
Leotard
shifted sympl .

Derived forms and

cy categories

1- : filtered derived category .

2

A - a commutative mug .

For now : algebra /kiQ

Aresotvtion: 1¥; epi , guiseof dgak→ A

Comm .)
R
.

- dga concentrated in

homological degree 70 f- cohoue £01



( more generally : A could be
any

dga A. in hound deg 70) .
R
.

is semifree if it
is

kttjljeg ] (tj howog elements )

as a grated algebra .

Facts : ① A semi free resolution

of A. always exists

R
.

→ Q
.! unique /2£ 1=2

homotopy
A. f→B .

in the fol .
Sense

-

.

③ R .±→Q
.

it
-

E
t t
A f- B



F. how. topic to ft :

R.IQ
.

It ,dt ] Q
.

eve

1+1=0

111-1--1

e%f=fo , er, - f=f , -

RI : for two complexes A:B
.

:

A.→ B. ☒ C. lot) B.

11 eh

I. • + f. e , + k - e

Deo = { = -
de

,

is the same
as two morphisms

A B and a homotopy h
f' between them =

ate f. (a)eo-if.la/q+hla)e



Note also : CTO
' ) is a dga

(with u product) but not

commutative
. If we talk about

Nf dga (as we will ) , we

could define homotopy as
A. → Q.ic.co

' )→→Q
.

Cmorphisws of dga) .

This would

allow us to stay with dga
even over I. For commutative

dga there is no good model

for [To
' / so over 2 we

have to go to simplicial rings .



Deriredfunetors.fi
Alger → @

apply F to carry) R.tt
(needs to extend to dga ..

. )

Crampton F- (A) = TAG
11

A- module gen . by da
,
a c-A

f- linear in a ;D 1=0

dlab ) - da . b- a- db=o

Extend to Dga IR . ,o) :

R'R.lk R
.

- module gen.by
dr
,
RER ; Idr / = Irl ;

h - linear in r ; d. 1=0 ;



dlrs)= dr.si f- c) ' " r - ds
Action of a :

2 (r.IS/--2r.ds+C- 1)
""

I. Has)
(have to check that this

preserves
relations )

.

East : If R
.

= kttjlje ,] then

Sir
.
/f.
= ④ Ridtj
JET

Cod . IR
.

/q~→ A-④ REAR
.

= ⑦ A. dtj
JEJ

(b/c it is free R
.

- mod )



Ext D= Lexi
,
-

,
✗
in]

d-=P/Cf )

B. =P -1} ] d }=f

A. d }→ ⑦ A- dxj
11 11

(PAH }→Ñpµ /f-I

d }- df

Ho = coker = ÑpµKf,df >
I ÑA/k

Hiker



e± . A=kT✗ ]/ 1×4

A. d{ → A- dx

✗ - d }- ix. did __ 2x?dx

A = 0

her -_ HIA -0dL !
R
.

Another ex .
:

A-- ktx.gs/cx?xyis4



Lectured more generally
than last time : phone
A- → B dga in dog so

/ ¥ , epi , qviso
A'→ B of dga

R -- A ftp.ljc-J ]
Fists

. unique up to homotopy

ftp./a:-- B. ④ SIR
.

/AR
.

f- ④ B- dtj )
jej



tligherforuesyr commutative
Dia,k= Algebra /kgen.by

da
,
Ida / =lal -11 Cohon .)

,

rel ' :
da f- linear in a

,

d1=0
,

dlab / = da
-
b -11-1)

" /
a. db

Differential : dial
- da- o

If R=kItjljes ]
:

①

pyf-k-ltj.dtjlje-PN-symfh-yf-t.tl
a

⑤✗ftp./EpJ~-t0SymPlriyq--i)



[will actually need a different

arad.mg convention sometimes )
.

But first : NONCOM VERSION

A. is now an ⇒ alg
R
.

Cordga in

colour degEo)F-¥
as graded alg ,

Ro=k< tjljej>
free assoc

homotopy btw 2 morphisms

of dga :
R

.

→ Q.io IQ

E- Rico
' )



N#orms : 521 . No
Alfa

A- binned gen.by da

k - Ism in a ;dl=o

dcab )=da .

bt C- 1)
'' '
a.
db

L . A=k< tjlj.cz> :

R1 , NC
Atk
I ⑦ A. dtj - A
JEJ

( free bihrodule)
•
>
Nc

= Alg /kAlgo : RA /k

gen . by a
,
da Chu is a)

,

d.1=0
ldat-lo.lt'

deals)=( same as above)
p by #

I:* = Sara Ida 's



di p Pink
1-1h

→ I
Ptl , Nc

AIK

if 1A :o) dga , then

critics
,

d+ a) again a dga

Also :

sz
" "

Agg
=D

"
-
NC

AY
EA.si;]

If A- = kctj >

If "
Agent ④

A - dtj
j



shortDERha-mpex-A-dssy.lib d

Age
→ A →

a-
da

adb-Ta , b]

bod __ dob =p
The bar complex ( = bar resolution of A as an

A-A bimodal) :
ButA) a- A④ 1-

②"
☒ A azo

b' Cao@-• anti)=É C- 1)Jao -0-• g. g-+ ,
⑦ -094,

j=o

pine
am
# Coker (Bz (A)

É B
,
CAH

ao-da
,

- an
-3 Go ⑧ 9 , ②g

C. (A) = Bulat/ EA ,BnlA☐=BnlAl⑦ A
A- ⑦AP

A ⑦ 1-
② in

b. CaoB-③an)=§jl- ijsaoeo . -Baja,-→⑦-④an -11-15498910 . . .



