (for instance
the problem A3 from Putnam 2001 appeared above). In these problems we are dealing with
polynomials with integer coefficients and in many cases it is a good idea to use modular
arithmetic. An extremely helpful fact about a polynomial p(x) ∈ Z[x] is that for any two
integers a, b, the integer a− b divides p(a)− p(b).

– (Putnam 2007, B1) Let f be a non-constant polynomial with positive integer coefficients.
Prove that if n is a positive integer, then f(n) divides f (f(n) + 1) if and only if n = 1.

– (Putnam 2008, B4)? Let p be a prime number. Let h(x) be a polynomial with inte-
ger coefficients such that h(0), h(1), · · · , h(p2 − 1) are distinct modulo p2. Show that
h(0), h(1), · · · , h(p3 − 1) are distinct modulo p3. (Hint: First, assuming h(x) ≡ h(y)
mod p3, use the hypothesis to deduce that y must be in the form of x + kp2 for some
suitable k ∈ Z. Next, if p | k we are done and otherwise in the case of p - k verify that
p3 | h(x+ kp2)− h(x) implies that the coefficient of x in h(x) is a multiple of p. Then by
comparing h(0) and h(p) modulo p2 derive a contradiction.)

– Few Related Putnam Problems ? 1985 B2, 1986 B3, 2000 A6, 2002 B6, 2004 B1

• One other type of problems are those concerning multi-variable polynomials.

– (Putnam 2003, B1) ? Do there exist polynomials a(x), b(y), c(x), d(y) such that

1 + xy + x2y2 = a(x)b(y) + c(x)d(y)

holds identically? (Hint: Think of both sides as polynomials of y whose coefficients are
polynomials of x. By comparing degrees of 1, y, y2 what can you deduce about b(y), d(y)?)

– Some Putnam Problems on Multi-variable Polynomials ? 1986 B5, 1987 A4, 2004 A4,
2005 B1, 2005 B5

• More Practice Problems on Polynomials from Previous Putnams ?
1985 A6, 1986 A6, 1990 B5, 1991 A3, 1992 B4, 1997 B4, 1999 A1, 2002 A1, 2003 B4, 2005 A3,
2007 B4, 2007 B5, 2008 A5, 2009 B4, 2010 B4, 2014 A5
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