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Preface

This book is about the theory of Markov chains and their long-term dynamical properties.
It is written for advanced undergraduates who have taken a course in calculus-based
probability theory and are familiar with the classical limit theorems such as the Central
Limit Theorem and the Strong Law of Large Numbers. Knowledge of linear algebra and

a basic familiarity with groups are expected. Measure theory is not a prerequisite.

The book covers in depth the classical theory of discrete-time Markov chains with count-
able state space and introduces the reader to more contemporary areas such as Markov
chain Monte Carlo methods and the study of convergence rates of Markov chains. For
example, it includes a study of random walks on the symmetric group 5, as a model of
card shuffling and their rates of convergence. A possible novelty for an undergraduate
text is the book’s approach to studying convergence rates for natural sequences of Markov
chains with increasing state spaces of N elements, rather than for fixed sized chains. This
approach allows for a simultaneous time 7" and size N asymptotics which reveals, in some
cases, the so-called cut-off phenomenon, a kind of phase transition that occurs as these
Markov chains converge to stationarity. The book also covers martingales and it covers
random walks on graphs as electric networks. The analogy with electric networks reveals
interesting connections between certain laws of Physics, discrete harmonic functions, and
the study of reversible Markov chains, in particular for computations of their cover times
and hitting times. Most of the currently available undergraduate textbooks do not include

these topics in any detail.

The following is a brief summary of the book’s chapters. Chapters 1, 2, and 3 cover the
classical theory of discrete-time Markov chains. They are the foundation for the rest of
the book. Chapter 4 focuses in detail on path properties for simple random walk on Z, a
topic that is also relevant for a future study of Brownian motion. The classical Galton-
Watson branching process is covered in Chapter 5. Chapter 6 introduces the reader to
martingales and some of their applications to Markov chains. It includes a discussion of
the Optional Stopping Theorem and the Martingale Convergence Theorem. Chapter 7
collects material about reversible processes, a large class of processes that can be viewed

as resistor networks. The material is a prerequisite for the following chapters. Chapter 8
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treats reversible Markov chains as electrical networks, a fruitful approach that was first
introduced by Kakutani in [19] and later popularized by Doyle and Snell in [11]. Markov
chain Monte Carlo algorithms and some of their applications are introduced in Chapter 9.
Chapter 10 introduces the reader to random walks on finite groups and, as an example,
introduces card shuffling. Chapter 11 focuses on rates of convergence for Markov chains.
It introduces the reader to the large N and 7" asymptotics and the cut-off phenomenon.
Three Appendices collect necessary background material from probability, analysis, and
linear algebra.

The book has more material than a standard one-semester course will cover. It is designed
to lead students from the basics of Markov chains to interesting and advanced topics in
the field. A one-semester introductory course might cover most of Chapters 1-4 and a

selection of topics from Chapters 5 and 9-11.



Chapter 1

Markov Chains: Construction and

Basic Notions

1.1 Introduction

A stochastic process is a mathematical model for the random evolution of a system in
time. More precisely, it is a collection of random variables X;(w) on a probability space
), indexed by a time parameter ¢ € I from some index set I, and taking values in a

common State space S.

In this book, the time index set I will always be Ny. We call such a process (X,,)n>0 a
discrete time stochastic process. The random variable X, gives the position (or state)
at time n. The state space S will always be a discrete set S, either finite or countably

infinite.

The fundamental assumption on the stochastic processes (X,,),>0 is the so-called Markov
property. The Markov property can be described informally in the following way: At each
time n, the future positions of the process only depend on the position at time n and not

on the positions of X for s < n.

A stochastic process (X,,),>0 with discrete state space S that has the Markov property
is called a Markov chain. We will give a precise definition of the Markov property and a

mathematically rigorous construction of a Markov chain in the following section.

The first three chapters of this book cover classical material on Markov chains, such as
their construction, properties, and convergence behavior. These chapters are the founda-

tion for all later chapters.
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1.2 Construction of a Markov chain

1.2.1 Finite-length trajectories

We start with a discrete (finite or countably infinite) state space S. Fix a positive integer

n > 1 and consider the direct product space
N=8xSx---x8 with (n + 1) factors S
which is denoted by Q = 8"*!. Recall that this means
Q= {(zo,x1,...,xn) |x; €S for 0 <i < n}.

We will think of the index set {0,1,...,n} as modeling time. Let 7y be a probability
distribution on S, which we call the initial distribution. Furthermore, let p : Sx S — [0, 1]
be a function with the property

Z p(x;,z;) =1 foralax eS. (1.1)
CC]'ES
Let F = P(£2) be the power set (the set of all subsets) of 2. The power set F consists of
all sets of the form

F:F()XF1X"'XFn WlthFo,Fl,,anS

(Q,F) is a o-algebra (see Appendix B for definitions). We construct a probability P on
(Q, F) with the use of p in the following way: For all w = (xg, x1, ..., z,,) € €2, define

P(w) = mo(z0) p(xo, 21) p(z1, T2) - - P(Tp—1, T0) (1.2)

and from this for all F' € F, since 2 is discrete,

P(F) =) Pw).
weF
We verify that (1.1) and (1.2) imply > ., P(w) = 1. Thus (€2, 7, P) defines a probability
space. Next, we consider the coordinate random wvariables Xy, X1, ..., X,, on (Q,F,P)

defined by
Xi(w) =x; forw= (xg,21,....,20,) €Q, 0<i <.

As a consequence of this construction, conditional probabilities involving the coordinate

random variables X; have the following important property, called the Markov property:
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Proposition 1.2.1 (Markov property). Let (2, F,P) be the probability space as
defined above and (Xy)o<k<n the random vector whose components are the coordi-
nate random variables as defined above. Then for all 0 < i < n — 1 and for all

HN) 5110y S0 Lo (S S,

]:P)(XZ'+1 = xi—i—l | X() = Xy, 7Xz = l’z)

(1.3)
=P(Xiy1 = Zig1 | Xs = ;) = p(Ts, Tig1) -

Proof. By (1.2),

]P)(XO = LL'Q,Xl = T, -~-7Xi+1 = xi—i—l)
P(XO = IO,Xl = X1y ..ey Xz = .Z‘Z)
mo(20) p(w0, 71) p(1, T2) - - - P(T4, Tig1)
mo(x0) p(xo, 1) p(w1, 22) - - - p(Tin1, T7)

]PJ(XH_l = xz’—i—l ‘ X(] = Xy, ;Xz = (L’z) =

= p(ﬂfi, fb“z'+1) .

Also,

P(X; = 2, Xiy1 = xig1)

P(Xip1 =21 | Xi =25) =

Z 7o(o) (2o, 21) -~ p(Ti—1, Ti) P(Ti, Tit1)

TOyeeey r;—1€S

Z mo(2o) P(2o, 1) - -+ P(&iv1, Ti)

ZOyeney z;_1€S

- P(X; = x)p(xi, vi11) o
- ]P)(Xl :xl) _p(xlaxl+1)'

This proves (1.3). O

Conversely, let us now assume that we are given a probability space (2, F,P), a discrete
set S, and a sequence of random variables Xy, X1, ..., X,, with X; : Q = S for 0 <7 <n.
Let Xy ~ my and assume that there exists a function p : § x § — [0, 1] such that for all
0 <i < n—1 the Markov property (1.3) holds. Then it is straightforward to show (via

sequential conditioning) that for all w = (xg, z1, ..., z,) € S"™! we have

]P)(XO = Xy, 7Xn = xn) = 7-(0(33)0)]3(%'07-%1) e 'P(l’nfl, xn) ) (14)
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which describes the joint distribution of the random vector (X )o<k<n-

Notation: From now onwards, we will write P,,, for the conditional probabilities p(z,y) =
P(X; =y |Xo=2x) for z,y € S.

Definition 1.2.1. We call (Xy)o<k<n as constructed above a homogeneous
Markov chain of length n with state space S, one-step transition proba-

bilities P,,, z,y € §, and initial distribution 7.

Note: The Markov property (1.3) implies
]P)(XZ‘_H = IH_l, ,Xm = Tm | X() = {L'(),Xl = T1y.eny Xz = Ilfl) =

]P)(XZ'+1 :xi+1,...,Xm:xm|Xi:xi) fOI'Z+1 Smﬁn,

and more generally,
IP)(XH_k = I’H_k, ---;Xm = Tm | X() = ZE07X1 =T, 7Xz = [El) =

P(Xiik = Titgy oy Xn =T | Xi =2;) for 1<k and i+k<m<n. (1.5)

As already mentioned, we think of the index k for (X)o<k<n as denoting time. If we
consider time i as the presence, then (1.5) can loosely be summarized by saying “Given
the present state of the Markov chain, future events and past events for the chain are

probabilistically independent”.

1.2.2 From finite to infinite-length trajectories

Usually, when constructing a Markov chain, we start with a state space S, an initial
distribution 7y on S, and a set of one-step transition probabilities P, z,y € S, that
model the inherent probabilistic properties of the process. As we have seen in the previous
section, this information allows us to compute all finite-dimensional joint distributions of
the random variables X,,, n > 0, for the process (see (1.4)). However, questions such
as “Will the process ever visit state x?” or “How often, on average, does the process
visit state y?” are questions about the long-run behavior of the process. Being able to
answer such questions requires the existence of an underlying probabilistic structure on
the space of all infinte-length trajectories. That is to say, it requires the existence of an
underlying common probability space (€2, F,P) on which all random variables X,, : Q@ — S
for n > 0 are defined, and which is consistent with the finite-dimensional joint marginal

distributions as computed in (1.4).

So how do we go from what we already have, namely knowledge of all finite-dimensional

joint distributions, to proving the existence of an underlying common probability space
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for the infinite-length process (X,,),>0?7 The answer lies in the Kolmogorov' Extension
Theorem. It is a deep result in measure theory, and we will only quote it here. See
the classic work by Kolmogorov [20], or as another reference, [33]. We first define the

necessary consistency conditions that underly Kolmogorov’s theorem.

- )

Definition 1.2.2 (Kolmogorov Consistency Conditions). Let S be a discrete space
with o-algebra A = P(S) being the power set of S. Assume that for all k > 1 and all

0 <ny <--- < ny there exists a k-dimensional probability distribution m,, ., on

k

Sk, We say that the joint distributions ,, ., satisfy the Kolmogorov consistency

k
conditions iff

(a) for all k,m > 1 and for all Ey, ..., E, C S we have
7rn1,...,nk+m(El7 ceey Ek,S, ,S) = 7Tn1,...7nk<E17 ceey Ek) s
and

(b) for all k > 1 and any permutation o of (1,...,k) we have

Tng,ng (Eh Y Ek) = 7Tng<1),...,na(k) (Ea(l); ey Ea(k)) .

It is straightforward to show using (1.4) that, for a given S, a given initial distribution
m on S, and a given set of one-step transition probabilities P,,, =,y € &, the Kol-
mogorov consistency conditions hold for the joint distributions m,, ., of the random

vectors (X,,,,...,Xp,) forallk >1and all 0 <ny <--- < ng.

k

Theorem 1.2.2 (Kolmogorov Extension Theorem). Let S be a discrete space. As-
sume that for all k > 1 and 0 < ny; < ... < ny there exists a probability measure
Ty OT S* such that this family of probability measures {Tny . n,} satisfies the
Kolmogorov consistency conditions (Definition 1.2.2). Then there exists a unique
probability space (0, F,P) and a collection of random variables (X, )n>0 on this
space such that for all k > 0 and 0 < ny; < ... < ny the probability distributions
Tny...my, OT€ the joint marginals of X, ..., X, .

Notes: (1) Theorem 1.2.2 guarantees the existence and uniqueness of an infinite-length

stochastic process (X, ),>o for a given state space S, a given initial distribution 7y on S,

! Andrey Nikolaevich Kolmogorov (1903-1987), Soviet mathematician. He laid the mathematical foun-
dations of modern Probability theory.
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a given set of one-step transition probabilities P,,, z,y € &, and for which the Markov

property holds. By Theorem 1.2.2, Markov chains as defined in Definition 1.2.3 exist.

(2) Usually, we will not know the space € explicitly, and in fact, won’t need to know it.
What we do need to know and work with are the finite-dimensional joint distributions
of the random variables (X,,),>0, from which we can compute probabilities for events
defined for infinite-length trajectories by applying the continuity property of probability
(see Lemma B.1.1).

(3) For intuition, we can always think of Q as the so-called canonical path space S
which is the space of all infinte-length trajectories (i.e., sample paths) for the process
(X3)n>0. The random variables X,, are then projections onto the nth coordinate: If
w € SN with w = (wg, wy, ....), then X,,(w) = w,. Theorem 1.2.2 guarantees the existence
and uniqueness of a probability measure Py, on SN (to be precise, on the induced o-
algebra on SN0) which is consistent with the finite-dimensional marginals computed in
(1.4). More precisely, Ppa is the push-forward measure to SN under (X,,),>0 of the

probability measure P on (2.
(4) The canonical path space SN is uncountable.

We are now ready for the definition of a Markov chain (X, ),>o.

s a

Definition 1.2.3 (Markov chain). Let S be a finite or countably infinite set.

o A discrete-time stochastic process (X )n>0 with state space S is called a
Markov chain if for alln > 0 and all states xg,...,xp_1,2,y €S,

]P)<Xn+1 =Yy | XO = Xy, "'7Xn71 = xnflaXn = LE) = ]P)(XnJrl =Y ’ Xn = Q?)
(1.6)

whenever both conditional probabilities are well-defined.

e [f, in addition, the conditional probabilities (1.6) do not depend on time n, we
call the Markov chain time-homogeneous or simply homogeneous. We will
then use the notation P, = P(X, =y |Xo=2) forx,y € S and call the P,,

the one-step transition probabilities for the homogeneous Markov chain.

o [f Xy ~ my, we call g the initial distribution of the Markov chain.

Note: Unless otherwise noted, we will always work with time-homogeneous Markov

chains.
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Since we will always work with a discrete state space S, we can take S = {0,1,..., N}, or
in the infinite case, § = Ny. Using the natural ordering of the elements in §, it will often
be convenient to write the transition probabilities P, in matrix format. This results in

the (finite or infinite) one-step transition matrix, or simply transition matrix,

Fo Por -+ BN Fo Foi Foe

P S Py Pn
P= _10 _ _ or P= : :

Pxo --- -+ Pyn

Definition 1.2.4. A square matriz P is called a stochastic matrix, if

e all matrix entries are nonnegative, and
e cach row sums to 1.

The transition matrix P for a Markov chain is always a stochastic matrix.

Note: In working with an infinite transition matrix P, we will use the same basic formal
rules for matrix addition and matrix multiplication that hold for finite matrices. For
example, if P and P’ are two infinite transition matrices for infinite state space S, then
their product PP’ is the matrix P” with entries Py, = > _¢ P..P.,. In general, matrix
multiplication for infinite matrices is not associative. However, matrix multiplication for

infinite stochastic matrices is associative (see Corollary A.4.4 in Appendix A).

Proposition 1.2.3. Let (X,,)n,>0 be a Markov chain on state space S. Let i > 1
and x; € S. Consider time 1 as representing the presence. Then conditional on the
event {X; = x;}, the past and the future of the process are independent. That is,

for all n > i and for all xg,x1, ..., ;i 1,Tit1,..., 2T, €S,

IP>(X0 = 0, vy Xic1 = Ti—1, Xi-i—l = Ti41y ey e = B | X;= %)
= ]P)(XO = YD)y ooog Xi—l = Ti—1 |X7, = ZL‘Z) ]P)(Xi—i-l = Tit1, ,Xn = Tn ‘ XZ = .231) y

provided all conditional probabilities are defined.

Proof. The statement follows from the familiar fact
P(ENF|G)=PE|FNG)P(F|G)

for conditional probabilities for events F, F', and G, and from the Markov property. [J
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Definition 1.2.5. Let (X,,),>0 be a Markov chain on state space S. A state x € S
1s called an absorbing state if P, = 1.

Example 1.2.1 (The 2-state chain). The simplest example of a Markov chain is the
2-state chain for which we can take & = {0,1}. We write the four one-step transition

probabilities Py, Po1, P1o, P11 as entries in a (2 x 2)-transition matrix

P— PO() P01 . 1—a a
\Po Pi) \ b 1-b)°

To avoid trivial cases, we assume a, b € (0,1). We can represent the transition mechanism,
i.e., the information given by P, as a directed, weighted graph whose vertex set is the state
space S and for which a weight assigned to a directed edge is the corresponding one-step
transition probability. If a one-step transition probability P,, = 0, the graph will not
have a directed edge leading from x to y. We call such a graph the transition graph for

the Markov chain. The transition graph for the 2-state chain is shown in Figure 1.1.

b

Figure 1.1: The 2-state chain

Here €2 can be identified with the set of infinite binary sequences. 0J

Example 1.2.2 (A non-Markov chain). An box contains one red ball and one green
ball. At each time step, one ball is drawn uniformly at random, its color noted and then,
together with one additional ball of the same color, put back into the box. Define the
following stochastic process (Y;,),>1 with state space S = {0,1}: Let Y;, = 1 if the nth
ball drawn is red, and let Y,, = 0 if the nth ball drawn is green. The process (Y,)n>1 is

not a Markov chain. Indeed, we see that

P(Ys=1|Y1=1Y,=1)= (1/2)(2/3)(3/4) 3

/92

and
e 2eM
PO =1 =0% =0 =050~ 2

are not equal, and so the Markov property (1.3) does not hold for (Y;,),>1. This process

a special case of Pdlya’s Urn which we will introduce in more detail in Section 1.5. [
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Example 1.2.3 (A queuing model). Consider people waiting in line at the post office
waiting for service. At each time interval, the probability that somebody new joins the
queue is p, and the probability that somebody finishes their service and leaves the queue
is q. All people arrive and leave the queue independently of each other. We assume
p,q € (0,1), and the queue starts with o persons in line. Let X,, be the number of people
in line at time n. We have P(Xy = 29) = 1. The process (X,,),>0 is a Markov chain with

state space is & = Ny and one-step transition probabilities Pyg =1 —p, Py = p, and

Poo =1 =p)A1=q)+pq, Poapr=p(1=¢q), Poa=q(l-p)
for x > 1, and 0 otherwise. The transition graph is shown in Figure 1.3

[(1—p)(1—q)+pd]

q(1 —p) q(1 - p) q(1 —p) (1 —p)

Figure 1.2

We verify that, as expected,

ZPOy:]‘ a’nd pr‘y: xx+Px7x+1+Px’x_1:1 fOI'fEZl.

yeS yeS

This queuing model is an example of a so-called birth/death chain (a Markov chain for
which, at each step, the state of the system can only change by at most 1) which we will

introduce in more detail in Section 1.5. O

1.3 Basic computations for Markov chains

Consider a Markov chain (X,,),>o on (finite or countably infinite) state space S with
initial distribution 7y and transition matrix P. Here we show how various probabilities
associated with (X,,),>0 can be computed from my and P. First, we will compute the

distributions of the random variables X,,, n > 1.

Note: We will denote the distribution of X,, by m,. By this we mean P(X,, = z) = m,(z)
for x € §. It will be convenient to consider 7, as a row vector 7, = (m,(z1), Tp(22), ...)
with respect to some natural ordering of the elements x1, zs, ... of §. We will denote the

transpose of , by 7.
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Computing 7: By the law of total probability, we have
my) =P(X; =y) =Y _mo(z)Py
€S

which is the row vector my multiplied by the yth column vector of the matrix P. Hence
we get

m =myP.

Computing 7y: Applying again the law of total probability, we get

)
Do
s
I
pac)
2
I

y) = ZWO(I)P(Xz =y|Xo=12), (1.7)

or, alternatively,

ma(y) = Y m(z) Py

which we can rewrite as

my) = (Z Wo(x)sz> P, =Y m(x) (Z P,. sz> . (1.8)

ze€S \z€eS TES zES

The change of summation in the second equality of (1.8) is justified for infinite state
space S because of the absolute convergence of the double sum. Comparing (1.7) and
(1.8) (and by taking my to be unit mass at z), we get for the conditional probability
P(X, =y | Xo = x) which we call the 2-step transition probability from x to vy,

]P’(X2:y|X0:ZL'):ZPzzPZy: [PQ]%y

zeS

which is the (z,y)-entry in the square P? of the one-step transition matrix P. We have
Ty = mo P?,
and by induction,
T = mo P foralln > 1. (1.9)
From (1.9) (and by taking 7y to be unit mass at x), we get for all n > 1,
P(Xn =y | Xo=12) = [Py
and by homogeneity,

P(Xoin =y | Xin =) = [P"],y for all m > 0.
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denote the n-step transition probability from x to y by Py .

Definition 1.3.1. Let (X,,),>0 be a Markov chain with transition matriz P. For
n > 1, we call the matrix P" the n-step transition matrix for the chain. The

entries of P™ are called the n-step transition probabilities. For allz,y € S, we

Attention: P, # (P,,)". The n-step transition probability P is the (z,y)-entry in the

matrix power P".

Notes: (1) For any m,n > 1 we have
Pm+n — PP ’

and hence
m—+n __ m pn
pptn=N"pPrpn.
z€S
(2) If z is an absorbing state, then P =1 for all n > 1.

Example 1.3.1. Consider a Markov chain (X,),>0 on & = {1,2,3}. Let

0 07 0.3
P=| 04 02 04
05 0 0.5

and assume the Markov chain starts in state 2. Compute

(a)
(b)
(c)
(d)

]P)(Xl - 3,X3 - 27X6 - 3)
P(X5=2|X,=1,X3=3)

]P(Xg - 2’X2 = 3,X4 = 1)
P(Xy=3,X,=1|X3=2).

The transition graph for this chain is shown in Figure ?7.

The 2-step and 3-step transition matrices are

0.43 0.14 0.43 0.271 0.329 0.4
P2=1028 032 04 P>=10328 026 0412
0.25 0.35 0.4 0.34 0.245 0.415

(use a matrix calculator).

Answers:
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0.5
0.3 0.4
oo L
0.4
Figure 1.3

3
(a)P(X; =3,X3=2,X5=23) = <Z () Px3> P}, PJy = (1-0.4) (0.35) (0.412) ~ 0.06
r=1

(b) P(X5 = 2| Xy = 1,X3 = 3) = P(X; = 2| X3 = 3) = P;, by the Markov property.
Indeed,

P(Xs=2,Xo=1,X3=3) m(l)PsP
PXs;=2|Xo=1,X35=3) = = — == = P,
( 5 | 2 s 423 ) ]P)(ngl,ngg) 7T2(1)P1’3 3,2

Hence P(X5 =2| Xy =1, X3 =3) =0.35.
(c)

]P)(X2 :37X3:2>X4: 1) - 7T2(3)P372P271 . 0-04 .

P(Xs=2|Xy=3,X4=1) = = = =0.
(Xa =2[X; =3, X = 1) P(X, =3,X,=1) m(3) P, 0.25

(d) By Proposition 1.2.3,

P(Xy,=3,Xy=1|X3=2) = P(X, = 1| X3 = 2) P(Xo = 3| X5 = 2).
50 P(Xy = 3, X3 = 2) (3) P

P(X,=3,X,=1|X3=2) =Py —2 87 _ p 209 52
We compute m2(3) = 0.4 and 73(2) = 0.26. Hence we get

(0.4) (0.4) - 0
P(Xo=3,X4=1|X3=2)=—"_—"—=0.
( 2 ) 4 | 3 ) 026
U

In most cases it is too difficult to compute an explicit formula for the n-step transition
matrix P” for a given Markov chain (unless P is diagonalizable). But for the simplest
case, the 2-state chain, we can find explicit formulas for the n-step transition probabilities

without too much work. We will show this in the next example.
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Example 1.3.2. Recall the 2-state chain from Example 1.2.1. We take S = {0,1}. The

transition matrix is
1—
p_ a a
b 1—-0b

for which we assume a,b € (0,1). Perhaps the easiest approach to compute higher powers
P of the transition matrix is via diagonalization (if P is in fact diagonalizable). Since
P is a stochastic matrix, the column vector (1,1)" is a right eigenvector corresponding to
eigenvalue A\; = 1. Since trace(P) = 2 — a — b, we know that Ay = 1 —a — b is also an
eigenvalue. Per our assumptions on a and b, we have —1 < Ay < 1. So P is diagonalizable.

There exists an invertible 2 x 2-matrix U such that

PzU(1 0 )U_l.
0 (1—a—0)

1 0
P"=U U
0 (1—a—0b)"
for all n > 1. Hence each entry P, i,j € {0,1}, of the matrix P" is of the form

a;; + Bij(1 —a — b)™ for some constants «;;, §;; that do not depend on n.

This implies

Let us first compute agy and Sgo. Since Py = 1 and Py, = Pyy = 1 — a, we get the

following system of equations for computing agg and Fyo:

I = ago+ Boo
l—a = Oéoo—f-ﬁoo(l—a—b)
which yields

b a
+ and 500:@4—1)'

Qoo =

IS
(=l

Thus Py, = (1—a—b)". Since P} = 1—PFy, we also get P} = - —-(1—a—b)".

a%b"'ra%b T atb  atbd
Similarly, we set Pl = a1 + S10(1 —a — b)", and for n = 0 and n = 1, get the system of
equations
0 = i+ B
= ao+ Pl —a—10)
which yields
b —b

d = —.
Ty Fro a-+b

Q10 =

S

IS

ThusPﬁ):a;L)—ﬁb(l—a—b)” andPﬁ:aL%—l—a%b(l—a—b)”.
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Altogether, we have computed the n-step transition matrix

b a a a
1—a—05b)" — 1—a—05b)"
a+b+a—|—b< a=b) a+b a+b( a—")
P" =
b b a b
— 1—a—-0)" 1—a—0b)"
a+b a+b( a—") a+b+a+b( a=b)
An interesting situation arises: Since |1 —a — b| < 1, we have
b _a
lim P" = ( otb atb > )
n—00 b _a
a+b a+b
Hence for any initial distribution my on S,
n—oo b
moP" =7, "% ( ., (1.10)

a+b a+b

and so in the long run, the process “settles down” in the sense that its distribution
b

it ath
under which, more generally, such convergence occurs in Section 3.2. 0

approaches a unique limiting distribution, here ( ). We will discuss conditions

Definition 1.3.2. Let (X,,),>0 be a Markov chain with state space S. A probability

distribution ™ on S s called a stationary or invariant distribution if

(y) = Zw(x)ny forally e S, (1.11)

€S

or equivalently (with 7 as a row vector), if

TP =.

If 7 is a stationary distribution, It follows by induction that 7P™ = 7 for all n > 1. Thus
if 7 is the initial distribution for a Markov chain, then at each future time n, the Markov
chain will be in distribution 7. We then say the Markov chain is in stationarity. A

stationary distribution 7 represents a sort of equilibrium situation for the Markov chain.

Example 1.3.3. We return to the 2-state chain from Example 1.3.2. Let

b a
= (a—l—b’a—i—b)'
We directly verify that
P =,

and so 7 is a stationary distribution. Notice that by (1.10), we have lim 7, = 7 for any
n—oo

initial distribution 7. In the long run, the Markov chain converges to stationarity. We

will discuss this phenomenon in detail in Section 3.2. O
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1.4 Strong Markov Property

Consider a Markov chain (X,,),> on state space S and with transition probabilities P,,, for
xz,y € §. Usually, we observe the Markov chain from time n = 0 onwards. However, the
Markov property guarantees that for any fized time ny > 0, the process (X,,4+n)n>0 is also
a Markov chain and has the same transition probabilities P,, as (X,,),>0. Moreover, the
process (X,+n)n>0 is independent of the past history X, Xi, ..., X;,—1. Loosely speaking,
for any fixed time ng > 0, and conditional on the event {X,, = z}, the Markov chain

probabilistically “starts afresh” in state x.

What if, instead of conditioning on the event {X,,, = x}, we waited until the Markov chain
hits x at some random time T, and then observed the process from that time onwards?
It turns out that under certain conditions on the random time 7', the process (X7in)n>0
is again a Markov chain and has the same transition probabilities as the original chain.
This property is called the strong Markov property. In the following we will make

this precise.

Definition 1.4.1. Let (X,)n,>0 be a Markov chain. A stopping time T is a
random variable taking values in No U {co} such that for all m € Ny, the event
{T = m} can be determined from the values of Xo, X1, ..., Xpn-

By watching the process from time 0 onwards, we know at any time whether or not a
stopping time 7" has occurred. At time m, we do not need information about the future of
the process X,,11, Xpnio, ... to determine whether or not 7" has occurred at time m. Note
that this is equivalent to saying that for every m € Ny, the indicator random variable

L{r—m) is a deterministic function of the random variables Xg, X1, ...X,,.

Example 1.4.1. (a) The first hitting time T = min{n > 1 : X,, = z} of state x is a

stopping time because
{T*=n}={X1 #2,Xo#x,..,. X1 #2,X,, =1}.

Similarly, the second hitting time T(IQ) = min{n > T* : X,, = x}, and defined analogously,

the third hitting time Té) and so on, are stopping times as well.

(b) More generally, the first hitting time T# of a set A C S is a stopping time because
(Th=n}={X1 ¢ A X, ¢ A, ... . Xo 1 ¢ A X, cA}.
(¢) The last exit time L* defined by

LA =max{n>0:X, € A}
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is not a stopping time because the event {L* = n} depends on whether or not any of the

random variables X,,,, for m > 1 take values in A. O

Theorem 1.4.1 (Strong Markov Property). Let (X,,)n>0 be a Markov chain with
transition probabilities Py, for x,y € S and let T' be a stopping time. Then con-
ditional on the event {T < oo}, the process (Xrin)n>0 is a Markov chain with

the same transition probabilities P,,, and it is independent of the random variables
X07 X17 oocg XT*I'

Proof. We will show that, conditional on {T" < co} and { X7 = z}, the sequence of random
variables (X4, )n>0 forms a Markov chain that is independent of Xy, X7, ..., X7_1 and that

proceeds according to the same original transition probabilities, by proving

]P)(XT+1 = Y1, ...,XT+n = UYn ‘ X =u,for0 <k < T, Xr = x, T < OO)
= Puy Pyrys - Pyp_yn - (1.12)

First we consider the joint probability
P(Xry1 =1, ors Xrin =Yn; Xp=upfor 0<k<T, Xp=2, T < 0)

and, using the Law of total probability, rewrite it as the sum

Y P(Xri =y Xppn = Yoy Xp=up for 0<k<T, Xp=u, T =5)
s=0

= Z]P’(X3H =Yy ey Xsin =Yn; Xp=upfor 0<k<s, Xg=x, T=3).
s=0

Using conditioning, we rewrite the last sum as

P(T =8| Xsy1 = Y1500y Xson = Un; X =up for 0 <k <s, X, =1)
=0

X P(Xe1 =91, Xotn =Un; Xp=upfor 0 <k<s, Xy=21)],

and, after further conditioning, as

P(T =8| Xsg1 = Y1500y Xson = Un; Xp =up for 0 <k <s, X, =1)
=0

s

X P(Xep1=v1, o0, Xesn = Yn | Xp =up for 0 < k < s, X, =1x)
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X P(Xp=u,for0<k<s, X,=2x). (1.13)

We now take a closer look at the first two factors in each summand in (1.13). Since T is
a stopping time, the event {T" = s} is independent of any event defined by the random

variables X, for £ > 1. As a consequence, the first factor in the sum (1.13) is equal to
PT=s|Xy=upfor 0<k<s, X;=u).
By the Markov property, the second factor in the sum (1.13) is equal to

P,

Y1

P

yiye2 ~ Pyn—lyn .

Thus the sum (1.13) becomes

Pop Py Py Y P(T=s| Xy =wpfor0 <k <s, X, =) P(Xg = upfor0 < k < s, X, =)
s=0

= Poy Py Py O P(T =5, X =y for 0< k<5, X, =)
s=0

= Py, P,

yiy2

Py P(T <00, X =up for 0 <k <T, Xy =1x).

Altogether, we get

P( Xt =y, Xogn =UYn | X =up for 0 < k< T, Xpr =2z, T < 00)

Proy Pyrys - Py 1, P(T <00, X =y for 0 <k < T, Xy =12)

P(T <00, X =ug for 0 <k <T, Xr=u)

— P, P

zy1t yrye T Pyn—lyn

which proves (1.12). This completes the proof of Theorem 1.4.1. ]

1.5 Examples of Markov Chains

(1) Markov chains derived from a sequence of i.i.d. random vari-
ables

Example 1.5.1. Let X be a discrete random variable taking values in Ny and 7 =

(po, p1, D2, -..) its distribution. Consider a sequence (X, ),>¢ of i.i.d. random variables
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with X,, ~ X. The sequence (X,),>0 is a Markov chain. Its transition matrix P has

equal rows and is of the form

bPo P1 P2
bPo P1 P2
P = .

Conversely, if (Y},),>0 is a Markov chain whose transition matrix has equal rows, then the
random variables Y,,, n > 0, are i.i.d. and their distribution is given by any one of the

(equal) rows of the transition matrix. O

Example 1.5.2 (Successive maxima). Consider the above defined sequence (X,,),>0 of
i.i.d. random variables. We define the new Markov chain (M,,),>¢ of successive maxima
by

M, = max{Xy, Xi,...,X,,} forn>0.

