
MATH 360-2, Winter 2011 MENU Applied Analysis

Project 2: The Heat Equation on the Half-Infinite Line

This project is an adaptation and expansion of “The Optimal Depth of Wine
Cellar”, on pp. 614–615 of Borelli and Coleman. We will study temperature
along a long rod – so long as to be essentially infinite – sunk into the earth. In
the first scenario will assume that there is a time dependent heat source (for
example, the sun) creating a heat flux at one end (at x = 0). In the second
scenario, we will specify an initial condition and analyze the solution.

1. We are given an infinite rod pushed deep into the earth with only one end at
the surface. The depth x is measured in meters. Temperature change is driven
by some cycle, which we will take to be yearly. Argue that the heat flux at
x = 0 can be modeled J(0, t) = c0 sin(ωt) where c0 is a constant and ω = 2π if
we are measuring time in years. Use this to deduce that a mathematical model
for temperature u(x, t) at time t and distance x from the surface is given by the
heat equation

ut = Kuxx

ut(0, t) = c1 sin(ωt)

subject to the constraint that u(x, t) be bounded. This is slightly different
than what’s in the book. Show the boundary condition can be rewritten as

u(0, t) = T0 + A0 cos(ωt)

where T0 is the mean daily temperature and A0 is constant.

2. Recall that cos(ωt) is the real part of eiωt. So we will find a complex solution,
then take the real part to get the solution needed. Assume the solution is of the
form

u(x, t) = T0 + eiωtA(x).

Substitute into the heat equation to find

u(x, t) = T0 + A0e
−αxei(ωt−αx)

where α = (ω/2K)1/2. Thus

u(x, t) = T0 + A0e
−αx cos(ωt− αx).

3.(Matlab) We are going to compare the temperature at various depths over the
course of year. We will start the time in July, so that u(0, 0) is the maximal
surface temperature. Take K = 500 and take the time scale to be in years (the



book uses seconds). Assume we have T0 = 10 and A0 = 20, which is not so
far off Chicago. Plot u(x, t) for various values of x and over several years. You
should see (a) a flattening effect and (b) a phase shift, both as depth increases.
Comment and explain.

4. (Optimal depth of a wine cellar; Matlab). On p. 615, in the text and
in problem 1, the book makes a proposal for the optimum depth of a wine
cellar. State and solve the problem with the same values of T0, A0 and K given
above. Graph the surface temperature u(0, t) and the temperature u(x0, t) at
the optimum depth x0. Your graphs should look something like Figure 1 on p.
615.

In the second half of this project we will take a look at a different type of solution
of the heat equation. First, we look at

ut = uxx

subject to u(x, 0) = 1 and u(0, t) = 0.

Here x ≥ 0 and t > 0, so the initial condition should really read

lim
t→0

u(x, t) = 1.

Explain why this models a very long rod with a constant temperature with one
end instantly cooled to zero.

5. Assume the solution is of the form u(x, t) = v(x/
√

t) where v(z) is a function
to be determined. (See note (1) below on this assumption.) Put v(x/

√
t) into

the heat equation and deduce

v′′ +
z

2
v′ = 0

where (−)′ = d
dz . Use an integrating factor to deduce v′(z) = c1e

−z2/4 and
hence

v(z) = c1

∫ z

0

e−s2/4ds + c2.

6. Now use the initial and boundary conditions to show that

u(x, t) =
1√
π

∫ x/
√

t

0

e−s2/4ds =
2√
π

∫ x/2
√

t

0

e−z2
dz

See note (2) below.



7. (Matlab) Graph the functon u(x, t) obtained in problem 6 for various values
of t, such as t = .01, .1, 1, and 10. Describe what is happening as t gets large.
Is this the expected outcome? Why or why not?

8. (Matlab) In this problem, −∞ < x <∞. Consider the function

u(t, x) =
1

2
√

tπ
e−x2/4t.

Check directly that ut = uxx and that for all t > 0∫ ∞

−∞
u(t, x)dx = 1.

Now graph u(t, x) for small values of t and use this to make an educated guess
for u(x, 0+) = limt→0 u(x, t). In particular, note that u(x, 0+) = 0 if x 6= 0,
but something alarming is happening at x = 0. (You might want to review the
definition of the Dirac delta function.) What is going on here physically?

Also note that u(x, t) 6= 0 for any x if t 6= 0. This is an example of “infinite
propogation of singularities”: the initial condition is the singularity.

Notes: (1) If u(x, t) is a solution of the heat equation, so is u(ax, a2t) for all
constants a. Since f(x, t) = x/

√
t has the property that f(ax, a2t) = f(x, t), we

look for solutions of the form u(x, t) = v(x/
√

t).

(2) The function f(x) = e−x2
is the Gaussian; the graph is the bell curve of

statistics and probability. It has the property that∫ ∞

−∞
e−x2

dx =
√

π.

This is why
√

π is in all the formulas. The function

erf(x) =
2√
π

∫ x

0

e−z2
dz =

1√
π

∫ x

−x

e−z2
dz

is built into Matlab.


