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ABSTRACT. Felleisen’s Standard Reduction Theorem for theλv Calcu-
lus yields an algorithm that models the Scheme interpreter. Theβ-nf λ
Calculus analogue is Barendregt’s Normalization Theorem. We give a
simple proof of this by porting and simplifying Felleisen’s proof.

1. INTRODUCTION

Barendregt [Ba, Thm. 13.2.2] proves aNormalization Theoremfor the
λ Calculus: if aΛ expression has aβ-nf. Plotkin [Fe, Thm. 3.1.4] proved
the analogue for hisλ-value Calculus (which models Scheme): his stan-
dard reduction algorithm always produces a value, if an expression has
one. Barendregt deduces the Normalization Theorem from a Standardiza-
tion Theorem [Ba, Thm. 11.4.7] [Ha, Thm. 3.37] (Felleisen and Plotkin
follow suit [Fe, Thm. 3.1.8]). We give a direct proof of the Normalization
Theorem, by porting and simplifying Felleisen’s proof.

We additionally simplify Felleisen’s proof by replacing his size estimate
Lemma [Fe, Lem. 3.1.13] by Lemma 2.4 below. We found Felleisen’s
Lemma difficult because it was not clear what the domain of his size func-
tion was, or what the size function was measuring.

We think we have a significantly shorter than Barendregt’s proof. How-
ever, Barendregt’s proof is of independent interest, as his proof of the Stan-
dardization Theorem grows out of a “longer but more perspicacious” proof
of the Church-Rosser theorem [Ba, Thm. 11.1.10] than the usual Tait and
Martin-Löf proof. Barendregt reduces all the residuals of a given redex,
from the inside out, in order to prove a diamond-like property.

We begin with the definition of ourλ Calculusβ-nf seeking leftmost
reduction algorithm. Following Felleisen [Fe, Def. 3.1.3], we will call each
step of the reduction process thestandard reduction arrow.

Thanks to Paul Burchard for the diagram package, which uses XY-pic arrows.
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Definition 1.1. The standard reduction arrowÂ // is defined to be the smallest
relation satisfying

M Â // N if M β N(i)

λx.M Â // λx.N if M Â // N(ii)

MN Â // M ′N if M Â // M ′ andM is not aλ abstraction(iii)

MN Â // MN ′ if N Â // N ′ andM is aβ-nf but not aλ abstraction(iv)

The following lemma, which we leave as an exercise, shows that the
standard reduction arrow is an algorithm.

Lemma 1.2. For anyΛ term M which is not aβ-nf, there exists a uniqueN
such thatM Â // N .

We will now write M Â //
β N rather thanM β N , since the relationÂ //

containsβ. Recall thatβ, now writtenÂ //
β, is the relation, or arrow

(λx.M)U Â //
β M [x := U ]

The arrow→ is defined to be the syntactic closure ofÂ //
β. The arrow³ is

defined to be the reflexive transitive closure of→. The reflexive transitive
closure of the standard reduction arrowÂ // will be denoted byÂ // //.

Theλ Calculus Normalization Theorem is now:

Theorem A. If M ³ N , with N a β-nf, thenM Â // // N .

Thus the standard reduction arrowÂ // gives an algorithm for evaluation
of expressions in theλ Calculus, returningβ-nfs.

2. REPLACEMENT FORFELLEISEN’ S SIZE ESTIMATE LEMMA

The arrow³ is also the reflexive transitive closure of a relation which
following Hankin we will callgrand reduction:

Definition 2.1. The grand reduction arrow→ is defined to be the smallest
relation given by

x → x(1)

λx.M → λx.N if M → N(2)

MN → M ′N ′ if M → N andM ′ → N ′(3)

(λx.M)U → N [x := V ] if M → N andU → V(4)

Remark2.2. Grand reduction is the key definition of Tait and Martin-Löf’s
proof of the Church-Rosser theorem. Barendregt [Ba, Def. 3.2.3], Han-
kin [Ha, Def. 3.14] and Felleisen [Fe, Def. 2.5.4] define axiom (1) to be
M → M . Our apparently more restrictive definition is equivalent to theirs,
because we can deduceM → M from axioms (1–3), by induction onM .
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Let Â // //
β mean the reflexive transitive closure ofÂ //

β, or β. Sinceβ is a
subset of the Standard Reduction arrowÂ //, the arrowÂ // //

β is a subset ofÂ // //.
We give a mild extension of a lemma [Ba, Lem. 3.2.4] [Fe, Lem. 2.5.6]

which Hankin [Ha, p. 37] states as Property (1).

Lemma 2.3. (1) Assume thatM → N andU → V . Then

M [x := U ] → N [x := V ]

and this grand reduction has the same type as the grand reduction
M → N , unless the type ofM → N is (1).