Note that M, = max{M,, X, +1}. From this we get the transition probabilities

Dy ify>ux

P, = sz‘ ify=uz
0<i<w

0 ify<ux.

O

Example 1.5.3 (Random walk on Z). Let Y be a discrete random variable taking values
inZ and p = (..., u(—1), 1(0), (1), ...) its distribution. Let (Yj)r>1 be a sequence of i.i.d.
random variables with Y, ~ Y. We define the process (S, )n>0 of successive partial sums

by
S, = Z Y, forn>1
k=1

and Sy = 0. The process (S, )n>0 is called a random walk on Z with step distribution
1. At each time interval, the walk takes a step according to u, and all steps are chosen

independently. The transition probabilities are
P(Sht1=y|Sh=2)=Py=puly—z) forallz,yeZ.
We have S} ~ p. The distribution of Sy = Y; + Y5 is the convolution p % i1 defined by

poply) =Y p(@)ply —x)  forally € Z.

T€EZ
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We write p*? = p* p. From this we derive the distribution of S3 = Sy + Y3. It is u** and
computed by

PR y) = e ply) = @)y —x) forally € Z.
T€EZL
By induction we get S,, ~ " where
w(y) = Z V(@) u(y — x)  forall y € Z.
TEL

Thus the n-step transition probabilities for a random walk on Z are

Pr,=pw"(y—xz) forallz,y€cZ.

The following example is a special case of Example 1.5.3.

Example 1.5.4 (Simple random walk on Z). Let p € (0,1). Random walk (S,,),>0 with
step distribution p defined by (1) = p and p(—1) = 1 — p is called simple random
walk on Z. We can best visualize trajectories of simple random walk on Z by plotting
the location of the walk against time (adding connecting line segments). Figure 1.4 shows

a sample trajectory of finite length.

S

0
1 N/ n time

Figure 1.4: Simple random walk on Z

We discuss simple random walk on Z in detail in Chapter 4.

(2) Birth/death chains

A birth/death chain is a Markov chain whose state space is a set of consecutive integers

and which can only possibly move from z to 4+ 1 (a birth), or from x to x — 1 (a death),



1.5. EXAMPLES OF MARKOV CHAINS 27

or stay in place in one step. Usually, the state space S will be either Ny or Z, or for the

finite-state case, {0, 1,..., N}. The transition probabilities are

¢ fy=xz-1
sz: Pr ?fy:x_'_l
r, ify=u

0 otherwise

with p, + ¢, +r, = 1 for all x € §. A transition graph is shown in Figure 1.5.

T T2 3
Po D1 P2 D3
ne(0 T e .
q1 q2 qs3 q4

Figure 1.5: Birth/death chain

Birth/death chains frequently arise as models for real-life processes. Due to their relatively

simple structure, they can often be analyzed in detail.

(3) Random walks on graphs

A graph G(V, E) consists of a finite or countably infinite vertex set V' and an edge set
E. The edge set F consists of unordered pairs {v,w} of vertices v,w € V with v # w.
We say two vertices v and w are neighbors if {v,w} € E. Graphically, this means that
the vertices v and w are joined by a line segment. If {v,w} € E, we write v ~ w. The

degree deg(v) of a vertex v is defined as the number of neighbors of v.

Simple random walk on G(V, E) is a Markov chain (X,,),>o with state space S =V

and transition probabilities

P _ 1/deg(v) if v~w
o 0 otherwise .

At each step, the Markov chain chooses its next location (vertex) uniformly at random

from the neighbors of its current location.

Example 1.5.5. Consider simple random walk on the following graph G(V, E) in Figure
1.6. The state space is V = {1,2,3,4,5} and the transition matrix is
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Figure 1.6
01100
3 0503
P=li 104}
0030 3
0335350

O

Example 1.5.6 (Simple random walk on the hypercube Z%). Here the vertex set V
consists of the vertices of a unit cube in R*. Thus V can be identified with the set of

binary k-tuples
V={(x1,....,zx) 1 z; € {0,1},1 <3 < k}.

Figure 1.7 shows a picture of Z3.

0,1,1
0 (1,1,1)
(0,0,1) (1,0,)1)

(0}, 1,0) (1,1,0)

Figure 1.7: The hypercube Z& for k = 3

There are k edges emanating from each vertex. Assume the walk is currently at vertex
v = (x1,...,x). For the next step, choose uniformly at random an index j from {1, ..., k}.
If z; = 0, switch it to 1. If x; = 1, switch it to 0. Thus with each step, exactly one of
the entries in the current state, the binary k-tuple v, changes. This is nearest neighbor

random walk on the k-hypercube. 0
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Random walk on a weighted graph. A graph G(V,E) may have a positive edge
weight C(v,w) associated with each edge {v,w} € E. If this is the case, the transition
probabilities are proportional to the given edge weights in the following way. Define
C(v) = > pwww C(v,w). The transition probabilities for random walk on a weighted
graph G(V, E) with weight function C': E — R are defined by

Pow = { Clv,w)/Clv) if w~w

0 otherwise .
Notice that simple random walk is a special case with C'(v,w) = 1 for all edges {v,w} € E.

Example 1.5.7. Consider random walk on the weighted graph shown in Figure 1.8.

Figure 1.8

5
12
0
1
4
0
1
2

The transition matrix is

w

I
o o GlNple ©
wim islw O wi= Gl
ol O Gl © O
O = o= A= O

O

Note: In earlier examples, we have introduced the transition graph for a Markov chain. It
is a directed, weighted graph, and every Markov chain has an associated transition graph.
Random walks on weighted graphs, that is, random walks on graphs with undirected edges,
constitute a more special category of Markov chains. Many (but by no means all) Markov
chains can be interpreted as a random walk on an undirected weighted graph which, if
applicable, is often a useful viewpoint for computations. We will discuss random walks

on weighted graphs in detail in Chapter 8.

(4) Urn models
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Urn models have a long history as models for real-world processes such as they arise in
theoretical physics, statistics, population genetics (see [16]). Their set-up always involves
a number of urns (boxes) and balls (often of different or changing color) and a prescribed
scheme by which balls are drawn and returned into urns. When a ball is drawn, it is
assumed to be drawn uniformly at random from all balls in the urn, regardless of color.

The following questions often arise in connection with urn models:

1. What is the distribution of balls of a certain color in a specified urn (or urns) after
n steps?

2. What is the distribution of the waiting time until a specified condition of the system
occurs?

3. What are the asymptotic properties of the system? Will the system settle down in

the long-run to a predictable state?

We introduce several classical urn models.

Ehrenfest chain:

This is a model of gas diffusion through a porous membrane and was suggested by physi-
cists Paul and Tatiana Ehrenfest in 1907. Consider two boxes and N indistinguishable
balls that are distributed between Box 1 and Box 2. At each step, one of the balls is
chosen uniformly at random from the N balls and moved to the opposite box. See Figure
1.9. The number of balls in Box 1 describes the state of the system, and so the state
space is S = {0, 1, ..., N}. The transition probabilities are

N —
Po= % for1<az <N, P, = Tx for 0 <z < N —1, and 0 otherwise.

The Ehrenfest chain is a birth/death chain with “pull towards the center”, as the transi-
tion probabilities that lead towards the center state N/2 (or the nearest integer to N/2)

grow with increasing distance from the center state. We can verify that the following

N N
( )Px:r:—1:< )Px—l:c7
T ' r—1 '

(jz)% - ($Tl>$ (1.14)

) = 2", we conclude that 7 ~Bin(N, 1), so

equations hold:

