
t✗-woduI
✗ complex analytic smooth

DÉ= {operators on locally of
the form I P±lx)o

'

II/ ≤ N-
x

holomorphica:=%i . . .
Fast : this is independent of local words
(will see more)

.

NTM

D✗=§⇒≤ QÉ%✗≤
"

≤

=

✗= Walk X✗=xi, - - if
hobcoords

Identify4s
I → oyn-oy-isii.is]
⇒a¥×P *.

✗Eggs /xp )
f%%→ÉÉf . }!! . . }.in

Q¥=Rees=Éh%≤
•

①Et] - algebra
×

k=o jn

5-09-17..int] folks
,

)!
. - HE)f}!É



Fact : ① ftp.g-jz
.

asif . aig

for the product on Oy -15.4]
polynomial in }

② Tdenlifyfwther : Ou
,

-13.4 ]=Q,*y It]

Then top :O.EU?typ-
'

Top
/
Lp

are of the form :

top = id -14T¥ + 4-2T¥ -1 . . .

where Tgif
'
are differential operators

Prof : f. 1%1- ta /9pHp ))
I

Q-psplbiik.lt?gf.lxak&plfi9qsHpH]
↑ "

?p9pl✗p ) • (0%7419%1%1)



Therefore logs :

3-pspkgik.LI . } .-
{
p

Gap "ñ
- xp

these are precisely transition isms

of IX.
Denote this coordinate change

Funko , }a)←Fun / {pigs )

by Gigi .

Then

&gp=( 1++7%+4-2 +
. . .)◦GqT*

Tip
" dif.gs .



we get a sheaf of algebras
at
1-
*

×
defined by *& , togs

Tx pr
"

Reesox → 0¥,
¥" inclusion of sheaves

of algs
Now : given (U ,Fe ) DX - module
with filtration F compatible w/

order filtration : OF.T-euct-a.eu

Rees (h ) -_É→t "Full

µᵗ= 0¥, ④ pr
_ ' Reesh

pi 'ReesO✗
Cmicrdocalisation of µ ) . sslti ) :=SvppMᵗ



EE M=0× Fe ?

D≤ " . Fe C Fan F◦=F
,
=

_ _ .

=

Rees (a) =hᵗ :

[ b- 1.1 it } -1--0

✗=A? flx.SI . -91×3.1=20%-1051-1×10) .ⁿglx)

§¥2 ⑧

F-
' :/
""% -0*4-+0

supported on

{5-0}with this action

e.g. 3. glx) - I = g.I + tg
/HI

µ = ; % acts via ⇐ + eelx)
✗- ×

avg.to#iCq-cei-D- 1
12

① (x)

hᵗ=oᵗ
at ,ÉReestʰ)≈Oᵗ/oᵗ•(g- headA-

2 A)
2

still supported
at§



EI M=8◦=
, ,
/D*ix ✗ ⑦ a .si"

who

F.µ= E. 8
""

Rees (a) =

= ④ Ith ] . b-
"

8
' "'

3. 4-
" 8 !" = him's.int

')

hᵗ=Oᵗ pireesta)≈%:X
A-2%90*13%3 21

supple ᵗ={x=o } 0151551

fh-isj.ME?z'-iE(aif.ojce)lQ5).8oe.gx.ql3J&-oec#f--- ite} /3) • of

Ee ✗=A
' a- Otani] Q, acts via ¥É

✗- ×

Filtration :

!;×"°F×
"

+c¥+§)(ti)=z
= -42×-2+542×-2 tithe - -

- -

Basis of Rees (a) :c,
3 . _ .

×5± c-14-4-47 44¥
:



all
"
__

,
④

pi.gg
pr
-
'

Rees M ≈ 0+10+1×3-t)
1*2 AT

§
invertible away

from ✗3--0 .

support)= { × }=o}

Ex An 0¥, - module net coming from

a DX - module U :

if -_ 0%10%(574×1) ≈ 01×15+1 ;
✗ acts by ✗

supply ) -_ { 3=-14×1} 3 - by ta×+f%)
Formed

, Vf comes from µ=ef? 0
A
'

but et#¢ anything we know .



More on 0¥.× :

can define also when ✗ is algebraic smooth

over € .

In fact : Ty is locally free of rank n ;

easy to see }
,
Symq
,

(Tx )
↑ i

filtered gr
Alg :

(bi) dif . ops extend to localizations;
if f- C- Olu )

,
VC -17

,
is

invertible on U then f-+5- - -

is invertible in Ot / u)

(UCTX) @ Cpr
- ' Cao ))EtD

,
*)"

f
speecolpr-ilu.ly)

principal open subset



LE.
: A- ① fxix

"]

✗ via ✗

Ox via ¥, -1%2

0 1 ✗ x2 ✗
3

_ _
.

I ×
" 4-2

2 ✗
-3 ni" Eg.t-c-h.tw

'

!
Rees#

1 ✗ x2 ✗
3

_ _ .

h-x-ih-x-zh-4-3.fi" ④ GET ]
:

hᵗ≈ -0%16%1×2}- at)_iuvertibe outside ✗{to



Another way to allow infinite sums :

UCT ''✗
is

p= [ p.la 's ) pie homogeneous
k=-N

of degree -K
Fact : * and transition functions Guv :

p*q=ECp*q)e
each (p*q)e is a finite sum ;

similarly for Guv
.

(b/c
f*g= I

↳ ' &
,
.iq,
%É

end K involved) .

But 251k ! decreases degree by 1

Ji keeps it the same

0

Élu)={ Ep. / paeolu) of deg - x }
k=- N

Growth condition : lpk / ≤ k !q!
" MEU



Fast : preserved by *, Guv .

[No chance for C- case ;
but %÷p

has an estimate using integral Cauchy
formula] .

ECÉ sheaves of ringsw/growth j
condition on TX

(note : El -1*4=0 /a) ucx
But

away from zero sections :

lots of elements of E
,

É

h-appears.IR/esello- Schapiro :

[ PCE / EP
, Eiko}{

TIME)
x t awayfromT
3 T

{ É→ #G.E)i " }i



Recover O¥× on open subsets

4×{+1--0}
Polesello- Sch ;D

'

Agnolo-- - .

µ
:

Kashiwara . _

Classification/ construction of deformations
a-
µ

(Mw) holomorphic

locally : Darboux words ; Ot
u using

tÑFact_ :

any
two such are

isomorphic .

OI←~o
✓t

on
Un✓

Guv

Eat : Any automorphism of 01
is inner

oj←ojʰ←0wt on UnVn✓

Guv Gvw = Adccuvw) . Guv cu✓wEOᵗ×
Vnvnw



Now : Guv Gvw Gwz
✗ =

Adkuvw ) Adlcawz) - Adgavlcvwz) - Adkuvz)
Gaz Cruz

ExtraWork_ : Cuvw = 1+4 . _ .

Cuvwcuwz
= Guv Ccvwz ) cuvz

We get an algebroidstak .

From that : sheaf of categories

Hms Clu ) category
U

y
- functor Clut Civ )

UCVCW- natural
Irani .
ciiÉ,

Guv Gvw

←ÉIÉ←⇔



(construction : objects of CCU) :

collections
µ, e

Ot _ mod
A- Yy Y

+

9ps : %1up≈% /
up

a. t . 9gs° 9ps
=

cops
' 9g

morphisms . _ .

Rude This is a more natural

object than a deformation of the

sheaf 0m .

How do the latter sit

inside the former?
Non-trivial question . Nest - Ts

.

.

Betrukavuikov-kaled.ir : the first
Rotansky- Witten invariant RWEH

" }n ,

appears ; G. Papayawv 's thesis ,
to appear .



Rmd Part of the reasoning similar to

Master class
, metastatic rep ,

etc
.

Will

become closer for entranced
µ

-

inodutes
.

Back to RH

D- mods Sheaves
[complexes/ l holonomic) of )

( later)
↑

din supplant ) minimal

ex . µ = ① [✗it '] Same sheaf( ✗ = At
'

↳ Ctriv local

2, via
-
"ᵈ✗

system
'

Max -1¥ on ✗ to)
solutions : ignore the latter Cit is

irregular )



Solutions : use enhancedsheaves_
on the right .

Trivializing the be syst of
+ ¥ : six)= e-

"✗

Say , c=
- I

@

"✗
SMALL ④ e

#
BIG

(Stokes tones)

se Cirreg)D✗ - mod→ Sheaf -1
growth

[
conditions

idea : this is described by
a completely algebraic theory
of Ind - sheaves ( later)

And , to distinguish btw ¥ - ¥ and

£
,

-¥ : Ind - sheaves on ✗ ✗ I



Historically :
Pole sell◦ - Seh . -0

'

Agn .:\✗✗ E
t

DinaT.

:

enhanced
sheaves =

= Sheaves

✓ on ✗✗ IR

D
'

Agnolo- (+ microsupportKashiwara : condition)
use ✗+¢ in

irregular RH



DRlh)asI_
← 0×9^1-4<-0×+012-4 ← - - -

Eti)%lj⊕f.iq?n-)-it-Chi---eeie)--2l-Di+ipx-li,ljJr..rlir--dlj--iaj
02=0 ; well -def . , i.e . Pf⊕(h^ - . .de) - P⊕(fh1- . )

§
get a locally- free resolution of
For a tight DX -mod N :

N×§×0× = N④ÑT✗ ,
same differential



Al left - mod → Rtf ④ µ - right
"

ay

%
-mod

lET× :

'

l 'Tw1⊕m)= - foot @ lm) - uol.io/e;-.m
for a boat generator
votcwx

- well - def . under volrog.nl , g-1-0

This , together with multiplication ty

functions , defines a sight action of

Indeed :
DX '

diva,Ce):=&÷ ;
div (al ) = adivll

/ + ela)

- (a. e) + =
altdivcael-all-d.ir/l1)+lla)

"

-
It _ a

also : transforms well when not → g-
v01

,

g≠



Define DM = w××M
left right

DR(u) = DM ¥ 0×1- in]
DX

as well as

☐ Rcn) =
☒ though , b)

E÷"¥u=¥¥÷-u
a

affine case : Ox ← 04

f•M=0✗%yM
The left action of Ox : Ox as usual

M→°Ñy %
,

µ [same
as

for (flat) connect.

⑦¥¥É° ¥ 'RE ⑦f- '

o.*f%→ÑxExG×H



Ee A
"-1A"

i ÷

✗ 1
,
- -

,
Xu Yi

,
- -

•

, Yin

D✗→y:= ① Dy = ① [✗ 1
,
- - ik ; %

,

. . .

. % ]
Oy 11 .

① [Yay]n_ ① [477%-5-1×1)•
✗
j

acts via Xj

¥j- ¥.

-1 -2¥ .

?

2✗j Hi

and Oy
acts on the right .

Identify §y , with % (
we are "

OY
,

hot

0¥,)

→ y
= Clean ] ;

2x via 3×+1-4×17 ay vie y

se via ✗ y ni - Ey-1ft)
D×→y=(0×•0%⑧Qf)(y-fH;q - f' A)g)



Also
G- t

%→Y N-Q-xx.T.y.tl?(y-fH;g-f4xIy)
more precisely :

Yi -fi Hi , - in) / ≤ i ≤ in

3g.
- É

- Yi 1≤j≤ nin d✗j④ote : the min functions commute in

Ot
⇒

⇒
① @top

-1*4 ,

and also Poisson commute

wrt d }-4+1%1-7
Support = conormal to graph Cdf)

By dfn : f%=0x→y%yM
↑

as above .

When should we expect this to be finitely
generated/Ox ?