It __Alk.ir#y~-cokerCC2lAl-G'

! (modification
from last

time

lectare3-B.lt/--tAxA%eA.uz0
b
'

: B. → Bn- i

B. (A) free bimodal resolution of A- A

Binod A ( we assume A h-flat ) .

C. (A) = B. 11-1×0CntA1-AxoA-enA@ApAb-bt0AAooAopCC.lA1.b
) the Hochschild complex

Its homology: HH
.
IA )

B : C. (A) → C. + , (A)

Blase- ⑦ an)=Él- 1)
"
1×09-0 -⑦God-0£ ,

j=o
Csigns change in graded ease) .

B2=bB+Bb= b'= 0



Digression.How do we knew B exists ?

For any
biuodule AMA :

TRIM) : = MICA ,M]A

for any AMB and BNA :

TR 1m¥ N)~→ TRB (NEM)A

M⑦ h-
n③ we

should be true for ¥
.

Example : f : A → B fB= graph 1ft

A -B bound =B ;

A acts via f- (a)

AIB 5- A

fB④BgA~_gfA
gA⑦AfB I fgB



Should have : a

C. ( A , #-) É C. ( B.¥ )
( Nesle : C. (A , M) = M ☒ A-

• •

formula same as above but

do C- M) .

GB- ⑦an 1- flao / ⑦ - - -
⑦ flan /

globule .- ⑦glbn)← b. ⑦ - - -
⑦ bn

Should be homotopy inverse
.

Say , g-- id ;

f-* : C. (A. f) → C. (AFA )
aoB-⑦ants flow)☒-• flan )

should be homotopic to Fero .



In fact , the homotopy is :

Bflaoeo-• an):{ t-hoflg.be - ② flan )⑦
860980 - ② 9J- I

Inotherwords:

id - f- * = [b.Bf ]
I

[ [ b. Bid]= 0 .

has the air of
"

t.us lid÷f
"

f- → id

and indeed is a nc
DeRham

differential . g



Hochschild complex of a toga R :

⑦ A- ④ I -11 ]④
"

(whom grading;
nzo all Eo )

bit

of degree 1 .

We write Cn = A- ④ A-Eiji "

( as opposed to
total grating .

Now
,
B-is of degree -1 .

C. (A) is a dog module

( over dga fete ] Eko

le 1=-1

E acts by B

OR BY DFN : MIXED COMPLEX



Complex of the same format :

④ Digg In ]
MIO

if ER , a) commutative dga .

Also free ] - dg mod ; e acts

by d. f- dpr) .

Comparison btwn the two :

when R an alg lindeso ) : bothHKR

* ☒•ñ%]→tyi%E→
.

KKR

<
✓

a@ - ⑦G- ↳ Goda, . . - dan
Intertwines b with O

,
B with d.



temma for a free graded algebra ,

→ GIR/ b-GIRI
b-GIRI

tLo
- ri:-b> R

is a quiso .

PI R=k< V > ; the free resolution

R①V⑧R→R@ R - R → o

r
,
@V@rzl-r.V @ rz- r , ⑦ vrz

Apply ④p@RopRtoitigettheboHowl5he.B
2-1

Cog .

Cc:(R) C. CRIED
,
b+uB

(negative cyclic complex of

asemij-ree-dgaD.sn?.-R-..sz" "
gviso . pyu→R? .



The left hand side of HKR (B)
is an example of a graded mixed eplx :

Mixed complex E- = ④ Elp )
pea

(④ of complexes with )differential 2

E¥÷x El! EH .

wait
1.4%1-2-941%1-2<=4,2

"

-a:*
aoi to do

↳•rakuten.IE#ijij '
seoi to ¥ Its
crrinffri.at#e2e.Y



Met a double cplx ; 121=+1
le / = -1

How to turn this into a

Ipx ?

For ⇐ mixed complex :

given & E.ÉE•I← 0

- -
- →

j
: des

"

yes
"
"

d

É→E
"

des
"

l tNCIE) : e°-4É
'

¥4 L t
17
,
not

NCCE) F' E→E°
11 ④

,
over

d t
EAD ,0+ue i diags161=+2



Fact :

NC (E) I Rthom ( k
leg ]

/ E)

PI semi free - solution of k :

:*I
leak

is to
k ← K

-Z
E

-t

0

11

⑦ k-k-I.ajta.gl -2J
jzo
0 :aji→eaj- I



For graded mixed complexes
E-④ Elp) :

NC (E) (p )
"

__ IT E(p+j)n+P→j
jzo

I

Elp /
"

→ Elpti)"→Elp+z)→
d tµdÑÑ Elp)°→Elp+i)

- '

→ Elp-121-2

d t d

wit
)Ñ

ftp.j-Elp-z)
"

µc(
E)Ñ

i t

NC (E)
"

= ⑦ NCIE )Cp )
p



f-Plan)=lÑi↳µln1|

ftp.df.hn/--/NCw(A1k)-npKp1/
what is what here ? A- dga in degso

1) Ncw (Alk) = NCT
DRIA / b ))

2) For a complex E; IET is the

Dold - Kan of EOE
'

(C. 107 , -1

oEMi-Homcowpl-sVtPfA.nf.otfRPauT_n@PA1kT.I
,

alotd

( RPA /k)
""

this)



A P '" ( Ain) :

⇐%)
"

- Csi¥11"→¥¥i )"
01 to

⇐%)" 6¥,;)
"

-

t

deg-0

deg=
- I

11.1 of this)
.



lectured Plain :

A- semi - free co= dga in Lego .