that is,

N

N
From this, and since Z (
x

=0

m(x) = (N) 1 forx =0,1,..., N,

x ) 2N
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o o o o
o = O O O = O O
‘o Py i o
O ———0 e O O
O o] O o]
@] @]
- O - O
Box 1 Box 2 Box 1 Box 2
N-1 N-—2 2 1
1 N N N N
A /\
~~~~~~~ - v
‘\_/ \/ ~
1 2 3 N-—1 1
N N N N

Figure 1.9: Ehrenfest chain

is a stationary distribution for the Ehrenfest chain (See Section 7.2 for more on this).

Bernoulli-Laplace model of diffusion:

This model was originally introduced by D. Bernoulli in 1769 and later analyzed by
Laplace in 1812. It is a model for the diffusion of two incompressible liquids. There are
two boxes, and initially there are N blue balls in Box 1 and N green balls in Box 2. At
each step, one ball is chosen uniformly at random from each box (the two choices are
made independently). Then the two chosen balls switch boxes. Note that the number of
balls (molecules) remains the same N in each box throughout the process. See Figure
1.11. The number of blue balls in Box 1 describes the system, and so the state space is
S =1{0,1,..., N}. The transition probabilities are

P, (%)2 forl1<z <N
P, = (NJ;”C)2 for0<z<N-1
2

P, . = (]]VV;”T) forl<z<N-1

8

and 0 otherwise. This is a birth/death chain. Since (1.14) holds, we can verify that for
this Markov chain the following equations hold:

(Y e= () o
OV @) =) (e

that is,
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°: .
: P54
° . e ° °
QM * )
H ) [
° ° ° °
Box 1 Box 2 Box 1 Box 2
2N721 4N722 2N—21
) N (N§1)2 ( 1;2)2 (%)2 (1\\; (%)2
O T TRIT - vl Iy
\_/ \_/ ~
1,2 2,2 332 N-1
(%) (%) (+) (NF1y2 1

Figure 1.10: Bernoulli-Laplace model of diffusion

From this, and by using the binomial identity

N (N)2 (2]\/)
ZI T\ N
we conclude that © with

r(x) = (5)2/(25) forz =01, N

is a stationary distribution (See Section 7.2). Note that 7 is a hypergeometric distribution.
It can be interpreted as the distribution of the number of red balls among N balls that
have been drawn uniformly at random and without replacement from a collection of N
red and N green balls.

Wright-Fisher? model for genetic drift:

The Wright-Fisher model was introduced in 1931 as a model for genetic drift in a fixed size
population. Genetic drift describes the change in relative allele frequencies in a population
over time (the change that is caused by the inherent randomness of the process, but not
by any outside factors). The Wright-Fisher model does not take mutation, selection, or
environmental factors into account. It starts with a population of fixed size N. Each

individual possesses in a certain locus of the chromosome an allele of one of two types,

2Sewall Wright (1889-1988), American geneticist, and Sir Ronald A. Fisher (1890-1962), British statis-
tician and geneticist.
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either type a or type A. We assume generations for this population do not overlap (such
as for annual plants).

The Wright-Fisher chain (X,,),>¢ describes the evolving count of a specific type of allele,
say type A, over time. X, is the number of alleles of type A that are present in Generation
n. Assuming the population is haploid (with a single chromosome), the state space is
S§=1{0,1,...., N}. (X,)n>0 is a Markov chain. Its transition probabilities are defined by

N\ sz\v (N—2z\"7
Pwy:(y) <N> ( ~ ) for 7,y € S. (1.15)

We can interpret the transition probabilities (1.15) in the following way: The (n + 1)

generation is created by sampling with replacement from the n** generation with param-
eter p = X,,/N. Or each of the N individuals in the (n+ 1) generation inherits its allele
type from a uniformly at random chosen parent in the n'* generation, and all choices
are independent. Hence the distribution of X, ,; is binomial with parameters N and
p=X,/N.

Note that states 0 and N are absorbing states for the Wright-Fisher chain. Eventually,
either allele a or allele A becomes fizated, while the other allele dies out. Of natural interest
is the probability that a particular allele gets fixated. We will answer this question in
Chapter 5.

Moran® model for genetic drift:

This model was proposed in 1958. As with the Wright-Fisher model, the Moran model
describes the evolution over time of an allele frequency in a fixed size population. Here
generations are modeled as overlapping. At each time step, only one uniformly ran-
domly chosen individual reproduces and passes on its allele type, and another uniformly
randomly (and independently from the first) chosen individual dies. We can model the
process as an urn process: The urn contains N balls of two colors. At each time step,
one ball is chosen uniformly at random, its color noted, and then returned to the urn. A
second ball is chosen uniformly at random and removed from the urn, and in its place
a ball of the color of the first ball is put into the urn. The Moran process (X,,),>0 is a
Markov chain on state space S = {0,1,..., N} where X, is the number of alleles of type

A present in the population at time n. The transition probabilities are
(N —x)z
N2

3Patrick Moran (1917-1988), Australian statistician and geneticist.

(N—x)ac‘

Pro=1- 2

Pm,x+1 - Px,:rfl -
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States 0 and N are absorbing states. Note that this is a birth/death chain. We will
compute the probability of eventual fixation in state N (i.e., the state in which the entire

population has allele A) in Chapter 5.

Pélya’s* Urn:
The following model was introduced by Eggenberger and Pélya ([13]) in 1923: An urn

contains b blue balls and g green balls. At each time step, a ball is drawn uniformly at
random from the urn, its color noted, and then, together with ¢ additional balls of the
same color, put back into the urn. Thus the number of balls in the urn is increasing by
¢ with each step. Among many other applications, the process can be viewed as a model
for the spread of a contagious disease. It is an example of a so-called reinforced process.
In the following we mention several stochastic processes related to Pélya’s urn model (not
all of which are Markov chains). We will return to Pdlya’s urn using martingale theory
in Section 6.6.4.

e Process (By)n>0. Let B, denote the number of blue balls in the urn at time n. The
process (B,)n>0 is a time-inhomogeneous Markov chain on state space S = {b,b+ ¢, b+

2¢,...}. The time dependent transition probabilities are

k k

e Process (B, Gp)n>o. Let G, denote the number of green balls in the urn at time n.

Then B, 4+ G, = b+ g+ cn. The process (B, Gy)n>0 is a time-homogeneous Markov

chain. See Figure 1.11 for an illustration where ¢ = 2. The process has state space
S={bb+c,b+2c..} x{g,9+¢c,g+2¢c..}.

o ®

Here c=2: M)

Ps,3),(8,5)
—_

Figure 1.11: The process (B, Gy)n>o for Pélya’s urn

The transition probabilities for the process (B, G} )n>0 are

x
x+y’

for (z,y) € S.

Py (@+ey) = Play) (zy+e) =

r+y

4George Polya (1887-1985), Hungarian mathematician.
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e Process (Y;)n>0. We now consider the process (Y,,),>1 where Y,, € {0,1} with Y,, =1
if the nth ball drawn is blue and Y, = 0 if the nth ball drawn is green. Note that (Y,),>1

is not a Markov chain. Indeed,

b+ 2c b+ c
~ —P(Ys=1|Yy=1,Y; =0).

P =1]Y =1, Y1 =1) b+g+2

The stochastic process (Y,,),>1 does however have other interesting properties which we
will discuss in the following. First, we introduce the notion of exchangeability for a se-

quence of random variables.

Definition 1.5.1. Let (Z,),>1 be a sequence of random variables taking values in
a discrete state space S. We say the stochastic process (Z,)n>1 is exchangeable if
for all n > 2 and any permutation m of {1,2,...,n} the distribution of (Z1, ..., Zy)
is the same as the distribution of (Zﬂ(l), - Zﬁ(n)).

Note that an exchangeable stochastic process (Z,),>1 is a stationary process, that
is, its distribution is invariant under time shifts. More precisely, , for all n,k > 1 and

L1,y Ty €S,
]P)(Zl = X1, ...y Zn = l‘n) = P(Zl+k = X1y ...y Zn-i—k = l‘n) . (].].6)

Indeed, Property (1.16) follows from exchangeability, since
IP(Z]_ = L1y eeny Zn = Tnp, Zn+]_ < S, ceny Zn+k € S)
= P(Zl € S, ceey Zk € S, Zk+1 = T1y .- Zk+n = .CCn> .

In particular, the random variables Z,,, n > 1, have identical distribution.

We now show that the process (Y,,),>1 connected with Pélya’s urn is exchangeable. Let
n > 1,0 < k <n and consider the n-tupel w,, = (1,...,1,0,...,0) with exactly k£ 1’s. We

write P(w,,) as a product of successive conditional probabilities:

P(wn) = P(Yi = 1, ,Yk = 1,Yk+1 = O, >Yn = O) =

b (b+c) (b+ (k—1)c) g (g+c) (g+(n—Fk—1)c)

b+g)(b+g+c) b+g+(k—1c)(b+g+ke)(b+g+ (E+ 1)) (b+g+(n—1)c)

Similarly, for any reordering of the k£ 1’s and the (n — k) 0’s resulting in a binary n-tuple
Wn, we can write P(@,) as a product of n successive conditional probabilities. In this
product, the denominator will remain the same (r+g)(r+g+c)--- (r+g+(n—1)c). The
product in the numerator will also remain the same, but the factors will appear reordered
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according to the reordering of the 1’s and 0’s in @,,. From this we see that P(@,,) = P(w,),

and so (Y,,)n>1 is exchangeable.

Proposition 1.5.1. Consider Polya’s urn with parameters b,g,c. Let X, =
Y, Y; be the number of blue balls drawn up to time n. Then

. n\b(b+c)---(b+(k—=1)c)glg+1)---(g+ (n—k—1)c)
MX"_k)_(k) b+g)b+g+ec)---(b+g+ (n—1)c)

Proof. The formula follows from exchangeability of the process (Y;,),>1 and the above
formula for P(w,,). O

Recall that B, = b+ cX,,. The distribution of X,, is called the Pdlya-Eggenberger
distribution. We point out a few special cases:

(a) For ¢ = 0, we have sampling with replacement. In this case the distribution of X,
is the binomial distribution Bin(n, 52;).

(b) For ¢ = —1, we have sampling without replacement. The distribution of X,, is the
hypergeometric distribution with parameters n, (b + g), b.

(c) And for the special case b = g = ¢ = 1, the distribution of B,, the number
of blue balls in the urn at time n, is uniform distribution on {1,2,...,n+ 1} for

n>1:

P(B,=k)=P(X,=k—-1) = <k: ﬁ 1) = 1)(!7(:-1-_1()]!{ = - n—lk 1

The result of Proposition 1.5.1 can easily be generalized to a k-color Pélya’s urn. For
this process, we consider k distinct colors Cy,...,Cr. The process starts with ¢; balls of
color C;; © = 1,...,k, in the urn. At each step, a ball is drawn uniformly at random, its
color noted and then, together with ¢ additional balls of the same color, put back into the

urn. The following result will be useful for a later chapter.

Proposition 1.5.2. Consider a k-color Polya’s urn that starts with 1 ball of each
color and for which ¢ = 1. Let X', i = 1,..,k, denote the number of balls of color
C; that are in the urn after n time steps. For any time n > 1, the random vector
(XL, ..., X¥) is uniformly distributed over the set

Vn:{<x17-.-7xk) c (Z+)kx1++$k:n+k}




1.5. EXAMPLES OF MARKOV CHAINS 37

Proof. We first note that

n+k—1
vi= (")

since |V,,| is equal to the number of ways in which n indistinguishable balls can be dis-
tributed over k distinguishable boxes (empty boxes are allowed). Fix n > 1, a state
(x1,...,25) € V,, and set x; = 1+ a; for i = 1,....;k. For Pdlya’s urn to be in state

Z = (x1,...,x) at time n, color C; was drawn exactly a; times for i = 1,...,k. This can

n
happen in ways, according to the ordering in which the colors were drawn.
ay as ... ag

By exchangeability, all orderings are equally likely to occur (we also see this by directly

computing the probability of occurrence of a specific ordering of colors drawn). Thus

las! - - - ay!
P(X}, ... X} =1) = " Gy
(K X)) =) (alag...ak) k(k+1)---(n+k—1)

nl(k—1!  (n+k—1\""
(n+k—10 \ k-1 '
O

We return to the 2-color Pélya’s urn. The exchangeability property of (Y,,),>; implies
that (Y},),>1 is a stationary process and, in particular, that the probability of drawing a
blue ball is the same at each step n and equal to P(Y; = 1) = ﬁ. So the process (Y;,)n>1
is an infinite sequence of identically distributed (but not independent!) Bernoulli random
variables. A theorem due to de Finetti® (which we more precisely quote below) states
that the distribution of a sequence of exchangeable and identically distributed Bernoulli
random variables is a weighted average of the distributions of i.i.d. Bernoulli random

variables. For a reference, see [16].

Theorem 1.5.3 (de Finetti’s Theorem). Let py € (0,1) and (Y,,)n>1 be an infinite
sequence of identically distributed Bernoulli random variables with P(Y) = 1) = py
and P(Y1 = 0) = 1 — pg. Then there exists a probability distribution dF on the
interval [0, 1] such that for alln > 1 and for all xy, ..., x, € {0,1},

1
PYy =21, Yo = @) = / p*(1—p)" " dF(p)
0

when 1+ -+ x, = k.

The theorem implies that, conditional on p which is chosen according to the distribution

dF on [0,1], the random variables (Y},),>; are i.i.d. Bernoulli(p). In other words, to

°Bruno de Finetti (1906-1985), Italian mathematician and statistician.
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generate the distribution of (Y},),>1, first choose the success probability p from [0, 1]
according to dF', and then generate a sequence of i.i.d Bernoulli random variables with
success probability p.

It turns out that the distribution dF' is determined by its moments. This fact (which we
do not prove) allows us to compute dF'. Let my, denote the kth moment of the distribution
dF for k£ > 1. Since

1
PYi=1Y,=1,...V;, =1) = / p*dF(p),
0
we have
m,=PY,=1Y,=1..Y.=1).
A straightforward computation (which is left as an exercise) yields

D+ Rr()
D+ R (E)

mp =

which we recognize as the kth moment of the beta distribution Beta(g, 2). It follows
that the distribution dF in de Finetti’s theorem, as applied to the process (Y,),>o for
the 2-color Pélya’s urn, is Beta(g, 2). For the special case b = g = ¢, this distribution is

Beta(1,1) ~ Unif([0, 1]). We will say more about Pélya’s urn model in Section 6.6.4.

1.6 Irreducibility and class structure of the state space

The notion of irreducibility generalizes the notion of connectivity of graphs to Markov

chains.

Definition 1.6.1 (Irreducibility). Let (X, )n>0 be a Markov chain with state space
S and x,y € S.

(a) We say that x leads to y, denoted by x —> y, if there exists n > 1 such that
Py, > 0.

(b) We say that x and y communicate with each other, denoted by x <— vy,
ifr — y andy — .

(¢) We say that the Markov chain is irreducible if for all z,y € S, we have

x — y. Otheruise, we say the Markov chain is reducible.

Notes: (1) It follows that © — y iff there exists a finite sequence (z, z1, xg, ..., Tn_1, )
of elements in § such that P, > 0, Py 2, > 0,..., P, > 0. Such a sequence is called a
path from x to y.
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(2) The relation z <— y is symmetric and transitive. Symmetry is obvious from the
definition. Transitivity follows from the fact
n—+m n pm
P> PP
Example 1.6.1. Random walk on a connected graph G(V, E) is irreducible. Indeed,

since GG is connected, for any vertices z,y € V there exists a sequence of edges

({SL‘, xl}v {33’1, 56'2}, ) {l‘n,l, y})

consisting of elements of E. For each edge {u,v} € E, the transition probability P,, is
positive. Hence v — y. ([l

Example 1.6.2. The Wright-Fisher model (introduced in Section 1.5) is reducible: States
1,2,...,(N — 1) lead to 0 and to N which are absorbing states. An absorbing state does
not lead to any state other than itself. 0

When studying reducible Markov chains, we often decompose the state space S into
smaller, more elementary building blocks. We then study properties of the Markov chain
restricted to these smaller building blocks and later reassemble the state space to deduce
properties of the original chain. The main notion that is relevant for such a decomposition

is the notion of an irreducible closed class, also called a communication class.

s a

Definition 1.6.2. Let (X,,),>0 be a Markov chain with state space S and E C S.

We say that E is an irreducible closed class or a communication class if
(a) for all z,y € E, x <— vy, and

(b) P, =0 forally e E, z € E“.

Notes: (1) A Markov chain is irreducible if and only if the entire state space S is the

only irreducible closed class.

(2) An irreducible closed class E for a Markov chain is mazimal in the sense that if
E C F for an irreducible closed class F', then £ = F. And furthermore, if F,, F5 are two
irreducible closed classes and E; N Ey # (), then E; = Fy. (See Exercise 1.17)

Example 1.6.3. Consider the Markov chain on state space S = {1, 2, ...,6} with transi-
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tion matrix

S O = W N =
)
ot
)
()
)
—_

Its transition graph is shown in Figure 1.12.

The irreducible closed classes are circled (dashed) in Figure 1.14. The Markov chain is

Q,

fie

Figure 1.12

reducible. Its irreducible closed classes are Ry = {3} and Ry = {1,4,6}. Note that state

3 is an absorbing state. Any absorbing state forms its own singleton irreducible closed

class.

Figure 1.13

O
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1.7 Functions of Markov chains

Often, when we consider a Markov chain, we are only interested in a particular feature of
the elements in the state space and don’t care to distinguish between elements that have
the same feature. We would like to lump together all elements with the same “microscopic
feature” and consider a state space of “macroscopic states”. The question becomes, is the
new process with the smaller and coarser state space still a Markov chain? More precisely,
for a Markov chain (X,,),>0 on state space S and a given non-injective function f on S,

when is it true that the process (f(X,))n>0 is again a Markov chain?

Example 1.7.1. Let (X,),>0 be the Markov chain on state space & = {z,y, z} with

transition matrix

P =

_ o O
S O Wi
O =N

and initial distribution py = (3,3,3). Consider the function f : & — R defined by
f(z) = f(y) = 0 and f(z) = 1. Define the process (Y,,)n>0 by Y, = f(X,). Is (Ya)n>o0
a Markov chain? Note that the state space of (Y},)n>0 is {0,1} (which we could identify

with the partition {{z,y}, {z}} of §). We compute

]P)(XO =z, Xl € {xvy}a X2 € {‘ray}) 1
P(Yo=0|Yy=1,Y1=0) = ==
2=0[¥o=1%=0) F(Xo =2, X1 € (@ 0]) >
and
]P<X0 € {l‘,y}, Xl € {xay}a X2 € {l',y})
PYo=0]|Yy=0,Y1=0) = —0.
P 0 =0n =0 P(Xo € {4}, Xa € (e.0])
Here the Markov property does not hold, and so (Y},),>o is not a Markov chain. 0

Let (X,)n>0 be a Markov chain on a discrete state space S and f : & — R a function.
For any z; € Im(f), we set A; = f~!(x;). Then A = {4, Ay, ...} forms a partition of S.
Any partition A = {A;, As, ...} of S induces an equivalence relation z ~ y on S defined by
x ~ y if  and y belong to the same subset A; € A. For z € S, we denote the equivalence
class of x by (x), that is,

(r) ={yeS :y~uz}.
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Definition 1.7.1. Let (X,,),>0 be a Markov chain with initial distribution po and
let A = {Ay, As,...} be a partition of its state space S. We say that (X,)n>0 1S
lumpable for A, if ()A(n)nzo with X,, = (Xn) is a Markov chain on state space A

with initial distribution [y given by

fo(Ai) =Y po(z)  for A; € A,

TEA;

Proposition 1.7.1. Let (X,,)n>0 be a Markov chain with initial distribution py and
let A= {Ay, As, ...} be a partition of its state space S.

(a) If we have

Ppa, =Py, forall Aj € A and whenever x ~ y, (1.17)

J

then the Markov chain is lumpable for the partition A. Assuming x € A; in

-~

(1.17), the transition probabilities for the lumped chain (X, )n>0 are given by

Py, = Poa, - (1.18)

(b) If (X,)n>0 s lumpable for the partition A and if 7 is a stationary distribution
for (X,)n>0, then ™ defined by

T(4;) = Z m(y) for A; € A

YyEA;

1s a stationary distribution for the lumped chain ()?n)nz(].

Proof. (a) Assume (1.17) holds. We compute

P(Xo € Ajy, ., Xn € A1) = > P(Xo€ Ay, Xua € Ai,, X1 =3, X, € A;)

€A

in—1

= Z ]P)(Xn (- Azn |Xn—1 = CL’)P(XO - AZ‘O, ...,Xn_g - Ain72, Xn—l

T€EA

in—1

= Pz,AinP(XO < Aioa ey Xpo1 € Ain_l) forany z € A
Thus

]P)(Xn € Ain ’XO < Ai07 ...,Xn,1 < A’in—l) = Px’Ain for any r € A

In—1°

In—1°

)
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This shows that, under lumping of the state space according to the partition A, the
Markov property still holds, and that the transition probabilities for the lumped chain
are given by (1.18).

(b) Assume 7 is a stationary distribution for (X,,),>o which is lumpable for A = {A;, As, ...}
Then distribution 7 defined by

F(A)= ) w(y) forAecA

yyEA;

is a probability distribution on A. We have

Zﬂ@EW::Z(me%J

A;eA A;eA \z€A;
= D @) P, = D > m(@) Py
zeS y€EA; €S
= Y 7y =7(4)).
YEA;

]

Example 1.7.2. Consider a Markov chain (X,,),>0 on state space S = {z,y, z,w, v} with

transition matrix

e 2 v e 8

e S RS O CE I
RE O w- O ok <
O Ol Ol o= - W
Sl © Bl=e= © 8
O k== O ol

We can verify that condition (1.17) is fulfilled for the partition A = {A;, A>} with A; =
{z,y} and Ay = {z,w,z}, so (X,)n>0 is lumpable with respect to A. The transition

matrix P for the lumped chain is

A A,

P = Al(% %)
7

A \G 5
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Computation of P*:

Let (X,)n>0 be a Markov chain on state space S with |S| = n. Assume that (X,,),>0 is
lumpable with respect to the partition A = {Ay, ..., A, } of S. Let B be the n x m matrix
whose jth column has 1’s in its coordinates corresponding to the elements in A; and Os
everywhere else. Moreover, let A be the m x n matrix whose ith row has the entry 1/|A,|
in its coordinates corresponding to the elements in A; and Os everywhere else. Then we

have
P = APB. (1.19)
We illustrate (1.19) with an example.

Example 1.7.3. Consider the transition matrix P and the partition A = {A;, Ao} from
Example 1.7.2. Here

10
10 1 1
1109900
B=|0 1 and A=|2 2 .
oo i1 1 1
01 3 3 3
0 1
We have
1 1 1 1
2 56 9 5\ (1O
2 1 1
proooy oy
_— | 2 2
APB_OOlllzggﬁg 0 1
PG 0 5 0 gff0o1
12 6 4
1 11 5
LU 5 0/\o1
2 1
3 3
2 1
1 1 2 1
:<55000>E§:(5 3>:f>
1 1 1 12 12 7 5 '
00353 3/7 5 T 1
12 12
7 5
12 12

[l

Note that, as can be seen in the above example, all rows of PB that correspond to elements
in the same subset A; of the partition are the same. This is the equivalent of condition
(1.17). Left multiplying PB by A has the effect of collapsing all rows corresponding to

elements from the same subset (hence equal rows) into one row. Further left multiplying
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the result by matrix B has the effect of undoing this collapsing of equal rows, thus resulting

back in PB. All this is summarized in the following lemma.

Lemma 1.7.2. Let (X,,)n>0 be a Markov chain on state space S with transition
matriz P. Assume (X,)n>0 s lumpable with respect to the partition A, and let A

and B be the corresponding matrices as defined above. Then

BAPB =PB. (1.20)

Corollary 1.7.3. With the notation and assumptions from Lemma 1.7.2, we have

P*— AP"B  forallk>1.

Proof. Use (1.20) and induction on k. O

Example 1.7.4 (Random walk on the hypercube and the Ehrenfest chain). We have in-
troduced the Ehrenfest chain (a model of gas diffusion of n particles between two contain-
ers) in Section 1.5. The Ehrenfest chain (Y},),>¢ is a birth/death chain on § = {0,1,...,n}

with transition probabilities

noe for0<z<n-1.

T
Px,xflz_ forlgxgn, Px,erl:
n

It can be derived from simple random walk on the hypercube Z3 (see Section 1.5) via
lumping. Recall that Z§ = {(z1,...,x,) |z; € {0,1} for 1 < i <n}. Simple random walk
on Z% proceeds by choosing uniformly at random an index k from {1, ...,n} and switching
the kth entry of the current state x € Z5 from xj to (zx + 1) mod 2. If we identify
the index set {1,...,n} with the set of distinct balls for the Ehrenfest model, we have a
one-to-one correspondence between the states x € Z7 and the possible assignments of the
n balls to the two boxes: Ball k is in Box 1 iff z; = 1. The Hamming weight h(x)
which is defined by

h(x) =)z

counts the number of balls in Box 1. The lumpability condition (1.18) holds for simple
random walk (X,,),>0 on the hypercube Z7 and Hamming weight. Indeed, first note that
Py yy # 0 iff [h(x) — h(y)| = 1. We have

M9 i h(y) = h(x) — 1
PX7<)’) = n—h(x) o
X i h(y) = h(x)+ 1.
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Since h(x) is constant on (x), the above transition probabilities are the same for all
x € (x). This satisfies (1.18) and shows that the Ehrenfest chain is (Y},)n>0 = (h(X3))n>0
is a lumped version of random walk on the hypercube. We can verify that uniform

distribution on Z%, that is © with
m(x)=1/2" forallx € Z7,

is a stationary distribution (in fact, the unique stationary distribution) for random walk
on the hypercube. It follows that for its lumped version that is the Ehrenfest chain, the

distribution 7 given by

7o) =l zp o0 =l = (1) /2 for 0<y <

is a stationary distribution (again, the unique stationary distribution). Notice that 7 ~
Bin(n, 3). O

Example 1.7.5 (Simple random walk on the discrete circle and random walk on a chain
graph). Consider simple symmetric random walk on the discrete (unit) cycle Z, for n
even. For each 1 < k < 22, we can lump the points e*™*/" and e 2"*/" and thus
get the partition {{1}, {e?™/", e=2m/n} . {emi(n=D/n e=min=2)/n1 £ 11} of Z,. Because
of symmetry of the random walk on Z,, we easily verify that the lumpability condition
(1.18) holds. The lumped chain can be identified with simple symmetric random walk
on the integers {1,2, ..., 5 + 1} with reflecting boundary at the two endpoints 1 and § + 1

(that is, Py =1 and Prjgn g = 1). See Figure 1.14.

Figure 1.14

We can directly verify that for simple random walk on the discrete cycle, m ~ Unif(Z,,) is
a stationary distribution (in fact, it is the unique stationary distribution). Thus for the
lumped walk on the integers {1,2,..., 5 + 1}, the distribution 7 defined by

2

T(y) = - for2§y§ﬁ—1, and
n 2

~ ~ 1

L) = R+ ==
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is a stationary distribution (again, the unique stationary distribution). 0

As we will discuss in later chapters, the eigenvalues of the transition matrix P play an
important role in the long-term evolution of the Markov chain. The following proposition
describes the connection between the eigenvalues and eigenvectors of a lumped chain and

those of the original chain.

- )

Proposition 1.7.4. Let (X,),>0 be a Markov chain with tranisition matriz P on
state space S and A = {A1, As, ...} a partition of S. Assume (X,,)n>0 s lumpable

for A. Denote the lumped chain by (X,)n>0 and its transition matriz by P. Then

we have the following.

(a) Let s be a right eigenvector of P corresponding to eigenvalue A\. We view s
as a function s : S — R. If for each A; € A, the right eigenfunction s is
constant on A;, then the projection's : A — R defined by

8(A;) =s(z) if xe€ A; and for all A, € A

is a right eigenfunction (right eigenvector) of P corresponding to eigenvalue
A

(b) Conversely, if 8 is a right eigenfunction oflAD corresponding to eigenvalue \,
then its lift s : S — R defined by s(x) =S(A;) if x € A; is a right eigenfunction

of P corresponding to eigenvalue .

Proof. (a) Assume s is an eigenfunction of P and z € A; and y € A;. We have

(PR)(A) = D PuasA) = Poasly) =Y. > Pu.s(z)

AjeA AjeA AjEA zEA;
= P.s(z) = (Ps)(z) = As(z) = AS(4;) .
z€S

(b) Assume § is an ecigenfunction of P and z € A; and y € A;. Let s be the lift (to S) of

s. We have

(Ps)(z) =Y Prus(z)= > Y Pus(z) = Y Poas(y)

2€S8 AjeA zEA; AjeA
= Y Paa8(4;) = (P8)(A;) = M8(A;) = Ns(x).
AjG.A
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Corollary 1.7.5. Let (X,)n>0 be a Markov chain with tranisition matriz P on state
space S and A = {A1, As, ...} a partition of S. Assume (X,,)n>0 s lumpable for
A, and denote the transition matriz for the lumped chain by P. Then the set of

eigenvalues ofl/5 1s a subset of the set of eigenvalues of P.

Exercises

Exercise 1.1. A deck of cards initially consists of 3 cards of which one is black, one is
white, and one is green. At each time interval, a card is selected uniformly at random
from the deck. If it is black, it is removed from the deck. If it is white, it is replaced
into the deck. If the card is green, we replace it by a new black card. For each of the
following processes, determine whether or not the process is a Markov chain. If it is a
Markov chain, give the state space and the transition matrix. Otherwise, give a reason

for why it is not a Markov chain.
(a) (Xpn)n>o0 where X, is the number of black cards in the deck at time n.
(b) (Yn)n>o Where Y,,) is the number of green cards in the deck at time n.

(¢) (Zn)n>o where Z,, = (X,,,Y,,) is the vector that gives the number of black and green

cards in the deck at time n.

Exercise 1.2. Time shift. Let (X,,)n,>0 be a Markov chain on state space S. Show that
for any fixed time ny > 0, the process (Y,,),>o defined by Y, = X, 1, for n > 0 is a
Markov chain that has the same transition probabilities as (X,),>0 and whose initial
distribution is the distribution of X, .

Exercise 1.3. Let (X,),>0 be a Markov chain on state space & with transition matrix
P. Fix ¢ € N. Show that the process (Y,,)n>0 defined by Y,, = X, is a Markov chain and

determine its transition matrix.

Exercise 1.4. Consider the following elementary urn model for a chemical reaction: An
urn contains 8 balls of which four are black and four are white. Two balls are randomly
drawn from the urn. If one ball is black and the other ball is white, then the selected balls
are discarded and two green balls are returned to the urn. Otherwise, the selected balls
are returned to the urn. This process continues until the urn contains only green balls.
Let X,, be the random variable “number of black balls in the urn after the n’th draw”.

Give the one-step transition matrix P for this Markov chain.
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Exercise 1.5. Let (X,,),>0 be a Markov chain with state space S. Prove that for all
n > 1, for all states x,y € S, and for all subsets Ay, ...,A,_1 C S,

P(Xyt1 =y|Xo € Aoy ..., Xpm1 € A1, Xy =) = Py
whenever both sides are well-defined. (Note however that, in general,
P(X,1=y|Xo € Ag,..., Xn1 €A1, Xn€A,) #P( X1 =y | X, € A,)
if the set A, is not a singleton set. See Exercise 1.6 for an illustration.)

Exercise 1.6. Let (X,,),>0 be a Markov chain with state space S = {0, 1,2} and transi-

tion matrix

'-U
I

W= = O

Wi O Nl

W= O Nl

Show that
P(Xo=1|Xo=1,X; €{0,2}) #P(Xy =1| Xy =2,X; € {0,2}).

Exercise 1.7. Let (X,,),>0 be a Markov chain on state space S = {1, 2,3} with transition

matrix

P-

Wl WM =
D= Wl olw
= O wlw

Consider the process (Y;,),>0 that tracks (X,,),>0 when it moves a to a new state while

ignoring any holding periods. More precisely, define Ty = 0 and
T, =min{m >T, 1: X, # Xr,_,}

for n > 1, and set
Y, =X, .

Is the process (Y,,)n>0 a Markov chain? If so, determine its transition matrix.
Exercise 1.8. Let (X,,),>0 be a Markov chain on state space S.
(a) Define the (trivariate) moving window process (Y,,),>1 by
Y, = (Xoet, Xy Xos1)

for n > 1. Is (Y,)n>1 a Markov chain? If so, what are the one-step transition

probabilities?
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(b) Define the (bivariate) moving open window process (Z,)n>1 by
Zn = (anlaXnJrl)

for n > 1. Is (Z,)n>1 a Markov chain? If so, what are the one-step transition

probabilities?

Exercise 1.9. Let (X,),>0 be a two-state Markov chain with state space S = {—1,1}

and transition matrix
1—
P = popr o
qg l-—gq

Show that the moving average process (Z,)n>1 defined by
1
Zn == §(Xn—1 + Xn)
for n > 1 is not a Markov chain.

Exercise 1.10. Let (Y,),>1 be an i.i.d. sequence of random variables taking values in a
space Y. Let Xy be random variable taking values in a discrete state space S. We assume
that X is independent of the Y7,Y5, Y5, .... Let f: S x)Y — & be a fixed function. Prove
that the process (X,,)n>0 defined recursively by

Xn+1 = f(Xn,Yn+1) for n Z 0
is a Markov chain with state space S. Describe its transition probabilities P, for z,y € S.

Exercise 1.11. Let 7" and 7" be stopping times for a Markov chain (X,,),>0. Show that
the following are also stopping times for (X,,),>0:

() T=T+T"

(b) T =T AT := min{T",T"}

(¢) T =T'VT":= max{T", T"}

Exercise 1.12. Consider a Markov chain (X},)>¢, a stopping time 7" for the process, and
the sequence of stopping times 7" A n, n > 1. Show that if P(T" < oo) = 1, then
lim TAn =T with probability 1,

n—oo

and
lim E(T"An) =E(T).

n—o0

Exercise 1.13. Let x and y be distinct states of a finite-state Markov chain with |S| = N,
and suppose z leads to y. Let ng be the smallest positive integer such that P9 > 0. Prove
that ng < N — 1.
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Exercise 1.14. Let (X,,),>0 be a finite-state Markov chain with state space S and tran-
sition matrix P. Assume |S| = N < oo . Prove that (X,,),>0 is irreducible if and only
if

P+P*+...+PV

is a strictly positive matrix.

Exercise 1.15. Consider a k-color Pdolya’s urn with distinct colors Cy, ..., Cr. The process
starts with ¢; balls of color C;, i = 1,...,k, in the urn. At each step, a ball is drawn
uniformly at random, its color noted and then, together with ¢ additional balls of the
same color, put back into the urn. Fix a color C;. Show that the probability of drawing
C; is constant in time. What is this probability?

Exercise 1.16. Prove that every finite-state Markov chain has at least one irreducible
closed class.

Exercise 1.17. Let (X,),>0 be a Markov chain on state space S. Prove the following:

(a) Any irreducible, closed class F for the chain is mazimal in the sense that if £ C F
for an irreducible closed class F', then £ = F.

(b) If Ey, Ey are two irreducible closed classes for the chain and E; N Ey # (), then
E, =F,.

Exercise 1.18. Let (X,,),>0 be a Markov chain on state space S and A = {A;, Ay, ...} a
partition of S. Assume (X,,),>0 is lumpable for A.

(a) Show that if (X,,),>0 is irreducible, then so is its lumped version.

(b) Is it true that if the lumped chain is irreducible, then the original chain (X,),>0

must also be irreducible? Prove your answer or give a counter example.



Chapter 2

Long-run Behavior of Markov Chains

2.1 Transience and Recurrence

Definition 2.1.1. Let (X,)n>0 be a Markov chain with state space S and x € S.
The first passage time T7 to state x is defined by

T% =min{n >1: X, =x}.

If the Markov chain starts in state x, i.e., if Xo = x, we call T® the first return
time. If X,, # x for alln > 1, we say T® = oo.

Note that the first passage time 7% is a stopping time for the Markov chain. As a
consequence of the strong Markov property, the Markov chain “renews itself” after each
visit to x, that is, the process (Y,)n>o defined by Y;, = X7., is a probabilistic replica of
the Markov chain (X,,),>0 with Xy = z.

Proposition 2.1.1. Let (X,,),>0 be an irreducible Markov chain with finite state
space S. Then for all z,y € S,

E.(TY) < 0.

Proof. Since the Markov chain is irreducible, for any pair of states x,y € S there exists
an integer n(z,y) and an e(z,y) > 0 such that Pi™* > ¢(z,y). Since S is finite, there
exist n = max{n(x,y) : z,y € S} and ¢ = min{e(z,y) : x,y € S}, and so

n(x,y) <n and e(zr,y) >e forallz,yeS.

52
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Writing P,.(TY > n) for P(TY > n| Xy = z), we have
P.(TY >n) < (1—c¢),
and from this, by iteration and repeated application of the Markov property,
P.(TY > kn) < (1 —¢)* fork>1.

The random variable T is positive and integer valued, and so

= i P.(TY > m).
m=0

Note that the probability P,.(7% > m) is a decreasing function of m. Thus we get the
upper bound

o0 oo

:il{”m(Ty>m Z (TY > kn) <n Zl—e
m=0

Definition 2.1.2. Let (X,),>0 be a Markov chain with state space S and x € S.
We say

