MATH 360-1, Fall 2009 MENU Applied Analysis
Practice Test 1

Each question is worth 20 points. Please show all your work.

1. A falling 3 kg object meets air resistance equal to twice its velocity.
Assume it is falling straight down and the only other force acting is gravity.

a.) Write a differential equation to describe the the velocity of the object at
time t. Assume force is mass times acceleration and write the gravitational
constant as g.

b.) Assume the object is dropped, so v(0) = 0. Find the solution of differ-
ential equation.

2. Consider a system of two tanks, the first holding a 2001 of salt solution,
the second holding 1001 of salt solution. A solution of 4 g/1 of salt solution
flows into the first tank at a rate of 2 1/min; thoroughly mixed solution flows
to the second tank at a rate of 4 1/min. For the second tank, 3 1/min of 2
g/1 of salt solution flows in, 2 1/min of solution flows out to the first tank
and 5 1/min flows away.

a.) Write a system of differential equations for the amount of salt in the two
tanks.

b.) Find the equilibrium solution of the system in part (a).

3. Find the general and steady state solutions of
y" + 2y +y = Fsin(2t)
where F' > 0 is a constant. Is the amplitude of the steady state solution

smaller or larger than F'?
4. In this problem we will study a population y subject to the harvested
logistic equation

Y =6y —y* -8
a.) Draw the phase portrait, indicating the equilibrium solutions and where
the population will be rising or falling.

b.) Suppose y(0) = 1. Use the phase portrait to predict whether the popu-
lation survives.

c.) Solve the differential equation subject to y(0) = 1.

d.) Your answer to 4.c.) should show y — 4 as t — co. Why does this not
contradict your answer to 4.b.)?



Answers

1. If down is positive, v' = g — (2/3)v where g is the gravitational constant.

b.) v = 359(1 — e 230,

2.a.) Let z and y be the total amount of salt in the tanks 1 and 2 respectively.
We have the two equations

1
Y= 5" 1007

b.) x =680 and y = 280.

3. The general solution is

4F 3F
cite”t + cge”t — 55 08 (2t) — > sin (2t).

The steady state solution is
4F 3F .
—5g C0s (2t) — 55 Sin (2t).
This has amplitude F/5 which is smaller than F.

4.a.) The equilibrium solutions are y = 2,4, with y rising for 2 < y < 4 and
falling otherwise.

b.) The population goes to zero.

4 —6e

¢)y= 1 —3e 2t

d.) The graph of y has a vertical asymptote when the denominator is zero;
that is, at ¢ = (1/2)In(3). (The population is zero at (1/2)In(3/2).) For
this reason, the long-term behavior of y is irrelevant to the original initial
value problem.