A"YA,n) : 11.1 of the complex )

uh?% )"-1 IF

I

HaiiT-xii.j_i.tY-io1Y@2AaT-snlr3.a.
)"→

/
ud

- - - -

deg-- - l

Gayle of degree 0 :

W = wz + Ws -1 . - . (2-d)w=#
wa E@%)

" - k

@ closed)



wnondegenerate-i.ws: T
ask
:= Der (Alk)- Ay,

X- Hwa

is a qvasi-isomor-phi.cn .
A nondegenerate closed 2- form of
degree n is by def . ashiftedsymplecticstruoture-ofd.gr

ee

n
.

What happens if we do the above

in a noncommutative setting ?

Roughly Iwill develop later) :

f) 1,4Wy :

111
THE
→ Der (Rte )

But for a commutative A and

a nonconvex semi - free res
.

R -7A :



R
" "

computes a HH.LA)
RIK

Der IRIKJ computes ~~aI HH.LA)
( later)

.

HKR : HH
.

(A) ~→ÑAa<
titi /A)⇐ ATAN

(not just 1- forms/ vectors ,
but ad

forms / multi vectors) .

quis { tuultivectors}~→{ vectors}It
I
CY structures on

It

tlhre generally ,

quis HHTA ) ← HH.CA )

I

CY structure on A
.



ty
A CY strre on a dog category A

}

"

NC version of a shifted symplectic
form

"

w
.
: 52,2¥ = Derlrlk )

where R→~A
§

Comin version of a shifted
symplectic form on the

commutative dga ① (Rep (Rt)
d

(derived representation scheme)
.



PII : Basics of theory of
shifted symplectic manifolds

( Lagrangian , - - -)

How to give shifted symplectic
structures ? (Derived) stacks . .

.

C.rather sketchily)

Qaantiaatim of shifted sa

Poisson-



Lectures From last time :

aÉI6s.

€1 HH
.
( lit ] / 441

"

R → A
"

kit
,
} ]
, EI}

① Direct calculation of 1-11-1
.

:

C. (A) = A ⑧ A-
③"

"

< Lit
"

,
tot

"

>

trot :-b, o

1 ⑧ t -0 let ⑧ t -
2T ⑦ t

lots- o - - .



181-02ttÑt¥É
HHJCA)=k if j > 0 ;

HHolA1n_An_k22O@R1k.Dfirm ⑦ A. 2)
R

A. 1 A.dt

A. Cd } )
" A. dt.lt } )

"

d }i→dt2=2tdt
A Adt

Ker :
Ad }
#
Adgdt

Coker !

Cd } )"t 4 Cd } )"dt

degree In
A "÷ degree

Chomol ) 2m11



Howtog1ue?_ Stacks
.

General intro sources :

Fantedi ,
stands for everybody

Toén
, - . global overview . . .

' 06

Cal ague ,
Three lectures . . .

Idea # 1 : Caffee) scheme S '→

{Geom structures parametric toys}%
:

Gd : objs -- { Geom str
. param tys }

hor = is 0s

£-1 S - grpd : obis = {v. bolles
of rank ross

}

Mor = { isomorphisms}
Ex Given G : obis = { G- torsos}

,

. . .



¥2 Given a scheme ✗ :

objects = morphisms ✗ → S

morphisms = { id} ( discrete srpd)

These geom
structures Éd :

① Pull back ② Glue local
- to -glob

f-E- → E ⑨
1 v.b. or G- torsos
S

T→s
f

To formalise ① ,② : look at

D= { Aff schemes}
as a si#

Asta: Category fibered in groupoid
over S

.

effective

- objects glue ( i. e. every descent datumisl
- Morphisms glue ( i.e. form a sheaf )



R.ec# : a site is a category with

a Grothendieck topology ,
i. e.

1) fiber products Sixssj exist ;
I i.
9-
→{

Sj

2) Class of confers {si→s}ie=,
As :

. - .

( generating : hi ↳ U open )
embeddings . . .

2



Generalizationttli Instead of groupoid ,
cs-groupoids-i.ee Kan simplicial sets

(for an actual groupoid 1? BT=
= Nerve 1T ) is a Kan set )

.

Ancs-st is a (homotopy )
sheaf on the site S

.

The sheaf condition :

* (s ) -7 kohm It ( Sio } %)
iv. e. 0

( gluing objects and gluing morphisms
are both incorporated ) .
Generalizations : Derived stacks

Now objects of ours are

derived affine schemes
,
i. e.

the"°T
INV

Copposite to) cda⇐o .
MORPHISMS : DFW



BlacLbox1_ ( for now) :
dtfff-cdga.co) form a site .

Cihclvdes : choice of topology
=

Toéu- Veatosi
,
HAG I

rof Kam
sets f- as - grpds)

(Homotopy) sheaf on that site =
= a derived stack ,

@Lift of pot .) : any construction for edge.
that is homotopy invariant

+

pullsback+glues
is a derived stack

.

Example-A-KA.sk = ÑATk④ÑA
where A~~→ A a- semi - free resolution .

