
Math 320-2: Midterm 2 Practice
Northwestern University, Winter 2015

1. Give an example of each of the following. No justification is needed.
(a) A metric on R2 with respect to which R2 is bounded.
(b) A subset of R (standard metric) with empty interior and whose closure is not R.
(c) A nonempty subset of Q (standard metric) which is both open and closed.
(d) A non-complete subspace of R2 which is not open.
(e) A proper dense subset of C([0, 1]).

2. Show that for any points p, q in a metric space X, there exist disjoint open subsets U and V of
X such that p ∈ U and q ∈ V . (Draw a picture!)

3. Let X be a metric space and p a point of X. Show that for any r > 0, the closure of the open
ball Br(p) of radius r around p is contained in the closed ball Mr(p) of radius r around p. Give
an example where the closed ball of radius r around p is strictly larger than the closure of the
corresponding open ball. In other words, show that

Br(p) ⊆Mr(p) is always true

but Br(p) = Mr(p) is not, where Mr(p) denotes the closed ball of radius r around p.

4. Show that any Cauchy sequence in a metric space X is bounded.

5. Suppose that A and B subsets of R. Show that A × B is closed in R2 with respect to any of
the Euclidean, taxicab, or box metrics if and only if A and B are closed in R with respect to the
standard metric.

6. Given a subset E of a metric space X, define an accumulation point of E to be a point x ∈ X
such that every open ball around x contains an element of E distinct from x. (This is almost but
not quite the same as a limit point of E, where in the case of a limit point we do not require that
the element of E the open ball contain be different from x.) Determine the accumulation points
and limit points of the following subsets of R.

(a)
{

1
n

∣∣ n ∈ N
}

(b) Z
(c) [a, b]
(d) Q

Based on this, give a guess without proof as to how to characterize closed sets in terms of accumu-
lation points.

7. Suppose that (X, d) is a metric space. It is then a fact that the function

ρ(x, y) =
d(x, y)

1 + d(x, y)

also defines a metric on X. Show that a sequence in X converges with respect to d if and only if
it converges with respect to ρ. Also, show that X is bounded with respect to ρ.

8. For a subset A of a metric space X, show that ∂A = X if and only if both A and its complement
Ac are dense in X.



9. Show that the set of integrable functions on [a, b] is closed in the space Cb[a, b] of all bounded
functions with the sup metric. Is the subset of differentiable functions on [a, b] closed as well?

10. Define the function fn : [0, 1]→ R by

fn(x) =

{
xn x ∈ R\Q
0 x ∈ Q.

Determine, with proof, the distance d(fn, 0) between fn and the constant zero function with respect
to the sup metric in Cb([0, 1]).