e state x is recurrent if P(T* < oo | Xy =1x) =1,
e state x is transient if P(T" < oo | Xy =1x) < 1.

We say a Markov chain is recurrent (resp. transient) if all of its states are recurrent

(resp. transient).

Note that an absorbing state is a recurrent state.

Example 2.1.1. (a) Consider biased random walk on the integers S = {0, 1,2, 3,4} with
reflecting boundary at 0 and at 4. See Figure 2.1 for its transition graph. This is an

1 p p p
1—0p 1—0p 1—p 1
Figure 2.1

irreducible, finite state Markov chain. By Proposition 2.1.1, E,(7T%) < oo for all x € S. It
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follows that P(T* < co | Xy = z) = 1 for all z € S, and so all states are recurrent states.
With probability 1, the Markov chain will return to its starting state in finite time. This

is a recurrent Markov chain.

(b) Consider biased random walk on the integers S = {0, 1,2, 3,4} with absorbing bound-
ary at 0 and at 4. See Figure 2.2. Both 0 and 4 are absorbing states and are therefore

Figure 2.2

recurrent. States 1,2, and 3 lead into the absorbing boundary from which the Markov
chain cannot return to its starting state, and therefore 1,2, and 3 are transient states. For
example for state 2, we have P;, = p* > 0. Thus P(T? = oo | X, = 2) > p?, and therefore

P(T? <o0o|Xg=2)<1-p*<1.
O

To reiterate, a state x is recurrent if the Markov chain, given that it starts in state x, will
return to x in finite time 7% with probability 1. The return time 7% is a stopping time
for the Markov chain. After the Markov chain has returned to its starting state x, by the
strong Markov property, it will return a second time to z in finite time with probability
1. By successively invoking the strong Markov property, we prove that a Markov chain
revisits a recurrent state x infinitely many times with probability 1. This last fact is often
used as an equivalent characterization of recurrence of a state x. Theorem 2.1.3 below

makes this precise.

Notation: (1) Let V¥ denote the random variable “number of visits to state y (not
including a possible initial visit at time 0, if the Markov chain starts in state y)” and
E.(VY) the expected number of visits to state y, given that the Markov chain starts in
state x.

(2) From now onwards, we will use the notation f,, = P(TY < co| Xy = ).

The following lemma gives the distribution of the random variable V¥:

Lemma 2.1.2. Let (X,,)n>0 be a Markov chain with state space S and x,y € S.
Then for k > 1,

P(VY > k| Xog =) = foyfr " (2.1)
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Proof. The hitting (or return) time TV is a stopping time for the Markov chain. Thus
Formula (2.1) follows from the strong Markov property. The reader is asked to flesh out
the proof in Exercise 2.2. O

Theorem 2.1.3. Let (X,)n>0 be a Markov chain with state space S.
(a) If y € S is recurrent, then
P(VY=c0|Xg=y)=1
and hence
E,(V¥) = 0.
Furthermore, P(VY = oo | Xo = x) = fyy for allz € S.

(b) If y is transient, then
PVY<oo|Xg=12)=1
and
ffﬂy

E.(V¥) =15 »

< 00

forallxz € S.

Proof. (a) By Lemma 2.1.2, P(VY > k| Xy =1z) = fxyfé“Jl If y is recurrent, then f,, = 1.
Consequently,

— — — 13 _ _ k—1 __
P(VY = 00| Xo = o) = Jim P(V? 2 | Xo = 2) = lim fuy £l = fur.

Thus if f,, > 0, then E,(VY) = co.
(b) Assume y is transient, so f,, < 1. Then

P(VY=o00|Xo=x) = lim P(VY > k| Xog=2) = lim f,,fl "' =0.
k—o0 k—o00

So for a transient state y, the random variable V¥ is finite with probability 1, no matter
what state x the Markov chain starts in (if f,, = 0, then V¥ = 0).
Recall that the expectation of a nonnegative, integer-valued random variable Y is

E(Y)=) PY >k).
k=1
Thus we have for the expectation of V¥,

]E;,;(Vy):ZP(Vyzk’onm):wa zfy_l - 159632 < 00
k=1 — »
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for all x € §. This completes the proof of the theorem. O

Let y € S. Recall that the indicator function 1, on S is defined by

1,(2) 1 forz=y
Z) =
Y 0 forz#y.

Then .
Vy - Z ]lZI(Xn) )
n=1

and, since E,(1,(X,)) =P(X,, =y| Xy =2) = P,

vy, and by the Monotone Convergence
Theorem (see Corollary C.3.2),

E,(VY) = i P (2.2)

Corollary 2.1.4. If y is a transient state, then

iz P, =0

forallz € S.

The following proposition shows that recurrence is in some sense “contagious”:

Proposition 2.1.5. Let (X,,)n>0 be a Markov chain with state space S and z,y € S.

If x is recurrent and x — y, then

(a) y is also recurrent, and

(b) y — x, and fuy = fyo = 1.

Proof. Assume = # y. Since x — y, there exists a k > 1 such that Pfy > 0. If we had
fye < 1, then with probability (1 — f,,) > 0, the Markov chain, once in state y, would

never visit x at any future time. It follows that
P(T* =00 | Xo=2) =1 — fou > Ph(1 = fyz) > 0.

However, since x is recurrent, f,, = 1, and so it must be that f,, = 1. In particular,

y — x. Since y —» x, there exists an £ > 1 such that P;f;c > (0. We have

B (V") =D Py > PLPhPl=PuPL Y Ph=co.
m=1 m=1

n=1
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and thus
Ey(vy) = 007

which implies that y is recurrent by Proposition 2.1.3. Switching the roles of  and y in

the argument, yields f,, = 1. This completes the proof. m

Notes: (1) It follows from the previous proposition that a recurrent state can never lead
into a transient state. However, a transient state can lead into transient and recurrent
states.

(2) Furthermore, it follows that if two states communicate with each other, then either
both states are recurrent or both states are transient. Hence transience and recurrence

are class properties.

Proposition 2.1.6. Let (X,,)n>0 be a Markov chain with finite state space S. Then

S contains at least one recurrent state.

Proof. Assume all states in S are transient. Then by Theorem 2.1.3(b), for all z,y € S,
E,(VY)=> PP <oc.
n=1

Since |S| < oo, we have
YY) P <o (2.3)
yeS n=1

Since the iterated double sum in (2.3) converges absolutely, any reordering of the terms

in the summation yields the same answer. However, we have

YD pPr=> 1=c0,
n=1 yeS8 n=1

which is a contradiction. It follows that at least one element in S must be recurrent. O

Corollary 2.1.7. An irreducible, finite state Markov chain is recurrent.

As a consequence of Proposition 2.1.6, the state space S of a finite state Markov chain
has at least one irreducible closed class consisting of recurrent states. Note however that
a Markov chain with infinite state space & may be transient, that is, it may not have a

single recurrent state.
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Example 2.1.2 (Success runs). Consider a Markov chain on state space S = Ny with

transition matrix

g% po 0 O
p_ @1 0 p1 O

2 0 0 po
The transition graph is shown in Figure 2.3. We assume that p, € (0,1) for al k € Ny.
Po b1 b2 P3
EOWONSONBONO
' as

qa

Pa

Figure 2.3

With this assumption, the chain is irreducible (and therefore either all states are recurrent
or all states are transient). We will compute foo. Due to the special structure of the
transition matrix, for each n > 1, there is exactly one path that starts at 0 and returns
back to 0 for the first time after n steps. That path is 0,1,2,...,n — 1,0, and so we have

Po(T° =n) = pop1-** Pn2 Gn-1

and
PO(TO >Mn)=poP1--Pn-1

from which we get

Po(T° = o) = T}LHQOP()(TO >n) = nlgg()ﬁm
By Lemma A.5.1,
n—1 o0 o0
lm [To=0 <= ;(1 pr) ;;Qk o
Since
Joo =1 —PO(TO = 00),
it follows that the success run chain is recurrent iff > ;- qx = oo and transient iff

Y peo Gk < 00. 0
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Example 2.1.3. Consider the Markov chain on state space Ny with transition proba-
bilities Pog = Poy = Pip = Piy = 1,
otherwise. This is a success run chain for which

k=0 k=2

All states of this chain are transient. O

2_
and Pro = 7, Popyr = 555 for k > 2, and zero

If the Markov chain is reducible and the state space & contains at least one recurrent

state, we consider the decomposition
S=RUT

where R is the set of recurrent states and 7 is the set of transient states. The set
of recurrent states R further partitions into the disjoint union of k irreducible closed
classes Ry, ..., Ry (since the relation z <— y is symmetric and transitive on R). The
decomposition

S=(RU---UR,UT

is called the canonical decomposition of the state space S. Thus, under a reordering of
the states in &, the one-step transition matrix P of a finite state Markov chain can be

written in canonical form as

R, -+ -+ R, T
Ry (P
: P, 0
Pcan: : (2~4)
Ry Py
7\ T - -] Q/

where the top left block is a block diagonal matrix consisting of k£ square-matrix blocks,
each of which is made up of the one-step transition probabilities for one of the irreducible
closed classes of recurrent states. The rest of the matrix entries (below the horizontal
line) correspond to transition probabilities involving transient states. In this format, the

n-step transition matrix P" becomes
Py

| 44 0

P, = KR . (2.5)

can
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Definition 2.1.3. A square matriz P is called substochastic if

e all matrix entries are nonnegative, and
e cach row sum is less than or equal to 1.

Note that Q is a substochastic matrix. By Corollary 2.1.4 we have

lim Q" =0.

n—oo

Example 2.1.4. Recall Example 1.6.3. The Markov chain has state space S = {1,2,...,6}

and transition matrix

1 3 4 5 6

1/0 0 0 0.1 0.9
2101 03 02 0 04 O

p= 310 O 1 0O 0 0
4105 0 0 01 0 04

51 0 06 03 01 0 O

6\ 1 o o0 0 0 O

Figure 2.4

The irreducible closed classes (circled in gray) are R; = {3} and Ry = {1,4,6}. For this
Markov chain the set of recurrent states is R = Ry U Ry = {1,3,4,6}, and the set of
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transient states is 7 = {2,5}. The canonical form of the transition matrix is

3.1 4 6 2 5

3/1 0 0 0|0 0

1o 0 01 090 o0
p, — 4|0 05 01 040 0
6o 1 0 0|0 o0
2(02 01 0 0 [03 04
5\03 0 01 0 |06 0

from which we read off the sub-matrices

0 01 09 0.3 04
P,=(1 P,=105 01 04 = .
o a- (222
10 0
P, and P are stochastic matrices, and Q is a substochastic matrix. 0

The canonical decomposition of the state space simplifies the study the dynamical behav-
ior of the Markov chain in that it allows us to restrict our focus to smaller parts of the
state space. If the Markov chain starts in a recurrent state x and x € Ry, the chain will
forever remain in Ry and will visit each state in Rj infinitely often with probability 1. If
the Markov chain has only a finite number of transient states and it starts in one of these
transient states, with probability 1 the Markov chain will enter one of the irreducible
closed classes R; of recurrent states in finite time. We call the time at which this happens
the time of absorption. From the time of absorption onwards, the chain will remain within
R; and visit all states in R; infinitely often with probability 1. We will discuss in detail

questions surrounding absorption in Section 2.3.

2.2 Stationary distributions

In this section we focus on the question of existence and on basic properties of stationary
distributions for a Markov chain. This special class of distributions plays an important
role in the long-term behavior of the Markov chain. We have introduced the notion of a

stationary distribution in Definition 1.3.2. Recall:

Let (X,)n>0 be a Markov chain with state space S. A probability distribution m on S is

called a stationary or invariant distribution if

w(y) =Y w(x)Py forallyes, (2.6)

€S
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or equivalently (with 7 as a row vector), if
TP =m. (2.7)

Note that for a finite transition matrix P, a stationary distribution 7 is a nonnegative
left eigenvector corresponding to eigenvalue 1. Since P is stochastic, any constant column
vector is a right eigenvector corresponding to eigenvalue 1, and so P is guaranteed to have
a left eigenvector corresponding to eigenvalue 1. If P is a strictly positive matrix, then
the Perron—Frobenius Theorem (Theorem A.6.1) guarantees that such a left eigenvector
for P can be normalized to a (strictly positive) probability vector. However, for Markov
chains with infinite state space S, results from linear algebra such as the Perron—Frobenius
Theorem are not available.

Since for any stationary distribution m we have 7P" = 7 for all n > 1, once the Markov
chain is in stationary distribution 7, it will remain in stationarity forever. We think of
being in stationarity as a kind of equilibrium state for the chain. The notion of probability

flux further explores this.

Definition 2.2.1. Let (X,,),>0 be a Markov chain on state space S and 7 a sta-
tionary distribution for the chain. Let A and B be two disjoint subsets of S. The
probability flux from A to B is defined by

flux(A,B) =Y ) “7(x) Py (2.8)

zeA yeB

Notice that by (2.7), we have

7T<y> Z Pym - Z W(‘r)Pmy (29)

zesS zeS$S
and consequently,
Z 71-(y)Pyac = Z W(l‘)ny,
€S8\ {y} zeS\{y}

which says that
flux ({y}, S\ {y}) = flux(S\ {y}, {v})

for all y € S. In fact, more general global balancing equations hold for a Markov chain in

stationarity:

Proposition 2.2.1. Let (X,),>0 be a Markov chain on state space S and 7 a
stationary distribution for the chain. Consider a proper subset A C S. Then

flux(A, A°) = flux(A°, A). (2.10)
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Proof. Summing both sides of (2.9) over y € A yields

Z Z ﬂ-(y>Pyx = Z Z W(l‘)ny

yeA z€S8S yeA z€S
5 (Srns S o) = X (Sron,s ¥ rion,)
yeA \zeA TzEAC yeA \zeA TEAC
Subtracting Z Z 7(y) Py, from both sides in the second line yields (2.10). O

yeA xeA

Proposition 2.2.2. Let © be a stationary distribution for the Markov chain

(Xp)n>0- Then w(y) =0 for any transient state y € S.

Proof. Assume 7 is a stationary distribution and y is a transient state. We have

Z?T(ZL‘)P;Z =m(y) foralln>1.
zeS
By Corollary 2.1.4, we have lim,,_, Py, = 0 for all x € S. By the Bounded Convergence
theorem (see Appendix C), we can interchange limit and summation in the following sum
and get
lim ;sw(x)ng = ;sﬂ'(x) lim Py, =0,

So m(y) = 0. O

Proposition 2.2.3. Let w be a stationary distribution and w(x) > 0 for some
(necessarily recurrent) state v € S. If v — y, then w(y) > 0. As a consequence,
a stationary distribution w is either everywhere strictly positive or everywhere zero

on an irreducible, closed class of recurrent states.

Proof. Since x — y, there exists an n such that Py > 0. So

n(y) =Y _w(2)PL > n(x)Py, > 0.

zZES

]

In praxis, how do we compute a stationary distribution? We can always take a brute force
approach and attempt to directly solve the (finite or infinite) system of linear equations
(1.11). Other, often computationally faster, approaches require more knowledge about

the properties of stationary distributions which we will discuss in the following sections.



2.2. STATIONARY DISTRIBUTIONS 64

2.2.1 Existence and uniqueness of an invariant measure

In this section, we will consider more general measures on S, not only probability mea-

sures. We will return to probability measures in the following section.

Definition 2.2.2. Let (X,,),>0 be a Markov chain on a discrete state space S with
transition matriz P. A nonnegative measure pu on S assigns a value pu(x) €
[0,00) to each x € S. We identify u with a (finite or infinite) nonngegative row

vector. A nonnegative measure ju is called an invariant measure if
wly) = Zu(qz)ny forally € S, (2.11)
zeS

or equivalently,

pP = p.

Note that a Markov chain can have a non-trivial invariant measure, but not a stationary
probability distribution. An example for this is simple symmetric random walk on Z. The
constant measure ;4 = 1 on Z is an invariant measure (in fact, it is the unique invariant
measure, up to a multiplicative constant), but it cannot be normalized to a probability

measure on Z.

Let z € S. By the strong Markov property, the Markov chain “probabilistically renews”
itself after each visit to . Thus what happens in between two consecutive visits to x
should, in some sense, be typical for the evolution of the Markov chain in the long run.
The following results will make this precise for the average amount of time a Markov
chain spends in each state. For the analysis to make sense, we will need to assume that
the chain that starts in state x will return to state x in finite time with probability 1, in

other words we need to assume recurrence.

Theorem 2.2.4 (Existence of an invariant measure). Let (X,,)n>0 be an irreducible,
recurrent Markov chain with state space S. Let x € S be an arbitrary state, and
assume Xo = x. Consider the first return time T%, and define (y) to be the expected

number of visits to state y strictly before time T”, that is,

Tr—1 [e'e)
uy) =E, (Z 11{Xn_y}> =E, (Z l{xn_y}ﬂmn}) foryes. (212)
n=0

n=0

Then 0 < u(y) < oo for ally € S and w is an invariant measure for the Markov

chain.
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Proof. Note that the definition of p implies that p(z) =1 and
> uly) = El(T7). (2.13)
yeS

Consider the following probabilities
ﬁy(n) = ]P)(]I{XnZy}]l{Tz>n} = 1) = ]P)QS(Xl 7é T, "'7Xn71 7& ann = y)

fory € S,y # «,and n > 1. Note that p,(1) = P,y, and that p,(n) = E,(Lix, =y} L{zesn})-
It follows that

wy)=> pyn)  fory#a.
n=1
Conditioning on the state the chain visits at the (n — 1)th step, we get for n > 2,
Py(n) = p(n—1) P, . (2.14)
zF#x

Summing both sides over n > 2 and adding p, (1) yields

py(1) + Zﬁy(n) = Py + ZZ@(” - 1) Py,

n=2 z#x

and thus (after changing the order of summation on the right hand side), we get

ply) = u(z) Pey.
z€S
This shows that p is an invariant measure. Strict positivity of p follows from essentially
the same proof as for Proposition 2.2.3 (recall that p(z) = 1 > 0 and the chain is assumed
to be irreducible). Lastly, we show that u(y) < oo for all y € S. Assume p(y) = oo for

some y € §. But since

plxr) =1= Zu(z)ng foralln > 1,
zeS
it follows that P;”x = 0 for all n > 1, and hence y does not lead to x. This contradicts
the assumption that the Markov chain is irreducible. It follows that 0 < u(y) < oo for all
yeSs. O
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Remark 2.2.5. Theorem 2.2.4 holds more generally (we omit the proof): If the
Markov chain starts in initial distribution mo and if T is any a.s. finite stopping
time, that is P(T' < 00) = 1, such that Xp ~ 7o, then p defined by

n=1

:U’(y) = Ewo (Z ]l{Xn—y}]l{T>n}> foryeds (215)

defines a strictly positive, invariant measure for the Markov chain. Theorem 2.2.4

proves this statement for the special case w9 = 0, (unit mass at state x) and T = T*.

Example 2.2.1. An example of a stopping time (other than 7%) to which Remark 2.2.5
applies is the commute time between distinct states x and y, denoted by TV, It is
defined by

T =min{n > T : X,, =z}, given that X, =z,

that is, 7Y is the time of the first return to = after the first visit to y. Since the Markov

chain does not revisit « after time 7% and before time 77Y, p(z) in (2.15) becomes

Tv_1
p(z) =E, (Z ]I{Xn::E}) )
n=0

and so p(z) is the expected number of visits (including the visit at time n = 0) to = before
time 7TY. Let us use the notation V7, for the number of visits to state x before time 7.

Note that P, (V% > 1) = 1 since we are including the starting state x in V. Then
P.(VF, >2) =P, (T* <TY).
Invoking the Strong Markov property for the stopping time 7%, we get
Po(Viy 2 3) = [Po(T* < T¥)]”

and by induction,
P, (Vi > n) = [P,(T° < TY)]" ' .

This shows that the random variable V%, has a geometric distribution, and its expectation

is
1

o) = Bo(VE) = Y [P (T" < T = Py <T7)°

n>1

(See also Exercise 2.21.) We will return to a discussion of 7%<¥ in Chapter 8. O
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Theorem 2.2.6 (Uniqueness of the invariant measure). Let (X,)n,>0 be an irre-
ducible, recurrent Markov chain with state space S and transition matriz P. The
wmvariant measure |1 constructed in Theorem 2.2.4 1s the unique invariant measure

up to a positive multiplicative factor.

Proof. Our proof follows the proof given in [6]. Assume v is an invariant measure for
(X )n>0. Since the Markov chain is irreducible, we have v(y) > 0 for all y € S. Instead of
working with the transition probabilities F,,, we will now consider the following modified
transition probabilities P,, defined by

V(y)P for all z,y,€ S.

Px = T ~Lyx
Yy V(ZL‘) Y

We recognize that P, are the transition probabilities of the time-reversed chain (see
Section 7.1) whose transition matrix we denote by P. It is straightforward to verify that
Zye S P,, =1for all x € S and that the corresponding n-step transition probabilities are

DN V(y) n
Py, =——=P, foralz,y,eS andn>1.

v(z)

Furthermore, P is irreducible and recurrent. Irreducibility follows from the fact that
ng >0 <= P, > 0. To show recurrence, note that P = P" for all n > 1, and
use (2.2) and Theorem 2.1.3. Fix state . We introduce the following notation for the
Markov chain with P for the probability of visiting « for the first time at time n, given

that the chain starts in state y:
F = B(T7 = ).
Conditioning on the state visited at time 1, we get the recurrence relation

f_152+1) = Z pyZJ?z(Z) )

zF#T
and from this, by using P,, = ZEZ; P,
v(y) frt =Y () Py [ (2.16)
z#x

Now recall equation (2.14). We can rewrite equation (2.14) as

v(@) By (n+1) =Y (v(@)p.(n)) Py (2.17)

zF#x
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Take a closer look at (2.16) and (2.17): Both equations define a recurrence relation for
sequences (indexed by elements of §) dependent on n. These two (time n dependent)

sequences are

() [(M)yes and  (v(2)py(n))yes (2.18)

(remember that z is a fixed state). Equations (2.16) and (2.17) define the same recurrence

relation for both sequences in (2.18). At time n = 1, (2.18) becomes

(v(y) féi))yes = (V(y)Py$>y€$ and (v(2) Py(1))yes = (V(7) Pry)yes -
But for all y € S, we have v(y) Py, = v(x) Py,

sequences are equal. And since the two sequences are subject to the same recurrence

So for the base case n = 1, the two

relation, they are equal for all n > 1. Thus we get from (2.18),

Aum) = 2 F forall > 1. (2.19)

v(z) "

As a last step, we sum both sides of (2.40) over n. We get
(e e] R v y oo o v y
S hufn) = ply) = 03" pi = 1)
n=1

where the last equation follows from the recurrence of the chain P (which implies > fﬁ)
P,(T* < 0o) = 1). Altogether, this shows that v = v(z) . Hence v and p differ only by
the multiplicative factor v(z). This completes the proof. O

Example 2.2.2 (Biased simple random walk on Z). Let p € (0,1) and p # 1. Consider
the Markov chain (X,,),>0 on state space Z with transition probabilities
Pooy1=p, FPppa=1—p forallzeZ.

It is called biased simple random walk on Z. Clearly, (X,,),>0 is irreducible. Set 1 —p = ¢.
For a nonnegative measure pu on Z we will write p, for u(x), x € Z. We compute an
invariant measure g = (..., fi_1, flo, ft1, -..) for (X,,)n>0 by solving the system (2.11) which

reads

Wy = flz_1P + pzr1q for x € Z. (2.20)

The linear system (2.20) has at least two distinct solutions (each one up to a multiplicative

constant): One solution is the constant measure p = (..., 1,1,1,...). A second solution is

ﬂx:(2> forz e Z.
q

Note that neither p nor fi can be normalized to a probability measure on Z. It follows

the measure [i defined by

from Theorem 2.2.6 (uniqueness of an invariant measure for an irreducible, recurrent

chain) that biased simple random walk on Z is transient. O
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2.2.2 Positive recurrence versus null recurrence

Let (X, )n>0 be an irreducible, recurrent Markov chain. Let x € S, and consider the
strictly positive measure 1 on S as defined in (2.12). By Theorem 2.2.4 and Theorem
2.2.6, the measure p is the unique invariant measure (up to a multiplicative constant)
for the Markov chain. By (2.3.5), the measure p can be normalized to a probability
distribution (a stationary distribution) if and only if E,(7%) < co. This motivates the

following definition.

Definition 2.2.3 (Positive recurrence and null recurrence). Let (X,)n,>0 be a

Markov chain on state space S and assume x € S is a recurrent state.

(a) We say x is positive recurrent if E,(7T%) < oco.

(b) We say z is null recurrent if E,(T%) = occ.

We will use the notation m, = E,(T*) for the mean return time to state z. Recall that for
the invariant measure defined in (2.12), we have p(z) = 1. Thus, if g can be normalized

to a stationary distribution 7, that is, if m, < oo, we get

The choice of x for the construction of a strictly positive invariant measure p in Theorem
2.2.4 was arbitrary. By Theorem 2.2.6 (uniqueness), if we had chosen y € S (with y # x)
instead of x, the resulting strictly positive invariant measure g would differ from p only by
a positive multiplicative constant. It follows that either both p and fi can be normalized
to a probability measure or both p and g cannot be normalized. Hence either both x and
y are positive recurrent or both x and y are null recurrent. We fomulate this result in the

following proposition:

Proposition 2.2.7 (Positive recurrence and null recurrence are class properties).
Let (X,,)n>0 be a Markov chain on state space S and R C S an irreducible closed
class of recurrent states. Then either all states in R are positive recurrent or all

states in R are null recurrent.

Recall that an irreducible Markov chain with finite state space is recurrent. By Proposition
2.1.1, we know it is positive recurrent. Hence an irreducible, finite state Markov chain has

a unique stationary distribution.

The following theorem summarizes our findings:
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Theorem 2.2.8. Let (X,,)n>0 be an irreducible Markov chain on state space S. The
Markov chain has a stationary distribution 7 iof and only if it is positive recurrent.
In the positive recurrent case, the stationary distribution is unique, and it s given
by
1
m(r) = — forxeS.

2.2.3 Stationary distributions for reducible chains

We now consider reducible Markov chains (X,,),>0. Recall the canonical decomposition
S = (RiURyU...)UT of the states space S into irreducible closed classes of recurrent
states Ry and the set of transient states 7. For any stationary distribution 7 for (X,,),>o0,
we have m(x) =0 if € T (Proposition 2.2.2).
If the chain starts in a recurrent state y € Ry, then the chain will remain in Ry, forever. In
this case it suffices to study the Markov chain restricted to R;. Under this restriction, the
Markov chain is irreducible. If Ry consists of positive recurrent states, then there exists
res res

a unique stationary distribution 7j* on Ry for the restricted chain. We can extend 7y’

to a probability measure 7g, on the entire state space S by defining

Tes f R
TR, (2) = { B (2.21)

0 for z ¢ Ry

Note that mp, is a stationary distribution for the unrestricted chain (X,,),>o on S.

If the chain starts in a recurrent state x € R; and the irreducible closed class R; con-
sist of null recurrent states, then the restricted chain on R; does not have a stationary
distribution.

In sum: Each irreducible closed class R;. of positive recurrent states contributes a unique
stationary distribution 7g, (concentrated on Ry) for the Markov chain (X,,),>0 on S.
We will make use of the following fact about stationary distributions (the proof is straight-

forward and left as an exercise):
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Lemma 2.2.9. Let (X,)n>0 be a Markov chain on state space S and assume
ml w2, .., 7F are k stationary distributions for (X, )ns0. Then any convex mizture
of the ', 72, ..., 7% is also a stationary distribution for (X,)n>0. That is, for any

. ] k
nonnegative constants cy,co, ..., with Zi:l c; = 1, the measure

k

T = E cmt

i=1

is a stationary distribution for (X, )n>o-

The following proposition summarizes our discussion with a description of the stationary
distributions for a reducible Markov chain.

Proposition 2.2.10. Let (X,),>0 be a reducible Markov chain on state space S.
Assume the chain has at least one positive recurrent state and that Ry, Rs, ..., Ry
are the irreducible closed classes of positive recurrent states for the chain. Then the

stationary distributions w are exactly the distributions of the form

k
T = E CiTR,
=1

with g, as defined in (2.21), and ¢; >0 for 1 <i <k, and Y&, ¢; = 1.

It follows that a reducible (or irreducible) Markov chain with exactly one irreducible closed
class of positive recurrent states has a unique stationary distribution. A reducible chain
with two or more irreducible closed classes of positive recurrent states has infinitely many
stationary distributions. All other Markov chains have no stationary distributions.

2.2.4 Steady state distributions

Definition 2.2.4. Let (X,),>0 be a Markov chain with state space S. Suppose
there exists a probability distribution X on S such that

lim P = A(y) forallz e S, (2.22)

n—oo

then X\ is called the limiting or steady state distribution for the Markov chain.

Note that if a Markov chain (X,,),>¢ has a limiting distribution A, then for any initial
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distribution m for the chain, we have

lim m,(z) = A(z) forallzesS.

n—o0

This follows from averaging (2.22) over all initial states « with respect to m. Not every

Markov chain has a limiting distribution.

Proposition 2.2.11. If a Markov chain has a limiting distribution X\, then X\ is a

stationary distribution, and it is the unique stationary distribution for the chain.

Proof. Assume limy, o Py, = lim, o P = A(y) for all z € S. By the Bounded
Convergence theorem (see Appendix C), we can interchange lim and summation in the

following and get

. 1 . .
lim Pift=lim Y PLP, =3 lim PPy =) A2)P.y=A(y)

z€S z€S z€S
which shows that A is a stationary distribution. Assume there exists another stationary
distribution m with m # A. If the chain starts in distribution =, it will always stay
in distribution 7, so the limiting distribution A must be equal to m. This shows the

uniqueness of the stationary distribution . O

Example 2.2.3. Recall the 2-state chain from Example 1.3.3. The unique stationary

b a

el a—+b) is the limiting distribution for the general 2-state chain. [

distribution 7 = (

Example 2.2.4. Consider the Markov chain (X,,),>¢ on state space S = {0, 1,2} with

transition matrix

010
P=|101
0 0
We compute
1o ! 010
P’=10 10 and P’=1[ 1 0 }
0 3 010

from which we conclude that P?"*! = P for all n > 0, and P?® = P2 for all n > 1. Due
to this periodic behavior of the higher order transition matrices, (2.22) cannot hold. This
Markov chain does not have a limiting distribution. Note however that, since (X,,),>0 is
irreducible and has finite state space, it is positive recurrent and has a unique stationary

distribution 7. The stationary distribution is 7 = (1, 3, 1)- O



2.3. ABSORBING CHAINS 73

2.3 Absorbing chains

Let (X,,)n>0 be a reducible Markov chain on state space S. Recall the canonical decom-
position S = (Ri{U Ry U---)UT.

Definition 2.3.1. A Markov chain that has at least one recurrent state and at least

one transient state is called an absorbing chain.

This section concerns several aspects of the long-term behavior of absorbing chains. We

will focus on the following questions:

1. Given that a Markov chain starts in one of its transient states x € 7T, what is the
probability that it eventually gets absorbed into a specific irreducible closed class
Ry?

2. What is the probability of eventual absorption into any one of the irreducible closed

classes? If eventual absorption is certain, what is the expected time until absorption?

2.3.1 First step analysis

A first step analysis is a very useful approach for many computations of functionals for
Markov chains, among them absorption probabilities and the expected time until absorp-
tion. It is based on the idea of conditioning on the first step the Markov chain takes. Let
(Xn)n>0 be a Markov chain. Recall that, by the Markov property, the one step forward
shifted chain
(Yn>n20 = <X1+n)n20

is a Markov chain that has the same transition probabilities as (X, ),>o and, conditional
on X; = x, is started in x and independent of Xj. A first step analysis approach exploits
this fact. It allows us to write quantities of interest for (X,,),>0 in terms of quantities for
(Y.)n>0 and in the process establishes equations for these quantities.

We demonstrate the approach with the computation of absorption probabilities. Let
(X3 )n>0 be a Markov chain. We assume that 0 is an absorbing state, that the Markov
chain has other recurrent states, and that the Markov chain has a finite number of transient
states. Let R be the set of recurrent states and 7 the set of transient states for the chain.

We also consider the stopping time
T =min{n >0:X, € R}.

If the chain starts in a transient state (which we will assume), then 7' is called the time

of absorption. We also consider the analogous random variable

Tmin{k >0:Y, €R}
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for the shifted chain (Y},),>0. Note that T=T-1.

We assume that the Markov chain starts in a transient state x, and we are interested in
the probability that the chain will eventually get absorbed in state 0. That is, we would
like to compute the probability

We will use the notation a, = P(Xr = 0| X, = y) for y € S. Although we may only be
interested in the probability a,, a first step analysis will establish equations involving all
probabilities a,, y € S. Note that ap = 1 and a, = 0 for all z € R and z # 0. We have

a, = » P(Xy=0 X;=y|X; =2z
yeS (223)
= Z]P’(Xl:leUZQJ)P(XT:O‘XO:J),Xl:y)

YyES

By the Markov property,
Thus the second sum in (2.23) becomes s Pryay, and we get the system of equations

y = Z Ppya, forzxesS. (2.24)
yes
Solving this system of linear equations in the variables a, will simultaneously compute all
absorption probabilities P(X7 = 0] Xy = y) (for any starting state y).
Note: System (2.24) always has a unique solution if the number of transient states is
finite. This will be evident from the discussion in Section 2.3.2. However, for an infinite
number of transient states, (2.24) results in an infinite system of equations which may

have multiple solutions. Section 2.3.3 below addresses this situation.

Example 2.3.1. Recall Example 2.1.1. Here we take p = % Figure 2.5 shows the

transition graph. States 1,2, and 3 lead into the absorbing boundary (consisting of the
absorbing states 0 and 4) and are therefore transient states. As above, T' denotes the time

until absorption. We are interested in the probabilities
(IZ:P(XT:(”XO:Z) fOI'Z':1,2,3.
Note that here ap = 1 and a4 = 0. Equations (2.24) read

2 1
a; = §a2+§

2 1
a9 = gCLg—FgCLl
1

as 3

a2
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2 2 2
3 3 3
te(o) . (U . Gy (e
1 1 1
3 3 3

Figure 2.5

Solving this system yields the absorption probabilities (for absorption into state 0)
7 1 1

:E a9 — as = — .

a“ 5 15

2.3.2 Finite number of transient states

In this section we will simplify the computations of absorption probabilities and expected
hitting times with the use of linear algebra. Let P be the transition matrix of an absorbing
Markov chain and assume that |7] < co. Recall the canonical forms (2.4) and (2.5). By

(2.2), given that the chain starts in state x, the expected number of visits to state y # x

is Z kay. (If =y, then the sum gives the expected number of returns to state x.) The
k

=1
matrix G, defined by
G-y r
k=0

is called the potential matrix for P. Its (z,y)-entry is the expected number of visits
to state y, given that the chain starts in state x. Note that if x or y is recurrent, then
the (z,y)-entry in G can only be either 0 or oco. If both z and y are transient, then the
(x,y)-entry is finite and nonnegative. This is the most interesting case. The matrix G

has the form

Gy
G, 0
G= (2.25)
Gy,
() .. .|V

where for all 1 <4 <k, the submatrix G; = > -, P¥ is an |R;| x | R;|-matrix all of whose