"
hµ = Ss Cu )

have¥:* Ty
-

fibers

fiber of ( yn ) :

Redto :

Kid ✗
xy
-1*4 - TY

-

1 am, , yet;,×,
"€É "" "

1¥ 1%11

f- fiber of lx , 5)
:

Hf
'
/⇒g)1-

•

×
f'↑= }

↑

CY 3) affine
space in
1-F-ex)



Thin Given ✗I. Y
N DX - and

f non characteristic for N

1Df* left derived of f*
G. e. using ④%)

.

The :

HKGDf.TV/--0forkt-oti(DfW)--fNcoheoemt/oxssl:fW1--pr-.x(pr-i.ie
,
-Gsat

- Ndf)
Direct image :

✗→ 4

k
Looking at fibers ,Rf.@%→y)

11 expect :

Rf, coherent if f- is a projective
morphism



luiwolocal version of f- *
,
f
"

:

1-
"

✗✗ 1-
+

Y
-

→ TY
-

↓
T'✗

RIP't:#iii. cat : V☆ * Graph/ pilot
1-

*

✗
Preserves coherence 11
if f is projective

Dᵗno÷ÉÉe spaces ✗→ Y

-1 (at )]↓ ✓ ¥

pr-i-ypfgrg.it/pr-'OhTy-
Nice symmetry , esp. when we allow

1CTX×T'T to be arbitrary .



Hobwmicwodv# :

THE SS (a) is conical in.io/vtive

(Gabber theorem) ↑
in smooth pts : tsslu) < Tsscu)

in Sree Darboux coordinates : locally ,
{ 3. = . . _=3e⇒ } e≤ n

Gor din SS (a) ≥n (Bernstein neg)

µ holonomic if sslh ) Lagrangian
2

Leena Any Lagrangian subspace in

a symplectic vector space is in

same Darboux coordinates of the

form 3
,
=
_ . _
=3
,

-0 (or 3--0)



And in given Darboux coordinates lx
, })

any
(smooth) Lagrangian subvariety

is locally of the form
}
,
= Fx

,
1×1,32)

✗2=-1--321×1,32)

for soy subdivision ✗ = 1×3×21

3=131,32)

linear version :

}
,
= A

, ,
×
,
1-1-1232

- Xz=A,f× , + Azz }z

A,ᵗ=A , ,
,
Ati -_ An

F- Lot
Next : Vxw 11

Éww prwlpri'M
IF

Lod / Algebra DoneL not Right )



2=131,32) & {2
✗ -1%+4 ×

, ay ¥1 ↑, _
coordinates on

Vxw
'1=1%447

= An × ,
+ A- 1232-11-13 'll + A 1472

-X,
= Afz × , -1 Azz {2+1-2341+-12972

L]:}i=7 ,

-

_ Ain't + AÉ&A33ÉᵗAv!-

Ya
-

_ Aight Aju }a+AzᵗyY , + tank
' '

:

32--0
'

/Any Lagrangian 1) in ↑
✓ ✗ W

make those
for sole

=O (changing
subdivision | Aig , Are ,

1-271-29
(*)

(same syrup
!

coord change
as when

◦ = A ,,x , -1^-13 ""
A
"

"g [ < {Hip}.to/l:Mi--Ai3H reducing

- 42 = Auf × ,
to standard

(for some ✗e) form]



B-- [As An, ] :{ I;]}→{× ,}

Bᵗ=f¥¥ ] :{ I;]}← {×}
✗ :=✗,5--1%1 7=6:] A :=A"

Éi¥É! :{ ⇔"
X Ba + A -1--0

(AEA )

① It is isotropic :

<7,5
'

> - < 5,7
'

> = <7B¥> - <7!Bᵗx>

= 2137
,
×
' > - < Ba :X> =

-
<Ax

,
✗
'> + <Ax!✗>

= 0 ✓



dull .LI : can assume ✗ = -1¥
, ]

A-- % :]13=4%1
13,7-1×1[ Bat ]=0
f- B.tn/,-BztXz

-
or : § =-13,1-13,7 + %ᵗ✗2

for some ✗2

Bit __ 0w
Darboux words 5+13113,4

2-

9=13%12,7×21 But[BzZ=0 ImBÉ)+dimkoB
= {diuw



Expect:
This f. , f

"

sendhobictohobuomi.cc
true)



A AMB B

✗g- in Yi
,
- ik

%
,

- ibn AAB%Yi> 'tiki . _shik / % ;-,%{a- yz ; . . . ;3i7n

Hour
.⇔
!- "¥;)

4- 3h

Is a Xz- ✗ n module : AG ,
]

32 -3N

RHom( } q*



{ =p 'H {4×2--12
1) I

11=411} ) )

Y( ✗A) = ✗ 0--410-1

401×101=0 : ✗ = 41101

5=4×1×0-1 : }-
blot

↳ (a) *
,=e¥""alx)

4- (b) 1×1
=

91×7
blow""" " "¥÷¥;¥+µfe¥

""""

produce same function



a) apply stationary phase method :

Recall : 4101

→j, f-ei-T.BG) do =

=e"¥¥;;÷;H+ÉᵗHHih=7

+ OHH
8- isolated critical

point
given } ;

¥,%fe¥⇔"%wgdo His)eL

11 IÉsgn-Yg}( } ))

e.

¥ " } - ""M_- • (bk ) -1k .]
11

qitillx)
• alx) + o(h→ )



EE 5- kx ✗ =k
"

}

bks) 4131=6 _
' Iz

alx )

e¥l× }-41511
= e.

¥1"k× - ti 'Ckx% ]
=

=e¥kÉ
=
eitielx)

- 4
}}( E) = - k

-1

-

'

sgn ( K)

alxt-e-E.gr/blkx)+h...]
"

e-
¥9 " "? [b(k×)✓Ñ+h . . . ]



¥:
✗ § -415 ) - qlx)=nI out

9×1×0-4101 -41×11=11-+401--5{ Jpl 1=0--94×1--0

Hit defined up to a constant ]
Tik

,

Eik

The
IÉ
,
sgnlel } }) %,

fast : :*
The e.

¥40 -91×1-4101) easier to
part : do in

general .



°
,

choose local coords

✗
a,3& xp , }p

9×1×4 %) 4pkp.gs)

du {% }=na

[ nY≈{ 1×49114%1×40.1=0 }
↳ Up - - .

91×14) now a local function
on L

. fdylx.ua/--3dxlL-



Pref dqlx ,O)= 9×6,012×+8 - do

=9id✗=3d- only

¥ map
-_ 41×491-931×13,931

constant on Uanupnl
Biff . defines the

Derham

class of 361L .

Soweget :

M= YUI

V. =lr"4↳µItMe¥>
CAR

V2
- modules



transitionisg.morphismsiit-kp.ee• nIMP
. 11+24-12]e

4=7

j
d.f. ops

2

R: local reduction to the
case of no

linear terms

3 §
5- + i

t ✗



alx ; f) /☒ 14×7=91×+51×1×1
-

@

¥4k-1×1
- y 't-1£

11

cEtmfeitatinoiieifFijijgIblaoYdo@itn-9lH.e.tt#xeith-ICx;xYalx;xj
"

¥e
# 1×5-1451.it#-o-.i-yyo-*.e.eE.-li0-F-*%Dblo;o7dEei-+l.eelH-
4151- ✗ 5)

. a (x ; F)
"

⇔¥fe¥ -1*0^-410 ;éyb.④ d)def



We reduce to the case :
i

b (E) def
canst).e¥*⇒alI)=÷* ,,.ge#l*&-Y-l&Di-iL:5--IixYx--~I'

(5)

☒
,
§ : no const / linear terms ;

nondegenerate critical point
0
.

This can be done formally , at the
level of power series :

☒ (F) = É÷ñ
" 0-+4--45

'

n=Z

~Iti1=É¥
.

}
"

Rowing ( bio)
.

e¥É→4÷:& .

e ¥%É)=

= blitz).e¥-EÉi⇔⇒Y¥÷÷.é¥¥
But ÷,

lita;) /e-
¥

= ⇔:h⇒e¥"



Easy to see :

'¥ñ&×÷✓1*/bf¥alx;Ñ=f_ coordinate change in

4¥45-eld-4k$ half - densities

so we refined the construction of
the module % :

sections on tf :

Jets15217 ItDee'¥≥e*
( jets of half - densities)
Transition isomorphisms :

Gop = e'
¥9B .e'¥P(id+Ét%)

4--1

]

⇐ 31 - dependent) dif . ops
on jets

This is a bundle of modules over

the bundle of algebras Jets Ot
☒
2

( fiber : ① Ex:{BETI)
Both carry compatible flat connections
(later)



Reward
1. Bohr- Sommerfeld condition :

¥134k] + Nasby -_ 0 in H' 1L ) ?

ex
. ¥ 2-1 Ti =L"_iN

÷ 1¥ - 1) =L.IN

1¥ - / = - IN 122=4-11-21 , NEZ
what is the status of

R swell . this ? Our calculation was

/ formal in t ; now we treat

t as actual number .
Is itI.Wtry :

just a hunch/suggestion ?
Solve

(g2+×Ñ air in actual /

% , R > 0 .
1--12+5

. . .

?

a) probably no chance for
a smooth

solution i will have discontinuity
b) Does it have

any
connection to /

"Y ""

of
actual eigenvalues of 34×2 when

_h→0 , n→• , Cn+⇒t→R ?



3. One thing flashed and disappeared :
(got cancelled

out )
expressions

¥1k'É -1%3%-1 . . .)É¥
. e

- ali)

They will re-appear
later when we

study entranced Ohm
,

- modules
.

4. More general questions of deformation

quantization of Lagrangian (and anisotropic
are numerous and interesting :

DQ modules of Kashiwara , Schapiro etat;
Baranov sky- Ginzburg 's ^ - -

5. Half-densities-i.ve described deformation
quantization Ot

-1¥

in terms of
Rees (Dx) .

That is fine ; but the

better , "canonical
" deformation quantitative

is defined same way
in terms of

Rees 10×(1521%1)
.

(Its Fetisov
characteristic

class is Ftw



A -_Aᵗ= 0+14=-010154-9 , *
U a Darboux chart

AUTCA ) ( local auteurs
,
as of a sheaf of
algs) :

Ad (8) = ☒ * _ ☒ §
-1

☒ c-A

compare to Darla
) : ¥18 , -]

◦→¥6078→ f-A → OerlA)→ 0

Der IA )=¥A /¥ ①ETI }
- deers

- auto
YA

A&t A) = A%EtI✗

Try to rectify :
deers

¥? } _- auto of what ?

of A-+ extra structure

1. Polesello- Schapiro :

(Quantired) contact transformations

1%4=1%4
later V V

symplectomorphism of Darboux charts

upgrade to :

(×,t ; 5.e)-
His ; 7.t)

1) Homogenous
under :

[✗it ; },t)→ (✗it;D} ,dt) His ;%T/↳ (791%11)

2) Tdt -1 }d✗1-
Tds -17dg

3) If u=5k ✓ = 71T

then

Chu)- (y.ro/=8lx,u)

Cif forget tisit

1)For any 8 there is
↑

.



