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1. Determine whether each of the following statements is TRUE or FALSE. Justify your
answer. (This problem has four parts.)

(a) Suppose that the system
ax, + bx; +cx; =d

ex1+ fx,+gxs=h

is consistent. (The variables are x,, x,, x3.) If the system
ax; + bx; + cxa=d
ex)+ fx+gx3=h
ix; + ij +kX3 =1
has the same set of solutions as the first system, then the equation
ix) + jXQ +hkxy=1

is a multiple of one of the two equations in the first system.
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(b) There is a scalar k which makes the function T : R? — R* given by

ycos((k* — 1)x)
[x} 3x+ 2k~ 1)%
vl P
v 3
(k + 1) — 4y

a linear transformation.

Answer: T~ AL/ l
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“+van &:v A AAD a\\'\}ﬂ(}s

goc\\j'geg % " (—E): o -

(c) If A and B are n X n invertible matrices, then AB has rank ».
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(d) Applying the linear transformation 7 : R? — R? defined by the matrix product

e

transforms the smiley face on the left into the smiley face on the right:
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2. Determine whether each of the following statements is ALWAYS true, SOMETIMES
true, or NEVER true. Justify your answer. (This problem has four parts.)

(a) Let k be a real number. The matrix

0 1+4k% 1+2k2
0 0 1+ 2k?

[l 1+k% 1+2k

has rank 3.
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(b) LetT : R* - R’ be alinear transformation. The equation 7(X) = [§ J has infinitely

many solutions.
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(c) Suppose that i and ¥/ are nonzero perpendicular vectors in R?. Then any vector b
in R? is a linear combination of i and 7.

-~ =5
IAnswer:ALWAYj —l Let i = [:‘,.] bl B [:;] Pecause u # 0,

either u;30 or U, 4 0. Assume u; +0, [ The s+her tase (S Similar. )

; A U, ;
U'IVJ + u’-\,“l F—1 a ’ v = O " Th)“sj V' == a‘:’ V,‘ ' aﬁhs‘dd
2

- U -2y u by
det [uv] O, then ul-g-u =0eor Vv, =0, [f U?-PU,"—'O, +hen L=0.
[ v,z 0, then U= [\3;] O, Since U+ 6 and v + 0, det [§7]#0
Thus, [6 %] (s invertib (e Led l:&fR COHSGQUQ:\'Hy, Ahere
(s x-[ ]:nfR cuchthat [& ¢]X = b Thet ts,

b= X0+ %9,

—~ b ok
winee u ,.Lv‘1

..\
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(d) Let A =|d e f|be aninvertible matrix. Then the matrix B = le d f11is also
g h i h g i
invertible.
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3. Letv, = [_(”,\72 = [—:2] ,and ¥y = [:35] Find conditions on the scalars b, b,, by so that

S [b
b= [ 11;; ] is pot a linear combination of ¥, ¥, and #;.
3
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4. Let T : R? — R? be the linear transformation which first rotates R> by n radians, then

1
applies the shear determined b 0 » then reflects across the line y = —x, and finally
PP Y(_s 1

scales by a factor of 3. Find the matrix of 7.
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5. LetA = { ; _2 ] Find a 2 x 2 matrix B such that B is not the zero matrix and AB is

the zero matrix.
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6. (This problem has two parts.) Let A be the following matrix.

O
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(a) Find the inverse of A.
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(b) Find the matrix of the linear transformation T : R? — R3 satisfying

(2l b A

Hint: Notice that the given input vectors are precisely the columns of the matrix A
defined previously. Try using the inverse you found in part (a).
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