entries are oo, and the entries in the submatrix T = 3"2° T}, are either 0 or co. Note

that while throughout this section we assume |7 | < oo, it is still possible that the Markov
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chain has infinitely many irreducible closed classes R; of recurrent states, or that at least
one of the R; is countably infinite. However, to simplify things, we will assume that this
is not the case here. By Proposition 2.1.3(b), the entries in the finite square submatrix

V in (2.25) are finite and nonnegative.

Definition 2.3.2. The matric V.= » QF in (2.25) is called the fandamental

k=0
matrix of the Markov chain.

Let n = |T| and let I denote the n x n identity matrix. Observe that for all m > 0, we
have

I-Q) (Z Q’“) = <Z Q’“) I-Q=I-Qm". (2.26)

Since (left or right) matrix multiplication by a constant matrix (here (I — Q)) is a con-

tinuous operation, and since lim Q™ = 0, taking the limit in (2.26) as m — oo yields
m—0o0

I-QV=V(I-Q=TI.

As a result, we have

V=(1-Q.

Note that for any x,y € T, the entry v,, in the fundamental matrix V is the expected
number of visits to state y before absorption into one of the irreducible closed classes of
recurrent states, given that the Markov chain starts in state . We summarize this result

in the following proposition.

Proposition 2.3.1 (Expected time until absorption). Let (X,,),>0 be a reducible
Markov chain with transition matriz P and let T be the set of transient states.
Assume |T| < oco. Consider the submatrix Q of P indezed by the elements in T .
Assume the Markov chain starts in a transient state x € T, and denote the time
until absorption into one of the irreducible closed classes of recurrent states by T°.
Then

E, (T4*) — Z Vo

yeT

where the v,, are the matriz-entries in the fundamental matriz V.= (I — Q).
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Example 2.3.2. We return to Example 2.1.4. The Markov chain has state space S =

{1,2,...,6} and its transition matrix (in canonical form) is

3 6 2 5

3/1 0 0 0]0 0

1o 0 01 090 o0
p, — 4|0 05 01 04| 0 0 (2.27)

6o 1 0o o]0 o0

2(02 01 0 0 03 04

5\0.3 0 0.1 0.6 0

Recall its transition graph from Figure 1.3.2. Here Q = <

(217 087

compute V= (I—- Q)" ! = 13 159

into R; as well as into Ry. Therefore the potential matrix is

0.3 0 , from which we
06 0

. Note that both transient states 2 and 5 lead

3 1 4 6 2 5

3foc 0 0 O 0 0

110 o0 o0 o© 0 0

G= 4[0 o0 o0 oo| 0 0

6] 0 oo oo o0 0 0
20 o0 oo oo | 2.17 0.87
b\oo oo oo oo | 1.3 1.52

If the Markov chain starts in state 2, then the expected time until absorption (entry into
either Ry or Ry) is 2.17 4+ 0.87 = 3.04. If the Markov chain starts in state 5, then the

expected time until absorption is 1.3 4+ 1.52 = 2.82.

O

While Proposition 2.3.1 gives the expected time until absorption, we can say more about

the distribution of 7%, Again, consider the matrix Q which is indexed by the transient

states 7. Its matrix entries are Q,, = P,, for x,y € T, the entries of Q" are

(Qn>$,y = ]P)m(Xl - T, X2 - T, ---;Xn—l - T, Xn = y) for T,y € T

This yields

Po(X, €T) =Pu(T™ >n) = (Q")ay

Y

€T

forall z,y € T . (2.28)
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Let us use the notation a,(n) = P,(7T% > n). For the column vectors a(n) = (au, (n), az,(n), ...

and 1 = (1,1,...)" (both indexed by the elements in T), we can write (2.28) more com-
pactly as

an)=Q"1. (2.29)

Note that P,(T%* = n) = (a(n — 1) — a(n)), and that both (2.28) and (2.29) hold,
regardless of |T| being finite or infinite. We can summarize this result in the following

proposition.

Proposition 2.3.2 (Distribution of 7%*). Let (X,,)n>0 be a reducible Markov chain
with transition matric P. We assume that the chain has transient states as well
as recurrent states. Let T be the (not necessarily finite) set of transient states and
denote the restriction of P to T by Q. Then for any x € T, the distribution of
the time T until absorption into one of the irreducible closed classes of recurrent

states, given that the chain starts in state x, is given by
P, (T >n) = (Q"1),

and hence

P, (T =n) = (Q"" - Q") 1)..

Next we address the question of how to compute the absorption probabilities
apr, = P(TH < 00| Xy = ) forzeT, and 1 <i<k,

that is, the probability that, if the Markov chain starts in transient state z, it will even-
tually end up in (be absorbed into) the irreducible closed class R;. Notice that for the
computation of the absorption probabilities a, g, it suffices to only consider the case where
all sets R; are singletons: If R; contains more than one state, we can group its states to-
gether by defining a new state (replacing the elements of R;) which is then an absorbing
state for the modified Markov chain and for which the new transition probabilities are

prP(X1€R¢‘X0=$)IZny

Tt
yeER;

for all z € 7. We then have

a ﬁ:[P’(T%<oo|)A(0:x):avai.

1
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For this reason, we may assume that the Markov chain (X,,),>0 has k absorbing states
{1,2,...,k} and no other irreducible closed classes of recurrent states. The canonical form

of its transition matrix is

1 E T
1 /1
P= 0 (2.30)
k 1
7\ - T ---|qQ/

I O

for which we write, in short, P = (T

). Since for x € T and any absorbing state
jed{1,2,. k},

ay; = lim ng,
n—o0

we need to understand lim P". First, observe that
n—oo

pe_ (L OY_( T 0
S \T, @) \(T+QT) @)

By induction on n, we get

pr_ (T 0)_ I 0
\Tw Q) \@+Q+--+Q" )T Q')

Hence

. . I 0 I 0O I 0
lim P" = lim — — '
n—eo n—oo ((I +Q+---+Q"HT Q") (VT 0) ((I -Q)'T 0)

We summarize this result in the following proposition.

Proposition 2.3.3 (Absorption probabilities). Let (X,,)n>0 be a Markov chain on
finite state space S. Assume that the chain has k absorbing states {1,2,....,k}, no
other recurrent states, and a non-empty set of transient states T. Then for every
x € T, the probability a,; that the chain starting in x will eventually be absorbed
in state j for j € {1,2,...,k} is the (x,j)-entry of the matriz

A=(I-Q)'T.
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Example 2.3.3. We continue Example 2.3.2. Instead of working with the transition

matrix (2.27), we will work with the modified transition matrix

3 ¢+ 2 5
3(1 0] o 0\

p=r|0% 1 ]/0 0] (2.31)
2102 01]03 04
5\03 01]06 0

where states 1,4,6 from the original state space S have been combined to a new state

2 0.1 . 4
which we have called r. In (2.31) we have T = 020 and Q = 050 , and so
0.3 0.1 06 0

we compute

3 r
A=I1-Q'T= 2 ( 0.7 03 ) (the matrix entries have been rounded) .
5 \0.72 0.28

From the matrix A we read off that, for example, a5 p, = P5(T72 < T7) = (0.28. This
is the probability that the Markov chain, given that it starts in state 5, eventually enters
the closed subset of states Ry = {1,4,6}. O

2.3.3 Infinite number of transient states

Let (X,,)n>0 be a reducible Markov chain with at least one recurrent state and an infinite
number of transient states 7. With |T| = oo, it is possible that, if the Markov chain

starts in a transient state x, it will never leave the set 7, and so, possibly,

P, (T = 00) = lim P, (T > n) > 0.

n—oo

Recall (2.28) and (2.29). Using the notation a,(n) = P,(T%* > n),

P, (T = 00) = lim a,(n).

n—oo

For all n > 0, let a(n) be the row vector whose components are the a,(n), = € T, with
respect to some fixed ordering of the elements in 7. Let a = lim,,,o a(n) (component

wise). From
an)’ = Q"1

(recall that the superscript ¢ denotes the transpose) we get

a(n+1)"=Qa(n)", (2.32)
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and, by taking the limit as n — oo in (2.32),

a' = lim [Qa(n)"] = Qa’ (2.33)

n—o0

where the rightmost equation is justified by the Dominated Convergence theorem.

7

Proposition 2.3.4 (Escape probability / probability of no absorption). Let
(Xn)n>o be a reducible Markov chain with an infinite number of transient states
T and at least one recurrent state. Let Q be the restriction of the transition matrix
P toT. Forz €T, let e, = P,(T% = o) and let €' be the column vector whose

components are the e,. Then €' is the maximal solution to

a' = Qa’ with 0 <a <1 (component wise) .

Proof. The entries of e are probabilities, so it is clear that 0 < e < 1 must hold. The fact
that e is a solution to a’ = Qa’ was shown in (2.33). Note that a = 0 is always a solution
(in fact the unique solution if |7| < 0o), but for the case |T| = oo there may be multiple
solutions. We need to show the maximality property of e. Let a be another solution, so

a is a vector indexed by 7 and a' = Qa’ and 0 < a < 1. By induction on n we have
a=Q"a’ forn>0.
But then
a=Q"a'<Q"1'=e(n) forn>0, (2.34)
from which, after taking the limit as n — oo, we get
a<e.
O

Example 2.3.4 (Simple random walk on Ny with absorbing boundary at 0). Consider
the Markov chain on Ny whose transition graph is shown in Figure 2.6.
In order to avoid trivial cases, we assume 0 < p < 1, and we write ¢ = 1 — p. The

transition matrix P (which is in canonical form) is

1
q

_ O O
< O

, and Q=

< o3
o3
< o3
o3
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p p p
@, DL G
1—p 1—0p 1—0p 1—p
Figure 2.6

Note that 0 is the only recurrent state, and all other states x > 1 lead into 0. We need
to solve a = Qa which results in the system of equations

a; = paz
az = qai+ pas (2.35)

a3 = (qas + pay

This system is easiest solved by using the substitution u, = a,_1 — a, for n > 2, and
u; = —ay. Thus the system (2.35) reads

PUpi1 = qUp_1 forn > 2.

Setting u; = ¢ (any constant), we get uy = ¢ a and, by induction on n,
p

Uy = C (g)”_l for n > 2.
p

Note that a, = —(uy + - -+ + u,), so the general solution to (2.35) is

an=(~0)

0

3
—

¥ forn>1. (2.36)

=
|
iSEES)

In order to find the mazimal solution for which 0 < a,, < 1 for all n > 1, we need to
distinguish cases.

Case p > ¢ : Since for this case, the chain is biased towards stepping away from 0, we
suspect that there is positive probability of remaining in the set N of transient states
forever. Indeed, for this case the maximum solution a under the constraint 0 < a <1 is
achieved for the constant

() e
—c—(Z(p)) 1=,

k=0

which results in the solution

ap = Po(T% = 00) = 1 — (]%)” >0 forn > 1. (2.37)
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Case ¢ > p : The maximum solution a for (2.36) under the constraint 0 < a < 1 is

achieved for the constant ¢ = 0. Thus
a, =0 forn>1, (2.38)

or equivalently stated, eventual absorption of the Markov chain in 0 is certain for any

starting state n. O

Example 2.3.5 (Simple random walk on Ny with reflecting boundary at 0). We slightly
modify the Markov chain from Example 2.3.4 by replacing Py; = 0 with Py; = 1 (but
make no other changes). The resulting chain is irreducible. Its transition graph is shown

in Figure 2.7.

1 p p p
OO oW OuSEE
1—0p 1—0p 1—p 1—p
Figure 2.7

Let g=1—p.
Case p > ¢ : For this case, (2.37) proves that the chain is transient. Indeed, we have
Po(T° < 00) =Py (T° <o0) =1 < L.

Case ¢ > p : For this case, (2.38) proves that the chain is recurrent since here we have
]P)()(TO<OO):IP)1(TO<OO>:]_—0:1 [

We now turn to the computation of the absorption probabilities
CLLRZ. = Px(TabS < 0 P XTa,b.s E R’L)

where x is a transient state and R; is an irreducible closed class of recurrent states. As
discussed in the previous subsection, for the computation of a, g, it suffices to assume that
each irreducible closed class Ry is a singleton set (if not, we work with an appropriately
modified chain). Thus, by some abuse of notation, we will identify R; with the single
state that represents the class R;. Our goal is to compute the matrix A whose entries are
the probabilities a, g, for x € T and R; € {Ry, Ra, ...}.
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Lemma 2.3.5. Let (X,,)n>0 be an absorbing Markov chain, let {Ry, Ra, ...} be the
set of absorbing states and T the set of transient states. Then the absorption prob-
abilities az g, = Po(T% < 00, Xpas = R;) for x € T are the matriz entries of the

matrix

A:iQ”T.
n=0

Proof. Recall the format of the transition matrix P in canonical form (2.30). We have

CLx7Ri — IP)CC(T(le < OO, XTabs — Rl)
= ) P(T™ =n,X,=R)
n=1

= Z]Px<X1 S T> "'aXn—l S Tv Xy = Rz)

n=1
= > Y PAXET, o Xu =y, Xo=Ry)

n=1yeT

- Z Z Q4 Pyr,

n=1yeT

).
n=0 z,R;

7

O

Note that it may be difficult to compute A = "> Q" T directly. The following propo-
sition gives an alternate way of computing A via solving an infinite system of linear

equations.

Proposition 2.3.6 (Absorption probabilities). Let (X,,)n>0 be an absorbing Markov
chain, let {Ry, Ra, ...} be the set of absorbing states and T be the set of transient
states. Then the absorbing probabilities a, p, = P (T < oo, Xpws = R;) for
x € T are the matrix entries of the matrix A which is the minimal solution to the

matrixz equation
M=QM+T (2.39)

under the constraint 0 < A < 1 (entry wise).
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Proof. Applying a first-step analysis to the computation of a, g,, we get
a$7Ri - IEDx(TabS < OO, XTabs - R’l)

= i}P’x(T“bs =n,X,=R,)

n=1
= Zsz<Tabs = n7X1 - y7Xn = RZ) + PxRi

n=2 yeT

= ZZPQU(XQ € 7-7 "'7Xn71 € 7-7 Xy = ann = Rz) + PxRi
n=2 yeT

= > D PAX2 €T, s Xn1t €T, Xy = Ry | X1 = y) Pay + Pa,
n=2 yeT

= Z Z]Py(Xl S T? ) Xn2 € T> Xp1 = Rz) ny + PxRi
n=2 yeT

= > Y P(X1 €T, ... Xo1 €T, X = R)) Py + Pup,
n=1yeT

= > > Pyayr +Por, =Y Quyayn + Por, = (QA+T), 1 .
n=1yeT n=1yeT

The above shows that the matrix of absorption probabilities A is a solution to the matrix
equation M = QM + T (which may have multiple solutions). We need to show that
the A is the minimal solution under the constraint 0 < A < 1. By Lemma 2.3.5,
A =32 Q"T. Assume the matrix A also solves M = QM + T and satisfies the
inequalities 0 < A < 1. It follows that

A=QA+T>T
(all inequalities are to be understood component wise). So
A>QT+T,

and thus
A>QQT+T)+T=(Q*+Q+I)T.

By induction, we have

AEZQ’“T foralln >1.
k=0
Taking the limit as n — oo yields

AziQkT:A.
k=0
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2.4 Periodicity

Some Markov chains exhibit a kind of cyclic behavior in terms of the set of states the chain
can visit at certain times. Consider, for example, simple random walk on the integers Z.
If the random walk starts in state 0, say, then at even times, the state of the chain will
always be an even integer. And at odd times, the state of the chain will always be an
odd integer. This is typical behavior of a so-called periodic chain: Certain collections of
states are periodically “forbidden”. In this section we define the notion of periodicity of a

Markov chain and discuss certain dynamical properties that arise if the chain is periodic.

Definition 2.4.1. Let (X,),>0 be a Markov chain with state space S. Let x € S
with the property that P!, > 0 for some n > 1. Define

c(x):=ged{n>1: P} >0}
where ged stands for greatest common divisor.

(a) If c(x) > 2, then state x € S is called periodic with period c(z).

(b) If ¢(x) = 1, then state x is called aperiodic.

(¢) If all states in S have the same period ¢, we call the Markov chain periodic
with period c.

(d) If all states in S are aperiodic, we call the Markov chain aperiodic.

Note that 1 < ¢(z) <min{n : P}, > 0}. If P,, > 0, then z is aperiodic.

Example 2.4.1. Consider simple random walk on Z with P, ;41 =pand P, ,_1 =1—p
for 0 < p < 1 and =z € Z. This Markov chain is periodic with period 2. If we modify
the random walk by adding positive holding probability to each state, that is, if we use
P, i1 =p, Py =7, and P, ;1 = ¢ for positive p,r,q with p+r+¢ = 1 and for all z € Z,

the Markov chain is aperiodic. 0

Note: Often times, in order to avoid periodicity issues, we will work with a so-called
lazy version of a given periodic Markov chain: If a periodic Markov chain has transition
matrix P, we will instead work with a lazy version P = pI + (1—p)P for some 0 < p < 1.
Adding positive holding probability p to each state guarantees that the modified chain

with transition matrix P is aperiodic.

Example 2.4.2. Figure 2.8 shows the transition graph for an 8-state Markov chain. A

directed edge indicates a positive one-step transition probability in the given direction.
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Figure 2.8

States 7, 8 have period 2, states 4, 5, 6 have period 3, and states 1, 2, 3 are aperiodic.
Note that this Markov chain is not irreducible. O

Proposition 2.4.1 (Periodicity is a class property). Let x,y € S and assume x

communicates with y. Then c(z) = ¢(y).

Proof. Since x — y, there exists n > 1 such that Py, > 0. Similarly, since y — z,
there exists m > 1 such that Py”; > 0. Thus

P > PP >0,

so ¢(x) divides (n 4+ m). Furthermore, for any k > 1 with P}, > 0, we have

+k+ k
prktm > pr pk pm s,

and so c(x) divides (n 4+ k + m). It follows that ¢(z) divides k, and so ¢(z) < ¢(y). But
the roles of  and y can be interchanged in this argument, so we also have c¢(y) < ¢(x).
Hence c(x) = c(y). O

Corollary 2.4.2. An irreducible Markov chain is either aperiodic or periodic with

period ¢ > 1.

Example 2.4.3 (Simple random walk on a connected graph is either aperiodic
or has period 2). Let G(V, E) be a connected graph and consider simple random walk
on G. We will show that simple random walk on a graph cannot be periodic with period
¢ > 2. Recall Definition A.2.1 for the definition of a bipartite graphs. Figure 2.9 shows
some examples. Proposition A.2.1 in Appendix A states that a connected graph G(V, F)
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bipartite bipartite non-bipartite

Figure 2.9

is bipartite if and only if it does not contain an odd-length cycle. First, assume the graph
G(V, E) is bipartite, and V = V; U V5. Choose a vertex v € V. Let us assume v € V5.
Since G has no self-loops, P,, = 0, and since G has no isolated points (by connectedness,
at least one edge must emanate from each vertex v), P2 > 0. Assume P? > 0 for
some n > 2. Then there exists a sequence v, vy, Vg, ..., v,_1,v of (not necessarily distinct)
vertices such that P, Py, - Py, _,» > 0. Since the graph is bipartite, we must have
V1, U3y ey Up—1 € Vi and v, v4,...,0,—2 € Vo, Hence the number (n — 2) is even, and
therefore n is also even. It follows that vertex v has period 2, and thus simple random
walk on any bipartite graph has period 2.

We now assume G(V, E) is not bipartite. By Proposition A.2.1, the graph contains an odd-
length cycle, say a cycle of length m. Let v be a vertex in this cycle. Then clearly P > 0.
On the other hand, for any vertex v € V we also have P2 > 0. Since ged{2,m} = 1,
vertex v is aperiodic. Since the graph is connected, by Proposition 2.4.1, all vertices are
aperiodic, and so simple random walk on a non-bipartite graph is aperiodic.

This proves that simple random walk on a connected graph is either aperiodic or has

period 2 (in the latter case the graph is bipartite). O

Aside: Bipartite graphs are exactly the 2-colorable graphs, that is, the graphs for which
each vertex can be colored in one of two colors such that no adjacent vertices have the
same color. (An n-coloring of a graph is defined analogously.) The chromatic number
X(G) of a graph G is the smallest number n for which there exists an n-coloring of the

graph. Bipartite graphs are exactly the graphs G with x(G) = 2. U
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Proposition 2.4.3. Let (X,,),>0 be a Markov chain with state space S.

(a) A state x € S is aperiodic if and only if there exists M (x) € N such that for
alln > M (x), we have Pl > 0.

(b) If (Xn)n>o is irreducible and aperiodic, and if S is finite, then there exists
N € N such that for alln > N and all z,y € S, P}, > 0.

Proof. We need the following lemma which is an immediate corollary of Theorem A.3.1

(Schur’s theorem). For a proof see Appendix A.

Lemma 2.4.4. If J is a subset of the natural numbers N that is closed under
addition, and if the greatest common divisor of the elements in J is c, then there
exists N € N such that nc € J for alln > N.

(a) Note that for any state = € S, the set J, = {n : P, > 0} is closed under addition. In
particular, since z is aperiodic, Lemma 2.4.4 states that there exists a number M (x) such
that P, > 0 for all n > M(x). Conversely, if for state = there exists a natural number
M (z) such that PP > 0 for all n > M(x), then P2 > 0 and P!, > 0 for two distinct
prime numbers ¢ and r. Hence ¢(z) = 1 and so x is aperiodic.

(b) Since the chain is irreducible, for each pair of states x,y there exists a number m(z,y)
such that P,Zz(x’y) > 0 Therefore, for all n > M(x) + m(z,y), we have Py > 0. Since the

state space S is finite, we can take the maximum
N = max{M(z) +m(z,y)|z,y € S} .

It follows that Pgﬁ\; > 0 for all z,y € S, and therefore also Pj, > 0 for all z,y € S and
n > N. O

Definition 2.4.2. (a) A matriz P is called positive, if all of its entries are strictly
positive. (b) A square matriz P is called regular, if there exists an N € N such

that PN is a positive matriz.

It follows that a stochastic matrix P is regular if and only if there exists an N € N such
that P™ is positive for all n > N.

Corollary 2.4.5. A finite transition matriz P is reqular if and only if the corre-

sponding Markov chain is irreducible and aperiodic.
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We now take a closer look at the cyclic structure of an irreducible, periodic Markov

chain.

Theorem 2.4.6 (Cyclic classes). Let (X,,)n>0 be an irreducible, periodic Markov

chain with state space S, transition matriz P, and period ¢ > 2. Then

(a) for all z,y € S there exists an integer v with 0 < r < ¢ — 1 such that
P,>0 = n=r modc,
and furthermore, there exists an integer N such that Pf;” >0 forallk > N.
(b) There exists a partition
S=5USU..US.4
into ¢ so-called cyclic classes S, such that for all0 <r <c¢—1,

z€S, = Y Py=1 (with S, =S5).

YyESr+1

Proof. (a) Let 2,y € S and consider ng = min{n| Py, > 0}. Then ng = koc + r for some
0<r<c¢—1andsome ky > 0.

For all m with P} > 0, we have Ppe*™ > ProP™ > 0, and so (ng +m) is a multiple of

c. Furthermore, for any n with Py > 0, the sum (n + m) is also multiple of c¢. Hence
(n+m)—(ng+m)=n—ng=kc forsomek >0,

and

n=mnyg=r modc for all n with P, > 0.

By Lemma 2.4.4, there exists N' € N such that P > 0 for all n > N'. Thus
no+cn n nce
Pt > PP >0 forn > N'.

Setting k = ko +n and N = ko + N', we get Pit" > 0 for all k > N.
(b) Let z € §. For 0 < r < ¢ — 1, define the sets S, called the cyclic classes, by

S,={2€8:In>0st. P’ >0andn=r mod c}. (2.40)

The sets S, are non-empty by construction. By part (a), the sets S, are disjoint, and by

irreducibility, their union is the entire state space S. Let y € S, for some 0 < r < ¢ — 1.
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Then, by (2.40),

Sy = {z€8: st P, >0andn=s mod c}
= {zeS:dmst. Pl>0and m=(r+s) modc}=>54s.

(If (r4+s) > cand (r+s) =p mod ¢, then we set S,+5 = S5,.) Thus the cyclic classes S,
do not depend on the state x that was used for their construction in (2.40). The above
also shows that all 0 <r <c¢—1,

reS, = Y Py=1.

yGS,«+1

Example 2.4.4. Figure 2.10 shows the transition graph of an irreducible Markov chain
on eight states. The chain is periodic with period 3. The cyclic classes are Sy = {4, 7},
S1=41,3,8}, and Sy = {2,5,6}. O

@\

e

Sy = {1, 3, 8}
‘ So= {4, 7 {256} =95
Figure 2.10

Proposition 2.4.7. Let (X,,)n>0 be an irreducible, periodic Markov chain with state
space S and period ¢ > 2. Then the Markov chain (Yy,),>o defined by Y, = X, for
n > 0 is aperiodic and reducible. Its irreducible closed classes are Sy, St, ..., S.—1 as
introduced in Theorem 2.4.6.
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Proof. The process (Y,,)n>0 is a Markov chain and has transition matrix M = P¢ (see
Exercise 1.3). Let z € S. Then

d = ged{k|M* >0} = gcd{k| P* > 0}
which must be equal to 1, since d > 1 leads to the contradiction
c=ged{n| Py, >0} =dc>c.

Hence (Y;,),>0 is aperiodic. By construction of S, for all 0 <r < ¢—1 and for all z € S,,
we have M,, = Py, = 0ify ¢ S,. Hence the cyclic classes S, are closed. Let y,z € S,. By
irreducibility of P, there exists an n > 0 such that PJ, > 0. Since y, z belong to the same
cyclic class, n must be a multiple of c. Hence there exists k& > 0 such that Py = M} >0
which shows that S, is irreducible for M. O

Corollary 2.4.8. Let (X,)n>0 be an irreducible, positive recurrent, and periodic
Markov chain with state space S and period ¢ > 2. Let w be the unique stationary

distribution and consider the cyclic classes Sg, S1, ..., Se_1. Then

1
== ’/T(So) == 71'(51) == W(Scfl) 0
Furthermore, the unique stationary distribution for the Markov chain (Yy)n>o0 (de-
fined, as in the previous proposition, by Y, = X, for n > 0) when restricted to the
cyclic class S, 1is
crlg, for0<r<c-—1

where c7|s, (y) = cm(y) ify € S,, and zero otherwise.

Proof. (a) Consider the indicator function f = 1g.. We have f(X}) = 1{x,ecs,} and
E.(f) = 7(Sk). By Theorem 3.1.1,

m—1
1 . e
'n”ltl—r>noo p kz Tix,es,3 = m(Sk) with probability 1. (2.41)
0
Because of periodicity, for any sample path w, we have 1x, cs,}(w) = 1 exactly once every

¢ steps and zero otherwise. This makes the limit on the left-hand side in (2.41) equal to

1
—foreach 0 <r <e¢-—1.
c

(b) By Proposition 2.4.7, the Markov chain (Y},),>0, when restricted to S,, is irreducible
and aperiodic. Let y € S, and denote by T, (yc) the first return time to state y for the chain
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(Y)n>0, and by TV the first return time to state y for the chain (X,,),>0. Clearly, because
of periodicity, we have the equality of the events {T(gé ) = k} ={TY = ck} for k > 0. It

follows that the mean return time for state y for the chain (Y},),>0 is , and therefore
=

_1
m(y)

the unique stationary distribution 75 of (V,,),>0 restricted to S, is given by

Sr(

™ (y) = e7(y) for y € S, .

Remark 2.4.9. Periodicity of a finite-state Markov chain is closely related to the

number of eigenvalues of modulus 1 of its transition matriz P. If the Markov chain

2mi(c—1)/c

has period ¢ > 2, then the cth roots of unity 1,e*™/¢, ... e are simple eigen-

values of P, an P has no other eigenvalues of modulus 1. See Theorem A.6.2(e).

Exercises

Exercise 2.1. Consider a Markov chain (X,,),>0 with state space S = Ny and transition
probabilities

1/2 ifr=y

1/2 ifr>0andy=2-1
(1/2)) if z =0 and y > 0

0 otherwise

P, =

Is this a recurrent Markov chain or a transient Markov chain?

Exercise 2.2. Let (X,,),>0 be a Markov chain on state space S. Let z,y € S, and recall
the notation f,, = P(TY < oo| Xy = z). Consider the random variable V¥ which gives
the long-run number of visits (not including the initial visit, in case Xy = y) to state y.
Prove that for £ > 1,

P(VY > k| Xog =)= fofr".

Exercise 2.3. Consider a Markov chain (X,,),>0 with state space S = Ny and transition

probabilities

Ty

3/5 ify=0
1/5 ifye{r+3,2+6}

for x € Ny. Classify each state of this Markov chain as positive recurrent, null recurrent,

or transient, and find all irreducible closed classes of S (if any).
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Exercise 2.4. Consider the Markov chain with state space § = Ny and transition prob-
abilities

3 x
P = Pror1=
"7 243 AT 43

Show that the chain is irreducible and determine whether it is positive recurrent, null

forx>0.

recurrent, or transient. Does it have a stationary distribution?

Exercise 2.5. Let Y7, Y5, ... be an infinite sequence of i.i.d. Bernoulli random variables
with P(Y; = 1) = p and P(Y; = 0) = 1 — p. Consider the Markov chain (X,,),>o that
tracks the number of consecutive 1s in the last run. More precisely, let Xy = 0, and for
n>0and 1 <k<n,let X, =k ifY, ,=0and Y; =1 for (n — k) < i <n. Show that

(Xn)n>o0 is irreducible and positive recurrent and compute its stationary distribution .

Exercise 2.6. Consider the Markov chain (X, ),>o from Exercise 2.5. It tracks the
number of consecutive 1s in the last run of a sequence of i.i.d. Bernoulli random variables
for which 1 occurs with probability p. Let k > 1. Compute a formula for Eq(T*), the

expected time until we see a sequence of k 1s in a row for the first time.

Exercise 2.7. Consider an infinite sequence (Y},),>1 of i.i.d. coin flips of a fair coin, so
we have P(Y; =T) = P(Y; = H) = 1/2. Let 7 be the time until we see the pattern 7T

appear for the first time.
(a) Compute E(7).

(b) Recall the Fibonacci sequence 1,1,2,3,5,8,13,.... It is described by the recurrence

fn = fn—l + fn—Z
for n > 3, with f; = fo = 1. Prove that for n > 2,
fnfl
P(r=n)= .
(r=n)="2

(Hint: For n > 4, any sequence of coin flips that is an element of the event {r = n}
must start with either H or T'H.)

(c¢) Use your result from part (b) to prove the following identity for Fibonacci numbers:
> gi=2
2n
n=1

Exercise 2.8. Prove that every finite-state Markov chain has at least one recurrent state.
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Exercise 2.9. Consider a Markov chain (X,,),>0 on state space S = {0,1,2,3,4,5} with

transition matrix

0o 1 2 3 4 5
0/3/4 1/4 0 0 0 0
11/4 3/4 0 0 0 0
p_2l0 0o 12 0 12 0|
3l o 173 0o o 1/3 1/3
a4l o o 1/2 0 1/2 0
50 1/3 0 1/3 1/3 0

Describe all stationary distributions for this Markov chain.

Exercise 2.10. Consider the Markov chain (X,,),>0 on state space S = {0, 1, ...,6} with

transition matrix

o 1 2 3 4 5 6
0/1/4 3/4 0 0 0 0 0
1|12 1/2 0 0 0 0 0
2l o o 2/7 0o 3/7 0 2/7

P=310 1/5 0 1/5 2/5 0 1/5]
a4l o o 5/7 0 27 0 0
5/ o o o 3/8 1/4 1/8 1/4
6\0 0 0 0 6/7 0 1/7

(a) Classify each state as transient or recurrent and find all irreducible closed classes.
(b) Compute lim PJ.

n—oo
(c) Assume X, = 3. Compute the expected number of visits to state 3.

Exercise 2.11. Consider simple random walk on the vertices of the infinite tree shown
in Figure 2.11. The walk starts at the root of the tree labeled 0. At each step, the walk

chooses its next location uniformly at random from its neighboring vertices.

(a) Is this Markov chain recurrent, or transient, or neither?

(b) Now assume that the walk starts at vertex x (marked in the picture). What is the
probability that the walk will never visit vertex 07
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Figure 2.11: The graph continues to infinity in the same manner.

Exercise 2.12. Let (X,,),>0 and (Y;,),>0 be independent Markov chains with state space

S = {1,2}, each with transition matrix

1 2
R )

Assume Xy = 1 and Yy = 2. Consider 7" = min{n : X,, = Y,,}, i.e., the first time both

chains are in the same state.
(a) Compute E(T). (b) Compute P(Xp = 2).

Exercise 2.13. Let (X,,),>0 be a finite-state Markov chain that has at least two transient
states. Consider its fundamental matrix V. Recall that the rows and columns of V are
labeled by the transient states 7 of (X,,),>0. We denote the matrix entries of V by vy,
for x,y € T. Also recall the notation f,, =P, (7Y < c0).

(a) Show that for any transient state z € T,

Vgy — 1

fx:z: =

Ux:v

(b) Let x and y be distinct transient states. Derive an analogous formula for f,, in

terms of the matrix entries of V.

Exercise 2.14. Consider the following Markov chains. For each chain, determine the

periodicity of its states.
(a) S ={0,1,2}, and the transition matrix is

0 1
0/0 0
P= 1911 o
2 \1/2 1/2

S O =N
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(b) § ={0,1,2,3,4}, and the transition matrix is

0o 1 2 3 4

0/0 1/3 2/3 0 0
1o 0o 0 3/4 1/4
P=92l0o 0o o 1/2 1/2
3lt o 0o o0 o0
4\1 0 0 0 0

Exercise 2.15. Consider simple random walk on a finite graph G(V, E) (see page 27).

(a) Verify that m on V' defined by

is a stationary distribution.

(b) Consider simple random walk on a k-dimensional hypercube Z§ (see Example 1.5.6).
Choose any vertex x € Z&5 and assume the random walk starts in x. What is the

expected number of steps until the walk returns to x for the first time?

Exercise 2.16. Consider a standard 8 x 8 chessboard as shown in Figure 2.12 below.

N BN
L
(N

Figure 2.12: Standard chessboard

A king can move one square at a time in any direction (horizontally, vertically, or diag-
onally) that is available from his current location. Assume the king chooses each move
uniformly at random from all permissible moves and that he starts out in the bottom left

corner of the board.

(a) How many times, on average, will he spend on a border or corner square (i.e. a
square located along the perimeter of the board) before he returns to the bottom

left corner for the first time?

(b) Suppose the king, before each attempt, flips a coin and moves only if the coin shows

heads, otherwise waits for that time period in his current spot. The probability that
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the coin lands heads is P(H) = p for some fixed p with 0 < p < 1. All coin flips are
independent. Find the expected duration for the same journey (bottom left corner

to bottom left corner).

Exercise 2.17. Recall that a birth/death chain is a Markov chain whose state space S

is either {0, 1, ..., N} or Ny and whose transition probabilities are

¢ ify=xz—-1
Pﬂ?y: Dz ify::L‘—f—l
r, fy=u

with p, + g, + 7, = 1 for all x € S. Consider an irreducible birth/death chain (X,),>0
and a measure v on S defined by vy = 1 and

_ boP1* Pk—1
q192 * " " gk

Vg

for k € S with £ > 1. Show that v defines an invariant measure for (X,),>o and that
(X )n>0 has a stationary distribution if and only if Z v < 00.

keS
Exercise 2.18. For each of the following irreducible birth/death chains, determine whether

or not it has a stationary distribution. Compute the stationary distribution if it exists.

(a) Simple biased random walk on Ny with reflecting boundary at 0. Assume p = 1/3
and g = 2/3.
(b) A birth/death chain on Ny with 79 = 2, py = 3 and
k1 1

qk = 7% Pk:m,

T and 1, = (1 —pp — qr) for k>1.

Exercise 2.19. Consider an irreducible, positive recurrent Markov chain (X,),>o with
stationary distribution 7. Let z and y be two distinct states. Find a formula for the

expected number of visits to y that occur between two consecutive visits to x.

Exercise 2.20. Consider simple random walk on the graph in Figure 2.13. Assume the
walk starts in vertex a. Use a first-step analysis to find E,(7%). (Hint: Make use of

symmetries in the graph.)

Exercise 2.21. Consider an irreducible, positive recurrent Markov chain (X,,),>o with

stationary distribution 7. Let x and y be two distinct states.
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Figure 2.13

(a) Show that
E, (Vi) = 7n(x)(EL(TY) + E,(T))

where V7, is the number of visits to z between (including) times 0 and 7% — 1.

(b) Show that
1

m(7) (Ba(TY) + By (T7))

P (T* <TY) =

(Hint: Recall Example 2.2.1.)

Exercise 2.22. Consider a connected graph G(V, E) and assume there exists an edge
e = {xo,yo} with e € E such that the removal of e results in two disjoint components G,
and G, for the remaining graph where zy € G, and yy € G,,. Denote the edge set of
G, by E.,. Prove that for simple random walk on G(V, FE') we have

E,(T%) = 2/ By, | + 1.

(Hint: Consider simple random walk on the subgraph G that results from adding vertex

yo and edge e to the subgraph G,,.)

Exercise 2.23. Consider a finite, connected graph G(V, E) and simple random walk on

the graph.

(a) Show that for all z € V,

1
E.(T*) =1 g E,(T%).
y{z,y}eE

(b) Use the result from part (a) to prove that for all vertices z,y € V', we have

E,(TY) < 2|E| — 1.

Exercise 2.24. Consider a finite, connected graph G(V, E) and simple random walk on
the graph. Assume there exists a vertex y € V for which deg(y) = 1. Use the result
from Exercise 2.22 to show that there exists a vertex x € V for which the upper bound
in Exercise 2.23(b) is sharp. That is, show that E,(7Y) = 2|E| — 1.
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Exercise 2.25. Let (X,,),>0 be an irreducible, positive recurrent Markov chain on § with