Blaf : It glues well [descend )



kz.ge = how Kaya
A- → 2C

Greybox3_ If __ ✗ ( an actual scheme) :

Kya = the usual one

☒ = hoaohm ✗ •

(simplicial scheme) :
OP I. *↳ = holy KXYK

(Usual stack⇒ co - stack ⇒ derived stack)
I \ * it)=*cs)

5-gap PCs)
-Nenets)

5- Spectral

Exa=phe G- algebraic grp
BG = hocohm B.Goop

kBG/a = hohm Key
,

D 11

A-
colon)/k(G smooth)
"

shag the



More generally : GG ✗
Gfs )×✗H

[VG ) : Sns action groupoid It
✗Cs)

grey
box 4 : staekificationof

or the Kan set . . - EGGING -5×6 )
Csheafificalion of) .

"
Boy
I g'T

- i]

KING ]nI(Ñ×→g%g
Of
( In what sense and why ? /

Cosimplieial commutative ring
do do

c:glGQ,) : 01×1301×+4=-61×65d
, dz

Cosinplicial module :

n'
✗Esix.E.rlxxc.IE - - -

&



sign _~Ñ×⑦0(G
" )⑦O✗④ sign

22

µ*⑦ "

⑦ Ognlifg ;
right - invar

rect

identification : ☒⑦n

1=111 , - - . . An)Eg
acts on dig , , . -align by 1,141-1. - +Hulk)

Example_ dz : R'
✗
→ 0×0 Og⑧g*

✓ component of /
The form w →

the form that puts in corresp .

to the right - inv reef . field lg ,

JEG

the function <w
, lgix>
-

H tangent vector@g. ✗

gilrew)



(do A) Igi , . . - , gun)= 10,4
, . . ..tn/lGa,---i8n+i)Cdjd1lgi,--..gnei)=(ti,.-.,tj,gj*bj;..,tn)l8i--Bj8j+

(due ,d) Igi , . - . .fm ,)=gI , 1cg , . . ,gn) HE "

T

g%=lAdg)*H) action on this as a fu of ✗

(dow) (gi, -→gun)=w( go ,
- - ifni)

(djw) 18 , . . . , gun)=w( -→ SjJj+n . .)

(dmiiwlgi , . . . > gun)=gE,wcg ,
,
. . .

. g) +
+ gE.ir?wlgi.....gn)

after a change
-

*

wlgi , - if . /↳ G ,
- .gr/wlfs---ifs/

and

( ti , . . . .tn/lgi.....gn)to(g.--.gn)*/t..g.*k....isi--9a..JII
where : g* is the pullback by 9 of a
¢g*⑦ ") - valued) function/form on ✗ ; g*X=Adg*(×)



weg_et:

Cdo d) Cgi , - . .Sn¥=gi*( 0,8T¥ , - , gi
' *d) (92 , - , gut ,)

Cdj d) ( 91 , . ..gg#--CXi,.-.,tj,tj,.-.,tn)l---i9i9i+1i--/Cdmid)lfy.--,gn+)--Cti,...,Xn.o) 191 , . . . ,9n)

Ifor a g*④? valued function ¥
on G:X

(dow) Cgi , - - - , g# =g.TT/wlgz,---i9n-.)(djw)lgi,---iJn-i)--wGi,---iJjJj-i,---iGn-ii)
(daily , - . . ,8mi)=wlgi, . . . > In) + cross term :

( 0,0 , . - . , 0 , 1. WIG; - . ,gn)
i 2 M h#

Here
, for WERE , WE g*④0✗

leg : rule)= eew
where ee is contraction by
the right invariant field .

a :#→ g%0×



Chen : the cochran complex assoc
.

to the above cosimplicial v. s .

is ~~ to :

C. (G
,

R'×→y%O×)
alg
In

G-equivariant complex

i→fy : for any
ad group V,

(f)
e.g. V=g* ,
holm (ofVI. ✓⑦VI. ' - )
%
[the associated complex)

~_ VED



more-pea.se/y :

Y'
+④ •

④ ① (G. xx) is a

bisimplicial K - module
.

y*⑦m⑦OCG"✗X )
dot - -

dd-iidod.e.ddn-n-as.is( * ) (
• (6,1*1)

will

d
'

"=§-1dg. d
"

'=É±dj

EZ * +09

C.jYG.ge#ioq)--ioCPlGg-oQ)pxq--na1gdprgLc:-jlG
, 9%0×1



The Cartan model for

equivariant forms / fields and

SIX /G) 1k '

Rasa
-_ Gig (947,44%5%0×14)

= Gig (GR×••symji→
])

with two differentials r and d.

a

µ@ symg.TT#&-x/oTk
On the left , we have Borel 's

equivariant forms .

Dually ,



T.wsyi-ciaegGS-mltx-g-oo.IE/Ox
12

C :g(Q%×T✗•slyEHD
with the differential induced

by ofo-li-qn.to that ,

equivariant multivectors

(↳Tx ⑧ 51g E- a ]DG
map .



avg.ksofshfledsyu.pk/iestructwes-
(Mw) of degree 0

1-
*

In ]✗ w= DIE }id✗ ;)

G reductive group ; of degree 'd

on
BG ( induced bythek.tl#foru)wES4g*jG

of degree one on [ gYG ] :
dw=° w=Ed×i④✗Éµg*④5lojÑrw=o
f- 1

basis of of dual basis of of={ lmfns in of}



ouderirederit-YI.FI# -1 .51×1
,
- -

r

,
✗
n)

A- = k f k
,
. -, Xu 's 3 ,

,
- . .

.
3in]

0 : Xj-
0 5J

'→%
;

I }j 1=-1

( J + d) ( Ed }j
-

dxj)= 0
11

2 01 - dxidxj = 0

2x ,
-

Zxj



Lagrangianstrvctwes
L f- ✗ Cdg schemes ; more

generally , derivedw

stacks . . . )

An isotropic
structure for f

is a homotopy
btw f*w and 0

in R
"
"

Llk
.

