
Operations on Hochschild and

cyclicgpexes-T.gl#structure runs rich structure

hm

f-→ rid

E

ExI From
Éech- Alexander to

homological algebra.
D- an algebra/ K .

Cech - Al . :

DÉ, ☐
•2¥

☐•3→ _ . .

htl

Ñ(a. ☒ . . .
⑦a) = [ 1- %⑦ - -⑦ 189-8 . . .

j=o

hors /⑧Go - • • \ ' ' '

✗ = spec D- - - )(✗ Ex 's ✗¥ - - -



This is wet an interesting homology.
(knows nothing about the product ; is

acyclic : ☐
4) (b)≈ ☐

" (A)

%

if kcÑ has a section .

contracting homotopy : using
this section. .

or more geometrically :

Go@_ ⑧ an ↳ 61×1.98 - - -⑦a

✗
◦
C- × .

it

Inpkr : DIEg

two morphisms ; f- * Ng * :D
" >
→ E
"

In fact : e.am choose a GOOD homotopy .



hlf , g) cooee - - -
⑦ a)

11
a-I

-21- 1)tflaoleo . . .
⑦ flajlglaj-i.JO

j=o
⑧ - - •

①glaujla.hlf.gl]=f* -9 .

Inparticwlari-f-i-d.IE
>
hlididl] -0
"

bar differential.
Q1 why ajar -_ 0 ?

Kind :(5,22bar]=O⇒%j- 15 , ?]



(why is %
,

bro
,
or even good ?

Not sure) . Continuing , we get

⑨ +2bar -1%+2+-12--0
Seems best we can predict
from general "

principle
"
.

All this becomes interesting
when :

Ja-D
- polynomial mug
t

A - comin ring

g-
Cn)

A
= Ker CD

"

→ A)

4)
= Jj? adic completion of

D.☒ ut' (n≥ 01



The homotopy does not extend to
completions ; cohomology nontrivial.

If
OTO : Ds Da

*%
A

Fact: D
# E

I
ˢ
1

A- B

hlf , g) does extend to

• ) hÉ•-1)

So : Éeeh - Alexander cohomology

off does not depend on

D→A .



Variant : A is over Fp ;
D polynomial overfly ;
and we take dividedpower
envelope_ (completed) of JA

'

?
(crystalline cohomology)

.

But is the structure really
tight ?

fi

oe.

☒ e hlfifd-htf.fr/-h1fzf1-hlf..fz)ohlfzfs)
etc

.

= [£
, hlfi.fz.fi]

00 0

Also : agree
with compositions
0ot_EoF



fi 9 ,

•

¥
%

0 fz

REI A.FI
§
,
h 11

,
2
, 3)]= h 11 , 2) + h 12 ,3)-h3)

-

CÉ
,
h ( 1

,
2
'

, 3)] =Tn(1, z-ti h 12T 3)- ¥3)

[£ , h (% , 92) ◦ h (fi ,fz)] =

= 19
, *

- 92*) h If i ,fz)- h 19 , 92) If , * - fad
h (%

,
9a)◦h If i.f-a) = h (1,2 ,3) - h 11

,
21

,
3)



Cao loose ends)
.



EE CDR to Gnabwg- Schedler 's
realisation of Hochschild and cyclic) .

2

Nc

Asu
= dga : gen . ai da Chu .

ima c-A)
0 7

rel
. : dlabt-da.b-a.dk

d : ri→It
'

d : a↳ da- 0

graded der ;

k = Ñk/h→ SÉAIK
Therefore V- A ¥3B :

fz

fit = fz* : Rita→I"Bk

A# Ily : good homotopy exists :

1) R'→DIA ☒ DIA
deg - I



ao da
,
_ _ .

da

I

É t.li-'aodq.dg.si/g.oo1-1&aj/.dg:i-kj--i
21 Sia •his→ his

Wi ☒ wa↳ ± fz* (wa )¥¥ )
eg .

Go - day ↳ aoa
,
☒ l - ao• 9 ,

I

f-, laoa , ) - fzlai) f, lao )
"

fz lay) - f , 1901-f , lad
. file ,

)

[d
, elf , fz)] =

"

f.* - fz*

[& . Hid, id)]=0



to := elite , id)

the Gm-bwg-S.chet.br differential .