stationary distribution 7. Given a proper subset B C S, consider the process (B,,)m>0

with state space B obtained by observing (X, ),>0 when in B. That is, with
To =min{n > 0: X, € B},

and
T, =min{n > T, : X, € B}

for m > 1, set
B, =X, .

Show that (B,,)m>o is positive recurrent and find its stationary distribution.



Chapter 3

Limit Theorems for Markov Chains

3.1 The Ergodic Theorem

Let S be a discrete state space, u a probability distribution on &, and let f be a function
f:S — R. We will use the notation

E.(f)=>_ fy)uy).

yeS

Theorem 3.1.1 (Ergodic theorem for Markov chains). Let (X, )n,>0 be an irre-
ducible, positive recurrent Markov chain with state space S and stationary distribu-
tion . Assume the chain has initial distribution my. Let f : S — R be a bounded

function. Then

m—1
1
Jim — ; f(Xz) =E.(f)  with probability 1.

Proof. We first assume that f > 0 and that the chain starts in state x. (We will cover the
general case later.) For k > 0, we consider the kth-return times T** to state z defined
by T%° = 0 and

T%% = min{n :> T** ' and X, =2} fork>1.

Note that T%! = T® the first return time to state x as previously defined. Because of
the strong Markov property, the waiting times (7% — T®*=1) for k > 1, between two
consecutive visits to state x are i.i.d. random variables with the same distribution as 77.

Furthermore, the random variables Xpox-1, Xpek-141, ..., X7ex_; for the times in between

101
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two consecutive visits to x form mutually independent “clusters” of random variables for

distinct £ > 1. As a consequence, the random variables Z, k > 1, defined by

T®k_1

Zk = Z f(Xm)

m=Tzk—1
form an i.i.d. sequence. Since f is a bounded function, there exists M < oo such that

|f(y)] < M for all y € S. Since x is positive recurrent, E,(77) < oo. Thus
E.(|Z1]) < ME.(T") < o0,

and we can apply the Strong Law of Large numbers to the sequence 77, Zs, ... which yields

o1
lim —
n—oo N

> Z,=E.(Z)  with probability 1.
k=1

7% -1

Setting Sz = Z f(Xn) = Z Z,, we thus have
m=0 k=1

. Sten
lim

n—oo N

=E,.(Z) with probability 1. (3.1)

We now compute E, (7).

E.(Z1) = E, (i f(Xm)> = E, (Z f(y) i ]1{y}(Xm))

yeS

= > fW)E, (i ﬂ{y}(Xm)) :

yeS

Recall from Section 2.2.1 that E, (ZS:OI Ly (Xm)> = 7(y) E.(T*). So altogether we
get

E.(Z1) =Y f(9)n(y) Eo(T") = Ex(f) Bo(T"), (3.2)

yeS

and together with (3.1),

lim — =E,(f)E.(T7) with probability 1. (3.3)

Applying the Strong Law of Large Numbers to the i.i.d. random variables (T%% — T®+~1)
and since T%" = >p_ (T™% — T™F1) we get

T,n

lim =E.(T") with probability 1. (3.4)
n—oo N
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Combining the results from (3.3) and (3.4) yields

lim —— =E.(f) with probability 1. (3.5)
The limit in (3.5) is close to what we need to prove, but not exactly. Using the notation
S = S0 f(X4), we really need

lim Sm _ E.(f) with probability 1.

m—oo 1M

We now introduce the new random variables V7 defined by
Vi =) 1(X,) form>1. (3.6)
s=1

For any m > 1, V. is the number of returns to state x by time m. The most recent (up
to time m) return to = happens at time 7%Ym < m. After that time, the Markov chain

will visit z again at time T%Vm*1 > m. See the illustration in Figure 3.1.

Tac,l Tx,2 Tx,3 — Tac,V,ﬁ TJ:,VT“,”L-i-l

Figure 3.1

So we have
x,VE z,V.E+1
T%"m <m < TH'mT

and since we are (for now) assuming f > 0,
STI,V% S Sm S STI,VT%+1 .

This yields

Sm < Sm < STz,V,,%+1 o STz,V,,CfL+1 T:E,Vm+1 (3 7)
m — TeViE — TaVi o TaVi+l TaVi o ’

Since z is recurrent, lim,,_,., 7%V = oo with probability 1, and

P(TVmtt - T%Vm < 00) = 1.
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Thus
Ta:,VnﬁJrl
lim —
m—o0 T‘U»Vm

and (3.7) in combination with (3.5) yields

=1 with probability 1,

lim Sm < E.(f) with probability 1.

m—oo M,
By a similar argument, using

STI,VT:Z Tx7vm Sm < Sm
TV T ViE+l — TaVi+l —

Y

m

we arrive at <
E(f) < lim —.
m—oo M
Altogether, we have
. Sm
Jim —= = E.(f). (3.8)

Recall that we have assumed that f > 0 and that the Markov chain starts in state x. As
the last step, we will now show that (3.8) holds without these restrictions. Assume f is

a bounded real-valued function. We can write

f = max(f,0) — max(—f,0).

Set ft = max(f,0) and f~ = max(—f,0). Then f* >0 and f~ > 0, and we can apply
(3.8) to f* and f~ separately, and then take the difference of the two results (which is
allowed since 0o — 0o is not involved), which yields (3.8) for any general, bounded f.

Lastly, (3.8) holds for any starting state x. Thus if the Markov chain starts with initial
distribution 7y, then we can average both sides of (3.8) with respect to the distribution

T, and so

lim Sm _ E.(f)

m—oo M

holds for any initial distribution 7y and any bounded, real-valued function f on the state
space S. n

Remark 3.1.2. What are the essential components that make the proof of Theorem
3.1.1 work? Recurrence allows us to split the trajectories into “disjoint blocks”
which are of finite length with probability 1. The Strong Markov property guar-
antees that certain sequences of random variables Zy, Zs, ... where Z;, is defined on
block k for k > 1 are i.i.d. Probabilistically speaking, what happens on one of the
blocks is typical for the behavior of the process overall, and it repeats itself on each

block. The Strong Law of Large Numbers is the third main ingredient in the
Proof.
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Theorem 3.1.3 (Long-run fraction of time spent in a state). Let (X,),>0 be an
wrreducible Markov chain with state space S and initial distribution my. For x € S,
consider m, = E,(T%), the mean return time to state x. Then the long-run fraction

of time the Markov chain spends in state x is

1 . -
nh_)rgo - Z 1y (Xy) = with probability 1. (3.9)
Proof. We will use the notation V?* = Z;(l) 1(23(Xg) for n > 0 (note that this slightly

differs from V? in (3.6)). The random variable V? is the number of visits to state = by
time (n — 1) (taking the initial state into account), and

lim V7 = V*®

n—o0

is the long-run total number of visits to state z.

Case 1: Assume the Markov chain is transient. For all x € S, we have P,(T* = o0) > 0,
and so m, = E,(7T7%) = co. By Theorem 2.1.3,

P(V® < 00) = 1

for any transient state x and any initial distribution of the Markov chain. Thus, with
probability 1,
-~ n—1
Ve 1 1
lim — = lim — Z]l{z} Xp)=0=—=—.

n—oo M n—oo N (0. ¢] my

Case 2: We assume the Markov chain is recurrent. Let 2 € S and consider 77. Since the
Markov chain is also irreducible, for any initial distribution, we habe P(T* < o0) = 1.
Hence by the strong Markov property, the process (Y;,)n>0 = (X71e 40 )n>0 is a Markov chain
that starts in state z and has the same transition probabilities as the original Markov
chain (X,),>0. The long-run number of visits to state x for trajectories for (X,,),>¢ and
corresponding trajectories for (Xzei,)n>o can differ at most by one (accounting for the
initial state Xy). So the long-run fraction of time spent in state  is the same for both

Markov chains. As a consequence we have

n—1

lim — Zn{x} Xi) = lim ~ Zn{x} (3.10)

n—oo N n—oo M
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For the rest of the proof we will assume that the Markov chain starts in state x. What
follows is similar to the proof of Theorem 3.1.1. We consider the kth-return times 7% to
state z defined by 7%° = 0 and

T*% =min{n:n>T"""'and X, =2} fork>1.

Applying the Strong Law of Large Numbers to the i.i.d. random variables (T%* —T%=1),
we get
z,n

lim
n—oo N

=E,.(T%) with probability 1. (3.11)

Here also we consider the random variables V% defined by
Ve = Z]l{x}(Xs) form > 1
s=1

which give the number of returns to state = by time m. The most recent (up to time m)
return to = happens at time 7%V» < m. After that time, the Markov chain will next visit

x at time TVt > m. So we have
TQ?,V,,% S m S TZ‘,V,,;EL-Fl’

and hence, assuming m is large enough so V> > 1,

T:Jc,Vf,”l m TZ,V#"‘L+1

< —< 3.12

Ve — V= Ve (3.12)

Taking the limit as m — oo on all three sides of (3.12) and applying (3.11) and (3.10),
we get

1= 1
Jim — kz_o Ty (Xp) = oo with probability 1,
which completes the proof. O

Remark 3.1.4. For the positive recurrent case, we can also derive (3.9) as a corol-
lary to Theorem 3.1.1, applied to the indicator function f = 1y, on S. The result
follows from Er(1yy) = n(z) and n(x) = m% (recall Theorem 2.2.8).
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Corollary 3.1.5 (Expected long-run fraction of time spent in a state). Let (X,,)n>0
be an irreducible Markov chain with state space S and initial distribution my. For

x €S, consider my = E,(T%), the mean return time to state x. Then the expected

1
long-run fraction of time the Markov chain spends in state x is —.

In particular, if Xo = z, we have "
1m1§wzl< (3.13)
Sy o
Proof. Note that for all n > 1,
=
0< — D 1y (Xp) <1, (3.14)
k=0

Hence we can apply the Dominated Convergence Theorem (Theorem C.3.3) to the se-

quence of random variables

n—1
1
Y, = — E 1y (Xi) forn>1,
n
k=0

which yields the result.

Remark 3.1.6. (a) (3.13) tells us that for any states x,z € S, the sequence
{PF }1>1 of k-step transition probabilities converges in Cesaro means. Conver-
gence in Cesaro means is a weaker form of convergence than (regular) convergence
of a sequence (see Exercise 3.1). We will address results surrounding the stronger
form of convergence of the k-step transition probabilities in the next section.

(b) If we do not assume irreducibility of the Markov chain, then (3.13) becomes

n—oo 1, my

1 n—1 f
lim —» " Pl == (3.15)
k=0

where f,, =P, (T* < c0).
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Remark 3.1.7. For f,, > 0 and x a positive recurrent state, the limit of the Cesaro
means in (3.15) is positive. Hence the expected long-run number of visits to state
x is O(n). On the other hand, if x is either transient or null recurrent (in both
cases the Cesaro limit is 0), the expected long-run number of visits to x is of strictly
smaller order than n. For the transient case, this is not a new result, since we
already know that the expected number of wvisits to x s finite. However for the
null recurrent case this does give us a new insight. A null recurrent state, being
recurrent, is revisited infinitely many times with probability 1. But by (3.15), this
number of revisits is of strictly smaller order than n, i.e., it is of order o(n) (which
1s due to the “relatively long return time”; although the return time is finite with

probability 1, it has infinite expectation).

3.2 Convergence

7

Theorem 3.2.1 (Convergence theorem). Let (X,,),>0 be an irreducible, positive
recurrent, aperiodic Markov chain on discrete state space S with transition matriz
P. Let w be the unique stationary distribution for the chain. Then 7 s also the

limiting distribution for the chain, that is,

lim P} =n(y) forallz,yeS.

n—00

As a consequence, for any initial distribution o for the chain, we have

lim 7,(y) =n(y) forallyeS

n—o0

where 7, denotes the distribution of X, forn > 0.

Proof. The proof we present is due to Doeblin! and uses a coupling argument. Briefly put,
coupling is a method by which one constructs two or more Markov chains on the same
probability space. One can then use properties of the joint distribution of the coupled
Markov chains to prove results about the distributions of the individual Markov chains.

We will discuss the method of coupling in more detail in Section 11.3.

We consider two Markov chains (X,,),>0 and (Y,),>0 that have the same (finite or infinite)
state space § and the same transition matrix P. We will specify their initial distribu-

tions later in the proof. We then construct the special independent coupling of the two

"'Wolfgang Doeblin, German-Jewish mathematician (1915-1940)
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chains that results in the Markov chain (X,,,Y,),>0 with state space % and transition
probabilities
P(:v,r),(y,S) = pxyprs . (316)

The underlying common probability space for the chain (X, Y, )n>0 is the direct product
of the probability space that (X,,),>¢ is defined on and the probability space that (Y,)n>0
is defined on. We now show that (X, Y},),>0 is an irreducible, positive recurrent Markov
chain.

Let (x,7),(y,s) € 8. Since the transition matrix P is irreducible and aperiodic, there
exists an N > 0 such that

Py, >0 and FL>0 for n>N.

Therefore
=P'P" >0 for n>N.

Y,8) xy’ rs

Pl

It follows that the coupling (X, Y, )n>0 is irreducible and aperiodic.
Next we show positive recurrence of (X,,,Y;,),>0. Consider the distribution 7 on §? defined
by 7(z,r) := m(x)7(r). We have

Z ﬁ'(ZL‘, T)p(l”ﬂ")v(yvs) = Z Z ﬂ(x)ﬂ(r)nyPrs

(x,r)€S2 zeS res
= (Z w(x)%) (Z 7T(T)Prs> =n(y)m(s) =7(y,s).
€S resS

This shows that 7 is a stationary distribution for (X, Y,,),>0, and so the Markov chain
(X, Y3 )n>o is positive recurrent.
Let A = {(a,a) : a € 8} be the diagonal in 8. Consider the random variable

T2 =min{n > 1: (X,,Y,) € A},

that is, the first time the chain visits (any point on) the diagonal. For simplicity, we will
denote T = T?. Since (X,,, Y, )n>0 is irreducible and recurrent, we have P(T < oo) = 1.
This implies

lim P(T">n)=0.

n—o0

It follows from the Markov property that
PX,=y|T<n)=PY,=y|T<n) forn>1, (3.17)

since from time 7" onwards, after (X, Y,,),>0 has hit A, the laws of the random variables
X, and Y,, will be the same. Multiplying both sides of (3.17) by P(7" < n) gives
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PX,=y,T<n)=PY,=y,T<n) forn>1.
By the law of total probability,
PX,=y) =PX,=y,T<n)+P(X,=y,T>n),

P(Y,=y) =P(Y,=yT <n)+P(Y, =y, T >n).
It follows that

PX,=y) —-PX,=y,T>n)=PY,=y)—PY,=y,T >n).

Note that
lim P(X,, =y, T >n) < lim P(T >n)=0,
n—oo n—oo
lim P(Y, =y, 7 >n) < lim P(T">n) =0.
n—oo n—oo
It follows that
lim [P(X,=y) —P(Y,=y)]=0. (3.18)
n—oo

Finally, let us specify the initial distributions for the chains (X,,),>0 and (Y;,),>0. We let
chain (X,),>0 start in state z and chain (Y},),>o start in the stationary distribution .
Then P(Y,, = y) = n(y) for all n > 0, and thus (3.18) yields

lim P(X,, =y) = lim P} =n(y) forallz,y€S.

n—oo n—oo

This completes the proof of the convergence theorem. O

As a consequence of Theorem 3.2.1, for an irreducible, aperiodic Markov chain with finite

state space S and |S| = k, transition matrix P, and stationary distribution 7, we have

(1) =(2) --- 7(k)
pr e, (1) 7r(:2) o om(k)
m(1) w(2) (k)

Example 3.2.1. Let 0 < p < 1. Consider the Markov chain (X,,),>o with § = {0, 1,2}

and transition matrix

0 10
P=|1-p 0 p
0 10
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Figure 3.2

and whose transition graph is shown in Figure 3.2. The Markov chain is irreducible and
periodic with period 2. The Markov chain (X, Y, ),>0 as constructed in the proof of
Theorem 3.2.1 has state space S x S (with 9 states). Figure 3.3 shows the transition

graph for (X, Y,,),>0 (the arrows represent positive one-step transition probabilities).

S o N
(0,0) (1,1) (0,2) (0,1) (1,0)
~— T ~_
/A T
(2,0) (2,2) (1,2) (2,1)
-~
Figure 3.3

The set of blue states in the above diagram is the diagonal A = {(0,0),(1,1),(2,2)} of
S x 8. The Markov chain (X,,, Y, ),>0 has two irreducible closed classes and, as shown in
the proof of Theorem 3.2.1, cannot have transient states. Since (X, Y, )n>o is reducible,
the coupling argument in the proof of Theorem 3.2.1 breaks down. Indeed, the Markov

chain (X,,),>0 does not converge due to its periodicity. O

Theorem 3.2.2 (Periodic case). Let (X,,)n>0 be an irreducible, positive recurrent
Markov chain with transition probabilities P,,, x,y € S and unique stationary dis-
tribution w. Assume the Markov chain is periodic with period ¢ > 2. Then for any
x,y €S there exists a unique integer r with 0 < r < c¢— 1 such that

lim Py = en(y).

Proof. Let x,y € S§. Consider the partition of S into its cyclic classes Sy, S1, ..., Se_1.

Without loss of generality, let us assume that x € Sy and y € S,.. For d, (i.e., unit mass
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at state x), let p = 0, P". Note that u is a probability distribution concentrated on S,.
We now consider the Markov chain (Y;,),>0 with Y,, = X.,, n > 0, with initial distribution
p. It can be viewed as a Markov chain on reduced state space S,.. By Proposition 2.4.7,
this Markov chain is irreducible and aperiodic. By Corollary 2.4.8, its unique stationary
distribution is 79 (y) = cn(y) for y € S,. Hence, by Theorem 3.2.1, we have

lim P = lim Pp(Xypne = y) = lim P, (Y, =y) = cn(y).

n—0o0 n—o0 n—o0

]

Example 3.2.2. We return to Example 3.2.1. This is an irreducible Markov chain on

S = {0,1,2}, hence it is positive recurrent. Its stationary distribution is 7 = (l%p, %, ).

The Markov chain is periodic with period 2. Its cyclic classes are Sy = {0, 2} and S; = {1}.

A direct computation yields

1—p 0 p 0 10
P? = 0 10 and P’=]| 1-p 0 p | =P (3.19)
1—p 0 p 0 10

from which we conclude that P'*2" = P for all n > 0, and P?" = P2 for all n > 1.

Case 1: Let  and y be in different cyclic classes. Then by Theorem 3.2.2,

lim P12 = 2m(y).

x
n—oo Y

We verify that this is indeed the case by reading off from (3.19) that

lim Pj1*" =1=2r(1), lim P7*" =1=2n(1),

n—oo n—oo

lim P/{*" =1—-p=2r(0), lim P/3*" =p=2n(2).

n—o0 n—oo

Case 2: Let x and y be in the same cyclic class. Then by Theorem 3.2.2,

lim P2 = 2m(y).

n—o0

We verify that this is indeed the case by reading off from (3.19) that

lim P2 =1—p=2n(0), lim P =p=2m(2), lim P =1=2x(1),
’ n—o00 ’ ’

n—o0 n—oo

and similarly for the rest. This illustrates Theorem 3.2.2. U



3.3. LONG-RUN BEHAVIOR OF REDUCIBLE CHAINS 113

We quote the following result for null recurrent states. For a reference see [29].

- )

Theorem 3.2.3 (Orey’s theorem). Let (X,,)n>0 be a Markov chain on state space

S and assume y € S is a null recurrent state. Then

lim P, =0 forallzeS.

n—o0

As a consequence, for any initial distribution o for the chain, we have

lim 7,(y) =0

n—00

where m, denotes the distribution of X,, for n > 0.

3.3 Long-run behavior of reducible chains

Here we combine the results from the previous sections to understand the asymptotic

behavior of reducible Markov chains. Let (X,,),>0 be a reducible Markov chain on (finite

or infinite) state space S. In general, for given y € S, whether or not lim m,(y) exists,
n—0o0

and if so, its value, will depend on the initial distribution 7y of the chain.

Case 1: y € § is either null recurrent or transient. Then by Theorem 3.2.3 and by
Corollary 2.1.4 we have
lim P, =0 forallz €S,

n—oo

and hence

lim 7,(y) =0  for any initial distribution 7y of the chain.
n—oo

Case 2: y € S is positive recurrent. Then y € Ry, for a unique irreducible closed class Ry,
of (positive) recurrent states for the chain. There exists a unique stationary distribution

g, that is concentrated on .

(a) If z € R; where R; is an irreducible closed class that is distinct from Ry, then = does
not lead to y and therefore
lim P =0.

n—oo

(b) If x € Ry, and the states in Ry, are aperiodic, then

nlggo Pa?y = TRy (y) :

If the states in Ry are periodic with period ¢ > 2, then the above limit does not exist.
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(c) If x is a transient state and the states in Ry are aperiodic, then
nh_>nolo P:;Ly = (ax,Rk>7TRk (y)

where a, g, is the (absorption) probability that, given that the chain starts in state x,
it will eventually enter Rj. If the states in R; are periodic with period ¢ > 2, then the

above limit does not exist.

Example 3.3.1. Recall Exemples 2.3.2 and 2.3.3. The Markov chain has state space

S ={1,2,...,6} and transition matrix (in canonical form)

3 6 2 5

3/1 0 0 00 0
1lo 0 01090 o0
p_ 4l 0 05 01 040 o0
6{o 1 0 00 o0
2({02 01 0 003 04
5003 0 01 0 |06 0

The irreducible closed classes are Ry = {3} and Ry = {1,4,6} and are aperiodic. States
3,1,4,6 are positive recurrent states (finite-state Markov chain do not have null recurrent

states). We compute
TR, = (1, O, ceey 0)

and 18 2 17
TRy — (07 ﬁa ﬁ? ﬁa 07 0) .
In Example 2.3.3 we have computed for the absorption probabilities (written as a matrix):
Ry R

A 2(0.7 o.3>.
5\0.72 0.28

Here the n-step transition matrices do approach a limit L as n — oo. We have

3 1 4 6 2 5
3/1 0 0 0 0 0
1] 0 1 Z 1 0 0
pronox 410 5 o |0 0=L
6] 0 = 2 o 0 0
2107 (03) (03)% (03)5% |0 0
5\0.72 (0.28)1% (0.28)Z (0.28):£ |0 O
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Assuming the Markov chain starts with initial distribution 7y, we have

lim 7, = lim mP" = moLL.
n—oo n—oo

Exercises

Exercise 3.1 (Cesaro means). (a) Consider a sequence {ay},>1 of real numbers with

lim a,, = a and consider its Cesaro means

n—oo
1
Cp — — E ag
n

k=1

for n > 1. Prove that {¢,},>1 is also convergent and lim ¢, = a.
- n—oo

(b) Show that the converse of the statement of part (a) is not true. That is, show that if

a sequence {a, }n>1 converges in Cesaro means, it does not imply that {a,},>1 converges.

Exercise 3.2. Consider a Markov chain (X,,),>o with state space S = {1,2,...,7} and

transition matrix

1 2 3 4 5 6 7

1/05 05 0 0 0 0
2(08 02 0 0 0 0 0

3l o 0o o 04 06 0 0
P=y o 1 0 0 0 O
5 O 1 0 0 0 0
6/01 0 02 01 02 03 0.1
7\0.l 01 01 0 01 02 04

Recall the notation f,, = P(T¥ < oco| Xy = z). Compute the following probabilities:
fas: Jo2, fo5, fo6, and fo 7.

Exercise 3.3. Consider a so-called 1-server queue, where at time n, a number X, of
customers are in queue. The first in line of these X,, customers is being served, while
the rest of the customers are waiting. During each time interval, the probability that a
new customer joins the queue is p = 1/5, and the probability that the customer currently
being served finishes their service and leaves the queue is ¢ = 1/3. This system defines
a Markov chain (X,,),>o with state space Ny. What is the long-run expected fraction of

time the queue is empty?
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Exercise 3.4. Consider a Markov chain (X,,),>o with state space S = {1,2,...,7} and
the transition matrix P from Exercise 3.2. Compute the following limits (if they exist).

If a limit does not exist, explain why:.

3 n : n : n : n
(a) lim P/, lim By, lim Fgy, lim Py

n—oo
1 n
CRTE SR S
k=1

Exercise 3.5. Consider a Markov chain on state space S = {1,2,...} whose transition

probabilities are

1
P, = fory=1,2,....x0+ 1.
x

+1
Compute the mean return time to state 1.

Exercise 3.6. Consider the Markov chain on state space & = Ny with transition proba-
bilities

1
—— and P.o= a:
r+1 ’ r+1

Pz,a:—i—l = for all x >0.

(a) Will this Markov chain converge to a unique limiting distribution? If so, compute
this distribution.

(b) Let x > 0. What is the expected number of visits to state 0 between two consecutive

visits to state z?

Exercise 3.7. Each morning a student takes one of the three books he owns from his
shelf. The probability that he chooses Book i is o; with oy = 1/3, ap = 1/2, a3 = 1/6. We
assume that his choices on successive days are independent. In the evening, he replaces
the book at the left-hand end of the shelf. Let p, denote the probability that on day n
the student finds the books in order 1,2, 3 (from left to right). Show that, irrespective of
the initial arrangement of the books, nh_)rgo pn, exists, and determine the limit. (This type

of process is a sorting scheme known as a Tsetlin library.)

Exercise 3.8. A fair 6-sided die is rolled repeatedly. Consider the Markov chain (X,,),>1

where X, denotes the sum of the first n rolls. Does

lim P(X,, is a multiple of 7)

n—o0

exist? Why or why not? If the limit exists, compute it.
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Exercise 3.9. A Math graduate student owns 2 bikes which she keeps either at home or
on a bike rack near her campus office. Every day she makes two journeys: In the morning
she travels to her campus office, and in the evening she returns home. When it rains, she
always walks. When the weather is clear, she bikes, provided that at least one of her bikes
is parked at her location of departure (her home or her campus office). Suppose that it
rains on each journey with probability p independently of past or future weather. What
is the long-run proportion of journeys on which she has to walk although the weather is

clear?



Chapter 4

Random Walks on 7Z

4.1 Basics

We have introduced general random walk on Z in Example 1.5.3. In this chapter, we will
mainly (but not exclusively) focus on simple random walk on Z. We begin with the basic

definition.

Definition 4.1.1 (Simple random walk on Z). Let X1, X, .... be a sequence of i.i.d.

random variables taking values in {—1,1}.

e The stochastic process (Sy)n>0 defined by Sy = 0 (unless otherwise noted) and

Sn = iXk
k=1

forn >1 1s called simple random walk on Z.

o IfP(Xy =1) = P(X, = —1) = 3, we call the process simple symmetric

random walk on Z. Otherwise, we call the process simple biased random

walk on Z.

Simple random walk on Z is a Markov chain, more specifically it is a birth/death chain
with transition probabilities P, .41 = p and P,,—1 = 1 — p for some fixed p € (0,1)
and for all z € Z. The underlying probability space for (S,),>0 can be identified with
Q = {—1,1}", the space of all infinite binary sequences. Elements w € ) are in one-to-one
correspondence with trajectories, also called sample paths, for (S,),>¢ where S, is the
location of the random walk at time n. The easiest way to visualize a trajectory is via
a graph that plots location against time (and has line segments connecting neighboring

points (n, S,) and (n+1,5,41)). Figure 4.1 shows a sample path for simple random walk

118
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0 .
1 2\?/ L time

Figure 4.1: A sample path for simple random walk on 7Z

on Z. For simple symmetric random walk, for all n > 1, we have
E(S,) =0 and Var(S,)=n.

By the Central Limit Theorem,

S’I’L n—oo

% —— N(0,1) in Distribution

where N(0,1) is a standard normal random variable. Recall that for a normal random
variable centered at 0, the probability that its absolute value exceeds three standard

deviations is very small, only about 0.003. Therefore for large n, we have
P(—3y/n < S, <3v/n) ~0.997. (4.1)
The green shaded region in Figure 4.2 marks the region bounded by —3y/n and 3/n in

the vertical direction. The two red lines mark the boundaries for any trajectory. For
large times n, the point (n,S,) on a trajectory will fall inside the green region for an
overwhelming majority of trajectories.

Simple random walk on Z is periodic with period 2. Given that the walk starts at 0, at
even times it can only be at an even integer, and at odd times at an odd integer. Hence
if x and y have unequal parity, then Pﬁ; =0forn>1.

Notice that for random walk on 7Z, due to the translation invariance of the one-step

transition probabilities, we have
ng = &(y_x) for all x,y € Z and n > 1.

It therefore suffices to study the transition probabilities Fj,, for m € Z.

Let m > 0 and n > 1 with m < n. We assume that either both m and n are even or both
m and n are odd. For the walk to end up at m in n steps, it must have taken x steps to
the left and = + m steps to the right (in any order), with 2z + m = n. There are

(2)-(3)
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Figure 4.2

such binary sequences (sequences of left /right steps) of length n. We denote the number of
paths of length n that end up at m by N,,(0,m). The one-to-one correspondence between

binary sequences and paths yields

N,(0,m) = (nfm> form > 0.

2

Now let m < 0. For the walk to end up at m in n steps, it must have taken x steps
to the right and x + |m| steps to the left (in any order), with 2x + |m| = n. Because
of symmetry, the number of such sequences is also (4.2). For simple symmetric random
walk, each binary sequence of length n occurs with the same probability 2% This yields

the following transition probabilities:

Proposition 4.1.1. For simple symmetric random walk on 7Z,

1
P(S,=m) =P}, = <£) = forme {—n,—n+2,...n—2,n}. (4.3)
2

Notice for simple symmetric random walk, the distribution of S,, is symmetric, i.e., P(S,, =
m) = P(S,, = —m). If n is even, the mass function in (4.3) takes its maximum at m = 0,
and if n is odd, it takes its maximum at —1 and 1.

Now assume that we have biased random walk with P(X; = 1) = p and P(X}, = —1) =
1 —p. Set ¢ =1—p. For m > 0, any path of length n that ends up at m, occurs with
probability

pzqz. (4.4)
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And for m < 0, any path of length n that ends up at m, occurs with probability
n—|m| n+|m|

p 2 q 2 , which can be rewritten as (4.4). Hence we arrive at the following result:

Proposition 4.1.2. For simple biased random walk on Z with P(X, = 1) = p and
PXy=-1)=qandp+q=1,

n+m

P(S,=m) =P}, = ( " )pngmqnzm forme {—n,—n+2,...n—2,n}.
2

4.2 Podlya’s Random Walk Theorem

Here we present Pélya’s famous theorem about recurrence / transience of simple symmet-
ric random walk on the integer lattice Z¢. A number of alternate proofs are available. We
will return to Pélya’s theorem in Section 8.6, where we will reprove the result by taking

the electric network approach to the study of random walks on graphs.

Theorem 4.2.1 (Pélya, 1921). Simple symmetric random walk on Z? is recurrent
for d =1 and d = 2 and transient for d > 2. Simple biased random walk on Z¢ is
transient for all d > 1.

Proof. We separate the proof by the dimension d.

Case d = 1.

Clearly, simple random walk on Z is irreducible, so it suffices to prove that the expected
number of returns to a given state is infinite. Let this state be 0. We will compute
> >, Bjy. Note that Pjjy = 0 if n is odd. So we only need to consider n = 2m. Returning
to the starting point in 2m steps means that the walk must have taken m steps to the

right and m steps to the left (in any order). Thus we have

2m
P2m: m(1 — p)"
00 (m)p ( p)

2m

") p™(1—p)™ will of course be determined

Convergence or divergence of the series Y, (
by the asymptotics of (27::‘) p™(1 — p)™. Using Stirling’s approximation (A.1) we get, for

large m,

(4p(1 —p))™
vrmo

2m\ .. " (2m)?™e=2m\/212m o
(m)p (1-p) (/o) p"(1=p)
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Note that 4p(1 — p) < 1 for p # % Thus

= 1
> Pyt < oo for p # 5,

m=1

and so biased simple random walk on Z is transient. For p = %, we have Pa" ~ \/%7771’ and

SO
- 1
ZPOQS”ZOO forp:§,
m=1

which implies that simple symmetric random walk on Z is recurrent.

Case d = 2.

First simple symmetric random walk on Z?. The walk takes steps north, south, east,
or west on the 2-dimensional integer lattice, each with probability }1. Equivalently, we
can consider simple symmetric random walk on the diagonal lattice which is the green
lattice in Figure 4.3. Simple symmetric random walk on the green lattice arises from two
independent steps of simple symmetric random walk on Z. Hence for large m, we can use

the approximation
om 1 \* 1
Fog" = =
VT™m ™m

[eS)
2m

E Fyy' = oo

m=1

This shows that simple symmetric random walk on Z? is recurrent. For simple biased

and thus

Figure 4.3

random walk on Z? consider its projection onto the east-west or the north-south axis
(choose a direction in which the walk is biased). under this projection, we have biased
random walk on Z with positive holding probability. Adding fixed holding probability to

each state and (and appropriately rescaling the transition probabilities) does not change
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transience or recurrence of a Markov chain. Thus the projected one-dimensional (assumed
biased) random walk is transient. It must follow that the original biased random walk on
72 is also transient, since returning to 0 infinitely often requires returning to 0 infinitely

often (and simultaneously) in both directions.

Case d = 3.

Simple symmetric random walk on Z3 takes steps east, west, north, south, up, or down
with equal probability %. Note that we cannot extend the argument from the 2 dimensional
case to the 3-dimensional case: Combining three independent one-dimensional random
walks would create 8 possible directions for each step for the alternative random walk,
however simple random walk on Z? progresses in one of 6 possible directions in each step.
Instead, we explicitly calculate the return probabilities. If the walk returns to 0 at time
2m, then it must have taken i steps east (and hence also i steps west), j steps north (and

hence also j steps south), and m — i — j steps up (and hence also m — i — j steps down).

Thus )
2m)! "
T R
00 ;} (gl (m—i—7))2 \6
i43<m
(1 2m m! 1\™\?
2 n) 2 =iz 3 '
—~ \idlj!( 7)
z‘ié‘im
Since
m! (1>m
> — — (=) =1,
—~ dljl(m—i—j)! \3
i¥i<m
we get

1\ (2 ! "
s (z) (o) o (e G) )
2 m) 2o iljl(m—i—j) \3

The multinomial coefficient m is & maximum when ¢ and j are m/3 (or as close
as possible, since they are integers), so

" (2m\  m! 1\"
i< () (o) ()
Applying Stirling’s approximation to the right hand side yields
) () () e
2 m ) ((m/3))3 \ 3 ma3/2”’
for some constant C' that does not depend on m. And so for large m we have

2m
Foe” = Ol
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which implies
Z Pyt < 00.
m=1

This shows that simple symmetric random walk on Z3 is transient. By a similar projection
argument that we have used in lower dimensions, we also know that simple biased walk

on Z3 is transient.

Case d > 4.
Simple random walk in dimension 4 or higher is transient: Consider the projected random

walk onto the first 3 dimensions, which is transient. O

Remark 4.2.2. Consider simple symmetric random walk on 7. The asymptotics

for the return probabilities P& for any d > 1 are well known:

Note that this formula matches with our computations for d =1 and d = 2. For a

proof of (4.5), see [34].

Pélya’s stroll in the park:

Pélya was motivated to study random walks, more precisely collisions of two independent
walks, when he noticed that he frequently ran into the same couple during his daily walks
in the woods near his hotel where he was staying during a conference. How often will two
random walkers meet? Assume both parties start at the origin O at time 0. See figure 7?7
for an illustration. We keep track of the two walkers’ location relative to each other and
interpret these changing locations as a single simple symmetric random walk of only one
of the walkers and for which we record only every other step. With this viewpoint, Walker
1, say, is the “moving origin”, and Walker 2 performs a simple symmetric random walk
on a (moving) Z? lattice for which only every other step (and hence the location at even
times only) is being recorded. Since simple symmetric random walk on Z? is recurrent,
and returns to the starting point can only occur at even times, it follows that Walker
2 will “return” to the moving origin (= the location of Walker 1) infinitely many times
with probability 1. Walker 1 and Walker 2 will meet on their random walk in the park
infinitely many times with probability one (unless they get tired around dinner time

and return to their hotels).
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Note that this is not to say that the two walkers will meet at the (fixed) origin O infinitely
many times. In fact, the expected number of times at which Walker 1 and Walker 2 meet
at O is finite. This follows since their individual walks are independent, and so the
probability that both are at O at a specific time n is the product of their individual
probabilities of being at O at that time. Based on this, one shows that the expected
number meetings at O is finite.

Also note that a parity issue can arise: If the two walkers start at different locations, for
example one step apart from each other, then they can never meet. If they start at an
even number of steps apart from each other, then they will meet infinitely many times

