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1. Determine whether each of the following statements is TRUE or FALSE. Justify your
answer. (This problem has five parts.)

(a) Let S be the surface z = /x2+ )2 for z < 4 with upward orientation and let
F = (-ye?, x€7,0). Then f_f; F.-dS =0.
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(b) Let D be the unit disk x* + y* < 1 in the xy-plane with upward orientation, and let
S be the top half of the unit sphere x* + y> + z> = 1 with inward orientation. Then
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for curl F = (x, —y, 1).
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(c) The surface area of the “spherical cap” which is the part of the sphere of radius 2
centered at the origin that is above the plane z = 1 is
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(d) Let F = (yz + z¢¥%, 2% + xz, 2yz + xy + xe**), and let C be the part of the curve
x(t) = (£ sint,2t, 1 = cos*t) with 0 < 7 < 7. Then [.F -ds = 0.
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(e) Let Cy, C,, and C; be three circles in R? oriented counterclockwise such that (0, 0)
does not lie on any of them, and let F = ;;:5 If fcl F-ds = j;z F - ds, then
J;I F.ds = fC3F-ds.
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2. Determine whether each of the following statements is ALWAYS true, SOMETIMES
true, or NEVER true. Justify your answer. (This problem has five parts.)

(a) For a number k, the vector field F = (6x%y,4y? + kx°, ze?) has path-independent
line integrals in R3.
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(b) Let C be the unit circle x* + y* = 1, oriented counterclockwise. For a number k,

ﬁ(x2 +k*+ Ddx +dy > 0.
C
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(c) For a number k, define f(x,y,z) = € sin(ky) + k’z. Then there is a C' vector field
G on R? such that V£ = curl G.

|Answcr: Ai\,‘_}é,\ 7% l

- —

We know Had Such @ (7 dfo‘JS Q)mclé. L‘)}\(;/]
div (95) =

Q.
h‘f- Sm(\’-‘y
NCLJ, N(Vg\ J,v ( <<u(L 1\

e ’> e S'nU) U- S):([Q*f@
(,J n)f-':l‘) ,D( me (xly,—ﬂ "%" a(l\ le.

So ) SV L\f\ & (.'L Wi ky(l Q)&i'?'k -

(d) Suppose that S is the unit sphere x*> + y* + z° = 1 with inward orientation. Then
for a number %,

f (Bxz*, 2y, (K> - D +2°) - dS > 0.
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(e) Let S be the (outward oriented) portion of the sphere x> + y* + 72 = 5 above the
plane z = —1, and let C be the circle 2 + y* = 4 in the plane z = —1, oriented
counterclockwise when viewed from above. For a C' vector field F,

ffF-dS = j;(curlF)-ds.
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3. Determine the value of the vector line integral

f (e" & §y3) dx + (3x* = sin(cos y)) dy
c

where C is the ellipse 9x* + 4y*> = 36 oriented clockwise.
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4. Let F = (xe¥™*, sin(cos y) + y, 7 + eza). Determine the value of the vector line integral

fF-ds
{ dy

where C is the curve which starts at (0,0, 0), follows the spiral with parametric equa-
tions x(f) = (tcost,tsint, %) for 0 < ¢ < 5x, and then follows the line segment from
(=5m,0,257%) to (0,0, 0).
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5. Compute the surface area of the piece of the paraboloid z = 3 — x* — y? where z > 2.
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6. Let S be the portion of the plane y + z = 2 which is enclosed by the cylinder x> +y? = 4,
oriented upward. Compute the vector line integral

ffcurlF- ds
S

where F = (e¥7, e V¥4 74 y),
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7. Let F = (y — xcos(x*), z + x — cos(e"), ez3+"'). Compute the vector surface integral

ffcurlF-dS
s

where S is the piece of the sphere x> + y* + z> = 5 where x > 1, oriented with normal
vectors pointing in towards the x-axis.
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8. Determine the value of the vector surface integral

F
T
ﬂ (ycos(e®), yz + y°,e" ™) - dS

S

where § is the portion of the cylinder x2 + z2 = 1 with | < ¥ < 4, oriented with outward
pointing normal vectors.
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