Gwen 8 :
can)É 4,4

dutx-dvdyadx-vdy-dalx.nl
tookfor: Exit ; :{F)→ ( Y,s;Y,t )
extend 8 to :

Tdt -1 }dx =
Tds -1yd -1

"

Tldstvdy)
11

1- (

dt-udx-dalx.nl/ds--d(t+al-iuDs--t-aix.u#
Any two extensions of 8 differ

'

by
Gt ; 's ,T)- lqt-c-3.tl

2

Examples②if :(✗in )_ ( x
,
u + f' 1×1)

vdy- ud✗=dfl×) alx ,u)=fl✗)
ix. t ; },t)- ( ×,t - fix) ; }#Tx) ,t)

( { t.f-T-ddx-tdft-f.la )
"

{dxttdt = {dxttdf + Tdt - tf✗

Infinitesimal generator :

- flx )# + if
/
(a) £
25={i-fl.cl , - }



② 144-1×-444,4

vdy=udx - uyllu)du

Alka)= - guy 'lu)du= -Judy
'
= - uyltucu )

anti } ,t)- ( x -44¥ ) ;t - ✗ (F)+ (E)HE),t)
Infinitesimal generator :

- a'E)¥, -141¥ )
- E) it :-D:

{rid:-) , - }=(+1¥)
- ¥+4 ?=D¥

+445 )},
- {THE)i}

③ J : ✗→ u -1>
- ✗

4. v) = C- 4.x)

'

vdy=-xdu vdig- ud -1 =
- dlxu)

align)=- xu

( ✗ it ;§,T)- C- ¥ ,tt×¥;Tx,t)
Y s 7

T

tds-ydy-i-tdtttdf.IS)+i×df¥) {¥: -3=32,
- × }

✓
=tdt+}dx+#

- ¥.✗} - xH+¥.x }
=Tdt+3d-



⑤ (Y , V ) = ( cos E. ✗+ sine .
u
,

-

5h E- ✗ + cos a a)

✓ dy - ud✗ =( she . × + case. U) (cos e. dxtsne.lu)
= - sin E. cos E- ✗DX + cos E. sin E. nd u

- safe
.

✗du t cool E
. hdf - hdx

= sin ease ( udu - xdx) - site Cxduiudx) =

= sire. cose. d(Iz - É) - site .

dlxu)
Alan) = she use (¥-¥) - sink - xu

,

( Y , s ; Y ,
T) = ( cos e. ✗+ sin E. ¥ ,

t - sin ease (£→- + sort -¥3;
-Tsin E. ✗ +4sEh

,
T)

Infinitesimal generator :

E-¥ -1¥.- E)¥ - xt :} =
= {E- + e-É ,

- }

EEE.IE?tE.:s;dHase-functions
8 : U -~ ✓

graph (8)C U ✗ V
-

Lagrangian
Another way to

construct the function a
[ primitive to vdy- ndx) :



play ;0) phase function of graph (8)

graph 181 -_ { lay , ) / " = ✗ t.y.it/;r--4yHY,o1
for some 0 s.t-GG.is, 01--0}

The : graph (8) ≈ {149,011%1%9,01--0}
¥

is our function alx.nl .

• / graph
=#

EE ① QK.y.cl/--lx-y)Otq(Y)x--y;u=O-;x=-0+4%1 ) p "( y)

② qlny.fr/--lx-y)Otf4O-)y=x1-y'Cu)x-yi-4'l0)--0lgv=-uh=0v---f
& /
graph

= -411010+410-1

③ _ _ .

Quantiied contact transformations
Reed : Éy= { É Pjlx, }) / Pj hours }ofdesjj= - is
UCT'X
Darboux chart



Wewiakeachangei. They extend dif . ops
on half - forms

(densities)
Stopa

✗
'

TH
cut on functions Ox)

Thismeans : coordinate issues are :

§-

4- gurtx)

1-Gurka)g¥- fix )1dx1
"

ith L
siisii"!*ghlxl.ita.fr/SwH.9iFd-lg-,
+ § - - -

+ Yz.it - gj✓Cx) - flgwlxi)d✗

T.io

which leads to :s-i-lsivisiit.IE }
✗- guvbx )

here aw*b=#* btb
* a)

The advantage of this :

✗→ ✗
is an anti - auton {¥,?six



WNT
TX
C &
"

→"Axe)
:

✗

{T≠o}
a t

Those who
commute with 2t=T

They are of the form
a

[

pjlx.is/i).i--jj--NaQCT:egvvui--i;c-&wVxT*e
lifting a contact transformation VIV

and preserving
* (the anti- involution) .

Fast : if f- id , any Q
.

C. T is uniquely

of the form :
I ◦ Adlt) Takis,t.tl

"

t of ord 0 , • (D)=L, PP:-b lxis.t-c.tl



New : choose Gg - a QCT over any 8.

Then :
Ghq Adcock, rat) . Gara

where Clara) is the t for the
QCT over it , namely :

Gg,GraGÉrz

andautou-a.ca/ly:cC8i,8z).cl8i8z,8z)=Gg,Cclk.B1).c(81,8283)
(Recall : Ca Good example should be

included)

Gr,GqGz=Ad(d8.Gp,yjGg,
11

- = Adk 181,825 - < 18182,831) -Gang,

GgiAdkc82.BD-Grzrj-ADGrilk.rs) - 481,825111
So : get the canonical stack /sheaf
of categories) on any CM ,w)

.

Can get other ones by twisting eww
by any 2- •cycle in HtmlEts)



we will later see other ways of
rectifying automorphisms of 0?

Butfirst : back to D- modules .

f : A)
"

→ I f
't

✗= (Xy. ..in)
t

CTEXI,_ . . ✗n]-
① It]

① Eh
,
. -→ Xu],⇒Q [t.at ]_~①Hb.-Hat]

¥
Xi
,
- - .

. Xu act via X
;
-

Hi "" Éj+¥jT
the ⇒pÉback connection

a- act ont#ht :list
T by multiplication byt ;
t -_ E- + flxii.in)



Going from right to left IET , ]- mod :

✗ via ✗ .

2x via 2×-1 c- fix
t via - E- fix)

T via T

Recognise the QCT . Or in other words :
Take the standard module

✗ via ✗ 2x vis 2x
t via - ¥ - ft)
T vis T

and twist it by a formal expression
expltflxl)

And
,
consistent with the above : put

e-= 't

s=t%-



New : two formal exercises
to invert

1) eᵗ¥.8
.

a) fs. 8,
Just start acting byxj.axj.hdh-she.FM

So

ix.
f' 1×1 . efA.io ✗ efkXt

:
+2

ulxih) :

① [tix]
.ef¥IN
afh)Éᵗ
dosed under a -1%+4 ]

tCu.ef""ᵗ)=tu _ f¥-a) e.fit
Cas above ; 2g acts via 2g - ¥2 , and T=¥)

- 1

New :

vlx ,s) .fˢ
①Fhs] by multiplication

* (Has) -f) = v' has)+s¥ .
vlx,s)fˢ



ef't . fs
Is

-¥ . ef/£# Sfs
t

↓

f¥+¥) - e
" says

I
f-¥ -3¥? - ¥)ᵗssfˢ
t¥ÉÉ - ¥ -2T¥ =

+ ¥eᵗ* =
- sfs

1¥)ʰefA =
kits)fˢs

(ftp.pef/h----ls7-3s+2s)f
☒ ①⑧

IFAT = C- Discs-11.15mi
.





Two tangents from

e.
Ht

vs fˢ
1) . Deligne's way to rectify Auto;)
U Darboux chart =Au=A= . _ .

=OvEtJ,*

enlarge the

healgebra-a.cat/--EQf/1=CEh-DDercEhDa*b-b*a
LIA)

enlarge that :
{ oars of the form

"

"ÉÉ
city _ linear

e.g. 4- {-4-+5}-5
4¥ + {1--3×+53})

Two such differ by ¥ -18 , -3
And locally you choose a lifting:



É*o-- f-A -81A /→Ghq
"t ↓ to

0- t.tt/*eaia-iLlAI-c.h-E.-

All such LTA ) are isomorphic .

luIeed:chEeD◦t-
We have : [ Do

, adcf-toy-adct-D.CH/
So ¥4]=¥D◦H) + facto)

ÉEhD

[Do > 1¥10
,
¥43] -_ [1-+006]++1×141,1=4 )

¥10 , f- D. 14) -11--4×1413=1%(1%-19,143)
D. (-44,1-+43)-1 'Fd(4-1-1943)
But f- FAA ]=A ,

so ✗=0



Automorphisms of LTA ) (as a sheaf,
i. e. over the symplectomorpht.in id -0) are
all of the form Adlul , a C- A

'
:

namely, on f-A : ¥&i→¥u&u
"

for chosen Do that :

Do Do- h-24-cul.li
'

b-↳ - b- defines an anti- involution

on it and on LTA) ; we consider

automorphisms preserving the anlinihvo?

They are of the form Adlt )
where PPI 1 .

Proceeding exactly as with the

Poles ello- Schapiro WKB
,
we construct

for 8 : U→~V Get) : ICU /≈ g-
' Icv)

and drink) sit . G(8,7GHz )=AdeHGH



In fact £1T) is (almost) identical

to the Lie algebra of &
.tt#e'h--'--;t---z---iI=lh-g)

2

secondtangent-toh-2-g-sloj.SI- lie algebra Aggraded )

a- formal parameter

of -191,8m¥, dga 14=+1

In 1=2

megs ;R= Suit { [ in,m]=8m+m2Eg2
(say , { C- K )

Can flatten in in oj [Gn] In
"

]

§+um-¥/ + (in -¥ )2=8m+m2_¥R+ImR])
-R TG



G. g.= A >
% Isch ,

8=0

gk.us acts on ✗ Eid ,ud)

Atsb by ↳ + " ta

g :-C"iA) , -1 . ]↳tÉHoeh :

Ena

8197 does act on

C.lt?b+uBup#topzCQck)Smthngqvasi-isomtoUlgjEe
.us)

acts
.

How about susthg quasi - isom

to Uk -g) In] ?

First guess : Oleg)≈symCgED
symlgt.is) ← Cobar@ (ga])



or =L. R
[
one even element :

Cobar (C. Girl)=Cobar( V.toil)
[
augm .

ideal as

\

what
•a#sra

In other words :

replaces U(once ]) :

R ; CR
")
,
n > o

R commutes with all R
"

Diffee : ok")=É
'

(2) (RMR
"")

6=1

-
-

Ñ)lR)→~(pry} all contractible

RlR@lRPnONo_wionkT.R
] ④ k< CR), CRY, _ . . > Eu] :

what replaces u%e ?
Out suggestion : CR)→ R

CR
")i→0, n> 1

Another : R")i→RV-n≥ ,UB :

THE SECOND VERSION DOES ACT ON C- (A)Eat



How to flatten in ?

( 8+2-1 uB) (m- CR) -1 . .) -1 (m- LR) -1 . . )?o

owoplions.com-1
m- IR) -1 -22 cnj

RJCR"-J )
m=2 j=D

Notation : given Flay)=[ aj ,< ✗IYK
jsk

m ,=CR) = Mt Za
j.is jk

Rickie )

Leung To make MEIR)£=0 :

☆ Flx,y)= ✗ (x-D . . .

ex- in-Dy)

In fact :
look for FIR , y) = ¥,×nlR ) > y

"

it Fly
,-1%)-Fly,)-F 1--1%11=142)

iil a FCR) = R



i) gives

Fly) = -2×42)
? !÷÷

ii) gives ☆

( note : the "classical
" choice of

the differential uB would give :

ii
' ) x.IR/-- 1

so for example :

FCR
, g) = ER? I will do

.

CE

Ride On YET, the Ug)- valued
anchor

P
:

pcex)=x pcx )=o

Then two versions of B :

p :{✗↳× ex, : _↳ ◦
d- I :@× )"x

"

m > 1 RELATION TO TODD/index? .



4- µ ≈ fs.MG]

when f- is invertible on all . Proof :
4- : itch ≈ ME ]

✗ by X .

