
Motivating op en question: Which triangles have
closed (a.k.a. perio dic) billia rd paths?

� Every acute triangle has a perio dic billia rd
path, called the Fagnano curve. [F agnano,
1775]

� Every right triangle has a perio dic billia rd
path.

� Every rational polygon has a perio dic bil-
lia rd path. [Masur]

� Halb eisen and Hungerbuhler found some
in�nite families of perio dic billia rd paths in
obtuse triangles.



The orbit-t yp e of a perio dic billia rd path is the
(bi-in�nite) sequence of edges it hits.

Given some perio dic sequence of edges and a
triangle, how do we tell if there is a perio dic
billia rd path in this triangle realizing the se-
quence as its orbit-t yp e?



Searching fo r Billia rd Paths

The orbit-t yp es of all �nite billia rd paths in a
�xed triangle � have the structure of a tree.
(It is a subtree of the in�nite trivalent tree.)

Theo rem (Cassaigne-Hub ert-T roub etzk oy).
In a rational polygon, the numb er of orbit-
t yp es of length n which are realized by �nite
billia rd paths is bounded ab ove and below by
cubic polynomials.

A simple search algo rithm would be to tra-
verse this tree. Whenever you see an unfold-
ing where the �rst and last edges are paral-
lel, check to see if you can construct a billia rd
path.
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The space of all ma rk ed triangles mo dulo con-
gruence, T , is given the structure of a 2-simplex
by using angles as co ordinates.

If we �x the orbit-t yp e w, then Tile ( w) is the
set of triangles with perio dic billia rd paths with
orbit-t yp e w.

Assuming Tile ( w) is not empt y, the tiles come
in one of two 
avo rs dep ending on w:

1. Tile ( w) is an op en subset of T . In this case
w is called stable .

2. Tile ( w) is an op en subset of some rational
line in T . W e call w is called unstable .



Plotting Tiles

If � and � are two angles of the triangle, then
all the vertices of the unfolding can be ar-
ranged to lie in the ring Z[e� 2i� ; e� 2i� ].

1

e2i�

e� 2i�



Theo rem (Schw artz). If the largest angle of
a triangles is less than 100 degrees, then the
triangle has a perio dic billia rd path.



Related op en question: Which triangles have
stable perio dic billia rd paths?

� If the largest angle of a triangle is between
90 and 100 degrees, then the triangle has
a stable perio dic billia rd path. [Schw artz]

� Right triangles do not have stable perio dic
billia rd paths. [H]

� Isosceles triangles with angles ( �
2n ; �

2n ; F )
do not. [H]

� Isosceles triangles with angles not equal to
( �

2n ; �
2n ; ( n� 1) �

n ) do. [H]

� W e suspect the remaining isosceles trian-
gles do have stable perio dic billia rd paths.



In fact, some of the triangles which don't have
stable billia rd paths have an even worse prop-
ert y.

Theo rem (Schw artz). There is a sequence of
triangles � i app roaching the 30-60-90 triangle
with the prop ert y that there are no perio dic
billia rd paths of length less than i in � i .

Co rolla ry (Schw artz). No neighb orho od of the
30-60-90 triangle is covered by �nitely many
tiles.

W e exp ect that these statements are also true
fo r the ( �

2n ; �
2n ; F ) isosceles triangles.



T op ology and Irrational Billia rds

Another interesting question: Given an orbit-
t yp e (a perio dic sequence of edges) which tri-
angles have a perio dic billia rd path with that
orbit-t yp e?

It turns out we can extract some partial an-
swers to this question from top ological info r-
mation alone. For example:

Theo rem (H). No acute triangle has a stable
perio dic billia rd path with the same orbit t yp e
as a stable perio dic billia rd path in an obtuse
triangle.



W e can construct a Euclidean cone structure
on the 3-punctured sphere by gluing a triangle
� to an orientation reversed cop y of �.

ii

ii

i

i

There is a folding map S� ! � which tak es
geo desics to billia rd paths.

A perio dic billia rd path on � lifts unless is has
odd perio d. If it has odd perio d then its double
cover lifts.



Theo rem. If 
 is a lift of stable perio dic billia rd
path to S� , then it is null homologous.

� 1(S� ) hol� � � ! Isom+ (R2)
?
?
y

?
?
y

H1(S� ; Z)
holab� � � ! S1

ii

ii

i

i



So, stable paths lift to the universal ab elian
cover of S� .

UA C( S� ) = eS� =[� 1( S� ) ; � 1( S� )]

S� is homotop y equivalent to the �-graph, so
UA C( S� ) and UA C(�) are homotop y equiva-
lent equivalent.





The universal ab elian cover of S� is a trans-
lation surface. That is, it can be constructed
from pieces of R2 that are glued together by
translations.

In general, given a Euclidean cone surface S
we can construct it's universal translation sur-
face covering, UTS ( S). Let K � � 1( S) be the
subgroup of elements with translational holon-
omy .

UTS( S) = eS=K



Every translation surface covering of S covers
UTS( S). In particula r UA C( S) covers UTS( S).

� For generic triangles UTS( S� ) = UA C( S� ).

� For rational triangles UTS( S� ) has �nitely
many punctures, and the deck group of the
covering UA C( S� ) ! UTS ( S� ) is Z � Z.

� Otherwise � in generic in some rational
line, and the deck group is Z.



The triangulation of S� by two copies of �
pulls back to a triangulation of UTS ( S� ). Closed
geo desics on UTS ( S� ) are

1. simple and

2. intersect each edge of the triangulation in
at most one direction.

Call a top ological path on translation surface
with such a triangulation that satis�es 1 and
2 billia rd-lik e.

If there is a rotation by 180 degrees that pre-
serves the translation surface, we require slightly
mo re.



Prop osition. If S is a translation surface trian-
gulated by edges connecting singula rities, then
the restriction of the map � : � 1( S) ! H 1( S; Z)
to the set of billia rd-lik e paths is injective.

2

1

3

2 1
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Theo rem (H). Supp ose � 2 T is generic in
some rational line ` and 
 2 � 1( UA C( S� ))
is billia rd-lik e on UA C( S� ) . If 
 's projection
to UTS ( S� ) fails to be billia rd-lik e, then the
Tile ( 
 ) lies in at most one comp onent of T n`.
The comp onent can be determined from info r-
mation ab out this failure.

Theo rem (H). If � is a right triangle, no billia rd-
lik e path on UTS (�) lifts to UA C(�) .

In general given an orbit-t yp e w, the �rst the-
orem allo ws us to construct a convex rational
bounding box B w fo r the tile from top ological
info rmation alone.

Question: Do es every irrational triangle � lie
in some B w?


