
MATH 360-2, Winter 2011 MENU Applied Analysis

Below are few problems intended to get used to using Fourier series to solve
the heat equation

ut = αuxx

subject to the boundary conditions

u(0, t) = 0 = u(`, t)

and an initial condition
u(x, 0) = g(x).

The Fourier series solution is

u(x, t) =
∞∑

n=1

cne
−(nπ/`)2αt sin(

nπ

`
x)

and the coefficients cn can be calculated by the formula

cn =
2

`

∫ `

0

g(x) sin(
nπ

`
x)dx

The coefficients can often be found using Matlab. Once you have the answers,
you can put them in to Matlab and see how the solutions behave over time.
There is a template for this on the Matlab archive of the class homepage.
The link to the “Heat Equation via Fourier Series” displays the answer to
the first example below. Other examples can be gotten by modifying the
coefficients.

1. Take α = 1 and ` = π. Suppose g(x) = 1. What are the coefficients cn?

2. Take α = 1 and ` = π. Suppose g(x) = x. What are the coefficients cn?

3. Take α = 1 and ` = π. Suppose g(x) = x(π−x). What are the coefficients
cn?

4. Take α = 1 and ` = 10 and u(x, 0) = 10. But change the boundary
conditions to read u(0, t) = 10 and u(10, t) = 0. Find an expression for
u(x, t).



Answers

1. c2m+1 =
4

(2m + 1)π
and c2m = 0 so

u(x, t) =
∞∑

m=0

4

(2m + 1)π
e−(2m+1)2t sin((2m + 1)x).

2. cn = (−1)n+1 2

n

3. c2m+1 =
8

(2m + 1)3π
and c2m = 0

4. We have u(x, t) = z(x, t) + 10− x with zt = zxx and z(0, t) = 0 = z(10, t).
The initial condition then becomes

z(x, 0) = 10x

and this can be solved by the above methods. Hence

u(x, t) = 10− 10x +
∞∑

n=1

(−1)n+1 200

nπ
e−(nπ/10)2t sin(

nπ

10
x)