T by T .

Jx by % -1T¥ t by -2--1-1×1
Inn

Formally: It]← lets] -fˢ
-
s=é¥¥éf
"

T2
,
-1Tf I _⇔:÷

-

: i

Filtered isomorphism intertwining s with

2- fs* 2-+if : '

Is↓
a-f) -s

-if c- Sfs
↓ Ctf)?→s4s

- - -a-f)↳ If { 1- f)nsls+D. . -Kiri



This intertwines - (1-7-+17) with slyest
,

and also ✗ with itself (obviously) .
But also : f-2-+ Tf ) = - it commutes with

[the action of ) 2. Therefore the

horizontal isom intertwines 2x with

itself . Con M :

ina- f-sin
To 2x2×1
f?§m+sf?fˢ

"

aim'-¥#
correct the signs ?

Formula fort on
the right :

On the left : - at - f
-

s ~ Tt ;[t,s]= - t ts - st=-t

-

"

tls-ik-stts-cs-dtt.es"m= Is -D"fm



Work over ① (s)

✗s = Speeds / Espace ✗

Us -_ {f≠◦}

N = fs_ Dxs
Claim : N

.

is holonomic

DN /
us

is holonomic . In fact: as we

saw , N /
us≈ Dusts) / ( 2×+5%-1

2) e-
*A→ fs.us] is always defined ,

not just when f- is invertible .

As we saw : Tnm→ SG-1) . . . b-ax)f←"m
But by definition

S-n

f-shes ] :=¥ 'tis]/N
f. fs

-"

fs
-41



Next : yes , hall is holonomic as

a D×+ #
- module Gts Char is

{ { =tf ' /Hit -- f- 1×1 } ) . But : is it

holonomic as a 8% = (s ) - module?
far from it .

Efe :

5=-1-2
,
; SIT"m)=hT"m ;

i.A @

① Es]
G) = 0

So
,
N /
us does

not have an obvious

(holonomic) extension to ✗ s , for us
to start with

. Instead

N'= Maximal Holonomic Submodule

={neNl%n is holonomic }



It is a submodule b/c subquotients
of holonomic are holonomic

.

Rude N
'

is the lowest Cnth)

term of the Gabber filtration :

G.N={ u / din Charly)≤ a}
( later ; together with the Sato -

Kashiwa filtration based on
Ext;H

Not ① (s)-

Fet : N'=N .

2" fact : !:!!①(s)-

N
'

/ug=
Ñ / Us but on

%' supported on { f- °}
Fu :fk( fsh/ c- N

'

f
"

"h holonomic

But f
""µ≈§sÉfˢ

# s+yfˢ"



N holonomic ⇒ finite length .From this:

fk+sD✗s=f"+⇔D×
,

s instead

of lets

fˢ=P(×,¥s).fˢ
"

t
with cuffs in ① G)

Common denom : bls)

blstfs-tlx.gs)
- f
" '

with coeffs in ① Es]

(5+1)×5=2, ✗
Stl

e.g.

Holonomic ⇒ finite length
:

1) E-tʰ(u , 0×1--0 if K-

codnnch (b)
Ox

2) Cod ,m(Ext%iQ)) ≥ is



True in Comm alg :

all coh Oz- mod , 2 smooth :

• Set"qfu.dz/0q-
module ;

Godin supp ≥k
• Eat"qlMdz)=o
for k< codin Support

corollary Ext
"

(all,D✗)=0 unless
DX

k=n

if U holonomic

And : Ext
"

(U
, Dx) is ALI

Ox
holonomic (right) DX - module

§ : get duatity on hotouowic

DX- modules . [Reflexive ,
since

Extincted)≈RHo%%)



Gr . U Noetherian ⇒ increasing

chains stabilize .

But : on its

DUAL
, same .

So : oh ,

-

chains stabilize .decreasing

Oz hole remaining
in the proof :

why is NIN
'

It ?

N' = the biggest holonomic submodule of

ok
,
N
'

/
↳
= N /

us
;
but what if , when we touch

{ f=o}
,
we somehow lose sections ns.t.Dxie

are holonomic ?

¥ .

What if , by some
accident

,

N' = Nlus extended to Xs by zero?
Then NIN

'

= i*{ germs of sections of N }
i :{f- °}- Xs Law

net true that f
"
kills them for some K

.

•homological
Answer : No , that does

not happen . N' has interpretation ,coherent by constr.



We compare two computations :
one arising in DX- modules
and comparing 4-Ox to f? Ox
where f- : ✗ → ¢ and

4 : ✗ → ✗✗ I ✗→☒ fix)) ;

another arising
in noncommutative

geometry and the study of
nc GM connection

,
no crystalline

cohomology, etc.



COMPUTATION 1

Aix ;t ; -7ft) 2, ;x;s;I¥t
acting on : (Tsp) /s)

-
- Pls-11)

eclat) vlxis)

Twisted by :éf←fˢ
2×+173×5 2, -15¥; x ;
≈ ; - ar- f s ; Tsf
S=-Tt= T= - St

'

=tq+tf = - SIS'f
"

1 12-1 1

sb Is

tfe-fe-jsg-ssf.CI#-f--fHos2-su-fP--f-z-f--fHs-3s-
2



Ctf)# skit .-6-mi)

Fealty:

(and using notation 1- = ¥)

@

2-¥
e- (1+2-7

Or
, remembering twists :

@
G-+1)¥
→ (1+7)ˢfˢ



COMPU-ATIONIQuesti-onifihdflx.gl
1) FIX ,y

,
-1%) - F(× , -1,)- Fcxsya)

+ FIX ,Y ,)F(✗ its)=O
2)
ee
:u . 2,1=4,0)= - ×

or

2)
q
: uF(×,✗)= - ×

1) : F( × ,y)= 1- e
?ᵈ×H

2)ee : alx)=÷ 1-Flay)=e%
2)
q
:

1-e.at#=-xu.eaH)+=1-+-ualx)x=logC1-
%)



ea⇔Y= (1+12)%1
F(×i)=

.

1- (1+1)%1
•

- Flay)=§""ᵗ¥¥¥
Cfr He: ÉiÉ

.

Compare formally :

eÉf _ (1+2-5

e÷ - a+÷E
9.



n.EE:1?ta-i:-:;:-agCordgLAcg;8yoyleiu
]
,
"Be

lEl=l ; in/
= 2 ; {2=0

Resolve it over k[u]
in two

different ways :

1) Ccl) : 2) G) :

Ulg) ixcobarsymtloy
) vlog)aGbarU-11g)

Generators :

Cil subatgeba Vlog) kerlulytik
Cii) (x) of degree 1 ✗

✗ c- Symtcy) or ✗ C- Utcy)
( nc)

(ee)



Relations :

[✗Ñ=ad×H
✗ c- of yesymtlg

)

or U'- (g)
Diff¥ᵈ :

oxaoixeg;

01×3=-21×91×1
' )

"
where 0×-1×18×1

'

a) uB :-(↳ 0 ;

'⇒
nx,

ux
, ✗ C- Utley)+ Esymtcg) :O >

✗ C- sym
> ' (g)

Get two OGAS :

Keely) and Andy )

n.IT:1?g:;:-:tm?g?#.ui=--iiE,
g%



LEE : a- me .

dq+µ2=o (whatever the

differential d is)
In ogle ,u±

'

) : µ = in - ¥

"¥1m- E) + (
in - ¥1?

= - Rtui -1%1*3=0
Inresolvedatgebra:
in Mee (g) [u" ] :

a-
m - É "¥n:

in

Unfg) Eu
-' 1 :

= in - Ease 'Y!¥¥e, !
Kil

where i-zcu.e.IE?-e,,.--E""¥;""
U
,
l

Becau If we look for µ = in -1-2?aeÑlR)



then ca+uB)µ+µ2=0
give equations 1)

, 2)ee or 2)
q

.

Motivation for glam , Mee , Unc :

F- vectlx) : og Eau]
acts on ⇒ tidied

✗+ EY act by 4+4

F- Der (A) : gfe.is]
acts on C. (A) ED,

b+uB

(negative cyclic complex)
uptoho-tpy.in characteristic

7hr0 .

What is actually acting is Unclog) .

Estey:
cult )=A⑦A→

" A- = Alice
B

C. (A) C.
+ ,
/A)

blame
_ _
☒ an)= É 1-Diao -0 . - • ⑧aiaiti - - • ⑦9h

i-0

+ (→J
"

a. ao89, ⑧
- •
② Guy

B(ao① -⑦An)= [(e)
"it ⑦ g.②- - ⑦ An ☒ Go ⑦ - - ⑦ 9, '-1

i=o



throw
, for ✗ c- Ut lg) , ✗ : A → A

is the action of Vlog ) .
(x)

do ⑦ - - ④ an ↳ Go ✗ (ai ) @ 928 _ _ . ⑦ Gut

+ -2+-1 ② ✗ (aj⑦ . _ . ⑦ a) ⑦ Go ⑦ - -
⑦ 9

'

-1

j ¥Fg) on 1-③
"7^+1

(essentially Rinehart 's formula).

Go _ _ .
⑦ Gy l→ [ Go

② - - - ⑦ ✗Cate ) ② - - . ⑦An

◦≤ •≤n

✗ c-of
This defines the

action of the (g)

on C-
◦
(A) IUD,

b+uB

T
which is a nc analog of RI Eu I , ud

This extends to the full dgla gj of
Hochschild cocha.us with Gerstenhaber

bracket ( DeNA) is the lie subalgebra

of Zero - co cycles in it
.

The

action is a) As b) rather inexplicit



whyflaltenelements7.tlcelg.atlA•) acts on C. (A)End
b.+ uB

MEGH can be flattened into me teelgj)
whatmtotake?
Gettler's GM connection :

S scheme ; G- algebra A ;

ccomg.CA ) = A '%s
"">And

,
b+uB

complex of 0s - modules

* =Ñs%s%
Assvm P a connection in the 05

tnodule As Cnet preserving product .

( say , A is a free 0s- module) .

9,92- Mala, , az) C- I} ☒ gAh-
a
,
- Pla

,) C- R's ☒ got
in =P-1Mz C-LtA



A flattening µ of m , via the action of
Unc ILA) , defines a svperconnec-t.in

Nlds)? -11%µ : Is@ 0s
@Cos ;

Pain -- o

Citself a [higher) Ds
- module

. _ .
)

(derived)
2

Arelatedapph.ca/ion- :

no crystalline cohomology

Ñtkp ATp≈A
a:*: -just a

module

lifting

Product on
A lifts to one out ;

associative modulop.MU?.ai)=qaz~m-cgfg( viewed , say , as an alg w/Tero multiplication



f- Mt . _ .

defines a differential on the
p-adic completion
CC.ME)^

Everything well- defined up to homotopy
(and all higher homotopies) .
When m is associative on

§ :

just get CC.ro algebra .