Such a homotopy defines
a

homotopy between 0 and

f-
*

-1×-0 1-
* and zero ,
L

f-* T/
I '



ymorphismofand therefore a complexes of
0L - modules

f*T×-wT*
9 /
TL

An isotropic structure is

Lagrangian if
this morphism

is a qui som .

Exempts ✗ 26 Hamiltonian
action

.

=/
✗ i

'→ Hx
; for H ;)

HIM.¥aiH:
for f- Eaili

{ Hi ,Hj}= cikj Ha

l-c-gi.xe-arr.vect.feld.ly __ { He
,

- }



The shifted symplectic structure

of degree 1 on fgYG ] :

Haut C-Hy ④ Sym'(g*)]G
"

I dli ⑦ li G. Eg as linear

functions on § )

☒ ondegenerate closed 2-form of degree
1 on lofts ] ) .

C1a a :( ✗ /G)→ Tojo ]

91×1=-2 Hilx ) - lie g*

is a Lagrangian structure for wtaut
.

Inde



la i→ZlP④{ 1-1111,1-4 }

*gi.ie?H-i!g-*i#t-:ty-.o-.ig:ooxii--*eiHd=Tµ¥↳H, / ¥↳l%{ Hp,Hµ=
✓dtlll)

TY•O×→T✗ T¥→Y%0× 1T¥,%
li→✗

, di-lisoqq.gl/-lP&EHll1.Hp}
e.⑦ ↳ His

g④T×*→irw-0T¥- oj☒0×
li→Xe E- Ñ☒e×ei

(there isomorphicfield )
•

ÉWe see :

T¥✗/G]TEXIG]
=



Quasi-Hamiltouiauaetionsforaneduct.ve
group G :

symplectic
structure of deg 1

on [G/Gad) .

AssvmeG=G

Wz C- I} ; ws= f-
trlg

-
'dgp

w
,
c- Size syuiloj) ;
W
,
H = 1-ztrlvlg-idg-dg.gl

I

Cd + e) (w, + Ws)=0 .

2

An isotropic structure :

equivariant ;
✗ -11cg
A WEEK, )G ;
G

G
"

fFÉdµµ+:&
'

dw =
'

z true
- 'dap



ÑT%adÑÉÑQ→oj⑧0× /
*

TEDif it /±±. ;!i÷¥¥÷i -1¥
. / subcomplex

y;wsi¥É"É;¥÷÷÷§%.

oj-5-rfyooq-I-TIH.my.
I -511

,

- the vector field
of v on ✗

N°¥Iy : Note that

Stasi - Hamiltonian ⇒ Xrekercw) / if :
Tse

v + AdµaY=0lagrangio.us/-r#Fa-t:{ ✗✓ c- T.ci/r+Adm.e,v--0lg=kerlw) ⇒



Exampte ✗ = conjugacy class of f. EG .

G- ✗

g- gfog
"

reg

The 2- form w on X : ¥%→×r
v=Ñt ¥

'

✗r-ts-fq-YE-fxwlxv.tw/--1-ztr(w.AdfH-v-AdflwD
The pullback of w to G under

g-gf.si :
e-
YET
"

¥ tis
I

¥g!yj
'

7-☐ 7+-1
↳ Étrfiisfog"ti+1gfoÉ
- - - -

wf-trldg-j.g.figj.dg.g-tg.fi?gjG---ztrlg-'dg.Adgolg-'dg))



wlg-i-ztrfj.dg.Adf.ly-1dg )]
l wlg-i.li/.jvg.Adf.l5ds)-jdg.ttg.ljigYRr
t

right in vector field of very µ
:-b [v.1-dgf.g-ildg-j-gfdg-ofogiv-gfij-tr-r-4dgf.g.GG.j) - Adgfgg-ildg.JP]

2

Elp
- ' dp-idr.it -

= :(gfij.dcgf.j-Y-Ydlgf.si/.gfig-'-.t.(gfig-'-dg.f.j)-I¥gY+
+ Idg§ - Eggf.g-

'
• dg.fi 'g

"

= 12 (Adgfig
" ( dg.g-Y-tdgf.gg , Cdg g-

'1) ✓



Next: dlwlg) vs

ftp.idpP/gdtrfjljdg1.Adf.lg-'dg)J---'-ztrfjdgt?Alg.lg-'dgp
+ 1-ztrfjdg.sdf.ly"dgP ]

2

p-idp-gfij-dlgf.g-Y-sdgfgg-ildg-g-Y-dg.gr
"

=Adg[Adf:(g-
'

dg) - g-
'

dg]

tfp-idgY-t.SI/sdf...lj'dg)-g-'dgJs---Adgtr1At#gdgP-3Adf;G"dg)?lg"dg)

+ 3. Adf:(5dg) .
/ g-

'

dg)?¥dgP]
CÉEfr : ✗ =AdgCfo) f. EG

µ :X
- G w on X :

wlw.ir/='-ztrlw.Adflvl-vAdflwH#&wEey
Is quasi - Hamiltonian . Y=gÑgt



⇐

thedoubleafG.DK/--GxGGtGac1ion:la.b/ns(g,agiig.bji)f:D(
G) → 6×6 (a.b)↳ labia - ' b-

' I

W=tr( a- ' da.db.li
'

- da .a
"

-
b-

'

db)

The quasi - Hamiltonian
conditions :

tgfdlabtlabt :-(abt !dlabB+
+ ^z[dlatil.ba-ba.dla-b-YJ-tzfda.a-1-ddaldb.li/)+Adb..lei'da1
+ b^db- a- 'da-a-1.btdb.at

+ Adgila
- 'da))



"

I.is?;;i..I;;vsexpone.t.aiexps*ldg.g-')(sA)=f.etArAe-tAdt
n%y→

% exp:(dg . g-1) (SB) = esASB e-
sit

at = ' exp: 1dg . g-
' ) .% exp; 1dg .jH

•(8.A.EA) :# IetAga
'

t.caA e-
sAdt

- 82A 9A

off . e

's -t) A. fat ett
- SBA

=# f) asdt

oETE
s £1

.