(2) If M Â //
β N , then for anyΛ expressionU

M [x := U ] Â //
β N [x := U ]

Proof. The proof of part 1 follows immediately from the argument of Baren-
dregt [Ba, Lem. 3.2.4] and Felleisen [Fe, Lem. 2.5.6]. A simple version of
their argument proves part 2, which we give for completeness.

We’re given theβ-reductionM = (λy.P )V Â //
β P [y := V ] = N . Then

M [x := U ] = (λy.P [x := U ]) V [x := U ] Â //
β P [x := U ][y := V [x := U ]]

= P [y := V ][x := U ] = N [x := U ]

by the Subsitition Lemma [Ha, Lem. 2.11], since by the variables conven-
tion, y /∈ FV (U). ¤

Now we give theλ Calculus port for a replacement for Felleisen’s size
estimate Lemma [Fe, Lem. 3.1.13]. Our replacement works because the
purpose of Felleisen’s lemma is to deal with grand reductions of type (4).
We think that our Lemma 2.4 is a much cleaner way to do so.

Lemma 2.4. For any grand reductionM → N , there existsL with

M N

L

// //

1_
²²²²
β

77 77ooooooooooo 1

where the grand reductionL → N is of type (1), (2) or (3).

Proof. We use induction onM . If M → N is a grand reduction of type (1),
(2) or (3), we’re done. So assume thatM → N is of type (4), say

M = (λx.P )U → Q[x := V ] = N, with P → Q andU → V .

By induction, there existsK with P Â // //
β K, and a grand reductionK → Q

of type (1), (2) or (3). By Lemma 2.3, we have

M = (λx.P )U Â //
β P [x := U ] Â // //

β K[x := U ] → Q[x := V ] = N
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and the last grand reduction has the same type asK → Q, unlessK → Q
has type (1). So ifK → Q is of type (2) or (3), then we’re done: we can
takeL = K[x := U ].

Now let’s assume thatK → Q is of type (1), that is,K = Q = y, for
some variabley. We have two cases now.

If y = x, thenK[x := U ] → Q[x := V ] is U → V . The inductive hypoth-
esis applies toU → V , so there existsL with

U Â // //
β L → V = N,

andL → N a grand reduction of type (1), (2) or (3), and we’re done:

M = (λx.P )U Â //
β P [x := U ] Â // //

β U Â // //
β L → N

Now if insteady 6= x, thenK[x := U ] → Q[x := V ] is y → y. And so
we’re done, we have

M = (λx.P )U Â //
β P [x := U ] Â // //

β y → y = N,

where the grand reduction is of type (1). ¤

Using our replacement for Felleisen’s size estimate Lemma 3.1.13, we
port one of his two lemmas [Fe, Lem. 3.1.11–2] to theλ Calculus.

Lemma 2.5. (a) If M → x, thenM Â // //
β x.

(b) GivenM → λx.N , there exists a grand reductionL → N such that

M Â // //
β λx.L → λx.N

(c) GivenM → V , with V a β-nf, thenM Â // // V .

Proof. GivenM → λx.N , by Lemma 2.4 there existsL such that

M Â // //
β L → λx.N,

with the second arrow a grand reduction of type (2), since (1) and (3) are
impossible. So by definition, there existsK such thatL = λx.K → λx.N ,
with K → N . This proves (b). The proof of (a) is similar, but even easier.

For (c), assumeM → V , with V a β-nf. We argue by induction onV .
By Lemma 2.4 there existsL such that

M Â // //
β L → V,

with the 2nd arrow a grand reduction of type (1), (2) or (3).
If type (1), we’re done, sinceL = V .
If type (2), then by definition,L = λx.K → λx.U = V , with K → U .
U is then aβ-nf, and by induction we have thatK Â // // U , and we’re done.
If type (3), thenL = (HK) → (AB) = V , with H → A andK → B,

and A, B β-nf, with A not a λ abstraction. By induction we have that
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H Â // // A andK Â // // B, and sinceA is not aλ abstraction, no term in the
sequenceH Â // // A can be aλ abstraction, includingH, so we have that

(HK) Â // // (AK) Â // // (AB). ¤

For theλv Calculus, Lemma 2.4 suffices to replace Felleisen’s size esti-
mate Lemma 3.1.13. However, in in theλ Calculus it’s convenient to take
Lemma 2.4 one step farther, to simplify the grand reductions of type (3).
For this we need some terminology suggested by Hankin’s sketch of Baren-
dregt’s proof of the Standardization Theorem [Ha, Thm. 3.37].

Any applicationM can be written uniquely asM = M1M2 · · ·Mk, for
somek ≥ 2, with M1 either a variable or aλ abstraction. IfM1 is a vari-
able, thenM is called aweak head normal form[Ha, p. 49]. If M1is aλ
abstraction, thenM1M2 is called thehead redexof M .