Questions A)
- Duflo /Todd/ - flavor :

P vs ee - 1

CE Cartan- Eilenberg) anchors of
a Lie algebra to : then 11Pa > K )

where K is a ring on
which M

acts. Cup product :
⑥v4) (✗ii. ipeg)=

= E-telxiii-ixipYIXip-5-xip.isShuffles



EE n=E÷y ,
abelian

concentrated in

degree 1

⑦ Conk)= Homlsyuielg) ,k )
Fee G)+1=0

signing) _P> vlog)
"

Algo
✗- x

p"( ×, . . . ,×)=n!pl✗
) . . _ plx)

P÷(×, . . . ,×)=PBWlx
")EUlgJ

This is why
uBcelx

"

)=pK,-;×) ; uBncPBWl×n
))

=@ e-1) (xiix)



2) . TLO '

vs Games- Moscovici

A grated DEA? to;] Ecg;)
odd

2) - ? 02E(gjfjev
he = [0,1+02

an odd element of g;
Flattening it : µ = me . _ ; Using the :

Acting by µ on CCMA) and

applying a trace to : 1-→k , get the JLO

coyote of D. Using the : get something
else
, perhaps the CM cochaihs used in

their local index formula ,
or Perrot's

coyote , or- -



The Sato- Kashiwara filtration
maD-##
U Dy - mod

U=1R'Hom(M , Dx ) 1DM≈M

spectral sequence of the composition :

exticexl-%fa.at a)⇒ a
&

teeny.be#eA--Dlu)MA-wodCperfe-et )
◦ → Pa - . _ _

→ ☐→ M→o

DPj=Pj✓=Ho¥Pj , A) ← rightA-mod

standard cowtplex for computing
a-+¥¥:⇔
e.g. : C.ci?;A)--Houy+CPI,I)

◦→A → I°→£→ . . .

%: C.CN ,
A) = Home.CA '°;HoqC¥_A

= Homie Ct⑦◦⊕N, -1) C. is an A- bimodule



Cdlpii,A)- → ddlpi.tl
↑ i

↑ ↑
C' CRYAI- c. cpist)

↑ ↑C°lPj%→.→C°CPi,A) C°A)→c°(Pisa)
Sato- Kashiwara filtration :

se=c≥e(TEA)

¥ i

↑
cd(Ex¥l*A!A)- Cᵈ(ExtlMA);A

↑

i
C' lEx¥'ll ,A)→C^(Extflm.tl ;A1

↑ ↑
C◦(Extad(41-41-1-1 - - CYExtfgt-CYExtflm.lt) ;A)



ExtdlExt&A Extd(Ext :A1

i

Ext'CE×t:*

Ext°lE+t&H E✗t°(Ext?A1

Read : if cod ,mChlu)Él :
Ext°(h ,A) = . _ . __ Ext

- '
(MA ) -0

A- A

Ingenerat-chf-xt%Ca.at/i#Ejn1ChlM1Es=Mho-E:Exl-
¥1M, A) is the only

-1-0

b/c codim ≤n

E×tÉlExt*" , A) is the only -1-0 term
.

Ez. codiuchlti)=n-1 :

E×t¥
'

(MA) codiu ≥ u-1 ( i.e. %
' }

E-¥
" (MA) •dim En

G. e. =D

Ext
" /Ext",t) Ext " (EstYAI

Ext
"_' (ExtYA)



The picture is triangular :
Ext# i-xtae.tl

Este- ' (Ext?AI
◦= :

Extricate,A)

*, ,,,,!
"

↑ Fxt%xt%
codim ≥ l

aeÉohmchH%
0

Ext•(Ext? A) Extract?A)

So : codimchler)≥l :

Extelt-tfHJnoth.mg outside



Recall : Glµ={a / Chloxu) is of odin ≥e}
① sea ≤ Gets

↑

ii.by C≥lf .;-) ; codimch /Ext
≥e) ≤ e.

② sea)=Geµ
sector

mutually inverse . Conclusion :

EE se

theorem let j be an open embed .

U→✗ and all a holonomic Ou- and .

Then j*M is holonomic .

idea : relate to f? µ holonomic Djmiodi

in local section of all ; (also, the 'm

coherent - module) lcauassumelt-Q.it



f-!j=df
"

D×[s]•(mfˢ) §@✗
Is ] . /mf
"ʰ

) y

1=14 f-k.ge/g-.-ffz?ete .after ④ EG)
① Is]

by b- function
Lemma . f ?D× -1s] .fm/-

"

%)
b/c :
Pains .FI/fsm)---U

11fˢÑ¥%mf%Hm)fˢ
"

automorphism of j*(D Is]m)◦fˢ
DUES]

↓
Therefore : j*(hGˢ is holonomic

and generated
over ① (s)

(where U=Qjm)7 over 0×6 )

by one section
M -§ .



& : over ①G) , j.MG/.fs generated by

fs over 0×6) .
And is

j.MG ) .fˢ=D×% holonomic

I - ideal inside DX /s ) 10×61 .

fin . gen . by Pfs ,"b)His) ; - - - ; Pml ) / finis)
greatest common denom

.
: f- (s) .

Outside its throes
,
we can specialise

to a weds .

I#Ér : Can speciation to noo .

Icn) kills an.fi
"

[could the actual
auucmf

_" ) be even

larger?_

Next : localize Its] ing finitely many Yw
Can specialise to s denote by Ko



din lgrqcstlgrIGY-n-z-d.ru (TX)
① (s)

claim : if specialise to s≠sj
:

same true over @ for almost any
s .

aftertha
- Imf
"

) neo

are all holonoue-i.ir→
- is :

increasing
chair ; west stabilize .

Sc : j*µ is holonomic .

what-titwa-ist-c.dz?InT+XxC
:

×
,} s

(4,5+5%-4)/ fix)≠o)c Toxic
Itswe : CTX ✗ ①

Its intersection with { s=o}
"

sscj'M)
IF U is holonomic

REGULAR on Tf
,



Ed f- × {}=¥ } close
,
n{s=◦ } :

#
⇐ f- ✗it _ + ×?

}j=s
. ?¥÷✗:
I

{ I}i+ . _ . -1%41×7-1 . . _+ Xi)=4s2

E. = . . .=¥.
n{s=o} :

{ 13,7 . _ _
+341×7-1 - - + ×? )=o

}i✗j=5j✗i , Vij

"i'this },- , -5m)"

EE: Fp.t-av-ii-i.si23.2--0:{ i-tk.it/j---/Qg.,jcn



lQ.i-i-i-a://xie.mil#B-w-:--jEja.g.fs-iiIxj-lxi+---+xiP)=
= £121s-11144--1%25+4

said -✗j4 I]

=/26+1)n+4sls+i)](
✗it . . _ +×?}

The b- function for É✗j2 :

(stills+E)

theorem ( Kashiwara) : roots of
bls) are rational and negative.
they always include 5=-1)

.

EI fix)=x ,
"
. . .

✗i'

as

I 2×4×4+1)) = als-ikacs-D-D.ee/s+D-a-i).x
"

ah. It ls -1¥ ) = us +a) Casta-D . . . Cast 1)
N=l General

bls)= IT # (stay.) case uses
resolution

j=i v=i of Singh.



Regularsmgularitiesex.atacts by 3-+ + Alt :

4=617,1--1 to Fi Fz

- . .

t
" +3777 good
- ⇒%Iᵗ f-Hra

↑ tin9- -1+71+-2
4--3

i. .

0ng t4-t3-t2-tc-y-TTIt.TO
eu-a.li?tD?ln-D!-E,n>◦ -1+4%0

6:50
0%:(*} - d) cOᵗH⊕Oᵗ☒
-

same value at 10,0)

(switch to ✗ from t )



way.be g. fix)= tf
'
/× ) + f- 1×1*3 =

worthwife
to look

at the
= 4-4-14/+ fH1-fb

)
→

• × } -1%101 }
nature of
the formulas

= h-fltxl-ih-FY-f-t.fi f- lot}esplia.tt:

ix. ftx) = ✗ f-
and same for gl } ) .
Inparticulari if qlx, 3) C- Cx } ) then

the action of 41%-51--0 moth .

(grit reduced over grD× ,

or let/4- reduced over %) .

Compacts : 9- via 87 -1¥
good

- - .

t%EE-q-fg.to filtration

%É¥ F-

After passing to gr :



- . .

¥-11
a D. a
¥.

On the to component : 1-2 acts by 0
but t does net .

Not reduced ; irregular singularity .

I

µ? Rees (M ) basis over ① Et] :

- - .
is x2 ✗ 1

ÑÑ!¥,
(×' -5-4×11--0 4- ✗

-3

Like: +2×-4
4-2×-5

nᵗ=oᵗ
A)2/0%2.1×2}-4-§ ;

characteristic CYCLE :

# (multiplicities



Note : bun (sslir )+s£¥ ) = f- i
S→o

At least at the level of char. cycle:

no
way to distinguish -1¥ from

0
1-
+ ¥ , k> I
-

irreg sing

G¥tm : If ✗ projective :
M is regulars if there is a good
filtration s.t.tt/h-mt is a reduces
module over 0%-05--0+4 .

In general : if there is a resol
.

of singularities ✗ ↳ I such
open

that j.tl is regular on I.



b-functionsandv-filtrationchholowom.edu
- module [e.g. %)

0={5--1-0} f : ✗ →a

4-all MET ] . ef
"

i :X↳ ✗ ✗ I

oe-K.fm)
in this definition, µ Formal
can be just an ox

-mod

✗ Cm . @f) = ✗µ .efᵗ
element

9×1 )# in + tf 'C✗)m) .
eft

c- acts by aeult.it by 9-stfu.it/=&u+fm)e*-ng--aT#*.comm
.
with left

action of .

In Polesello -Schapiro approach : e-=¥i
8¥ -- Rees ( ) acts in the standard way ,

twisted by the auteur 5. ↳ 5+1-4×1 , ✗↳× .

¥ : s=t¥ cs.net/---(tz+tf)m.etfts--ls-Dt



Rode For law) : Ohm - modules are interesting

but some version of entranced Oaf- nodules
are Cprob .) more interesting .

An enhanced

Oaf - module is an Oaf- module on
which

certain symmetries of Oaf act compatibly .

Exainpe : Splain)@ 8,2% ; Sp~(2n)GO
"

IR
"

act on ↳ 1112" )
ftf= eax.TT is act like tÑ (Weil , or wietapleet.)

a parabolic subgroup Ñc§ (2n) does act on
it.

f-
We can enhauce-lff.by:D induce from Ñf to %
Cand to a bigger groupoid); 2) introduce formally
e"i%ceR ; c) complete . Ñ

b-%É¥%%j¥÷iÉ¥
""

he used to construct deformation
quantization) ; £

+
*

✗

GO
⇒
Get%

compatibly



Ride If F-¥ :

1-= - h-2I++f
In our approach to enhanced modules :

Something very close to a filtration by gen .
eigenvalues of -¥ appears. Indeed

:

sections of the enhanced module tf
are expressions

Ze¥÷ a. Cx ,} .li) (sorry,
4-c- IIR)

e¥aG
, },H↳@- f) e¥a - e¥Ñ%ain

From"potent wrt
The filtration on Nf : powers oft
fit--Ie¥a, plays key role .

czdf



0b¥ : DX ,
t
,
s Candi) also act on

orll@uEsJ.f[ another formal symbol

0.fm :fˢ)=(§m+s¥m)fˢ tlmisl.f7-mls-ij.fm
✗is act via multiplication .

Prof . Gu Et] .
ett N Qu Es ] .fˢ

as % ④ 9*7 Is ] - modules (also,t
is
invertible

on
both)

1-it c- = St
-1

If s? .es?(i-zj(eft)=lt2.-+tf)n(eft)--TCq+f)J--Pn(s)

polynomial of degree n

t.P.IS?k--f)--Pnls-i).s--Pa+,ls)TS=ls-i)Tpn(s)=sCs-i)--.ls-"+ ' )

Ff"e¥ =sfs-D.n.cs-ai-D.net/Alse:cetf--o-f!eTf--i-f.fj.eTf--s.gY-.etf
Compare : 0fˢ=sfˢ- ' f-

'

= s .# fs



Therefore
T
"
tilx) . etfc-sls-D.n.IS-mi)u1×)f

""

is the desired isomorphism .