- 82A 81 A



veg : 8A= -1mA ] ( the ad action

ofy )
4018A) =

=Ytrff[v. A ]e
's

.tt?sA.eH-sH-dtdsostESE1-Jtrff8A.e's-t)A-v,Ayect-sHdtts--
1ztrJjtds.Helt-s1A-v.Ajels-tttdt@g.secs-tlA-yAy.e't -sttdt)

Itrfif.es?lyesAJ-lv.esAje-st)sA.b----hCv8A)+1z(expI(dg.g-'+j'dg))



1. D= -dllvil-1-zlv.expfldg.j-jdgp.hn
fnong

Recall :

oC&AiaA)= { trffs.A.ettt.ca/t.e-1A.dtjs.0EtEsL-I

do will include terms :

{ tr fffrA.ie/-'A.orAj.etzA..rqee-H+tdAtntI-.0
and

ltrtalt.gyj.e-t.A.GA.it#'-ztrfffcrA.--etyt~Z0.-
.

2

trexiildg.g-Y-tzfjjjetts.ae
"?e"?

o
O O

-Ete
- KA

. if t.e-BAdx.dk
dxg



= fff 8A , , e'
""" *

. 8A;
e'"

-+31 ? gajelxs-x.tt
+ caff )

two of ✗ i
-

xj 30 ;
one £0

.

comparing the terms
,

we conclude :

do = - exp
't

(

t.fr/dg.g-'P)andqw---dlvi)+ev,exp*l'-zlg-'dg+dg.gYvc-yCor-
ary (Mis) M¥g*N_ of

a >

Hamiltonian action of a reductive

lie group . µ Fog#G
a-

w = ¥-0 - o
becomes a quasi Hamiltonian action of G.



poisson-liegroups-G.si , } Poisson ;

lie group ; e : * →
G ; G- G ;GxG→G

g- 5
'

Poisson morphisms .com#mdeErmations
of

= 030+-40
,
-1 Hoz -1 - - . } Hopf comin -1

-

Cocomm

a*b=ab+ [4-" R /a.b)
- - algebra/Hop

hit

01.at/--0a-obaPlb.e)-PCab.c)-Pfa,be/-Plqb/c--o
⇒ {qb} =P , la, b) -

P
,
/b. a) is a

bi derivation ;

associativity : ti term , antigen :

{ a. { b. c}} -12=0

↳ CP
,
la

,
bl) -10 , lab)= 4. lato ,

(b) +

+ 0
,
(a) 00lb)

+ CP, -01+1⑦A) (0%9005)



Skew - symmetric in a. b :

do : 1- → 1-⑦ A is a morphism
of Poisson algebras .

A-- ECG ] E appropriate class

of functions on a ↳ group :

formal , algebraic , - - .) G- a Poisson -

- Poisson↳p÷÷É±÷iÉirÉ"¥~morph
G og __ lie CGI

Poissonbraeet :

identifies AZTGGThe Poisson - lie
with Ngcondition :
Cod : y :og→og*

715,92)=ylgz)+Adg§lg,) skew - self-adjoint )



Differentiate at g ,=gz=e :

S : g-grog ;

811%43) = ad✗ only ) - ady 81×1

alternatively :
Me = Kerl A I. 6) count

=e✓g=e

y*= me/me ; eg= Der (Aik)
(where A- acts via g)

{a.b} c- me
(e.g. b/c y

is a Poisson morphism)

→ {
,
} descends to

Anselmi →ns./miniy*-oj
Lie alg structure



Fact : ✗ c- y ,
Xa the left- inv.

vector field of y ,
a c- A :

✗ { a ,b}={ ✗a. b} + { a. ✗ b } -181×11%1
(where 81×1 c- grog

viewed as a

left- invariant bivector on G)
.

☒ ↳ a := Ia
"'

@ a
"'

✗ a = Ea
"? ✗ a'

" (e)

aglam ,
X - (e) c- Derails)

✗ ( { a ,b})=E{a.b}
"! ✗ ( fails}

"') / e )

=Z{a":b"
'} . ✗ lamb"'Ve) -1

+ za
"' ,b
"'

. ✗ ( { a
"?b
"'
} )(e)

E{a
" :b
"'} ✗ la

'") /e ) - b'" (e) +
=

+I {a ":b"' } -a'" (e) . ✗ b'" (e) +
+ Ea "b

"? ✗ ( {a
'

?
' b'"3) (e) =



= { ✗a. b} + { a. ✗ b }-181×1 (arb)
Reinard same formula for

a Poisson action Gx✗→ ✗

on a Poisson variety ✗ :

B → B ④ A
H

"

01×1
016 )

a.be 01×1
81×7 c- AZ Tx assoc to

the action of g



Namu triple :

goof lie alg structure

<
,> btw g. of defines an

invariant form ; g, og
"

- subalgs .