with probability one.

meet

‘Walker 1

Walker 2

Figure 4.4: Two independent random walkers meet

4.3 Wald’s Equations

For a random walk (S,,),>0, the expectation of the location of the walk at time n is of
obvious interest. For a fized time n, the expectation E(S,) = nE(X;) is immediate. But
what if time itself is a random variable T', is it then true that E(Sr) = E(T)E(Xj;), as

one might guess? The answer is no in general, as the following example illustrates.

Example 4.3.1. Let (S,),>0 be simple symmetric random walk starting at 0. Consider
the random time T defined by

T =min{n: X, ., = —1}

which is the number of steps the walk takes to the right before its first step to the left.
For an illustration, see Figure 4.5. Then 7'+ 1 ~ Geom(%), and we compute E(7") = 1.
Clearly, Sy =T -1=T, and so E(Sy) =1 as well. But

E(T)E(X,) =1-0#1=E(Sy).
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Figure 4.5

Theorem 4.3.1 gives conditions on the random time 7" and on the type of dependence of
T and the random variables X;, i > 1, that guarantee that E(S7) = E(X;) E(T") holds.

Theorem 4.3.1 (Wald’s equations). Let X1, Xs, .... be i.i.d. random variables with
E(|X|;) < co. Consider (Sp)n>1 with S, =Y 1, X;, and let T be a stopping time
fO?" (Sn)nZI-

(a) Wald’s first equation: If E(T') < oo, then

E(Sr) = E(X;) E(T). (4.6)

(b) Wald’s second equation: If E(T) < oo and, in addition, E(X;) = 0 and
Var(X;) = 0% < oo, then

Var(Sr) = o> E(T) . (4.7)

Proof. (a) First, note that we can write

T 00
ST - ZXZ - ZXl]l{TZZ} .
i=1 i=1

Taking expectations, we get

E(Sr) =E <Z Xﬂl{Tzi}) = E(Xilgrsy) (4.8)

i=1

where the interchange of E and ) is justified as we will now show: For all n > 1,

D Xilirsy <) 1 Xillrsy < Y 1 XilLrsg -
=1 =1 =1

By the Monotone Convergence theorem, we have

n—oo

EQ 1 Xillrsn) = E(lim > " [Xi[Tirsy) = ,}EEOE(Z | Xi[Lir>ay) -
=1 =1 i=1
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Since the event {T" > i} = {T < i—1}¢is defined by the random variables X7, X5, ..., X; 1,
the random variables 1¢r>;; and X; are independent, and we have E(|.X;|1{r>iy) =
E(|X;)P(T > i). Thus

E(Y IXiltir=y) = BUX) SOP(T 2 i) =E(XDE(T) <00, (49)

It follows that the random variable > ;° | X;|1{7>; is integrable, and it dominates the
random variables Y " | X; 17>, for all n > 1. By the Dominated Convergence theorem,
the interchange of lim and ) in (4.8) is justified.

From (4.8) we then get
E(Sr) = iE(Xi)IP’(T > 1) =E(X)) iIP’(T > 1) =E(X;)E(T),

which proves (a). (For an alternate proof of Wald’s first equation using martingale tech-

niques, see Corollary 6.2.3.)

(b) Our proof follows the outline of the proof presented in [12]. By (4.6), E(S7) = 0, and
so Var(Sr) = E(S%). For each i > 1, define the new (thus bounded) stopping time

T Ai:=min{T,i}.
Since P(T' < 00) = 1 by assumption, we have
hm ST/\i = ST a.s. (410)
71— 00

In the following we will compute E(S2,,), and then argue that lim E(S7.,,) yields (4.7).
1— 00

We can rewrite S%,.; as
Stni = S’%/\(i—l) + (2X;Sic1 + X)) Lz - (4.11)

As explained above, the random variables 1{7>; and X; are independent. Hence the
random variables S;_11yr>; and X; are also independent. Taking expectations of both
sides of (4.11) (recall that we assume E(X;) = 0, and hence E(X?) = ¢?) yields the
recursion

E(S7ai) = E(S%A(i—l)) +0’P(T > 1)

from which, by induction, we get

E(S?,;) = o° iP(T > k). (4.12)

k=1
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Note that for the sum on the right-hand side of (4.12), we have
> P(T>k)=E(TAi),

which establishes (4.7) for the finite random variables T' A i. We then compute the limit
as ¢ — oo on both sides of (4.12). For the right-hand side of (4.12), clearly

hrnoZ]P’T>k—aZ]P’T>k)—aE(T) (4.13)

1—00
=1 k=1

As a last step, we need to prove that lim E(S%,,) = E(S7). Let j < i and consider the

Z—}OO
random variable

STni = STN] -

Similarly to the expression in (4.11), we can write
(Stni — ST/\j)2 = (Sra-1) — ST/\j)2 + (2X;(Si-1 — S)) + X?)]szi
from which, by taking expectations on both sides, we get the recursion
E[(Sri — Stas)*] = El(Srai-1) — Stag)*] + 0"P(T 2 1),

and by induction,

E[(Srni — Sta;)?] = 0 Z (T > i) (4.14)
k=j+1
Since E(T) < oo, the sequence of probabilities {P(T" > i)};>0 is a Cauchy sequence.
Therefore, by (4.14), the sequence of random variables {Stx;}i>0 is a Cauchy sequence
with respect to the L?-norm and (by completeness of the L?-space) converges to a limit
random variable Y in L? (recall Definition B.4.4). By (4.10), we also have a.s. convergence
of {Stpi}iso to Sy, and so Y = Sy with probability 1. Since

lim \/E[(Srpn; — S7)?2 =0,

1—00

it follows from the reverse triangle inequality that

lim (/E(S2,.) = \/E S2),

1—>00

and, consequently, we get

lim E(S7,;) = E(S7). (4.15)

1—00

Applying (4.13) and (4.15) to (4.12), we get (4.7). This completes the proof of Wald’s

second equation. O
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We finish this section by quoting a theorem for (general) random walk (.S,,),>0 whose step
distribution has finite mean. The result of the theorem may be useful for checking that
in a given situation the conditions for Wald’s equations are satisfied. We omit the proof

(for a reference see [34]).

Theorem 4.3.2. Let Xy, Xs,.... be i.i.d. random variables with E(|X;|) < co and
(Sn)n>o0 random walk with Sy = 0 and S, = > . | X; for n > 1. Consider the
first hitting time T of the half-line [1,00), that is, T = min{n : S, € [1,00)}. If
E(X;) > 0, then

P(T < o0) =1,

and
(a) if E(X;) =0, then E(T) = oo;

(b) if E(X;) > 0, then E(T) < co.

4.4 Gambler’s Ruin

In the classical gambler’s ruin problem, a gambler starts with a fortune of x dollars and
makes successive 1 dollar bets against the house. The game ends when either the gambler
is ruined (his fortune is 0 dollars) or the gambler’s fortune has reached N dollars. The
probability of wining 1 dollar is p and the probability of losing 1 dollar is 1 — p. If p = %,
we call it a fair game, otherwise a biased game. The process that models the evolution of
the gambler’s fortune over time (until the time the game ends) is simple random walk on

Z. Figure 4.6 shows the transition graph for this process.

p D p p
R G b R e 1
1—p 1—p 1—0p 1—p

Figure 4.6: Transition graph for the gambler’s ruin process

Questions of interest related to the gambler’s ruin chain, and which we will address in

this section, include:

e Will the game eventually end?
e What is the probability that the gambler will end up ruined?
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e If the game does eventually end, what is the expected duration of the game?

Note that the gambler’s ruin chain is a birth/death chain. Since it is also a random
walk, Wald’s equations will be useful for certain computations. Because of the obvious
translation invariance of the problem, we will study questions about the gambler’s ruin
problem for starting state 0 and a < 0 < b, rather than for starting state z and 0 < z < N.

FAIR GAME:

Let (Sn)n>0 be simple random walk on Z with Xy = 0 and S,, = > ;_, Xy where the
random variables X, are i.i.d with P(X; =1) =P(X; = —1)=1. Leta € Z~ and b€ Z".
States a and b are absorbing states and consitute the boundary, and all other states lead
into {a, b}. By the general theory of finite-state absorbing chains (Section 2.3), the process
will be absorbed in {a,b} in finite time with probability 1, that is, P(T1*" < c0) = 1,
and furthermore E(T{%%) < co. We can also see this more directly: Without loss of

generality assume b > |a|. Then from any starting point = € (a, b),

1
BT < (b—a)) > (5)"
since taking a direct path from z to either point of the boundary {a,b} takes at most
b — a steps. So
1
P (T > (b—a)) <1- (5)““
and

1
P(T1 > n(b—a)) < (1 — (é)b—a)” for all n > 1.
It follows that the series Y ;o P(T{®% > ¢) = E(T1*%}) converges.

We apply Wald’s first equation for the stopping time 7' = T{*% to compute the ruin
probability r = P(T* < T®). This yields

E(Sr)=0=b(1—7r)+ar

from which we compute

b
e

(4.16)

Next we apply Wald’s second equation to compute E(T"). Since E(X}) = 0 and Var(X}) =
1, Wald’s second equation and (4.16) yield

b 2 |(l| _]E(T)

E(S%7) = a® =
(57) a\a|+b la] +b
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from which we compute
E(T) = |a|b. (4.17)

We have proved the following result:

Proposition 4.4.1. Consider simple symmetric random walk on Z, and let
a<x<b. Then

b—=x T —a
P (T* < T%) = P.(T° < T = 4.1
(T < T°) — and P, (T° <T) — (4.18)
and
E,(T1%) = (z — a)(b — z). (4.19)

Let a < . We can use Proposition 4.4.1 to compute P,(7T* < oo) and the expected
hitting time E,(7%) for simple symmetric random walk by passing to the limit b — oo in
(4.18) and (4.19). Indeed, since

{T* <Tb|Sy=a} C{T* <T"|Sy =2} forallb>uz,

and -
{T* <oo|Sy=a}= | {T* <T"| S =2},
b=x+1
by the continuity property of probability (recall Lemma B.1.1(a)), we have
P.(T* < c0) = lim P,(T* < T"). (4.20)

b—o0

Also, under the same assumption a < x < b, the random variables T{*%} are nondecreasing

with respect to b, and
lim 7% =7 ..,

b—o0
hence by the Monotone Convergence theorem (recall Theorem C.3.1)), we have
E,(T%) = lim B, (T{*%). (4.21)
b—o0
Example 4.4.1. Consider a compulsive gambler who plays against an infinitely rich
adversary and who will quit the game only at his ruin. Assume the gambler starts with

a fortune of z. From (4.18), we get

P, (T° < 00) = lim P.(T° < T")
— 00
b —
= lim—— =1.
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And from (4.19), we compute
E.(T% = lim z (b —z) = 00.
b—o0
So with probability 1, the game will end with bancruptcy for the gambler in finite time.
But the expected time until the gambler’s bancruptcy is infinite.
The distribution of T° can be computed using the results from Proposition 4.5.2 or from
Corollary 4.5.9. O

Remark 4.4.2. Simple random walk with zero holding probability is periodic with
period 2. To avoid periodicity, one often adds positive holding probability h to each
move. That s, for simple symmetric random walk, the distribution of the i.i.d.
random variables Xy will be given by P(Xy = 0) = h and P(Xy = 1) = P(X} =
—1) = p with h,p > 0 and 2p+h = 1. Notice that this modification does not change
the ruin probabilities r and 1 —r. However, since in this case Var(Xy) = 2p < 1, the
expected time E(T) until absorption becomes E(T) = $|a|b. It should be intuitive
that adding positive holding probability to the walk will “slow things down” and, on
average, the game will last longer (here by a factor %p) For example, if we take
holding probability h = %, then on average the walk moves either left or right only

half the time, and the expected time until absorption doubles.

We now use the gambler’s ruin probabilities (4.18) to answer a few additional questions
about simple symmetric random walk. Let a < x < b. We assume that the walk starts in
x. What is the probability that the walk will return to = before absorption in {a,b}? We
denote this probability by plobh, Conditioning on the first step of the random walk, we

get
lr—1—a 1b—2z-1
plabr — — z
o 2 r—a +2 b—x
which simplifies to
platy _q_1_b-a
2(x—a)(b—x)

Let Vi be the random variable “number of returns to z before absorption in {a,b}”.

By the strong Markov property,

PV =) = (PN (1 - PL™)  forn >0,

which shows that the random variable V;*" has a geometric distribution with parameter

(1-— Pg;{g?’b}). The expected number of returns to x before absorption in the boundary
{a, b} is therefore
P

BV = —
1 - ple?
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We can ask similar questions for visits to other states y # a, b before absorption. Again,
assume the walk starts in state . Assume a < y < b and, without loss of generality,
assume r < y. Let Pé;’b} denote the probability that the walk visits state y before
absorption. Then, from (4.18), we get

Tr—a

plebt = :

Let V,,:{ya’b} be the random variable “number of visits to y before absorption in {a,b}”. By

the strong Markov property,

(ot} 1— Pm{;’b} forn =0
PV =n) = n—1
( Y ) Pg;{{f’b} <Py{;’b}> (1— P;{f’b}) formn>1.

From this we compute the expectation of the random variable Vx{; ) as

a,b a - a n—1 a
BVEY) = P S () - R
n=1

Piy"
1- Py

BIASED GAME:

For a biased game we have P(X), = 1) = p and P(X; = —1) = 1 — p with p # 3. We
assume 0 < p < 1 and set ¢ = 1 — p. As before, let @ < 0 < b. Since this is a finite-
state absorbing chain, here also we have P(T1%" < 00) = 1 and E(T1*") < co. Wald’s
identities aren’t useful in this case towards computing the ruin probability P,(T® < T°),
but we will take a different approach which will involve solving a system of equations. We
use the following notation: For a < z < b, let r, = P,(T% < T®) be the probability that
the random walk gets absorbed in boundary state a, given that the walk starts in state
x. The idea is to set up a recurrence relation for the r, by conditioning on the outcome
of the first step of the random walk: From its starting state x, the walk either moves to
x + 1 and eventually gets absorbed in state a with probability r,.1, or it moves to x — 1
and eventually gets absorbed in state a with probability r,_;. This results in the system

of equations

Te =PTei1+qre_1 fora<axz<b (4.22)
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with boundary conditions r, = 1 and r, = 0. We then need to solve this system. Note

that we can rewrite (4.22) as

(p + Q)TJ: =PTz4+1 + qTrz—1

and so get

q(re—1 —12) = P(rz — Tay1) ,

LS

Ty = Tg41 = _<T:c—1 - T.T) 5

=

and by iteration,
q.\
Ty —Tg41 = (]_?):c a(ra - Ta+1) .
Setting ¢ = ry —rqy1 = 1 — ryy1, we have

r—a

Te — Tz41 = C (=) fora<z<b.
p
So
b—1 7
Te = (’l“x - rﬂH—l) + (rx—f—l - roc—I—Z) +---+ (rb—l — ’l“b) = CZ(E)Z_G’

from which we get for a < z < b,

b—1 b—x—1
—c g i—a = ¢ g r—a g 7
e X ) GG
1— (1)

1_4
p
Setting r, = 1, we compute the constant ¢ as
1-4
p

ST

Cc

Altogether, we have proved the following result:

Proposition 4.4.3. Let0 <p <1, p# %, and g = 1—p. For simple biased random
walk with P(X), = 1) = p and P(Xy = —1) = ¢, we have

P.(T*<T") =7, = G- (%)b_“ fora <z <b (4.23)
x x 1 _ (g)b_a - ) °

bS]

and

fora <z <b. (4.24)
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Notes: (1) In Section 6.6.2, we will compute the absorption probabilities (4.23) and

(4.24) in an alternate way using martingale techniques.

(2) Formulas (4.23) and (4.24) for the absorption probabilities remain the same, if the
biased random walk has positive holding probability h. That is, if P(Xz = 0) = h,
P(X, =1)=p, and P(X}, = —1) = ¢ with h,p,q > 0, p # ¢, and h+p+ ¢ = 1. This can
be seen by modifying the system of equations (4.22) accordingly and by solving the system.
Intuitively, absorption probabilities only depend on the evolution of the trajectories as
far as their changes in locations over time are concerned. However, a positive holding
probability will have an effect on the expected duration until absorption (see Proposition

4.4.4 below). The same was true for symmetric random walk (see Remark 4.4.2).

Now that we have computed the absorption probabilities r, and 1 — r,, we can use
Wald’s first equation to compute the expected time until absorption E,(7"). We have
E(X%) = p — ¢. And we compute

1 — (2)r—a 1 —(2)z—¢a
Ex(ST) - a(l - 1 — ((Z))ba) + bl _ EZ))ba
1 — (2)z—a
= a"’(b_a)l_((z))ba

Thus, by Theorem 4.3.1(a), we get the following result for simple biased random walk
(with or without positive holding probability):

Proposition 4.4.4. Consider simple biased random walk with P(X), = 0) = h,
P(X, =1) = p, and P(Xy = —=1) = q. Assuming h > 0, p,q > 0, p # ¢, and
h+p+q=1, we have

E,(T)=2"2 4 <b_ a) 1:?;:& . (4.25)

p—4q

Example 4.4.2. Again, we consider the case of the compulsive gambler who plays against
an infinitely rich adversary. Here the individual bets are assumed to be not fair. The
limits stated in (4.20) and (4.21) are also valid for biased random walk, and so (4.23)
yields

a\x a\b
=)= 1 f
P,(T° < 00) = lim GG orqg->p
booo 1 — (%)b (%)x <1 forg<np.

For the case ¢ > p, for which bancruptcy of the gambler will occur with probability 1, we
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get from (4.25) for the expected time until bancruptcy,

E,(T°) = lim [ - +( b )1_(

booo [p—q  \p—q) 1—(

Fl a
Yl a—p’

The distribution of 7° can be computed using the result from Corollary 4.5.9. 0

AN TS

4.5 Reflection Principle and Duality

In order to compute probabilities for simple symmetric random walk (S,),>0 on Z, we
often need to count paths of a fixed length and with specific properties. Towards this
end, it is often helpful to apply to paths simple geometric operations, such as reflection,
rotation, or cutting and pasting, which can establish a one-to-one correspondence between
the paths in a set of interest and the paths in a set that is easier to count or understand.
In this spirit, two approaches have proven to be particularly useful. They are reflection
and time-reversal of paths. First, we will first discuss the Reflection Principle. 1t is
based on a one-to-one correspondence of paths via the reflection of certain portions of a

path across a horizontal line.

4.5.1 The Reflection Principle

Let a € Z. Recall that T* denotes the first hitting time of the random walk, that is,
T*=min{n >1: S, =a}.

7

Lemma 4.5.1 (Reflection Principle). Let (Sy,)n>0 be simple symmetric random walk
on Z.

(a) Reflecting the portion of the trajectory between times 7° and n:
Assume Sy =0 and a,k > 1. Then

P(S,=a+k)=P(S,=a—k, T* <n).

(b) Reflecting the portion of the trajectory between times 0 and T°: As-
sume c¢,b > 0. Then

P(S,=c|So=-b)=P(S,=c, T°<n|S;=1).

Proof. (a) Fix n > 1. For simple symmetric random walk, any n-length path w, occurs
with the same probability 2% Any w, € {S, = a+ k} must have visited a at a time

prior to n. Consider T = T*(w,,) and reflect the portion of w, between times 7% and n
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about the horizontal line y = a (see Figure 4.7). In this way, we establish a one-to-one
correspondence between n-length paths ending in a 4+ k£ and paths that first visit a at a

time prior to n and end up in a — k.

L T e i i Yl
ZIN
s N
s N
a < ><
7 N

Figure 4.7

(b) An analogous one-to-one correspondence of n-length paths, using reflection of the

portion of w, between times 0 and 7° about the horizontal line y = 0, establishes the

second part of the lemma (see Figure 4.8). [
C 777777777777777777777777777777777777
b N\ /
(b) . ,
1 2 3 ! L time
—b /\/ 1
T0

Figure 4.8

As a first application of the Reflection Principle, we compute the distribution of the first
hitting time 7.
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Proposition 4.5.2. Let (S,),>0 be simple symmetric random walk starting at 0
and a € Z". Then

P(T* <n) = 2P(S, >a)+P(S, =a)
= P(S, ¢[—a,a—1]).

By symmetry, we have P(T* <n) =P(T~* < n).

Proof. We have

P(T*<n) = Y P(S,=b T"<n)

beZ
= ) P(Sy=b)+> P(S,=bT"<n)
b>a b<a

= P(S, >a)+P(S, >a)
= P(S: ¢ [-a,a—1])

where the second term in the third equality is a consequence of the Reflection Principle.
O

Corollary 4.5.3. Let (S,)n>0 be simple symmetric random walk starting at 0. For

n > 1, we have

(a) P
(b) P
(c) P
(d) P

TO > 2n) = P2

Si £ 0,85 £0,..., Son #0) = P2
S1> 0,8 >0, ..., 5, > 0) = 1P
S1>0,8 >0,..., 5, >0) =P,

~—~~

By symmetry, equalities (c) and (d) also hold if we reverse all inequality signs in
the probabilities on the left-hand side.
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Proof. (a)-(c): We have

P(T° > 2n) = P(S; #0,Sy #0, ..., S, #0)
= 2P(S; > 0,5, >0,..., 5, >0)
= 2P(5 >0,...,58,>0[5 =1)i
= P(S;>—1,...,8,.1>—-1|5,=0)
= P(S;<1,..,8, 1 <1|S,=0)
= P(T">2n—1)=P(S,1 € {-1,0}) =P(Sy,.1 = —1).

Note that P(Sy,—1 = —1) = (2"71_1) 227},1 = (27?)2% = P(S3, = 0), which is due to the
identity 2(2”7;1) = (2:) Thus

I[D(TO > 2?7/) = P(Sl 7£ O, SQ % 0, ...,Sgn 7£ O) = ZP(Sl > O,SQ > O, ...,Sgn > O) = POQ(;I
To prove (d), note that

P(Sl > 0, SQ > O, ...,Sgn > 0) = P(Sl = 1) P(SQ > 0, ...,Szn >0 | Sl = 1)
= %P<Sl >0,...,59,-1>0).

Since 2n — 1 is odd, we have P(Sy, > 0] 55,1 > 0) = 1, and thus
P(S; >0,...,8,-1 >0)=P(S; >0,..., 5, > 0).
It follows that
P(S; > 0,..., S5, > 0) =2P(S; > 0,5 >0,..., 59, > 0) = P2,

which completes the proof. O]

Corollary 4.5.4. Let (S,,)n>0 be simple symmetric random walk starting at 0. Then
forn >1,

P(T°=2n) = Py—2- P
1 2n
om—1 %

1 2n—2

= 00
2n




4.5. REFLECTION PRINCIPLE AND DUALITY 140

Proof. Note that the event of first return to 0 at time 2n is

{Sy #0,..., 5,9 # 0,5, =0} ={S2 #0, ..., 52,2 # 0}\{S2 # 0, ..., Son_o # 0,52, # 0} .

Since {Sy # 0, ..., S22 # 0,52, # 0} C {Ss #0, ..., So,_2 # 0}, by Corollary 4.5.3,
P(T° = 2n) = Py~ — Py .

A straightforward calculation yields
POQ(;Z_Q _ 2n — 2 1 _ 4n? 2n L _ 2n POQ(’]”’
n—1/)22  (2n—-12n\n )2 2n-—1

2 1
B(I" = 2n) = Py~ = Py = (5—— — VR = 5— Pt

and so

Equivalently, since

. 2n—1_,.
F 020 = m I 020 27
we get
1
P(T° = 2n) = Py~
O]
[ Corollary 4.5.5. Simple symmetric random walk on Z is null recurrent. ]

Proof. The probability that the random walk returns to 0 in finite time is

P(T° < o0) = ZIP’ =2n) = (Fy >~ Fg) = lim (1~ Fg') = 1,
n=1

and so simple symmetric random walk on Z is recurrent. For the expectation E(T?), we
have - .
E(T°) =Y P(T°>m)=2+2) Py =oc.
m>1 n=1
The last equality follows since > °° | Pi is the expected number of returns to 0, which
is infinite by the recurrence of the random walk (see Proposition 2.1.3). It follows that

simple symmetric random walk on Z is null recurrent. O
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4.5.2 The ballot problem

Consider the following question which is known as the ballot problem: In an election
between two candidates, Candidate 1 receives ¢ votes and Candidate 2 receives d votes,
with ¢ > d. What is the probability that throughout the election, Candidate 1 was always
ahead of Candidate 27 The answer to this question is stated in Corollary 4.5.7 below.

Consider simple (symmetric or biased) random walk (S,),>0 on Z. We will use the
following notation:

N, (a,b) = “number of paths of length n that start at a and end at b”

Nn(a, b) = “number of paths of length n that start at a and end at b for which Sy # 0 for
0<k<n”

Proposition 4.5.6. Consider simple random walk on Z. Let b € Z*. We have

b
N, (0,b) = - N, (0,b).

Proof. Any such path must take its first step to 1. So

N,(0,b) = N,_1(1,0).

By the Reflection Principle Part (b), the number of paths of length n — 1 that start at 1
and end at b and for which Sy, = 0 for some 0 < k < n is equal to N,,_1(—1,b). Thus

Nn,1(17b) == anl(l,b) - anl(—l,b).

We have

A@ﬂ@—MJAM__Q%J—<w>

where we have set k = ”T“’ We compute

Cpq)_(n_v k(n—1)-(n—k+1)] = [(n=1)-(n— k)]

kE—1 k k!
2k —n)(n—1)---(n—k+1) _ cnn—1)---(n—k+1)

k! n k!

b (n b(n b
- 2(M=2 — 2 N,(0,b).
n(k) n(”T*b) n n(0,9)
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Corollary 4.5.7 (Ballot problem). Let ¢ > d > 0. Consider an election between
two candidates, Candidate 1 and Candidate 2, in which Candidate 1 receives ¢ votes
and Candidate 2 receives d wvotes. The probability that, throughout the election,
Candidate 1 was always ahead of Candidate 2 is

c—d
c+d’

(4.26)

Proof. A number of ¢+ d votes were cast. The election process can be modeled as a simple
random walk of length ¢+ d for which we set X = 1 if Candidate 1 receives the kth vote
that was cast, and X, = —1 if Candidate 2 receives the kth vote that was cast. We have

Sc+d:C—d>0.

The event “Candidate 1 is ahead of Candidate 2 throughout the election” is the same as
the event {Sx > 0 : 0 < k < c+d}. It follows that the probability that Candidate 1 was
always ahead of Candidate 2 is

N.+a(0, ¢ —d) c—d

Neya(0,e—d) — c+d’

For an alternate proof of (4.26) that uses martingale theory, see Exercise 6.11.

We have a second immediate corollary to Proposition 4.5.6:

Corollary 4.5.8. Let (S,,)n>0 be simple (symmetric or biased) random walk starting
at 0. Letb e Z,b# 0. Then

B(S) # 0. St £ 0.8, = b) = UL B(S, = ).

4.5.3 Dual walks

Another useful concept for computations is the concept of duality which results from time
reversal of paths. Let (S,),>0 be simple (symmetric or biased) random walk starting at
0, and recall that S, = > ;_, X for n > 1. Since the random variables X, Xs, ... are
i.i.d., the distributions of the random vectors (X7, ..., X,,) and (X, ..., X1) are the same.

We will use this fact to construct a new walk. We define

Xi=X,, X5=Xp1, ., X:=X;.
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From this we define the dual walk S of length n by

k
Sp=Yx;
=1

for k=1,...,n and S§ = 0. Figure 4.9 shows an n-length sample path w,, for (Si)r>o and

its corresponding dual path w} for (S§)o<k<n -

W, rotated by 180°

Figure 4.9

Figure 4.10 (with the same sample path w, as in Figure 4.9) is an illustration of the fact

w? rotated by 180°

n

Figure 4.10
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The paths w,, and w; start and end at the same points. We get w; by letting time “run
backwards”. Geometrically, this is accomplished by rotating w, by 180° about the origin
(which accomplishes the time reversal) and then translating the resulting path so that its

starting point coincides with the origin.

*

*)* = wp, there is a one-to-one correspondence between n-length paths w, for

Since (w
(Sk)o<k<n and n-length paths w for (S})o<k<n. We also have P(w,) = P(w}), no matter
whether the random walk is symmetric or biased. Hence any event E for (Sk)o<k<n has a
corresponding dual event E* for (S§)o<k<n and P(E) = P(E*). Applying duality, we get

the following corollary to Corollary 4.5.8.

Corollary 4.5.9. Let (S,,)n>0 be simple (symmetric or biased) random walk starting
at 0. Let b e Z,b# 0. Then

P(T° =n) = —P(S, =1). (4.27)

Proof. Let w, be an n-length path of the event {S; # 0, ..., 5,-1 # 0,5, = b}. Its dual
path w? is an element of the event {S} # b, ..., S% | # b,S = b}. There is a one-to-one

correspondence between such paths w,, and w?. Since P(w,) = P(w}), we have
]P)<Sl 7£ 07 ) Snfl 7£ O7STL = b) = ]P)<ST % b7 "'75:171 # bu S:; = b) .

But P(S; #0b,...,S: | #b,5 =b) =P(T° = n), and so by Corollary 4.5.8, we get

]

As an interesting consequence for the case of simple symmetric random walk, we get the
following result for the expected number of visits to a state b # 0, before the walk returns

to its starting point 0 for the first time.

Proposition 4.5.10. Let (S,),>0 be simple symmetric random walk starting at 0.
Let b € Z,b # 0. Consider the random variable VTb0 = “number of visits to state b
before the first return to 0”. Then

E(Vi)=1.
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Proof. Because of symmetry, it suffices to consider the case b > 0. Consider the events
A,(b) ={5 >0,..,8,-1 > 0,5, = b}. The random variable VIIZO can be written as

Vio = i Ta, @) -
n=1
By the Monotone Convergence theorem (Theorem C.3.1), we have
B(V) = 3 E(Law).
n=1
Since E(La, ) = P(A4,(b)) = P(T® = n), we get
E(VY) = i]P’(Tb =n)
n=1

= P(T" <) =1

since simple symmetric random walk on Z is recurrent. O]

Remark 4.5.11. By Corollary 4.5.5 (and from earlier results), we know that simple
symmetric random walk on 7Z is recurrent. By Theorems 2.2.4 and 2.2.6, we know
that there exists, up to a multiplicative constant, a unique invariant measure [
for simple symmetric random walk on Z. This invariant measure p is given by
w(b) = E(Vhy) for b € Z. Clearly, the constant measure X\ = ¢ (for any positive
constant ¢) is an invariant measure for simple symmetric random walk, hence the
only invariant measure, up to a multiplicative constant. It follows that there exists
a constant cy > 0 such that

E(Vi)=cy forallbeZ.

Proposition 4.5.10 tells us that ¢y = 1.

4.5.4 Maximum and minimum

Often times, one is interested in the extreme values a random walk attains, either by a

fixed time n or in the long run.

Maximum (or minimum) attained by time n:
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Here we compute the distribution of the maximum value that simple symmetric ran-
dom walk attains by time n. An analogous result for the minimum can be deduced by

symmetry. We define the random variable
M, =max{S; : 1 <k <n}.

Clearly, M,, > S,,. Assuming the random walk starts at 0, we have M,, > 0.

Proposition 4.5.12. Let (S,)n>0 be simple symmetric random walk starting at 0

and M, the maximum the walk attains by time n. Then
P(M, > a) =P(S, ¢ [—a, a —1]),

and

Proof. Because of the equality of the events
{M,, >a} ={T" <n},
we have by Proposition 4.5.2,
P(M, > a) =P(S, ¢ [—a, a—1]).
Note that P(M,, = a) = P(M,, > a) — P(M,, > a+1). Thus we get
P(M, =a) =P(S, = —a—1)+P(S, =a) =max(P(S, =a+1), P(S, =a)).

The conclusion follows from symmetry and from the fact that either P(S, = a+1) =0
or P(S, =a)=0. O

The distribution of M, for simple biased random walk involves more complicated expres-

sions. For a reference see [17].

Maximum (or minimum) attained in the long run:

Recall that simple symmetric random walk on Z is recurrent, and therefore the random
walk visits every state in Z infinitely often with probability 1. There is no maximum or
minimum in the long run. For this reason we only consider biased simple random walk.
Assume ¢ > p. The random walk is transient and has negative drift. By the Strong Law
of Large Numbers, we have

lim S, = —o0 with probability 1,

n—o0
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and so there is no global minimum. Let
M = max{S, : n >0}

be the mazimum random variable.

Proposition 4.5.13. Let (S, )n>0 be simple, biased random walk starting at 0 with
q > p and let M be the maximum random variable. Then M has a geometric

distribution with parameter (1 — 5)7 that is,

P(M =k) = (1- g)(g)k for k>0, (4.28)

and the expected long-run maximum is

Proof. We have P(M >0) =1. For k > 1,
P(M > k) =P(T* < ).

Recall the gambler’s ruin formula (4.5.9) for p # ¢. For k > 1, we use the formula to

compute

1-(™  p
P(T* < 00) = lim P(TF <T%) = i p”__ _ (Eyk

( OO) a—ilzloo ( ) a—}IPoo 1— (%)k—a <q> ’
which yields

1y — (Pye _ (Pyerr g Py Pk
P(M =k) = ()" = () (1=

For k = 0, we have

P(M=0)=P(S, <0 forall n>0)=1-P(M>1)=1-L>0
q

This establishes (4.28) and consequently,
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4.6 Arcsine Law

4.6.1 Last returns to Zero

Consider simple symmetric random walk (S,,),>¢ starting at 0. While in the previous
section we were concerned with first hitting times of states, we now ask the question of
what is the last return time to state 0 up to a fixed time 2n. In a fair game of coin tossing
of fixed length 2n, this will be the last time the two players have equal fortunes before
one of the two players takes the lead and remains in the lead until the end of the game.

We introduce the random variable
Yo, = max{2k < 2n : Sy = 0},

that is, the last hitting time of state 0 up to (including) time 2n. See Figure 4.11 for an

illustration.

/1
A~ A~
% |

0
123 /an 2n

Figure 4.11

Figure 4.12 shows a histogram of 40,000 repetitions of a simulation of the time of last
visit to 0 for simple symmetric random walk of length 2n = 1000. (The simulation was
produced with the statistical software package R.) It is noteworthy that the distribution
of the random variable Y3, (in the above simulation, Yjgp) seems to be symmetric about
the midpoint time n and has rather large spikes near the endpoints (near time 0 and
time 2n) of the time interval. The following proposition gives a precise formula for the
distribution of Y5,.

s ~

Proposition 4.6.1. Let (S,),>0 be simple symmetric random walk starting at 0.
Then for all 0 < k < n, we have

P(Yan = 2k) = Pog Pog "
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of 40,000 repetiti

Frequency
3000 4000 5000 6000
! ] ]

2000

1000

0

r T T T T 1
0 200 400 600 800 1000

Time of last retun to 0

Figure 4.12

Proof. We have

P(Yan = 2k) = P(Sop = 0, Sopr1 # 0, ..., S # 0)
— P(So = 0)P(Sass £ 0, oy Som # 0| S = 0)
— P(Sye = 0)P(Sy # 0, .... Son_ox 7 0)
= P(Sok = 0) P(S2n-2r = 0)
~ g

where the next to last equality follows from Corollary 4.5.3. O

For fixed n, the distribution of Y5, is called the discrete arcsine distribution. It is

defined by e /o -
P(}/ZnZQk):(k)(Z:k)ﬁ for k=0,1,....n,

and zero otherwise.

Here is the reason for the name discrete arcsine distribution. Recall from Section 4.2 that

for large m,
1

vTm®
Thus for large n and values k that are neither close to 0 nor close to n, we have

1 1 1
P(Yy = 2k) "% ———m =
(2 ) mkn—k) nm k(1 — k)

2m
POO ~
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1
Set « = £ and consider the function f(s) = ————— on the interval (0,1). Then

nx P 9
P(Ys, < 2k) = Z]P)(an =2i) = / f(s)ds = — arcsin /z .
i=0 J

For an illustration, see Figure 4.13. It shows the appropriately rescaled histogram from

Figure 4.12 and overlayed arcsine density. The result may appear counterintuitive. One

B 1o deneliv hisk Rescaled density histogram with arcsine density (in red)

3.0
]

— T i
\

15
Density

Density

1.0

05

0.0
L

I T T T T 1
0.0 0.2 0.4 0.6 0.8 1.0

I T T T T 1
0.0 0.2 0.4 0.6 0.8 1.0

Fraction of time elapsed at the time of last return to 0 Fraction of time elapsed at the time of last return to 0

Figure 4.13

would perhaps expect that for a fair game, equalizations occur fairly evenly distributed
in the course of the game. However, the arcsine law for the time of last equalization tells
us that with high probability, a gambler either takes the lead early on in the game (and
remains in lead until the end) or takes the lead close towards the end of the game. With

probability % the winner of the game is determined during the first half of the game.

4.6.2 How often in the lead?

Next, we look into the distribution of a special occupancy time for simple symmetric
random walk. For fixed n, we are interested in the distribution of the number of time
intervals between time 0 and time 2n during which the line segment of the trajectory of
the random walk lies above the z-axis. Applied to a fair game of coin tossing of length 2n
for two players, the question is, what is the distribution of the number of time intervals

during which Player 1 (say) is in the lead?
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We say the time interval (m,m + 1) is a positive time interval for the random walk if
Sm > 0 or S, > 0. Consider the random variable Lg,= “number of positive time
intervals between 0 and 2n”. For an illustration see Figure 4.14. As Proposition 4.6.2 will
show, the random variable Lo, has a discrete ascsine distribution. In fact, we will show
that Lg, ~ Ys,.

/|
/
ZN N

1 2 3 2n

|
|
|
|
I
|
1

Here Ly, =12

Figure 4.14

Proposition 4.6.2. Let (S,),>0 be simple symmetric random walk starting at 0.
Then for all 0 < k < n, we have

P(Lay = 2k) = Py Pog 2" .

Proof. To simplify our writing, we will use the notation ¢s,(2k) = P(Ls, = 2k). By
Corollary 4.5.3,

lon(2n) = Po20n = POQOnPé)Oa
and by symmetry,

l5,(0) =P(S; <0, ..., S5, <0) = Pa' P, .

This shows that the statement holds for £ = 0 and k& = n.
Now assume 1 < k£ < n — 1. With this assumption on k, there must exist a time t with
1 <t <n—1such that Sy, = 0. Consider the first time 7° the random walk returns to 0.
Note that there is equal probability that all time intervals between 0 and T° are positive
and that all time intervals between 0 and T° are negative. We can condition on 7° and,

with the use of the strong Markov property, get

lon(2k) = ZIP = 20)P(Lyy, = 2k | T = 2t)

n—1
1
= ZIF’ zgn 2(2k) + Y P(T° = 2t) 5 on—21(2k — 2t)..
t=1
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Observe that in the above expression we need to set £,,(s) = 0 if s > m or if s < 0. This
reduces the two summations in the last expression, and we get

n—k k

1 1
@4%»:§§:Puﬂzmw%44%g+§§:Paﬂzzo@mm@k_%y

t=1 t=1