Rink This is a /formal) Laplace+Mellin
-

transform :

Mflulx.tl/--fetf%1aT)T-s.&I-./pfs)Gntertwihest2.-tTfwith s)
.

When f- is invertible : .

mflut.ge?lxiE)F-s-'dEofTpfs)Cwheuu--
1
,

numerator -_ pts). R°embering f- Yt :

mix,Hi→fé¥uH,-¥1k"dh- 4- 1- s)≈
Interesting to see how/whether this
sort of things appears in

resurgent WKB , etc .



So_agauiitOu-Njj@I.fsUttLi.Dxlss.e'¥→ @
✗
Is] .fˢ=:tf

( lattice inside)
if

Setu)=tG-e) n
s :Ng→Nf

U U

twf-stwgb.IS/--
minimal polynomial

of s on Mtv

bls)Nct blsti)- win poly
tbls)NcEÑ of son 1-NIEN
b'↳tN - .

-

Note Nflt
"]=j*Qfs]fˢ

Get a filtration on the oishths .



V- filtration on Nf and j*%Ef?

✓% = ⊕ (generalized eigenspaces of s)
- 15th

(basically?
✗ rational ; discrete

(i. e. jumps
at

discrete set of &'s) ; 1-VIV
"'

TV
✗
< ✓

✗- I

svtc v2

EH df=✗ HA'

e•
1 × x2 - -

-

t TX

T2 Tex 2,4×5
ÑTOX: [3 it 5h

SG-1) ._G-hit)Xi

8=8×+5 "1=t"



- - . ✗
s-l

✗
s

✗
Stl ✗ 5+2 _ _ .

5-2×51 2¥ 2×5+1 1×5+2
02×5+1

✓×ri+×=ÉH
In this case

, VENN,
y2=tN✗
-

tmt " = 7%1-74
= (2.+ ×)ⁿTn| i

of weight m.tl

.

Can we somehow define ✓
•

more invariantly , without fixing
SEE ?



2) . -f=✗2 e-
" /s-D.n.is- n -111×21

""

⇒ ¢2s
-2

×
"" ✗+÷g
5×257 5×25

§ {¥2s

Ni
c.02×4 talk
[

i+0× bigger than Nis

on Nii /trail
i+O✗ two eigenvalues

of S : -1 and -{

t.IS/Is-i)x2--ta2x2s4ls+i)ls-1z).x2s=ta2x2s
V? (will see more below)



Also : V0 = f-
'

Nye ,
etc .

Intersecting with ✓ •
,

will get
a filtration on it Ox .

2s

1- c- 4-
*

Is] - ×
'

I '

s . ×
"-2=1--1/(5+1) ×" ]

Tinker1st E) modt
So c- c- V1

,
not in ✓

+ ?

vaaishugandnearbyeydes-t-sGSRJI-grFDtt-s.tl
11 -

-
L

T
-1-2+1=-2

So : grin¥ Snf
"

unless 2=0

And : they inherit the A- mod struct.



Examples f-✗
.
. .EE

'

1 t . _ .

•
E't ttillit"E⇒;⇒tE1-1-3at
-'
c-
3

'

: : :
:

sry grt
Ox acting on grf :

ix. 1-= ✗
= t- 1-NO

ix. 1=5

Gti )✗""
gr.ly ≈ So -_ i.+

at

¥8 ask,
- mod

⇔:*
.

"F
tztzy
"

JX
" '

gyzs girl⇐. ' '

it

N.ir/tNx~



idea : instead of sheaves on ✗ :

inductive systems of sheaves
with compact supports .
(every sheaf is hug of 'sheaves

w/ compact support ; now : view it

as the nd system ,

and allow other

such systems) .
To what extent can those 2nd

sheaves be treated as shears ?

(restrict in various ways to open /

locally closed subspaces ; extend by
0 ; etc .) .
Answer : to a large extent.
Motivations given a real-valued

function , can restrict
Cin certain ways)

sheaves to { f- < a },
and look at end

systs of those .



Ind-sheave.sc
category

① = Funk? Sets) ee

e- é
✗ ↳ h× : Y ↳ @ (Kx)

IET : an object of @

isomorphic ( in d) to
"

Colin " (a) : Y↳ aol.me/XsdliiI
,

i c-I

I

a : I→@ functor
small

and : Iisfiltered (Recall : vii. iz F
"

if
V-i.Tia-E.si equalizer]

Rink Given such : can cheese I
,
✗

first. Namely : AEÉ > A :@I> Sets



0¥51; ( xox ) ✗ c- Obie)
✗ C- AIX)

Morphisms (X,a)→ (Yy) :

✗ f- 4 in @

ACXE-t.AM
✗← y

✗
A :[*

→@ IX. a)→ ✗

Aly : AH)=aohmC 1×14+(2,1-1)
IA ¥121

II Alx) = cohm@lX.xli1Ian.d
Iis filtered

I

then Itis filtered .

E k a field 's k?= aol.nu/kLsk
"
?

"

colin
" Ck") (v / = aol.in/thowlv,kY)

it

Houlv , kidunless LimV&A .



@Citrix ,
"

ahh"p)=
I J

= Lin aol.mccacibpg.tl
JI

thus 2nd-objects of an Abelian category

form an Abelian category .
Idea for constructing Ker , Coker :

Roughly , morphism
"

him
"

Fi →
"

Lin"9j :
j

- .
.

→Fi → _ _

→ Fir→ _ _ .

→ Fire? .
.

LEO do is
-
.
→ g.→ - -

- 9ji
- - - -

→

gj?
}
"

Ker : beerF) i =
" {✗ c-Fit ✗

2g ,"

Ker II.→ ʰ7g9j)

clearly , E.→F- 9 ⇔ E.→ Ker CF→ 9)
→



Coker ?

Fi - - - -

→ Fi , -→ - - -
→ I. i.→ . . .

\ I 1

j
- - - -

- gj ,
→
_ _

→ 9. "→ _ .
.

a. .

- 9

1 1 02
→H
.

- - -
- Hu, → - -

- Ha "- . . .

composition = 0 :

for what xjif 9g'
:

✗
j
'

r
%

.

↓

,
"

Factor those xj
out ; this is our (Coker)j, .

Make definition rigorous ;
check that

{f : Homma @(9,1+1 F→9→H}= Hom Gloria
→ Inde



stacks stack on ✗ :

O)X > Uns category @Cut
É

open

her : @ (U)
← @ Cu) functor

Hu=pw of
UCVCW : Ctu ) ← ccvs←

Ccw)
ison

Ouvw l functors

1) UCVCWCT : Ccu)
Ccw)

Morphisms form a sheaf :

F. 9 C- ob @
(n) Hoya,

(Fis)

getapresheaf on
U :

Vcvms home (Ftv ,9H
[restriction : FIG in Ccu)

f.functor Iv
☒ fljlsglv Ccu )

This pre sheaf is required to be a Sdf.
2) Descent data come from objects :

Descent datum : Flu) in Ob @ Cu) ;

J-luyunvi-FWlunviflulunvnw-I-flwllunv.ir
* descentdata on any 7)IFEOBCCT) :FN÷F1u 151--2



Proper stack of Abelian categories :
~
-

✗ Hausdorff
a priori net a stack locallycompactorproper in any +

obvious sense) .

◦Presta ok of Abelian categories ;
Pu, are exact functors .

• Satisfies STI .
•
Ctu) admits small filtered bins, alias

that commute with Pau .

• Denote by iii :@ (x )→ CCU)

Cia'=pu×= ? /a)
it admits leftadjint
idea , iii iu ! (recall : for sheaves,

iv. = extension by too)



This neatly axiomatites the properties

of sheaves .

More intuitive properties
that are satisfied by

'sheaves

follow in this generality .
EI. I iv.Flu → iv.Fbi

Lene i-uy.F~cohmin.CI/v)

[van

sheaf- theoretical Colin
involvessheafif-icat-ofthepoesheafutswh.ve#H

Alec: supp (F) makes sense for FEOB@ (h )
Isle we have object 0 now) .
Leung suppliant) ≤F-

If supplflc -0 : iv. ij'F→~F y
ttalways

Inge iv. ij'F↳F ijliui?



e.g . iu, is exact

Feelu)⑧ivtiviu.FN-iunvi.TO
V

e.g.

⑤i left adjoint tofuI
@ is a proper stack on✗

⇒ Ctu is a proper stack
on-0.

N°1 : 9tou@Ciui.F.GN_iuftomlF.G /u)
sheaf on X by j sheaf on -0 by

STI STI forjust
sheaf -

theoretical iu iu*Has not
been defined
for FE@ IU)NOwdef.in#:-JEClX); have seen :

Fu := iu , ij'J-
←a) subobject off /b) supported on

ñ (FOR NOW)
[ (a) Home II. 9)) How (Fait) ☆
~- easy
sections sheaf on ✗
◦nu two objects of @ (x)



Also : Fr → Fu for VCU

(agrees
with/ follows from *) ✗ = Ulli

i
we are

doing ⊕ F
→ ⊕ F Fui ;

→ Fi
"sheaves

"

, i.je-u.jp its
"i ( ¥;not " abgrps?

i.e. two morphisms
in the Abelian category @(x).

Leung Coker (x-p)N_F (f)
theyre A

proper stack
is a stack.

We have to prove
: any

descent data comes

from an object . How to construct the object?
Descent data : FKE Ob @ ( un)

,

V-KT-jluja-TFaly.ieat .
. . .

That is enougts to repeat the
coeqvaliaer construction (

*) .
The coequalizer is our object. %

We have seen : axiomatic of proper stacks

is : like sheaves, but : ij
'

iui.io#-SO FAR
What about closed embeddings?

SCX closed
.
O→F✗\s→F→⑤→0

Know :mono BY DFN



2 badly closed : 2=5 n U

Fz=(Fu)g ( depends on 2 only) .

heart aol.us#u-TF--~YIxFk
UEX

µ compact

Anding : iu*9= %?u iv. (Gk )←

Resht adjoint to ij
'

I

iv.→ iU*
Cmorphism of functors Clu)→ @xD.

And then for ZCX locally closed:

Pz C-) : Ctx) → Clx )
right adjoint to F ←IF2

2 open
: Tf=iu*ij

' ?u=iÉiu !
2 closed : 0→Pz(F)→ F→P*zlF)→0



£0 : from axioms of a proper stack

recovered : iu :

Clu ) ×)
*→

UCX open

Clx) ×) zcx

I locally closed

Neet :Indiaation-G-ali.co) hid - objects of a category @
✓

1) hid - objects of @ (a)
,
KU :

those do not glue.

2) . How to modify that ?

Why do not they glue ?
Clut :{Sheaves on u}

hi
> 2nd Clu) ? ✗=p

F=%in
" kcn.is

FE Ind @ IX) : Kao ,→→kEis)→kEzisJ



# /
C- n , n)

=D
, Hn but 7-+0 in @

in fact Ñ(k*,F) _- big them has)
=k

net a sheaf on morphisms .
changethedefinition-i.fr every
proper stack @ :

I@ (a)=Ind Glu);Glu
) = { objects with

compact support
Clu)É%elu)

in Cu }

sina.E-eohmiu.ir"FH¥÷i¥É¥VEU
.

Need

,

ICH# Icu

② [
automatic ; Iccu)i→

"
Iccx)

u-x

iu !! :
"

Colin" Fi↳ " colin
"

iui.fi



Restriction pay :[Ctu) ← ICHI

of course
the usual puny

: Celal #91×1
✓

Clut
intuitively Index)

←

CIV)
LiuInd Indcda) Actually:

i quit :S → them
,@ (× ,(iv.9¥A

GCU) 11

by this reason : thongs
if FEINDGCX)
then is the above presheaf on % (U )

is in Ind Glu) .