" fi , - ifk) :
Ofa ) = a④ 1- /④ a

aodg _ dan
I

{ ± ao - -0kg;) day;+ ,
_ 019;)_ 019;)-

R°→ R' 8- - . @I w
, ⊕ • we

dig -1<+1*1
A

t
si

B t-fxlwulfiwd-fu.tw,)



da
,
-- daw

É,f , Ida, _ da.f.lfildaHs1-1s@fzldaaD.f 1dam._ day2

Éf
,
Ida- daa

. .
) faldau-da.)-{ f. 1dg_daatfal

6=1 WT



@ "! 6) bee-• a.↳ { loose-•g.)⑦ ( g.+9-1

0%1--0'% dgcoalgebra
ZNCD

,
E) - a-

& "? ⑦ IN 10
, E) → OÉ "? '

of
ENYO)•aNlo , E) → ENKE, }:]id

coalgsA•ʰA acts by 2bar :-102
well - defvednese of crys

whom can be

packaged as a Igoryic.es
acting upon a woduleiucocatego→

A → Ii '
"

O : aoda,_ da,↳

Eaod9-daji01uptoSzionca@7cNCA.B) → Djs
' " } higherid - - homotopiesA.Eat by G- s g. . - -

NÉ forms will reappear ; definitely part
of a bigger structure .



Ex.LI/sawinEx.2-:
A- ② A G @92

t I
B f.lad - f. 191 - fzla, ) . -1,18)

say , d- =B
, f,=id,fz=f : Goa

,

I
99
,
- fla, )q

.
_

-Ñ%oA→ . -

he knew one :

bflaoi - ⑧G)= flan)8⊕ _ +

+ -2=1%-8--09-94 ,
-

C. (AFA) = 1- A
"

graph /f)
A @App

whatever structure we have on

it , it is TIGHT ( believe so)
.



Se : id
. ,f* : C. (Att ) ?
Go @ _ ↳ fao@ - ⑧ fan

Stroud be homo topic .

[ by , Bf ] = id
- f- *

look for that , find :

Bflaoeo_aad-feEl-iiifajeo_iofau@iOG-0-rOaj-if-idi-b.B
]=O .

B-- but:;
f- → id t

And
, yes , B is NC DR differential



In lecture 3 : will discuss some picture
uniting (b.B) and Ceo

,
d)

. New :

HER .

C. (A. A)→I
"

A

b) B to ,d

bee . _☒ an→¥, §→tD%aj:-.- da .
- ao - da, :-.

- da

I ', ↳ commutative

✓

TALK
( Is there

any
"

animation" of this ? )



i-x.3-tloihsihilda-ha.ms

Â ÉB ① (A)
f,Bfz)

f-2
2

☒How
A-⑦ Bop
(¥ >¥)

they form a dog category with

objects fi , fz, . - . [Yoneda /U product)

E✗pHys
C. (A.B) -1-6%(1--913)

fitz

@→ ( ai
,
_ _ . ,9w+n)= -1-419>-19441%+1,

- - -19min)
qEC•(A. t.BA )
+ c- C. ftp.Bfs)
"1- c-CTA,g ,

•
→ ¥9



Another operation :
fi

h A 9

A→BF
✗ € @ (Biff)

fz I

9*4*9 C- C. (A ,
D )

gf,h 9th

2

Tight structure→ new structure

f.g↳ 1-

*
€ÉÉc - Ñh -9*9%7

g. fz
" Jomotopic

A- fix 092*9

When 1-=B=C , f, = . _ . -_9z= id :

two howotopies : + {4 } and 4{ ¢} .
[4,43=4943-+494} : ☐NO



Recall:

dog cat C - dgcocat Bark )
Small

same objects ;

Bar (e) (x, y/ =⊕ ClYti1eo-i@CAu.t
/ fwy

✗1
,
- i ✗ is C- Ob /C)

Copooduct = cutting
word in two .

Differential = 2bar -

Tʰ

Bar @
•

ItsB) ④ Bar C°(B. C) →Bar @
•↳c)

Bar (A) ⑧ Barco /A. B) →Bar
CB)

morphisms of dg cocategories ;
associative, compatible .

In other words : Algebras form
a category in dog cats , plus a
module in dg cats .



Lead .3
Cat in dgcocats :

V-A.Bnsdgaoo.at/BCAB)
"

Barc
◦

(A.B)

Bar /A) ⑧ BIA , B)→ BCB)
( l)

V-A.B.ci

121 BIA > B) ☒ BCB , c)→ BIA,

morphisms of dgcocats
All associative , compatible .