Same as a lie bialgstrre omg
Cor of ) . lie 1kt

Exampte g=k compact ↳ group
GE KAN

Eixample :

GESLCn.ci/G=K=SUCn/
A = { diag Cai , - - - aan) /g. EIR}

N=N+ = upper tieng



=L in ⑦ m identify via Imckilling form)
11 T

jg
E suis) : E-1=1%1 E- = -1%0] Eef

'

;)

key) or is

i Eo Eo
Et

Et- E-

i E-
+
+ i E- iE+

of = non 8 :y£→Ng£
2liEoY→ Eo Eo- O

lie,#E.)←
Et | E±1→iEorE±

- (E+- E-F-
i'E.

✓

KiE++iE-5, (E+☒E-)J=O;[2iEi ,
liE++i E- 1)⇒ I -5

HiFi , (E+ - E)j=2lEiÑ
f. f-+ - E-
- iEo^(E--E)

if++ i E-↳ iEo^liE++iE-)



Another formula for 8 :

81×1 = ad×fÉE+^ E)
Ride More generally : look for lie bialgebra

where 81×1 = adx WR) REMY
Get a quadratic condition on R equiv .

to the co - Jacobi identity for f.

In this case , easy to write the

Poisson structure on G :

+1g) = lgR - rgR
( left - right shift of R to g c- G) .

E. G-- Glz or sea . 1%1%1%1
g = ( ti. tata ta)

lgk-nt-t.io?-.i*tg0-rglEH--tq}¥¥É.n p
*

^rg1Eµ)=t ,? -

+ t-41¥
,

lg /Eu) - th ¥
,
? +22¥ , Ha,



Upto a constant multiple :

{ t.i.tn/=2tntz , { tn.to ,}=o
(cancels out )

{ t.i.t.zls-t.tn {tn.tn}=tntu
{ tn.to/=t..tz , { tzi.tn } -

tz.tn/tppen-drXMann's description of
Glqcn) as Ant ( quantum space

+ Kostal dual)
.

n=2 : 9 Plane Kostal dual

leg /Aly : -5×1=99×2 3,32+9%31=0
÷Define relations on tµ⇒;so that :

×
,
→ tux , + take 5 ,→t , , } , -14,5

✗ 2.
→ tax, -11-22×2 }z→tn? -14,3

and for dual
would be morphisms
kglAY-sko.CAT @ kg /GÑ



Ctz , ×,+ tzz ✗2) (t , , ✗,+ tie ✗2) =

= 9 (t ,, ×,+ t ,,✗a) ( tz , ☒
+ tea ✗a)

tut , , ✗it tut , , ✗ z
✗ it tz , t ,z ✗ , ✗zt

+ tzztzpqxi =

= g
t
, ,tz , ✗i. tgtiztz , ✗2×1 +qt , , tzzxizt

+qtiztzzxz
tut , , = qt , , tz , ; tut , , = qtiztiz 's

9tut ,, + tut , ,
= aptntz , -194 ,-42

9 Itza ,

t
,, ] = 92 tut , ,

- tzitn



It
, , } , + tz , 3) (t ,, } , + tea %)

=- g Ct , ,} , + to }z) / t , , } , + tz ,}z)
t
, , tzz } , }z + tz , tie 5 , } ,

= - qtiztz, } , }z - qtzzt , , }z } ,
- qtntzz + tzitiz
= 92 tiztz , - 9 tzztil

qctzzt , , - t , tzz) = 92 t.ztzitz.tn
= g
'

ta
, tr
- ta ,tr

⇒ ltn.tn1=0
Itza

,

t
, , ] = 9¥ . tntz

,

also : It , } ,+ ta 3,12=0
( ta } , + tzz } a)2=0



We recover kg [Gla] :
t.zt.i-qt.tn tat , , -_ qtntz ,

tzztu-qtatntzzt.iq/-ntzzt,ztz,=tiztz
,

tut , , - t.tn __ (g-5) tntz ,

yuantumdeterm.ua#:

5,32ns It , , } , + tz , 3) ( t ,z } ,+ tzz }z)
= tutor } , }2 -1 1-zit ,z}z }

,

= ( t , , tzz - qtzitiz) } , }2central

detqT-tntzz-9tiztzifsubj.relsce-alfyyaj-he.ltij] detgt



1. The general context of reduction

/ Cas Lagrangian
intersection)

,
via Safronov.

2. Hamiltonian
, 9ham,habile reduction

T : I↳
.
lie bi algebras . Poisson lie groups . . .

Reduetionaslagrangianiuterseetion.la#iawrHe:

✗
€

,

two stuffed
Lagrangian symplectic
structure structures

w× Wy of degree
N

.

4- = 14
,
-4)" "

a bit of a
Cham :|greyb
Is a

will specify
§
,

y Lagr .

Wy Zz str.int/xZ



h = IT,*h , titi hz C-

c- I.
" 14

AM .
-

- PEEP " k=pEEPE%
.

-

Wy wz| wx

"
* G+d¥=+ip×*wI;É*I¥ÉÉ¥w?
f-Y-a-ipz.az

Why nondegenerate ?

L f- It fjT*→ f-7¥
Id-12)h=f+w w

=
-



" I *→.it#TI-Q.-iPi-y*-*-EnIfI i.