Last but not least, ¥1 exist in ICH)
.

-

[Small)
(slightly counterintuitive.-1

Enough to check for products. Given :
I. EGG) TIF;

in C. (x)? Why is

this a filtered "colin " ? over what? over UEX.

4%8↳ them (9,17/7)=17 Hour (Siti / Elis honk !?Fiul
CIA since suppgcuc hex



A sample of a computation : why is

iu !! left adjoint to ij
' ?

Honey@ (
"

Tim
"

Fi
, G) = Kim Hom

,@

(Fi
,
G)

7 i 7

his#Gj)
£6 : j . . .

Hong, ,× ,
/ iv. IF G) = hmtbm@ayiui.Fi , G)T

"
411in. How (iv.Fi ,Gj

Clx)
i j+

"

him
"

iviig.

k÷hg?→ Home ,×, Hiiiii'Gj) aiveu

AbleFiecdx) I
compare

to :

k÷ ᵗʰⁿ±ec×, #i. in
" Flin

"GD
j



Now on locally closed subset ZCX :

Recall for any proper
stack : -

Fz and Tz (F) op d

Applying that to IC : if 2- uns

1- =

"

lim
"

(Fi)vnw_
i

VEU ; WIS

whenever I =
"

him
"
Fi

why I and not Fz ? He

↳ (E) ¥ ex (F) z for FECCX )

whereas

ex (TEIFI) ≈ Tzlrxf)

1- 'ᵗ"Igy-×z ≈ %m±cCGI)

If c = { sheaves of A- modules } ,
A- a sheaf of nags on ✗ : ok

.



Further relation between CID and ICCX)

Clx) ICHI

✗
✗
:

"

hug
"

Fi → him Fi
"

1in
"

-49
11°

hoax)(GF , 9) = though , (171×9)
" "

him @1×7117,9) him tin CHF,;&%S)
F F Tas

again : b/c
all Fi are in Ca

£0 : ox left adjoint to ex .
How about a left adjoint to & ?

Home (F.4,19))÷ Home#Flin Sj)F-
g-iliu.gr

"

Sj compactness
condition for↳"

IgG)(
"

Y
"

?
,

9)
F

k÷ʰ?fkog⇔(%9j)=? F- honey ↳Sj



Say , FEGCX) : F?=F
Can say

about the desired left adjoint

Px :@G)→ ICH) :

If UEX and 7- c- Ctx) and Fu

compact object of Ccu) :

Pxlfu) -_ Constant
nd syst) Fu .

If we can represent f- as

coker ((Fa)u
.

→ ⑦ (Strub)☆ b

where each ☒a) ua , ( Sub)%
are compact,

then :

Py (F) = same coker
,
viewed as

of morphism of constant
nd systems

☆ In Kashiwa and Schapiro's

language :@ has enough light objects.
In which case : Ctx)ÉLC(×)
C-- A -mod, A-⇒heafofrgs : ok &



Grothadieck topologies
C category; objects: v,V,.
on = EV-n}objs /U

ScOb(2) (i.e. family of morphisms to u):
SiSz: SESz if E v-UinS,

=v - u in Se:
IS, refinement

Vof S2) ,
Grotherdeck topology on 2:
Use me family CowCU) of subsets of Ou

&T1 UH ECov(n)

GT2 5, ESytcov(n) = S, GSv(h)
CT3 StGv(n)E VYStGrIV),Even
GT4 S, SztCr(U), s,ESv(u), UySECov(r

for OVE Si, then SetSv(h)



GT4:

>"
-

8. ·OFU inS,

Se
& site X: cat. Ex with admits finite pods,
↑ber products, with a Grothediech topology.

It: 0 -> ex continuous: preserves

fiber products, covers.
Cor: a morphism of sites xx).

X: topological space

Site X: all open covers

Yf: open covers having a

finite subcover.

*locally compact: covers Soft..
-For

every open
I there is a

- For any compact K quite subset
of s that

This is the topolisof covers KNU.



In particular: covers of reirely
t Ucompac must havefinite-..

subcover.

Presheet of 1-modules:@Y>Modlc
F(s):= ber(R F(V) -N Flr'r"

VES viv"es

Is a cover of u
F(u) - F(s)

Frocated if ; a seafife.
Mod (bx) =9Sleaves of kx-wods]

(full subcaf

↑

↑



↑: start
with X Hausdorff I.c.

↑- family of opens in X

Tc = Sxel compacts in TE
To = Econnected in Tob

*:category T with the topology
from what I understo

induced by XofX VCU and VET

Uxy: TOU with topology
induced by XT
juxy: Ux+ -> X+

Unnc/VET

juxt: Ux+7 X+
Up: also tell, but

5 25 V
wetopology induced by Nef



The category Cob (Tcl
-

a sheafForX (inusual topology)
is Tc-coherent if it satisfies al+b):

a)To-finite: by *5 UE To-.

I
=1

do-coherent: 1

xT. - pse-
-

V 9:Ek-F, ViETc

kerel is To-finite
The CohITc) coherent

Coh1Tc) as modify) exact--
ker(4)

otaGEE ber" of:
wr((x)-F

FF "pseudocoh=F is



N r#MkNkx-L
X-V 6

ke.↳o
EveIX'V

⑩ o I
"all morphisms

if U,VeTik -> kx-
- I

are locally c.trixin

fing kui x16v: =9:Lvi, *i ETc

I L
k kx-v



Bv14 I J
ur(X-V) =Vzj
u =(nnV)vzi =u - (83)

N coclosed
open

ku.->b tkx IV
all proportionalhe

=connected



L. a Tc-finite subsheaf of ke,
VETc, is akr, VCU.

Fo
oh toF

p I ↓ Fr kni
⑳a kuen ke 9 FO

hitTo

L. V,WETc E knw Tc-cob

of kvtkriw-Tofinite w
v s =0kr,2, knew
h

95 (as in Lama above4S' = 0* kuii enough: her () Ta-finite
Reto:



Ok,I know
Zai 1n -> NW
-
ok,-kriwtkxw

is Kernel Tc-fnite?

I hi

(g,-
c) O

↳ XI

ecorino
is

Next: Tc-coh closed under quotients



0+ N+2+F- 0
-

Tc-coh - Eich
Pf

0-N-2-F=0

pr -
No- 2o =kv;

No =
=wr (805) = in (of b001N ->p)

⑦

20
in Lo

since 1 is Torch. No is tofinite
H

Tc-coh

So enough to prove:
0+ N-dfn+ F - 0

i =1

am s

Tc-o -> Tc-coh



N =1:

Bylemma.
6 - F
W

N = kv, UCH,
NS1: induction in N.

N12> N
-> Ne

kv =2-c- 2 =kvi2

⑬*- -
8

image of it
Poh from
a Lemane above

End of proof of Thu



Next:

ky-modeEx-mod
i.e. sheaves of I

i.e. sheaves of
brood in T-topology K-mod on X
onX

P = restriction to open subsets
that

are in T.

comes from a morphism of sites

X
+5X

t

= to Opx

Pop For any UST:

k
+ u

kxxF
constant sheaves in resp.topologies



i,
---mod- kx-modeTc-colkxt

igcomm.diagr
claim: exact fullyPxc faithful

Cam: jxc
= ic

+: ->F Ta-coh sheaves onX
Pcxe

sEF(n) = 4(n,p+5) ntTc

Okxv:-e (

-S-kIfin o

also Tc-coh
b ds
S-* F

It, aoh closed Afa, tO:
under bees...)

s) nitim (S(ui)+Fluil

kyu. -skyra. But if a=0:
sin; =0, again in

im

(from commutativity of the diagram
*athful: ...

p"Poc= is: true on F=kx; otherwise by
exactness of both.U



From a T-sheaf to an ind sheaf
FC Mod(k+)
Io = ELUis)lUfTc:sEFlrl3

G:-*k -FTU

CU,s(tJo

Yus: 1to > F

G-G.E.Fo

is
⑰ k+r here
(v,t)fI,
J = E(5x,Jol both Quite; 3
Ein(6}CGT

⑦kar-Ok+r
Yakintout bigenous

te

J -



Trefore filtered

any kx-mod is f mpFi
itI

FitT-coh

We have constructed
#

on(T) -> Mod(k+)
"IF; i him **Fi-

i i

Thu & is an equivalence of
abelian categories.
If essentially sag

r

Fully faithful: ...



Recall:

↑

Copy subset of opens in X (wlnice

properties)
Tc = Srelativelycompacts in Th

GothTopology X+: CT =T; coverings:Quiteness
condition imposed.

xx+

Con(Tc)F Mod(kx)
- Mod(kx+)
-

f &*

Roughly:
cover (ku,+e,k) n,yt I n,VETEChrUclosure of that under her, rober. 1XET;

↑ is a covering

Under some assumptions, of X

UVETi.E

UCTi kx k
TU LHIV has cu

cown.comps 1a k--wod
ip

ChITc)

If in addition T form a basis in the topology
of X: I = id



· Evey Fck+-mod is him Fi
#iECohITil

&

-filtered
· Cohitc) is an abelian subcategory of k-mod

ICh(c) - Mod1k+
"Lin"F1, npaxFi

Lea e Abelian category.

ICNEA: C-Ab) Ak-near, left exact]
IHave to show: if A is 1-hn, left exact:

h(x,y)(x zA(x)3(X,x)- (4,y)
x

-4xc-1

is filtered, is (X,,x (Xe,ra) A(X(x2)
id dis

(X,*Xz,1)1 =px1 + p4a
ii) (X,x)

rats of Yes orwetinf(69
(Y,y) T

I
z =cker(7-3) A(Z)



Withthis in mind: more functions -

e.g.: In addition to "the embedding"

I: IIChITc)-> I(kx)): we have

FT: I(kx) -> IlContll(
Mod(k

+1)

For E- [Ckx) and KE CohITd:

J
+
F(k) = Homs16x1'Enk,F)

thoi
I(conCT.N (1,5+#) sheaf of

ky-mods -

or: N(v, I
+
(FD =Nomg(()(bxu,+)
or

viewed in

Mod(k+

dam: It right adjoint to IT.
IT
TIFF Nod (b+)<
=
I((x)



also: in addition to
alsos-
p
-

bod(kx)indikaz
--

Recall:

Px: ample restriction; p"its left
adjoint;

PxF(n) =him F(v)
-

ncv
VET

but there is also right adjant?!
pi(n) = sheaf associated to

the preshed ULsF(n)
F

dalsoby:Cin generaof re
e+ Ind(c)

constand
compact obj F 15 and system I(e.g.kv,U(X)

In general: coher) compacts ->
compacts)

I

same coker in Jude.



arize:
p.

-

k,-mod.*kx-mod*

12 * inqis
-↳ICoh (T)E Ilkx)

id
JT

Roughly: "identify" b--mod
and [(kx)

by means of 1 and It, JT. (although,

=+I+Fid; I+5+
Fid). Then: the triple

of adjoint fructors (cf**x
(constructed

site-theoretically) "becomes" the triple

PX, x, ex (constructed Ind-Sheaf-the
retically).