Rmk_ 4) commutes also with

É on Bar (A) ,
Ber CB)

. By any

chance
,
are Ex. I , Ex. 3 parts of

the same structure ?



Noa :
include Hochschild chains

f. 1- → A C. It ,
+
A) = -1¥

1-⑦Aop
µ

These form a dgmod-IC.CA#dgcatasabove
TRA - its bar constr . =dgcomodlBIA.lt/TRalf1=-1OC4f.f,)EJxo---iCi(fn.-i.fn)TJxoC.lA.
f) -- -if_

f.
A)

Noe :

YA ,
B - dgcocat BLAB)

Marso : BIA > B) • BIB,c)→ BIA, C)
assoc

VA : dgcomod TRIA) over

BIA,A)

YA ,B : BIA
,B)⑦ BIB , A)

MARK ↳BAB

BIAA) BCB
,B)



MAIA TRIA) ≈, mp.jp/-RCB)
Tais

V-A.BR?BlA
, B) ⑦ BIB , c) • BIG A)

MAB# this-B ↓ - C

BIA
,A) BIB

,B)
736,4

mA%cATRlA)→Ñ→Rb*
get an automorphism of the

dog cowwdule/ BIA ,B)⑦ -

id ~ ≈
3



§ : Algebras Cdgcats) form
a category in dog coats with

a trace functor .
C Shadow )

.

Remotes

1) . How surprising is all this?

Not much
.

.

Another model of CCA ,B) :
dog modules / A @ BP ; perfect as
/Kofi brant ) B- modules

them C- , -7
A- ④ BP

composition : ④
B



Se : we get /strict) cat is

dog cats with more objects .
I guess we can get below by transfer of
01 approach got Ts:/structured

9
cat is dgaoa.at#mehow--.

To pass
to cat in dgcats :

Take Cobar .

@ ( A.B) = Cobar BIA .B) =

= Cobar Bar C. (A. B)

Cobos
, though , is only lady

monoidal :

Cobar (B) ④B)→ Cobar B, ☒ Oberth
coassoeiiative



Solution :

@ (A ,
,
. . .

,
1-⇒ = 6bar (BIA

,

1-a)a.④BIA,f
Two types of morphisms :

I @ (Ai , . . . . Am ,)→ @Hi>Ai,; . _ , Aia , -1mi)
induced by BH @BL)

I

BID

I @ (ti
,
-

.Aw ,) -7%14,-Aj) @@ftp..it}
agreeing w/each other

.

Very much Segal-Like ;
due to T.

Leinster
.

Some version of dog nerve prob .

makes this a Segal ( is , 2) category .



Also : Mi→M•
1- ⑦Acp

-1 is an

actual trace functor , so again
some transfer of structure should

produce a homotopy version on

Hochschild

cha.rs/cochams..0-Tott:ca-euusfae.r:Rec#0lA.A
) no multivectors

C. (AA) no forms

with this in mind : what

geometric intuition is

involved in the above

operations?



Higher analogues of

BIA
,B) dgcocat : ^ on →Tx

BIA
>B)⑧BIB ,c)→BIA, c) E.Tsou on IT"T×

TRIA) dgcomod law,aEÑ×,wEÑ
TAB : MATZATRIA) Law

,
ath
"

't ,
12

WER
'

↳FTBTRLB)

id NTS
'

DDR

And nothing more

Otherremark: what about C.CA , Yg)?



AÑB FB right dvaliaabk
g A-B binod

(gBJ=Bg theft

dvalisable
B- A bihod)

fBg=§qzBg✓
K

Aso
Aooaop
({ ☒Bbg ) = C. ( A ,fBgB]

Actually, get some interesting

structure in coalgebras .
① AIB : dg cobihodule MCA ,

B) over BIAB)

② Some nontrivial variation on

BIA>
B)⑧NIB

,
c)⑧ Blc , Ol→ MIA , D)

In particular , for A- B= . . .

- A
> f=g=_ = ida :

some twisted version of Shoikhet's team .



Application : no crystalline complex .pk
¥t: (free) Ip -modules 1- with a

product associative mod p .

Morphisms f : 1-→ B 's morphism of

algebras mod p .