We define aweak head reduction, written Â //
w, by

(λx.M) U M2 · · · Mk
Â //

w M [x := U ] M2 · · · Mk

The transitive reflexive closure ofÂ //
w will be written Â // //

w as usual.
We define theweak internal reductionarrow→i by

M1M2 · · ·Mk →i N1N2 · · ·Nk if Mt → Nt for t = 1, . . . k

and ifM1 → N1 a grand reduction of type (1) or (2).
We collect some simple properties of weak head reduction and leave the

proof as an exercise.

Lemma 2.6. (1) GivenM Â // //
w N andH, we have(MH) Â // //

w (NH).
(2) GivenM →i N andH →i K, we have(MH) →i (NK).
(3) Â // //

w is a subset ofÂ // //.

Now we have our extension of Lemma 2.4:

Lemma 2.7. For any grand reductionM → N , there existsL such that

M N

L

// //

1_
²²²²
w

77ooooooooooo i

Proof. We use induction onN . If N is a variable, then the result follows
from Lemma 2.5(a), sinceÂ // //

β is a subset ofÂ // //
w. If N is a λ abstrac-

tion, then then the result follows from Lemma 2.5(b). IfN = (QK) is
an application, then Lemma 2.4 implies that there existsL = (PH) with
M Â // //

β L → N , the second grand reduction of type (3). Now by induction
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(on N), we have the left-hand diagram:

P Q = Q1 · · ·Qk

R = R1 · · ·Rk

// //

1_

²²²²

w

77oooooooooooo i

L = PH N = QK

RH

// //

1_

²²²²
w

77oooooooo i

whereRi → Qi and R1 either a variable or aλ abstraction. Then by
Lemma 2.6, we have the right-hand diagram. ¤

3. PROOF OFTHEOREM A

Using Lemma 2.7, we can port Felleisen’s main Lemma [Fe, Lem. 3.1.11]
to theλ Calculus.
Lemma 3.1. (1) GivenM → N Â // L, there existsN∗ such that

M Â // // N∗ → L.

(2) GivenM → N Â // // L, there existsN∗ such that

M Â // // N∗ → L.

Proof. Part 2 follows easily from part 1 by building “ladders”. We now
prove part 1 by induction on N. By Lemma 2.7, there exists

M N = N1N2 · · ·Nk

F = F1F2 · · ·Fk L

// //

1_

²²²²
w

_

²²

44jjjjjjjjjj i

with grand reductionsFt → Nt, and withF1 either aλ abstraction or a
variable. We consider the two cases separately.

If F1 is aλ abstraction, thenF1 = λx.P → λx.Q = N1, for some grand
reductionP → Q. We consider the two casesk = 1 andk > 1 separately.

If k = 1, thenL = λx.R, with a standard reductionQ Â // R. Now by
induction (onN ) we haveQ∗ with P Â // // Q∗ → R, and we’re done.

If k > 1, then callU = F2, V = N2, F̄ = F3 · · ·Fk, andN̄ = N3 · · ·Nk.
Then by Lemma 2.3, we have a grand reductionP [x := U ] → Q[x := V ],
and therefore by reducing the head redexes

M (λx.P ) U F̄ (λx.Q) V N̄ = N

N∗ = P [x := U ] F̄ Q[x := V ] N̄ = L

Â // //
w²

'' ''OOOOOOOOOOOOOOOOOOOOO

w

//

i_

²²
ÂÂ
ÂÂ
ÂÂ
ÂÂ
Â

w

_

²²
ÂÂ
ÂÂ
ÂÂ
ÂÂ
Â

w

// //

1

This finishes the case whereF1 aλ abstraction.
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If insteadF1 = x = N1, then suppose thatNa
Â // D, and thatNt is aβ-nf

for 1 < t < a, so

N Â // L = x · · ·Na−1DNa+1 · · ·Nk.

We apply induction toFa → Na
Â // D. So there existsZ such thatFa

Â // //

Z → D. Furthermore by Lemma 2.5(c),Ft
Â // // Nt for 1 < t < a, so

F = xF2 · · ·Fk
Â // // xN2 · · ·Fk

Â // // · · · Â // // xN2 · · ·Na−1Fa · · ·Fk

Â // // xN2 · · ·Na−1ZFa+1 · · ·Fk → xN2 · · ·Na−1DNa+1 · · ·Nk,

where the last grand reduction is obtained from the grand reductionsZ →
D andFt → Nt for a < t ≤ k. ¤

Now finally we have

Proof of Theorem A.Given M ³ N , for a β-nf N, there’s a sequence of
grand reductions

M = M0 → M1 → M2 → · · · → Ml → N

We use induction onl. For l = 0, Lemma 2.5(c) proves our result. For
l > 0, by inductionM → M1

Â // // U . By Lemma 3.1(b), there existsN∗

such thatM Â // // N∗ → U . By Lemma 2.5(c),N∗ Â // // U , and we’re done. ¤
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