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Generators : Eur 4
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vE A
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Relations : En ,nzu}=94 ,
13 Eu,

Envir ,n = e

En , In = 0 when 4
,
In A *

k,(A)
- ke(A)

Recall : StCA) = unir central ext of A

Gen. xij(a) itj
9tA

~

Rels :
- xij(a) X ;j(b)

= xij(a
+ b)

(Xij () , xji(b)]
=
Xix(ab)

(ifk)

[xij(a) , xxe(b)]
= e jtx &

central if l

e- k2(A) - St(A) - ECAl- e
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For neAY :

Wi ()
= X

,j(u) xji)-n") Xij(n)

hij (u) = wij (u)wij(-1)
Wij
(n) hij
I

[i] I:]
Decksthat : Conjugation by Wij(a)

↑

acts same as in EIA) on xe
,
Wiel)

e
. 9 .

Wiz (n)Wiels Wie (n)- Wie Hav

Wie(u)x, Win(n)= Xafata)

ec .

From this :

Wiz(a)biz() wizla)" -hi leit- Gzla2)-
Fthat

: Conjugation by hij(n) acts

as expected on Xu
, Wie (v) . AND

THEN :



hij(ulhin()hij (n)"
= hik(au) him(n)-

11

Ad
,
(n) . (wis'wirt)

11

Wi(ur) win(-n) = hinku) his (a)-

=Sa . vBythig(us , hin(r)] his (a) hin(n)"his(r)"
↳↳

En ,v= EvuB Susta= 1

Eung
,
vi= 94 ,13322.v3

Get k
=
(A) + k2(A)

also can get relations :

Ehij
(n)-Gj(u)ha(u)= I

hij(n)hj : (n) = 1



ATheorem For a field F ,

k
Y
(F) = K2 (F)

LINEAR ALGEBRA I , REVISITED:

Subgroups of St(F) :

T = (πxj(9)3 supper triangl
isj

W generated by Wij(4ij) (monomial)
W

H generated by hij(j) (diagonall

StIF) = TWI

Enough to prove
: TWTwitHlCTWI

twt'w(-1) ETWT ; = xixiMys
i it jikti, it

t "w
,
(1) -

11

Wizl-ist" +"GT I'l



Two cases
, depending on whether w

preserves the order of is ist.

Reduce to : X2: ETWT
.

But : x?? = x
,

t
Wiel-ar1) x,

"

Assume twt' St(F)

↓ I under

-G E(F)

G(t)((w)4It') = e k(w) = e

q(t) = 4 It')
-

A

t = t in Str

Cno herrel of bli)

Next : G(w)=e => w generated by

symbols &9 ,b3
.

But = product of wijl)'s
and higlul's .

Modulo H
,
reduce it



to a product of hijhn's) . Using relations

Shiwithe
represent

this as
a product of hily)

.

(Modulo K=" (F)
,

those cutel

Finally :

hici) its free uni)
So all u= 1 . This shows :

k
Y

(F)- k2(F)

Ruk We used : the monoidal part of
a matrix . In SLIF) : if g= tut !
t

,
t'E T

,
WE W : then wis defined uniquely

Next : given c : K(E)+A
,
construct a

central extension of Shulti B A
.



LINEAR ALGEBRA I
, REVISITED:

-

-) (a) = I' IE- It ! ] Or Ii][ )
Il

ccase an to) (*=.]T?) (case ag ,
= 0)

I

92 = - n : Jan"-aut e...

Both cases : unique

Matrix multiplication in these terms ?

A . B of A or B are of type L (an = 07 :

car

If both are of type 1 : dow.

First
. Nation :

x2 = /0 : ] xi = (a %] h
,() to it)

wiz(u) = [8-8]
Note :

h
,2
(n) = wiz(u) wir (-1)

Wiz(n) = x,z(n) xz , (- n")x , z(u)

ab
Relations : xi x = x

12 Wiz (4)x, Wiz(y)"=

Wie(n) er,
(v) Win(n)= wiz(a) w ,z(a)wiz (-u) = e

xzi(- n - a)I-1
Wir(uh ,(r)wig(u) hizturth,(i) wir (n)wiz(r)

= hie(n)h ,z(- v)
- =



Wiz() = 4
,z(-1)-

Wiz" ha(n)wiz()" = hiz (the ()" = a(n , - 1)h ,z(u-1)

And now : ↑
h
,
(av) = < 10 , 2) he las hie()

↓central
; multiplicative both in u

, v;

skew-sym .