The



Backtoncforw.sc
-1 Hochschild (a)chains

1. A common home for forms
and chars ( Ginsberg - Schedler) :

d-one_ 1- ④A

aollda
,
az↳aoÉ, 1- / ⑦9)%

Notation! 11
a)

11

BE /A)→ 13%11-1

a short resolution of A ↳ 1-⑦AM

-mods lsewi) free if A is
.

b) A⊕A=At*A ; then da ↳ Ia,t*]



NC forms (a version) :

* ' * ' (A) = ⊕ Y/
"

(A)
n≥ 0

"

BY% - % BY
-

n times

=

% he

a
<t* >

two differentials :

% : da ↳ [a,t* ]
a ,¥→0

d : a↳ da z da ,t* ↳ 0
[d. to ] = [ 1-*,_ ]



Y'" 11-1=9%41%5
2) Add uc multivectors :

Bˢʰ✓= Haig (B:} 1- ⑦ A)V
inner

binod structure

1- •A → Darla, Agt)
! !

AHA
E- (ai→a•1 - / ⑦a)

*÷ B.sk
- - -

Bosh
Perhaps

How (B%.*p"

AAAAA@
*
'⇒
= * "•Y[*⇔, #

'*'
]



É%(***])^→m↑¥
definitely 1-11 . . .)

(k)

he≥o

(koutsevich - Vlassopoubs ; Waikit Yeung ) .
Prof let A be quasi - free .

The :

Y'
"'

(A) computes
a- cyclicHH.CA?aA&)sh#ehar=o12

Cn

HH.CA ,A)
*

HHIAA

☒ Cn)

computes HH.CA?.t'
")



operations on It, _Y :

1) The Schouten - style bracket on#
Ck. -V. ,Waikity .)
If raw c- I

,

aEÉ
,
WEI

3) Iwa C- If ,
9 C-*,WEI

Ñsed_for :

left CY
structure onto

3

ne version of a shifted
structure on A cushy * >

I

calculus)
3

A shifted symplectic structure

on
[ derived) Rep(A) /GL .



A right CT structure

f
generally? -

no analog of a shifted

Poisson structure .

↑

those
,

i. e.
Mc elements of

the dgla #
⇔

,

are
called

pre- CY structures on
A.

Question : how to
" animate"

this picture ?

Onesuggestion : consider the

tight structure on the following :



pg
,

AÉ%%↑Mzs Hochschild
Aa co :

"" A ,-
B£M2

Mn

(☒ Mii , ⑦ Mi ,i→)How
☆ Ai - ⑦ Bi

tlochsehild-ha.ms:

④ Mii ⊕
⊕ Mi

,
it '

•A; - ④ Bi

And a
mixed chain- Cochet

version _ _
.

Operations of the form :



"→¥F
2)
"

t
i/→

I

I. ( for
→
~ cockers)

and
. _

( for chains)

Question what " rich structure
"

will we get on C. CAFÉ
C•(A•? f-

•") and 12 I
C. (AA) '

Another piece of this structure
should be :

Inc Frobenius



Example A
,

B
, ☒ How (Milk

, %⑦NÑ
A,⑧Az- B.⑦BzNK.tk ↑Nu

B2←ÉAa
µzz↑

""

↓ 1423 Rtfm [932%3
,

µ,,
,µµ

,1-3%133 1.
IR Horn (M , ,

@Mizz⑧ llzz , Niz⑦N2l⑦M33)A
,
@Az⑧Az-B,⑧Bz☒B}
As well as :

A
,
→ B

,
A
,
→

BIT↓
BE- Az
,

"

)%z
BÉ Ai BI

Having this
,
there are two ways

to merge pictures at vertices :



Cz← BzCq← Bz

↑ I. a-4¥A.→ B
,

- Ci
→ t

if. Bz- Az

Bz←Az and

I
a.

£- Az

In a tight structure , they are homotopic .

Homotopy is of degree -1 .

Summing over all vertices ,
get the KV bracket

. /
when Ai=Bi=A
Mi
,
- = Nij =
2Adi

as



2. Obj : k lose ◦bi )

thorn Clk,k)=k - mod ⊕

Sets k

f- 172 :C Chik/ → Ab
k
th - algebra A :

A&R = TRCA @ __ • A) •→k
• 30

Action of N' ⇒ Afr is a

cyclic object in Ab
sets
- - -

W:tFp-mods→Ep-mod#
(Kaledin's ne

built vectors)


