
MATH 360-2, Winter 2010 MENU Applied Analysis

Project 3: The Wave Equation on a Drumhead

In this project we will investigate solutions to the wave equation in polar coor-
dinates
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with the boundary condition that

u(1, θ, t) = 0

for all t. This models the ideal vibrations of a circular membrane of radius 1
(i.e., a drumhead). The assumption remain the same as the wave equation in
one variable; see §10.1. You should discuss the validity of these assumptions.

Our main simplification is that we will assume the initial conditions u(r, θ, 0)
and ut(r, θ, 0) have circular symmetry around the origin; thus, for example,

u(r, θ, 0) = u(r, 0, 0)

for all θ. From this we deduce that u(r, θ, t) is independent of θ for all t.

1. Show that u is now satisfies the PDE

utt = urr +
1
r
ur (1)

subject to the boundary condition u(1, θ, t) = 0 for all t. Using separation of
variables, show that there are solutions of the form

u(r, θ, t) = F (r)G(t)

where

G′′(t) + b2G(t) = 0

rF ′′(r) + F ′(r) + b2rF (r) = 0

subject to F (1) = 0. Here b is a non-negative constant.

2. (Bessel functions; see pp. 668ff). Consider the ODE

x2y′′ + xy′ + (x2 − n2)y = 0

where n ≥ 0 is an integer. This has a unique solution Jn(x) which is defined
and bounded for all x subject to the initial condition Jn(0) = 0 if n > 0 and
J0(0) = 1. We will be mostly interested in the two cases n = 0 and n = 1. Show
that if J0(b) = 0, then f(x) = J0(bx) is a solution of

xy′′ + y′ + b2xy = 0



with f(1) = 0. Show also that J ′0(x) = −J1(x). To show J ′0(0) = 0, use a power
series expansion, or first show J0(−x) = J0(x), then use the fact that any even
differentiable function g(x) must have g′(0) = 0.

3. Let b1 < b2 < b3 < · · · be the positive zeroes of J0(x). Use your answer to
nos. 1 and 2 to show that a formal solution to Equation (1) is given by

∞∑
n=1

[An cos(bnt) + Bn sin(bnt)]J0(bnr).

If u(r, θ, 0) = g(r) and ut(r, θ, 0) = h(r) use Formula (15) on p. 673 to find
formulas for An and Bn in terms of g(r) and h(r).

4. (Matlab) Graph J0(r), 0 ≤ r ≤ 30. Now graph, in cylindrical coordinates,
the functions fn(r, θ) = J0(bnr) for n = 1, 2, 3, and 5. Be sure an comment on
why these might be the harmonics of a drumbeat. Now graph

un(r, θ, t) = cos(b3t)J0(b3x)

for a few values of t to see how this fundamental solution is evolving. These
pictures should be 3-dimensional and in cylindrical coordinates.

Warning: In the final problems, you will use Matlab to graph partial sums
approximating solutions for two different initial conditions. This uses significant
computational power, and it may take real time complete. In addition, the series
converge slowly near singularities, so be careful in problems 6 and 7.

5. (Matlab) Let ut(r, θ, 0) = 0 and u(r, θ, 0) = g(r) = r2(1− r). Graph this ini-
tial condition in cylindrical coordinates. This example is chosen so that u(r, θ, 0)
has a derivative, even when r = 0. Now graph u(r, θ, t) for various values of t,
say t = 0.25 0.5, 0.75 and 1. Describe the evolution of the vibration. If neces-
sary, do other values t to make sure you see what’s happening. In this example
you don’t need a great many summands to get a reasonable approximation to
the solution.

6. (Matlab) Let ut(r, θ, 0) = 0 and u(r, θ, 0) = g(r) = 1 − r. Graph this initial
condition in cylindrical coordinates. Note that there is point where the initial
condition does not have a derivative. Now graph u(r, θ, t) for various relatively
small values of t, say t = 0.1, 0.25, 0.5. Your graphs may not be perfect
because you may not be able to use large enough sums to do the calculations in
reasonable time. Nonetheless, you should be able to tell what is happening to
the singular point as time goes on. Describe it. Also describe what happens in
large time.



In the final question, you will repeat question 6 for the heat equation

ut = K(urr +
1
r
ur) (2)

subject to the boundary condition u(1, θ, t) = 0. As demonstrated in class, this
has formal solution

∞∑
n=1

Ane−Kb2ntJ0(bnr).

7. (Matlab) Let K = .01 and u(r, θ, 0) = 1−r. Now graph the solution u(r, θ, t)
of the heat equation (2) for enough values of t so you can see the behavior for
small positive values of t and as t gets large. Describe what happens to the
singular point. (Again your graphs may not be perfect because you may not
be able to use large enough sums to do the calculations in reasonable time.)
Compare your answers to the answers for no. 6.