How consistent are those !

Adwill : hizlars- Cav
,
-1) hizlar) - car, - clathrit

Ilv
davh, (n)4>(v)-

d (u .v) ·

<a
,
-1) hiz lat alu: -1) hiz(i)

k

Ad
,

: his (n)re sin ,-Linkt
- In

,
-1) altn,-fhe(e) =hiz(a)
:

Ad
,
-1)

: he(a)- hizth, (n)hie-)* = c11, -1) hiethleh

=[-1 ,
-1)((- 1

,u)x(- a , - 1)h ,(a) = a(-11) h, (a) = hie(a)

-s : do multiplication .

Using these

/ x ,z = Wiz(a) xi2 X-9-aThe non-obvious step : Xiz * zu

wir(z)xi (n) · ~

Il -
Wis(1)wr(a) Xiz12

-

ax

e

ihi(u) xietattwirlish"hiztalene



A [Wis . ) ()-wizhi)
Wick) iz biz (4) Wiel) X , -wick
-

I
Wiel) Wizlal. bie(a)w, (e)

-Wietel

il

hil-a)* h
,
(n)winli) xin metel
-
-

ya(n)wiz().
-"* Wiz()
I

Abrabtah(btw. i
Iit(u)wizlitter

hie"(b-anz)h
... Wiz(a)

:

h
,
(n) - w

,z() - h
,z(b(1-) ...

Il

d(- 1
, a)3)- 1

, b)c( - 1) -a) -

.. hiz (a)haz(n) hiz (b : (I-at()wiz) 00 -



a) wicht .D-J - wizki))

- .

X
,(a) () - x, w

.
z(-1)

11

rich! xz (a)wiz() . x* xin* wiz)wiel-i
-

b
-

b

winl! Tula) well Xe xz hi(b)
-↳

Wiell) .x -()hin(b).
xi

Il

WilWizla-n25) .

-stans)
U

LiLinda-ny-ip-t. xia-nigtitwielhlb). xie
Si

-

11 X12

...)
-

=

(
,(n)wick) h ,

z(b) ....
Il

((-a
,
- 12(1 -4 - 1) e-1b)

- I

-00 hiz (-(1-) his (u)h ,2(b) we ...



tocompare
:

c(1 --b)
-hizl-al wizla)hiz (1- hi(b)

I = hi(-al- wir (n)hi(b(1-25))
= - -
hitral hie)-(tr,

(4) hi)

I = hiel-a . (l-2))- Wiz (n)-h, (b)
=

-(1 -- -a)
!

Wie (n)hill- Wie (n)-= hizl hiCar

=e(r- + - hin!
I = 2(1- b)(1- -) Lin(-)-win)
I = <(1
-i

- a)
-=

hiz(swiz(u)
It

921-E-) · Giz(I- )) Wiela

I = I = 2(1- ) = 1 -

2

General SLIF) : Basically the same :

S = MXij(9j) . W
-Mij(bij) w = produc + of

(with some
acucellations) ; Wij chij)

the important case
:

Mxj(a) . W . HXj(bij) · Wi, x+ 1(-1)
-



MXj(9j) . W . Mx big) - Wis,-1)

Xinx , (b)
· H xij (oo)

. Wr
, notD (-1)

(i
, j) F (4 ,

k+
Il

·

100.)

nontrivial case :

still , , 4]
the permutation corresponding to w

changes the order of 1
,
11 ; essentially

reduce to same
calculation as for Sh.

This produces a central extension

44)- (F) - SLIF)

Now we
have :

I "(F) - 5LIF) - SLCE)

I universality
11

K
=
(F) -> St(F) -> SLIFI

easy to see the two are inverse