More precisely: >

od(K)
2* Mod(bx) Cmm:

CLA
It

Mod(k+)<* Mod(ux) i.e: JT extends

** (which
is the re

64 of sheaves from&MaIC6x) to it to ICExistrOPX
God (b+)f mod(lx God(k+) x

God (kx)
ea1- ↓BX

I(kx)+) also: 1x=id if assume=

"I've that it is a base of
the topology.



ex. Compare: px, xx, ix top.pp*

live Ev 7
P! UCX:

Since UCFH

are

S
-

hikecovers F

fine, q(xf(x) a
theydifferent inky inkn=hu
sheaves on the site 1)

X+ "mky- "hillo
-

US const ind
syst



sticsites

T= E Subanalytic subsets in XS
CX real analytic
toghly: Locally S fil0 close under

Y

on IR: gjx0 projections
along some
words

F,p- c((x) = Ind 1R-C"(x)
-

12 1-constr.shus w/
22 compact

Mod (Xsal Coh(T.) supp
ji

X
+



Classical Ind-sheaves:

C oby= schwartz
distributions

u -Oby(x) =C*(n)
dva

THIS ONE IS a SHEAF

Ax = cy = real an fus; his
red an

forms

f-C. has polynomial growth at pEX:
7

*ofapast ubid of p
ENzoedistlx,(()N.(f(x))

< @

on K
I tempered at p:* pol.growth

wall derivatives.

I tempered on F: tempered at all ptX.

20t-posheaf of tempered
C0 fisi Ecb+

No way they form a sheaf. BUT:
If U,V open subanalytic:

o+cat(unr) -> cPt(u)+(u t(r
↳ (otluvvl ->0



Todistributions:

0 + 4xu(Xi0bx) -> N(X,0bx)
< ↓def

i.e.: distributions Ob5(v)
on of X d
as near functionals
on C.I(U)

0- obt(u -V)- Ob(u)00b(v)+0b(unr)-0

top: out and cat are sheaves
-

on the subanalytic site Xsa

Conly quite covers (or variation of
that...)

and only sanalytic open subsets)

the proof uses Loyaszemic inequality:
for compact in X, MandUopens



5N30:

dist(x, K-(UwVD" <C. (dist(x,(-V) + dist(x,((r))

for any xtk. I
h
I
In C*grom.

two let

be tangents
I

- of infinite
order:

L
L L -(UuV)·

No-Y
dist(x, K-U]
dist(x.k-V)

decrease faster than

any power of
dist (x,K-(urV((

In real analytic geometry: NO



D-modules on 1 with Cher(n) =9503

2.
The formal case:

GHDCJ- modules

#nnection with pole at t=0

aO= IID 8= DIDIS]

#=CIEDE DE

Bale: 1m with connection (B+Acl)d

Lemma There isa basis e,be,..., 8"%e,
-

therefore M =BE/8tz--8
l= ("+ am)6+ +... + 0()

gz En.. 2 i i
litK;

i =0 u;tOX
The Newton polygon:

In each

ka z3j--
column,

- 26235... fix the

&is Bigree vertex corr
to zli



y(3
Rj

convex
hull of

the quadrants
74j

78

73j 73j..
I 72

Cy +3 - k -3- 736, + 1:
O

&

d

+28
~

3j2-J

I 5.I (2

4/2

2

7 f

Call examples of-8

I Beslope a,(0) to

1+ a,k)-7- + a(7). 748)



↑slopes:
p= slope

25j2
z

pee
55-7353

2- 85%

1
Reduction to the

case of single slope:

Lama

I has the
Newton

·o otygou
R = QR

O O

5
Newton Newton

Ma polygon polygon
j MR ⑭ ⑫

.
MR

&-BTye.* TI-/517Y.QR* (Y/Ra



also: R acts invertibly on MR, Q on MR, therefore
xx+(na,1) =Ext(M,ma) =0
so the exact sequence splits.

Seeslope:
Ex +2, + ho botI7T*
x

Congby
e +(bz+E2)-no

735+ + x-V0; if 1=-4(0), becomes

regular, i.e. 26-z(...)

Se
-45" + u,7- + 4

+"(b+Ec+ uzz+ E) + no

I

742 + 2653+
- 2xz8 + 4,X
+ u,z-7 + no

of x+ n,b)x + n.10) =0; get the new operator
z(z32"+a(z).+ + b(z))

z352 we reduced
& ·(max slope) +mI zf



91z3y + N0,xk

·
zlzr Slope

p
= GKcQ

8

Conjugate by 62Clook for a): f

z4(2 - 6az
-a)+ 4 =zla"+ ...t(x)"akH-a

+ No i

l+ x(- 1 - a) =0il- k = ka;a =fk
=

p

(- x()" + no = 0

general: There is classification if you
p

allow coverings
zisE forPEI.

and then:

M = # Lx81; GEDIF*E*
for some pi

L = DTDI], 0 via 6+4j;
9

M regular(and those: ANaiachrewordanblock



Sple (Airy equation)

ot uz nto p
O

w =Yzj 76z =- wfwj

7- + 473 = (7G)3- 77+ +uz3 =

= (w(w)+ (w(n) + uum

w52" + 2v6m + n.

ow583

ow2w · w*5
w Single

slopeO ⑧

2

of

e

O ow"?
653

first gauge transformation: by e

w5(2- 1.z.w
-E(-+ 2w3(2 - 653.w

-512) + no

= w522- 36wE6 +wetn
+2032 - 36%2 vanishes for

1

r A = EU.

what to make of this? H=w
x(x = const.N6wwilng0w(w(r)ox(x6x50x32,



2- z (say, no=-1)
32

Iz(5-z). *E
If

(G+74)- z =8 +
2z2+E-*

a-zRehzGJ
t
-(1-2.75+ f7t++E]

11

a*3+(7-3.(x) - 712+ 2x6 13) 37-
11

7-k(7-/(x) -za - z
-(x) - 1) +272)

EY(7-*(y)-3)(+ 6 -E) +223)
wz(w-k(+ wb +3)(+ wb+E)+ 2w6]
=x(x3.(zx + 1)(zxz + E) +xt] =x(E(2x+1)(2x6 + 5) =x]



[ (2x8+ 1)(2x5 + st+ +0]u+ (x) =0

v1(x) =1+ 8ax

+(an + 1)(2n+ 5ax+
+3
+aX =0

n=0

Fax+ acx+z(n+3)au+x4
43
- O

a
=az

=0

I(n3)amx+ is(2n+ 1)(2n + s)an =0

3(k+1)as(m) =I (64+ 1)164 +5)93n
4

"5(6x- 1)(64- 5) FORMAL

GEN.SOL,

a
=0,l+0(3);93 = (11)-.n! W

c.e5xyzu+ (x) + xze-3xYu- (x)
very much divergent; convergence
radius = 0.

BUT: we are talking
about series not

converging to holomorphic fus but being their



asymptotic expansions.

On a sector arglxp: 1
let fix be a holomorphic

o

function.

froax (n( 2):

*p5950:(f()-E9x"C*
2.Given a

sector langle<i: any zanxi
is an asymptotic expansion of some

holo function.
of say, sector

is Re(x) > 0;

f(x) =z(1 - e)).ax"
Note: 17-e'y when Re(y) >0

1) E

IS"etdt) Inthtorm/>IxM+



rEosA. DA

Blog up
Iata 7/

- -

-
a Si~

Sheaf on F
-

plein (0)
its restr. ES:

germs of holo has having an

asymptotic expansion

to UcC%: Of

-z
germs of fas

-

w/asympt to
↓

A'sed's ->&(()
I constant shef



H(s,AY)+ H+(s,t)s)

0 + H(s,AY(s) + Ho(s,tls)
+ b-

.CInt' Hils,(((x)))
(((7)

-

b

0c- H-(s,A-s)

H=(s,A(s) =(()/CT77Y

Now: M meromorphic (atzero) coan.

A((n) =A-8+-(n)
+"10)

thm AP(n)* A(r)

(i.e. HR =0: a)away fromeasyspot



weget: *

the (Hukuhara-Turritin
F

any formal montal section of
↑ Corii) extends to an actual

rontal section of M (whose

asymptotic expansion it is).

P
0 AY(u) -A(n)

- - 0

* Lo Ad
0-AY(n) -

A(u) - -

exact

- Ker (i)

on
cober(.) =0



So: 1) For any M,
in a standard

&Mstand plation of an

atral O-module

3) Apply Aukuhara-Turidin
to N = (u(M, Mstand):

Me Mst. ne7 =0 in any

given sector

saphenomenon

L

On each sector E:

MOMstandard of DLw@Mo

PE
W

near two.



PobrCGLulAlunv)
for

Sor E1 Cmod MstAtonr(do

gor
!My extension of it" (s,A"/s)H'1.Als):
this cocycle is trivial. From there:

& Near 7= 0, M & M standard

data: we have a basis of
solutions e..., Im on 8 for every

sector n; pts, partial order on everyF:

via if u.e** Clament series);
ye'Yo(s Laurent series);

elity has moderate growth
(i.e. NE, 5N

n = e m
=
e-E ↑o

on Vo,U,: incompatible

E- E UUs?
- E

F



The above defines partial order
on

2 =UD(E**)/KIEMT
k = 1

(which is a system on 5 b/c z' are

defined only locally

an a-filtered local system V:

-alocalsystemVousinter
-

-exist locally defined decompositions
v =t V
~

E
&

at -t

such that for every as

v=v-
a2

2CP

24. Say, there are
two solutions:

w
etu+(x)

O

splitting:
Vyx+ V-yx

U



D

t

u- WoO

vi
v,
t

O

Us = UsTr503UUs

Ov=(V)
z
+ *Vt On F

OXLV)v+ #V on F
+Yx I

I

v = (Vixw:#V-Y on No

NixviQUyx on V

Glueing isomorphisms on UoUU,i

they only have to preserve
the



sheaves V
IYx

not the oppositions
-C 7

(the sheaves are part of the data; the
decompositions are not, they only are supposed
toexist locally). Therefore:

on UrU: UV-yxFVy*V-Yx

preserves V.x

on VorU: preserves V+Y
So: lower triangular in

U.th Us, upper triangular
on Use Ui.

more generally. Stokes data for rh=2:

tn. S,
Sn

s upper to

to lowerstriangular
sit,...o.tn = 94 ... to

Sz

the automorphism
defining the local system on S



This describes the phenomenon:
u()neta.A)

I'

ane a

Car rather: al) are asymptotic

expansions of eFYr.(z)
t

Now on UstnU, we have:
- I

Co) (1)

a. and u- are proportional
(1)

up and it are proportional
after adding c.n(

(1)
n= s--U_

(i) (1)u(
=5
+
u
+
t S

++
u
-



↑'Agnolo and Kashiwara relate the

Stokes description to the language of
subanalytic/ind - sheaves. (That looks

plausible) -
Remark ③ There is an entire adjacent feld-s

when to plays the role of z, there are extre
variables X,3, expressions

e.s(x) nxt) appear

as solutions of the schiodinger equation, and the
Stokes phenomenon for them is studied.

② As we have seen, asymptotic expansions of
solutions tend to be want" where

agrow like n! For those, there is

Borel resummation, analytically continued
wherever possible. This idea, applied to i

with t=E, is the basis of resurgent
analysis of Schrodinger equations. Mb.
first source to look at: Koutsarial lectures on YouTube



③ as mentioned before: enhanced modules once DR

oh (for symplestial M are formed by

expressions ((x.3)
& a(x,3,t) mod-.

Cappropriately understood
with a filtration that could is essentially
interpreted as the filtration by generalized
eigenvalves of 6. It would be interesting
to see how this is related to the

U-filtration (by generalized eigenvalves

of 84 in a different version of enhanced

A-modules) and the -filtration in

the stokes phenomenon, perhaps in

a resurgent version of enhanced

0Q modules.