⑤
It
, this minus ← {

pity)dias i→t.it?uTy*-oa-ipz-#--iIi?I
a

↳ Iz this

1K¥ z
minus

÷÷÷.::÷÷÷÷-.÷¥;÷
are

denied Aff schemes , i - e . quasi - freedgo.to?C--yA-xi,-.,Yi,-IrBi&IBz---ny
Be BzAkan, - -1 ALI ,- .]

kl-ui.ua
,
. . .
]?-_ It

2A
- dui

C=k[a
,
- ii.→ y , , -] TI=¥, = ⑦C. { dxi

TITI
,

= ④ C. {
dui Gi

diag dxi
2 dyxi

Ñ)iiiiI¥i+÷→- *L
11 11

11

⑦C. dui ⑦ C. dui ,d×i ⑦ C. dui ,dy ;



÷÷↳*÷!¥÷*i÷I;÷÷É①

n-i-i.cn)
t

(tip;Ty)di 'S 2 copies of TI
12W ñ*py*
-1¥

"

Groth group
"

plausible ; cancel out indeed .



Example Lagr . stores
L

,
on Yiii.

Lz on
F

I¥1K !
L
,
✗ Lz

w n- shifted y

Lagr . street .
on *

= Cn - ,) - shifted sympl .
form .

① .
www.s context for reduction :

① A shifted sympl . X Ina)

② MIG→ ✗
Lagrangian structure

③
"

background
"

Lagrangian
structure on X

.

¥¥f→L "

background
"

1%14×1



LMIGJX 1%1--1%1=1
(or any2. e. g.

. [gygy coadjomt
orbit

I t off

IM /G) g- tg% ]

gen . constr . in derived stacks ; its value on

"

local
"

AE cdga
"

: just do the fiber prod ,

perhaps " sheaffy
"

. . .

How about :
( ( m :g0HG ] ?

010T OH'¥k←k
synth) T

01m)←ooÑ←symlg )4
"

filth
,
-HIHi

,
- -
-shh
-

=①[a) 155%5%28 { Hi ,Hj}=cij the
25J = Hjot-dgai.ocgx.IE:04?i-s.?....z.#



[* /G#f ←
or could

② . G reductive ; be

any

1 conj class

( MIG ]- [G/Gad ]
a

9ham reduction
.

③ Closely : ( Lw) Poisson - tie reduction



Integration of a he bialgebra
structure to formal functions
on the

group
:

1) Given a Le algebra og :

Tens 1g) = •free E- alg of y
y shuffle product :
(Xp . - - ✗a) CY , . -

- Yin/ = -217 , - - - them)

7-
a
= ✗ ; or Yj ;

orders of
Xi
,
- -

-

,
✗n and y ,;

- - , You preserved
2)

.
{④ - - -

✗4,4 ,
- - Ym)} :

write the shuffle product .

In all terms and all positions :
take 0¥ pair of neighbors ☒ iyj



and replace by [✗ i.Yj] .
Get Tens

"

④ Tens
"

→ Tenshin -
'

(g)
¥-1 : Tensley ) is a Poisson

algebra ; Dafne a

Poisson morphism .

%wy :

1- log
't) free assoc als

+ copoisson •Alg
Assume now : y* also a Lie
algebra .

Tlg
't

)→ Vlog
't

)
tact : if y

is a Lie bialge#
1-hen the co Poisson coalgstr.is ok on



dew : g- Lie bialgebra
blog

't) : 1) assoc algebra
2) co Poisson cialgebra

m :U④U→U

morphism of a Poisson ce algebras
U*= Vlog

's

)* :

1) Assoc coalgebra
Poisson algebra
0 : U

*

→ U'④ U
"

is a Poisson morphism .

Get a Poisson - lie structure

on a formal nbhd of e in
G*

.



Another way
to look at this :

Alg (GA 19pm)BiA9Liem
^

B) fr
Al9pn+i

Lie bialg where
8 is of deg

1- n -41g coalgs

Bf /R E
. }%eg 1-n

Poisson algebras
where {

,
} is of

deg -n

(e. g. Gerst . algs are 1Pa algs)



Lie bialg £I V12)
poiss.cobracket :RF

,
induced by
%SILENT)
U☒U→U .

bracket : ind.by
product inE. If v12 )

differentiate ind
. e.z

by 8g

L=(GLie(AE ]))[n-1
differential :B) ind.by MA
bracket :

CA , { , }) induced by { ,



And another pair of functors
B-

Co AlspnAspin
(Kostal duality) .

operadpn-tim.im/--nYms?Y=dYat-Pn-iibr1br/---n
lbrr / = ten

B. a Pini
,

- alg:
④

C :B
" ""

is a

11? - alg .



Pn - alg A Pn - coalg BA

BA --GGm§lieAIdDfe])
differential :
66m46 Lie / 1- EDDIE])

① find .by MAd.e
" (1- Ed ]Xe]

? ② find - by bra
↳Court ( co lie " (Atd ]/ Ces)

m

① A( (d) A Eddie ]→ A. Ed ] [e ]
must be of deg 1 : !

Ibra I=- n
② Ali ][e) ④ AGT →All ][e]

must be of deg 1 ;



BA=GGm¢GlieAE)[nD
diff I induced by bra , ma .

Gobracket of degree tn .

Duty : sC=GmCtie(CEDE;D
diff I induced by bikini

Bracket of degree -
n

.tom÷
msn.at?IYFITbiA15h-en-iB,//Rcsafronov)(Algpn)
Als

,pn+,

#
ABE

,

which leads to : what are En- algs
in Sym Mon ( co)- cats

? B. Rvs Syin Mon
struct . ?


