
1 Putnam training

(by Iurii Shyshatskyi, Lunt B12, iuriishyshatskyi2015@u.northwestern.edu)

1.1 Combinatorics

Problem 1.1. How many ways are there to put k identical balls into n boxes?

Problem 1.2. Prove that a full graph on 6 vertex with edges colored in two colors have at
list one monochromatic triangle.

Problem 1.3. (Euler theorem / Euler characteristic)
Any convex polyhedron’s surface has Euler characteristic:

V − E + F = 2

Also any planar graph satisfy this relation.

Problem 1.4. Suppose in the university there are 2017 students and 232 professors. It
is known that each student is acquainted with at list one professor and each professor is
acquainted with at list one student. Let f(A) > 0 to be the number of professors acquainted
with the student A and f(B) > 0 to be the number of students acquainted with the professor
B. What is the largest real r such that one can always find an acquainted pair of the student
A and the professor B such that f(A) ≥ rf(B)

Problem 1.5. (Putnam 2005, B4)
For positive integers m and n, let f(m,n) denote the number of n-tuples (x1, x2, ..., xn)

of integers such that |x1|+ |x2|+ ...+ |xn| ≤ m. Show that f(m,n) = f(n,m).

Problem 1.6. (Putnam 2003, A5)
A Dyck n-path is a lattice path of n upsteps (1, 1) and n downsteps (1,−1) that starts at

the origin O and never dips below the x-axis. A return is a maximal sequence of contiguous
downsteps that terminates on the x-axis. Show that there is a one-to-one correspondence
between the Dyck n-paths with no return of even length and the Dyck (n− 1)-paths.

Problem 1.7. (Cassini’s identity) Prove Cassini’s identity for Fibonacci numbers Fn.

Fn−1Fn+1 − F 2
n = (−1)n

Problem 1.8. (Catalan numbers by Wikipedia)

(a) What do you know about Catalan numbers Cn given by generating function:
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(d) Cn is the number of Dyck words of length 2n. A Dyck word is a string consisting of n
X’s and n Y’s (parenthesis, arrows) such that no initial segment of the string has more
Y’s than X’s.

(e) Cn is the number of ways to multiply n+ 1 factors written in a row.

(f) Cn is the number of full binary trees with n + 1 leaves. (A rooted binary tree is full if
every vertex has either two children or no children.)

(g) Cn is the number of non-isomorphic ordered trees with n vertices. (An ordered tree is a
rooted tree in which the children of each vertex are given a fixed left-to-right order.)

(h) Cn is the number of non-isomorphic ordered forests of ordered trees with n− 1 vertices.

(i) Cn is the number of ways to triangulate convex n+ 2-polygon.

(j) Cn is the number of rooted binary trees with n internal nodes.

Problem 1.9. (Eular Pentagonal theorem)
Prove that number of partitions of number N into sum of odd numbers equal the number

of partitions into sum of different.
(Can you do it without generating functions?)

Problem 1.10. (Shperner theorem)
Assume that A is a collection of subsets of {1, 2, . . . , n} such that no element of A is a

proper subset of another element of A. How large can A be?

Problem 1.11. (Zsigmond Nagy theorem ?)
Let A to be a collection of three element subsets of n element set such that any two of

them do not intersect at exactly one element. How large can A be?

Problem 1.12. (Van der Waerden’s theorem)
For any given positive integers r and k, there is some number N such that if the integers

{1, 2, ..., N} are colored, each with one of r different colors, then there are at least k integers
in arithmetic progression all of the same color.
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