We will now prove the statement £, (2k) = P2¢ P3~?* by induction on n. Clearly, the

statement holds for n = 1. Assume the statement holds for m < n. Then

n—k
1
ln(2) = 3 P(T° = 2t)lap_9,(2k) + me ) la_ot(2k — 2t)
1 ok _1 k
= 5D BT =2)Fg g%+ o ) P(T° = 2t)Fyg > Pig ™
t=1 t=1
1, 1
= P )P =2t) Bg =" + Py ZIP’ = 2t) Py
t=1
— 1P2kp2n72k' + 1P2n72kp2k
2 00 * 00 2 00 00
= RYRy.
This completes the proof. O

Example 4.6.1. Compute the probability that in an infinite sequence of independent
fair coin tosses, heads is in the lead at least 80% of the time.

Answer: For large n,
2
P(Ls, > (0.8)2n) = (1 — P(La, < (0.8)2n)) ~ 1 — — arcsin V0.8 = 0.295.
m

Hence
lim P(Ly, > (0.8)2n) = 0.295.

n—oo

4.7 The Range of a Random Walk

Definition 4.7.1. Let (S,)n>0 be random walk on Z. The range R,, at time n is

the random variable

R,, = card{Sy, S1, ..., Sn} .
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The range R,, is the number of distinct points the random walk has visited by time n.

Clearly, 1 < R,, < (n+ 1). For simple random walk on Z starting at 0,
{S0,51, .., S} ={—-a,—a+1,...,0,....b — 1,b}

for some integers a and b with 0 < a,b < n.

The time until a random walk visits the nth new state:

We define the following sequence 7™ of random times. 7™ is the time at which the
random walk visits its nth new (i.e., up to time 7™ —1 unvisited) state. So Rypwm)_; = n—1
and Ry = n. Note that the times 7™ are stopping times for the random walk. Simple
random walk reaches a new extreme value at time 7. Also note that 70 = 0 and
TG =1.

Example 4.7.1. Consider simple symmetric random walk on Z and the following finite-

length sample path wig:
wio = (0,1,0,-1,-2,-1,0,1,2,1,2).

Here Rip(w) = 5 and TW(w) = 0, TP (w) = 1, TO(w) =3, TW(w) = 4, T® (w) = 8 for
any sample path w that matches the given wyy up to time 10. 0

Proposition 4.7.1. Let (S,)n>0 be simple symmetric random walk (with any start-
ing point). Then
1
E(T™) = én(n -1).

Proof. Because of translation invariance of the transition probabilities, we can assume
the walk starts at 0. Let a and b be two positive integers. We will make repeated use of
formula (4.19) for the expected duration of the game in the gambler’s ruin problem. If
the gambler starts with 0 dollars, the expected time until the gambler either reaches a
fortune of b or has incurred a loss of a is E(T{~%) = ab. By time T, the random walk
has visited exactly ¢ distinct, consecutive integers, and Sy is either the smallest integer
or the largest integer of this set. Assume the walk is at the largest integer at time 7).
Then the expected time until the walk visits the next new state, that is, E(70F) — 7))
is the same as E(T{~%}) in the gambler’s ruin problem. Similarly, if at time T the walk
is at the smallest integer, then then E(70+) — T(®) = E(T1-1), Either way we get
(T — 70y =

Y
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and from this,

1
= O—|—1+2+---+(n—1):§n(n—1).

E(R,) and asymptotic results for R,:

The following results more broadly apply to random walks on Z? for d > 1, not only to

simple random walk.

~ ~

Theorem 4.7.2. Consider random walk (Sp)ns0 on Z¢ with Sy = 0 and S, =
ZZZl Xy, n>1, fori.i.d. random variables X}, taking values in Zg. Let T® be the

first return time to 0. Then

E(R,) = iP(TO > k) (4.29)
k=0
and
. E(R,)
lim ——* = P(no return to 0). (4.30)

n— o0 n

Proof. Consider the events Ep, = {S, # S; : 0 < i < k— 1} for k > 1 and their

corresponding indicator random variables

1. — 1 if Sp#S;foralli=0,1,...k—1
B 0 otherwise.
Then .
Rn - ]lEk

k=0

and .
E(R,) = > P(E)

k=0

We compute
P(Er) = P(Sk—Sk—1#0, S, — Sk—2#0, ..., Sp #0)
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It follows that

k=0
We have
klim P(T° > k) = P(T° = o0) = P(no return to 0).
—00
Hence
klim P(E}) = P(no return to 0),
—00
. - (Rn
and as a consequence, the sequence of Césaro averages — ZIP’(Ek) = converges
n n
k=0
to the same limit. It follows that
E(R,
lim (Fn) = P(no return to 0)
n—oo n
which completes the proof. O

In 1964, Kesten, Spitzer, and Whitman proved an analogous result to (4.30) for almost

sSure convergence:

Theorem 4.7.3 (Kesten—Spitzer—-Whitman). Consider a random walk (S,)n>0 on
Z* with Sy =0 and S, = Zzzl Xy, n > 1, with i.i.d. random variables X;. Then
. R, : .
lim — = P(no return to 0) with probability 1.

n—oo M

The proof of Theorem 4.7.3 involves material beyond the scope of this text and is omitted.
For a reference see [34]. Note that it follows from Theorem 4.7.3 that the range of a
random walk on Z¢ grows sub-linearly with probability 1 if and only if the

random walk is recurrent.

The following corollary to Theorem 4.7.3 applies to random walk on Z in one dimension:

Corollary 4.7.4. Let (S,)n>0 be an irreducible random walk on Z with Sy = 0 and
Sp = 4y Xg, n > 1, with i.i.d. random variables Xy. If E(Xy) = 0, then the

random walk is recurrent.

Proof. By the Strong Law of Large Numbers,

lim é =0  with probability 1.

n—oo M
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Hence for a fixed € > 0, there is a random variable N such that

S : .
u < e for n > N with probability 1.
n
In other words, for almost all sample paths w, all but finitely many of the values S"n(w),
n > 1, lie in the interval (—e¢, €). For such a sample path w we have
|Sn(w)] < me  for all n > N(w) (4.31)
and possibly
|Sp(w)| > ne  for some n with 1 <n < N(w).
As a consequence,
R,(w) < 2ne + N(w) for all n > N(w).
and R
lim M < 2e.
n—oo n
Since € is arbitrarily small, we conclude
R,
lim @) . (4.32)

n—00 n

Since (4.31) and the subsequent discussion throughout (4.32) hold for all sample paths w

in a set of probability 1, we have

lim & =0  with probability 1.

n—oo M

By Theorem 4.7.3, the return probability P(TY < co) is 1, and so the irreducible random

walk is recurrent. O

4.8 Law of the Iterated Logarithm

Here we are interested in the asymptotic growth rate of the location of simple symmet-
ric random walk (S,,),>0 as as n — co. What can we say about the size of the excursions
the walk takes (away from its mean 0) in the long run? So far we know that by the Strong
Law of Large Numbers (SLLN), with probability 1,

Sn n [o.¢]
Pn _nooo (4.33)
n

However, the denominator n in (4.33) is too large to give us precise information about

the size of fluctuations of S,,, it “overpowers” the numerator .S,,.
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The Central Limit Theorem improves the information we get from the SLLN. It states

% 72, N(0,1) (4.34)

in distribution. A normal random variable, with high probability, takes values within three
standard deviations from its mean. So for large n, with high probability, the location of
the random walk S,, will lie in the interval [—3/n, 3y/n] (recall (4.1) and the surrounding
discussion). But there will also be large but rare fluctuations outside this interval. One
shows (we omit the proof) that (4.34) implies

lim sup S =oco and liminf —%= = —c0. (4.35)

S,
n—00 n n—00 \/ﬁ

We see from (4.35) that the denominator y/n is too small to give us any details about the
size of such fluctuations.

Theorem 4.8.1 below, which is known as the Law of the Iterated Logarithm, settles
the question. Its statement involves a denominator that lies between y/n and n and is
“exactly right” for giving information about the long-term fluctuations of the random
walk. The theorem is due to Khinchine!. Tts proof is beyond the scope of this text (for a
reference see [21]). Note that the Law of the Iterated Logarithm applies quite generally.

It applies to any random walk whose step distribution has mean 0 and variance 1.

Theorem 4.8.1 (Law of the Iterated Logarithm). Let (S,)n>0 be a random walk
where S, = ZZ:1 Xy and X1, Xs, ... are i.i.d. random variables with mean p = 0

and variance o®> = 1. Then

S,
P ( i S =1,
(lgl_igp v2nloglogn )

and furthermore (by applying the statement to — X1, —Xs, ...),

Sn
P(liminf ———=—-1) = 1.
(151_1)}301 v2nloglogn )

Note that Theorem 4.8.1 says that with probability 1, for any € > 0, there exist infinitely

Sp > (1 —€)y/2nloglogn

and at most finitely many n such that

Sn > (1+€)y/2nloglogn.

! Aleksandr Khinchine (1894-1959), Russian mathematician.

many n such that
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Also, correspondingly for negative fluctuations, there exist infinitely many n such that

Sp < (=14 €)y/2nloglogn

and at most finitely many n such that

Sp < (=1 —€)y/2nloglogn.

Exercises

Exercise 4.1. Consider simple symmetric random walk (S,)>o on Z that starts at 0.
Show that for all n > 1,

(2) P(Sap = 0) = P(Son_1 = 1).

(b) P(Ss, = 0) = max{P(Sy, =a) : a € Z} and
]P)(Sgn_l = 1) = maX{]P’(SQn_l = (l) ra e Z}

Exercise 4.2. Consider simple symmetric random walk (S,)>o on Z that starts at 0 and
let b < ¢. Show that for all n > 1,

P(S, € [b,c]) < (e =b+ 1)P(S, € {0,1})
and conclude that for all finite intervals [b, c|,

lim P(S, € [b,c]) =0.

n—oo

Exercise 4.3. Consider simple (symmetric or biased) random walk on Z that starts at
0. Compute P(S,, <0 for all n > 0), that is, the probability that the random walk never

visits a positive integer.

Exercise 4.4. A standard American roulette wheel has 38 slots numbered 1 — 36 and
0 and 00. The two slots labeled 0 and 00 are green, half of the numbers between 1 and
36 are black, and the other half of the numbers are red. The wheel is spun, and any of
the 38 numbers is equally likely to come up. You start with $50 and make a sequence of
bets on red. For each bet, if you win, you gain $1, and if you lose, you have to pay $1 to
the house. Your plan is to quit the game as soon as you either have reached a fortune of
$100 or have lost your entire initial fortune and are down to $0, whichever happens first.
What is the probability that you will quit the game with a fortune of $1007
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Exercise 4.5. Consider simple symmetric random walk (X, ),>0 on the integers {0, 1, ..., 5}
with partially reflecting boundary at the two endpoints 0 and 5. More precisely, we have
Py =PFyo=4and Psy=Ps5 =1 and Py = Py = & for x = 2,3,4. Assume the
process starts in state 0. Compute Eo(7?). (Hint: View (X,,),>0 as a lumped version of

another process. Figure 1.14 may be helpful.)
Exercise 4.6. Consider simple random walk (S,,),>0 on Z that starts at 0.
(a) Show that for n > 1, we have P(S; #0, ..., S, # 0) = E(|S,]).

(b) Assume (S),)n>0 is simple symmetric random walk and k£ > 2 is even. Use part (a)
to show that the expect displacement E(|Sk|) of the walk from its starting point 0

1S

E(|Skl) = k Py

Exercise 4.7. Consider simple random walk (S,,),>0 on Z with P, .1 =pand P,, 1 =
1 — p = ¢q. Assume the walk starts at 0. Consider T, the first hitting time of State 1.
Show that for all n > 1,

2n — 2)!

P! = 2 — 1) = L2 =D et

( n—1) n!(n — 1)!p 1

Exercise 4.8. Consider simple biased random walk (S,),>0 on Z with P, .1 = p,

P...1=1—p=g¢q, and p < ¢q. Assume the walk starts at 0. Let ¢ € Z* and con-
sider the first hitting time 7°°. Notice that here, since p < ¢, the event {T° = oo} has
positive probability, and therefore E(7¢) = co. Prove that

c
p—al

E(T°| T° < o0) =

(Hint: The result from Exercise 4.15 may be useful.)

Exercise 4.9. Consider simple (symmetric or biased) random walk (S,,),>0 on Z that

starts at 0. Prove that
n

+1

E(Sn | Sn+1) = n Sn+1 .

Exercise 4.10. Consider simple symmetric random walk (S,),>0 on Z that starts at
0. Fix a time n > 0. The random variable M, = max{Sy : 0 < k < n} gives the
maximum level the walk attains by time n. Consider two levels a and b with 0 < b < a
and n > 2a — b. Use the Reflection Principle to show that

P(M,, > a and S,, = b) = P(S,, = 2a — b).
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Exercise 4.11. Consider simple symmetric random walk (S,),>0 on Z that starts at 0,
and for it the first hitting times 7% and T°. Let

pn=P(T? <nand T° > n).
Compute p,, for n > 1.

Exercise 4.12. Consider simple symmetric random walk (S,,),>0 on Z that starts at 0,
and let M,, = max{S, : 0 < k <n}. Compute

P(T* <6 and Mg < 6|5, = 2).

Exercise 4.13. Consider biased random walk on Z. At each time, the walk takes a
step according to a random variable X with P(X, = 1) = i, P(X, = —1) = 1, and
P(X, =0) = %. Assume that the walk starts in state 2. Compute the probability Pg{g’f’},
that is, the probability that the process returns to State 2 before it reaches either State

0 or State 5 for the first time.

Exercise 4.14. Consider simple symmetric random walk (S,,),>0 on Z starting at 0. Fix
n > 0 and define the random variable Z,, = min{2k < 2n : Sy, = Ss,}. Find the
distribution of Zs,,.

Exercise 4.15. Consider simple random walk (S,,),>0 on Z with P, .11 =p, Pya1 = ¢,
and P,, = h with p+ ¢+ h = 1. The random walk starts at 0. The probability of no

return is Po(T° = oo). Prove that
PolT" = c0) = lp —al.

Exercise 4.16. Consider simple biased random walk (S,),>0 on Z with P, ,+1 = p,
P, .1 =¢q,and P,, = h with p+ ¢+ h = 1. Assume p > q. The random walk starts in
state 0. Let

M = min{S,, : n >0} .
Compute Eo(M).
Exercise 4.17. Two players, Player A and Player B, play against each other in a series
of fair $1 bets. Let C' € N. Each player starts with a fortune of $C, and the game ends
if either of the players has lost their $C.

(a) What is the expected number of returns to the initial state of the game (where each

player has a fortune of $C'), before the game ends?

(b) What is the expected number of times Player A is ahead of Player B, before the

game ends?
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Exercise 4.18. Let (S,),>0 be simple biased random walk on Z with Sy = 5, p = 1/4,

and g = 3/4. Let V¥ be the random variable “number of visits to state y”.
(a) Compute the probability that this random walk never visits 7.
(b) Compute P5(V7 = 3). (c) Compute P5(V? = 3).

Exercise 4.19. Consider simple random walk (S,,),>0 on Z with an absorbing wall at 0.
That is, Pyy+1 = p and Py, 1 =1 — p = ¢ for all integers  # 0, and Fyp = 1. Assume

the walk starts at State ¢ for some ¢ > 0. We define the maximum random variable M by
M = max{S, : n > 0}.

For which values of ¢, p, ¢ is E(M) finite, and for which values of ¢, p, g is E(M) infinite?



Chapter 5
Branching Processes

In this chapter we focus on the Galton-Watson branching process as a model for popu-
lation growth. The process is named after Frances Galton! and Henry W. Watson? who
introduced the model around 1875 to study the survival of family names in England. The
Galton-Watson branching process is a Markov chain (X,,),>0 on state space Ny. The
random variables X,,, n > 0, give the size of the population at time n (i.e., the size of
Generation n). At each time interval, each particle, independently of all other particles
and of any past, present, or future state of the system, splits into k£ particles or dies,
according to a fixed offspring distribution p. See Figure 5.1 for an illustration. The
size of Generation 0 and the offspring distribution y fully determine the evolution of the

process.

Xo

X4

Figure 5.1: Branching process

Let Z be a random variable with distribution p and taking values in Ny. We assume Z

is a.s. finite, so P(Z < 00) = 1. For & > 1, the one-step transition probabilities for the

1Sir Frances Galton (1822-1911), English anthropologist and statistician, cousin of Charles Darwin.
ZHenry William Watson (1827-1903), English mathematician.

162
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Galton-Watson branching process with offspring distribution u are
Poy =P(Xnp1 =y [ Xn =2) =P(Z1 + -+ Z: = y)
where 71, ..., Z, are i.i.d. random variables with Z; ~ Z. Equivalently,
Poy = 1™ (y)

where p** is the zth convolution power of ;. Note that 0 is an absorbing state for this
process.
The next section introduces generating functions which are a useful tool in the study of

branching processes.

5.1 Generating functions

~ ~

Definition 5.1.1. Let Z be a random variable taking values in Ny with P(Z = k) =
w(k) for k > 0. The probability generating function f; of Z is defined by

f2(t) =E(t7) =) p(k)t*  for —1<t<1. (5.1)

Note that the power series in (5.1) has radius of convergence r > 1.

Definition 5.1.1 also applies if Z is not finite with probability 1. In this case, we compute
P(Z < o0) = fz(1).

Uniqueness of f;: The probability generating function f; encodes information about
the distribution of Z. It fully determines the distribution. The coefficients in the power
series representation of f; are the probabilities of the probability mass function u of Z.
Since two functions that are represented by a power series are equal if and only if the
coefficients in their power series are equal, we have f; = fy if and only if Z ~ Y. Note
that we can recover the probability mass function p for a random variable Z from its

probability generating function f, by taking derivatives:

1 1
p(0) = f2(0), p(1) = f3(0),  p(2) = 5f50). o (k) = 15557(0).
Example 5.1.1. Let Z be a Bernoulli random variable with P(Z = 1) = p and P(Z =
0) =1 —p. Then

fz(t)=1—p+pt.
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Example 5.1.2. Let Z have the geometric distribution with parameter p < 1. That is,
P(Z = k) = (1 —p)p" for k > 0. Then

_ _\kek
Falt) = (=t = =
k=0
O
Example 5.1.3. Let Z have a Poisson distribution with parameter A\. So P(Z = k) =
)\kef)\
54—, and
f2(t) =€ (A k! = e M = XD
k=0
O
Proposition 5.1.1. Let Y and Z be independent random variables taking values
mn Ng. Then
friz(t) = fr () fz(t).
Proof. Since Y and Z are independent, fy(t) = E(#¥"2) = E(tYV)E(t?) = fy (1) f2(1).
]

By induction, if 71, ..., Z,, are n independent random variables taking values in Ny and
Z =71+ + Z,, then

f2(t) =[] f2.(0).

As a consequence, if (Xflk))nzo denotes a branching process starting with k particles, we

have

Fe(t) = (Fx, ()"

Example 5.1.4. Let Z have a binomial distribution with parameters p and n. Then
Z ~ X1+ -+ X, where the X; are i.i.d Bernoulli random variables with parameter p.
Thus

fz(t) =1 —p+pt)".

Alternatively, in computing fz(t) directly, we have

fz(t) = Z <Z)pk(1 _p)l—ptk =(1—p+pt)".

k=0
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Example 5.1.5. By Example 5.1.3, the probability generating function for a Poisson
random variable Y ~ Poisson()) is fy () = e*®1. Let X ~ Poisson(r) and assume X

and Y are independent. Then

fxay(t) = AMt=1) gr(t=1) _ J(A)(t=1)

which we identify as the probability generating function of a Poisson random variable
with parameter A\ 4+ v. Since fx .y (t) uniquely determines the distribution of X + Y,
this proves that the sum of two independent Poisson random variables is also a Poisson

random variable (whose parameter is the sum of the individual parameters). O

Theorem 5.1.2 (Continuity theorem). Consider a sequence of random variables
X1, Xo,.... that take values in Nyg. For each n > 1, we denote its probability
mass function by p™, that is, P(X,, = k) = u™(k) for k > 0. We assume
oo i™(k) =1 for all m > 1, and denote the probability generating function of
w™ by f,. Then the following holds.

lim ™ (k) = (k) for all k >0 (5.2)

n—o0
for a sequence of nonnegative numbers pu(k), k > 0, if and only if

lim f,(t) = f(t) forall0<t<1

for a function f : (0,1) — [0,00). In this case, Y poopu(k) < 1, and f is the
probability generating function of .

Note that (5.2) describes convergence in distribution of the random variables X7, Xs, ...
to a (possibly not a.s. finite) random variable X ~ p. We have P(X < oco0) = > "7, p(k).
For a proof of Theorem 5.1.2, see [30].

Example 5.1.6. Fix a number A\ > 0. Consider a sequence X7, X, ... of binomial random
variables with X, ~ Bin(n,p,) and p, = A/n for n > 1. Then

Ix, ()= (1 —%H%)n = (1+ %(t— 1))n

lim (1 + é(vt — 1)) = -1
n—00 n

which we recognize as the probability generating function of a Poisson random variable

and for all £ € R,

with parameter \. Hence X7, Xy, ... converge in distribution to a random variable X ~
Poisson(A). O
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Proposition 5.1.3. Let Zy, Z,, ... be i.i.d. random variables with Z; ~ Z and N a

random variable independent of the Z1, Zs, .... The Z;’s as well as N are a.s. finite,

nonnegative, and integer-valued random variables. Consider the random sum
SN=Z1+---+2Zyn.

Then the probability generating function of Sn is

fon (t) = fn(f2(1)) -

Proof. We have
E(t%) = E(E(t5Y | N)) Z]P’ E(t |N = k).
Recall that E(t5¥ | N = k) = (f2(t))*, and so
fon(t) = E@t™) = 335, P(V = k)(f2(1)"

= fn(fz(1)).

We can compute moments of Z via differentiation of f:

Proposition 5.1.4. Let Z be a random variable taking values in Ny and fz(t)
S oo o u(k)tk its probability generating function. Then

E(Z) = lim fy(t)

t—1—

(the limit may be infinite), and if E(Z) < oo,

Var(Z) = lim f4(t) +E(Z) - (B(Z))?.

Proof. First, assume the radius of convergence r of the power series is strictly greater

than 1. Then all derivatives of fz(t) exist and are finite at t = 1 and can be computed
by term-by-term differentiation of >~ u(k)t*. We have

fot) =" p(k)kt*!

k=1
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and thus f7(1) = E(Z). Furthermore,
1) = 3 ulk)k(k — 1)t
k=2

and thus f4(1) = E(Z% — Z) = E(Z?) — E(Z) from which the given expression for Var(Z)
follows.
Now assume r = 1. Since pu(k)k > 0 for all k& > 1, the function f/(¢) on [0,1) is

nondecreasing, and we have
fo(t) <> u(k)k = E(Z).
k=1

Because of the monotonicity of the function f4(¢) on [0,1), either lim f7(¢t) = oo or
t—1—

lim f7,(t) = L < oo. In the former case, if lim f},(t) = oo, it follows that
t—1— t—1—

E(Z)=o0.

If lim f,(t) = L < oo, then for any nondecreasing sequence (t,),>1 of numbers in [0,1)
t—1- o

with lim ¢, = 1 we must have
n—oo

- k-1 _
r}ggoz#(k)kt” =L. (5.3)
k=1
Applying the Monotone Convergence theorem (Theorem C.3.1) to (5.3), we get

Tim i p(k)ktht = kf: p(k)k [lim tjj—l] -y
k=1 =1

n—oo

which yields

If E(Z) < oo, we can apply a similar reasoning as above to the function f7(¢) on [0, 1).
This yields
lim f7(t) = E(Z*) — E(2),

t—1—
from which we get
Var(Z) = tlirln () +E(Z) — (E(2)).
e
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Note: We can compute higher order moments of Z in a similar fashion.

We return to branching processes. In the following, assume that the branching process

starts with one particle. We will now compute the probability generating function

an ( tX” Z ]P

of the size X, of the n-th generation. Let Z be the offspring random variable for the
process. For ease of notation, we will write f(¢) instead of f(¢) for its generating function.
Thus fx, (t) = f(t). We will also use the following notation for the n-fold composition of
the function f with itself:

and

Fal)) = FFact(B)) = FFCaf (D)) = fama(f(8) forn >2.

Proposition 5.1.5. Let (X,),>0 be a branching process starting with one particle,
and let f(t) be the probability generating function of its offspring random variable
Z. Then for any k,l > 0 with k+1 = n, the probability generating function for X,,

i.e., for the size of the n-th generation n, is

an<t> = ka(le(t)) )

and in particular,
fx. () = fult) = FOf(FQR)-0)),
the n-fold composition of f with itself.

Proof.

m>0

=Y (Z P{;ij> => P (Z P;mtm>

m>0 \s>0 s>0 m>0

= D Phfeo) =) Ph(fx(t)

s>0 s>0

= ka(sz(t)) :

Since fx,(t) = f(t), we have fx,(t) = fa(t). Since fx, (t) = f(fx,_,(t)), the formula
fx,, (t) = fu(t) follows by induction on n. [
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Corollary 5.1.6. Let (X,)n,>0 be a branching process starting with one particle,
and let f(t) be the probability generating function for its offspring random variable
Z. Set m =E(Z) and 0* = Var(Z) and assume both m,c* < oco. Then

(a) E(X,) =m", and
(b)

no ifm=1,
Var(X,,) = 2(mn — n—1
(%) o”(m” — Dm ifm#£1.

Proof. (a) Since m, 0? < oo, the generating function f(t) of Z is twice (left) differentiable
at 1, and therefore the same is true for any n-fold composition of f. We have E(Z) =
m = f'(1) and E(X,,) = f/(1). From this we get

E(X,) = f(1) = f/(f(1)f' (1) = m?,
and, by induction,
E(Xo) = f'(fasr(D) froa (1) =m-m™ " =m".
(b) By Proposition 5.1.4, we have
Var(X,) = f/(1) + f,(1) = (fo(1)* = f/(1) +m" —m>.
From f}(t) = f'(fa-1(£)) f5-1(£) we get
Ft) = (O OF + fia (F@) ()
and so
fl) = foaWm? +m" 7 (1) = £ (Dm? +m" (0 = m+m?).
We denote Var(X,,) = 02 and get the recursive formula

7= Pt
2

= o*m™t+mie? .

Thus 0 = 02, 03 = o*(m+m?), o2=o0?(m*+m®+m?), and, by induction,

0_2 _ O_Q(mn—l N +m2n—2) _ O_an—l(l tmd - +mn—1)
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from which we conclude

if m=1
= { g s
itm#1.

n

m—1

Note that if the branching process starts with k£ particles, we have

E(X®) = km"

n

and, by independence,

0 kno? if m=1,
Var(X,”) = 2(mm — 1ymn!
) ko (m" = L)m ifm 1.
m—1

Definition 5.1.2. Let (X,,),>0 be a branching process and Z its offspring random
variable. Set m = E(Z).

e Ifm > 1, we call the process supercritical.
e If m <1, we call the process subcritical.
o [fm =1, we call the process critical.

\. .

The above three cases behave very differently in terms of their long-term growth behavior
of their population. In the supercritical case, we expect the population size to “explode”,
whereas in the subcritical case, the population will a.s. eventually die out. The follow-
ing section, as well as Section 6.6.3, provide more details about the growth behavior of

branching processes.

5.2 Extinction

Will the population whose size is modeled by a given branching process eventually die
out? Clearly, ©(0) > 0 is a necessary condition for this event to have positive probability.
Throughout this section we will assume £(0) > 0. Assume the branching process starts
with one particle, and let 7" = min{n : X,, = 0} be the time until extinction. We define
the extinction probability ey by

ep =P(T < 00).

Note that state 0 is absorbing. All other states x € N are transient, since they lead into
0 due to P,y = (1(0))* > 0. By independence, the extinction probability e(()k) for a process
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(X,Sk))nzo that starts with & particles is
e = (eg)" .

Example 5.2.1. Assume the process starts with one particle. Consider an offspring
distribution p with p(0) 4+ (1) = 1 and p(0), (1) # 1. Then the random variable 7" has
a geometric distribution. Indeed, since the offspring distribution allows for only one or
zero particles, we have P(T' > n) = (u(1))". Thus

eg=1—lim P(T">n)=1.

n—oo

We compute

E(T) :ZP(T>0):1_;M<1).

In the following we will assume p(0) > 0 and p(0) + u(1) < 1.

Consider the sequence of events {T" < n} = “population goes extinct by Generation n”,
n > 0. Note that {T" < n} is the event that the populations dies out in Generation n or
in an earlier generation. Clearly, {T'<n —1} C {T <n}. So

{T < oo} = J{T < n}.

n>0

Using the notation u, = P(T" < n), we have

lim T u, =¢.
n—oo

Note that
u, =P(X, =0) = f,(0).

Also note that P(X,, = 0,X,, 1 # 0) = u, — u,_1, which is the probability that the
population becomes extinct in Generation n.

We have f,(0) = f(f.-1(0)) = f(P(T < n —1)). It follows that eq is the solution to the
recursion u,, = f(u,_1) with ug = 0. Since f is continuous, we can interchange lim and f

and get
lim T u, = f(lim T u,—1),
n—o0 n—oo

and thus
€0 = f(eo) .

This proves the following proposition:
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Proposition 5.2.1. Let (X,,),>0 be a branching process that starts with one particle
and let f be the probability generating function of its offspring distribution pu. We
assume 0 < pu(0) < 1. Let T = min{n : X,, = 0}. Then the extinction probability
ep = P(T < ) is the smallest fixed point of the function f on the interval
[0, 1].

. J

Note that 1 is always a fixed point of f. But depending on the offspring distribution pu,
there may be an additional smaller fixed point ey € [0,1). [Of course f may have fixed

points that lie outside the interval [0, 1] as well, but they are not of interest here.]

We will now closer investigate the graph of f on the interval [0,1]. Throughout we
assume 1(0) = f(0) > 0, and u(0) + (1) < 1. These conditions imply f’(t) > 0 and
f"(t) > 0 on [0,1), and hence the continuous function f is strictly increasing and
strictly convex on [0, 1). As a consequence of these properties of f, we have the following
possible scenarios for the graph of f:

For the supercritical case (1) = m > 1, the graph of f crosses the diagonal y = ¢
exactly once on the interval [0,1). See Figure 5.2. This single fixed point ey of f on the
interval [0, 1) is the extinction probability.

) F)=m>1

110 7 Supercritical case

7.L1:f(0) ****** 0<e <1

UL U € 1 t

Figure 5.2: Graph of the generating function f for the supercritical case

For the subcritical case f'(1) = m < 1 or the critical case f’(1) = m = 1, the graph
of f does not cross the diagonal y = ¢ on the interval [0,1). See Figure 5.3. Hence the
extinction probability eg is 1.

Example 5.2.2. Consider a branching process (X,,),>0 with offspring random variable

Z ~ Bin(1,3). Assume the process starts with one particle.
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u = fO0) ——— -~
Subcritical or critical case

60:1

Py

up Uz eg =1 t

Figure 5.3: Graph of f for the subcritical or critical case

(a) Find the extinction probability eq.
(b) Find the probability that the population goes extinct in the second generation.

Solution: Note that E(Z) = 2 > 1. The generating function f of Z is

1 1 1 3 3 1
H=(=4+-tP ==+ +t+—-.
f20) =G+ =gt gt +gttg

(a) We need to find the smallest positive solution to fz(¢) = ¢. This yields the equation
432 =5t +1=0.

Factoring out (f — 1) on the left-hand side results in (¢ — 1)(¢t* + 4t — 1) = 0. We then
set t2 4+ 4t — 1 = 0 and get the solutions t = —2 + V5. Hence the smallest positive fixed
point of f; is —2 4+ v/5, and so we have

€y = -2 + \/g .
(b) We need to find P(T" = 2) = f(f(0)) — f(0) (we have written f for fz). A straight-
forward computation yields f(0) = % and

1, 729

f(f(0)=f(5) = o R 018,

Thus we get
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Example 5.2.3. Consider a branching process (X,,)n>o with offspring random variable
Z ~ Geom(p). Assume 0 < p < 1, and set ¢ = 1 — p. Recall that E(Z) = ¢/p. Also,
recall from Example 5.1.2 that

. q
t) = M = —— .
fz(t) =) ap —
k=0
We compute the extinction probability by solving

q
=t,
1—pt

or equivalently,

ptP—t+q=pt—1) <t—]%) =0.

It follows that the extinction probability is

) for p >
eozmm<17q/p>={ afp forp

N[ N|=

1 for p <

O

In the following we take a closer look at the distribution of the time 7" until extinc-
tion. Recall that u, = P(T' < n) and lim 1 w, = eg. Because of the strict convexity of
n—oo

the function f, we have

fleo) = flun)

€0 — Un—1

f/<un71) < < f/(e[)) )

and so

I (up_1)(eo — un_1) < €g — un < f'(€0)(€0 — Up_1). (5.4)

Supercritical case

For the supercritical case m > 1, we have ¢y < 1. Because of the strict convexity of f, we
have f’(eg) < 1. The second inequality in (5.4) reads

eo —P(T <n) < f'leg)(eo —P(T'<n—1) foralln>1. (5.5)
From (5.5) we derive by induction,

eo —P(T <n) < (f'(e))eo foralln>1
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or equivalently
P(n <T < o0) < (f'(eg))"eo forallm >1.

Since P(T" = 00) = 1 — ¢y > 0, we have E(T) = 0.

Subcritical case

For the subcritical case m < 1, we have ey = 1. By (5.4),
1-PT<n)<m(1-P(T'<n-1).
hence
P(T>n)<mP(T>n—1),

which, by induction, yields
P(T >n) <m™ foralln>0.

Thus we get the following upper bound for the expected time until extinction

E(T):iIP’(T>n) <§:m":ﬁ.
n=0 n=0

Critical case

For the critical case m = 1, we have eg = 1, i.e., with probability 1, a sample path of
the process will eventually reach the absorbing state 0 (extinction). To determine the
expected time E(7) until extinction, a more subtle analysis of the convergence rate of
fn(0) 11 is needed. Towards this end, we quote the following result whose proof can be
found in [4].

s ~

Theorem 5.2.2. Let (X,,),>0 be a branching process with Xo = 1, Z its offspring

random variable, and f, the probability generating function of X,,. IfE(Z) =1 and
Var(Z) = 02 < 0o. Then

uniformly on the interval [0, 1).

We get the following corollary for an asymptotic estimate of the tail probabilities of 1"
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Corollary 5.2.3. Let (X,,)n>0 be a branching process with Xo = 1 and E(Z) =1

and 0? < o0o. Then, as n — oo,

P(T > n) ~ — . (5.6)

no

Proof. Recall that f,(0) =P(X,, =0) =P(T <n). Hence
1—f.(0)=P(T >n).

By Theorem 5.2.2,

lim — ( 1()—1):11111%:1

n—oo no? \ 1 — f,(0
which proves the corollary. O]

As a consequence of (5.6), for the critical case E(Z) = 1, we have

E(T)—iP(T>n)—oo.

Although extinction happens with probability 1, the expected time until extinction is

infinite.

Exercises

Exercise 5.1. Let Y},Y5, ... be a sequence of i.i.d. Bernoulli random variables with
P(Y; =1) = p and P(Y; = 0) = 1 — p. Furthermore, let N be an a.s. finite, nonnegative,
integer-valued random variable independent of the Yi, Y5, .... Consider the random sum
Sy =Y +--- 4+ Yy. For each of the following distributions of N, find the probability

generating function fg, (t) and from it, determine the distribution of Sy.
(a) N ~ Bin(n,p) (b) N ~ Poisson(\)

Exercise 5.2. Consider a branching process (X,,)n>0 with offspring distribution pu for
which £(0) # 0. Assume X, = 1.

(a) Show that every non-zero state is transient.
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(b) Let f, denote the probability generating function of X,, for n > 1. Show that there
exists a function f : (0,1) — [0, 00) such that

lim f,(t) = f(¢t) forallte (0,1).

n—oo

Find f.

Exercise 5.3. Let (X,,),>0 be a branching process with geometric offspring distribution

p given by p(n) = 3(3)" for n > 0. Assume X, = 1.

(a) Compute P(X, =1).

(b) Compute P(X; = k| Xy =1).
Exercise 5.4. In a branching process (X,,)n,>0 with immigration, a random number of
immigrants I,, is independently added to the population at the n'" generation for n > 1.
At time 0, the process starts with one individual. The offspring distribution for each
individual is given by the offspring random variable Z with probability generating function

fz. Denote the probability generating function of 1,, by f;, . If fx, denotes the probability

generating function of the size of the n'® generation, show that

fx,(t) = fx, . (f2(1)) fr, (1) .

Exercise 5.5. Consider a branching process for which the offspring distribution p is given
by p(0) =1/4, u(1) = 2/5, u(2) = 7/20, and p(n) = 0 otherwise.

(a) Assume that the process starts in Generation 0 with one individual. What is the

probability that the population ultimately dies out?

(b) Assume the process starts with 3 individuals. What is the probability that the

population survives forever?

(c) Assume that the process starts with 5 individuals. Compute the probability that

the population dies out in the 3'¢ generation.

(d) Assume that the process starts with one individual. Compute the probability that
the population dies out in the 3" generation, given that it is not already extinct in

the 2" generation.

Exercise 5.6. Consider a branching process (X,,),>0 with offspring random variable Z

whose probability generating function is f;. Let
Yn:XO+X1++Xn

be the total number of individuals up through Generation n.
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(a) Prove that the probability generating functions fy, satisfy the recurrence relation
fr.t) =tfz(fy, () for n>1.

(b) Assume the branching process is subcritical. Consider Y = lim Y,,, the total progeny
n—oo

of the branching process. Show that

fr(t) =tfz(fr(1))

and compute E(Y). From the value of E(Y'), conclude (once more) that for a

subcritical branching process, extinction happens in finite time with probability 1.

Exercise 5.7. Let (X,,)n,>0 be a supercritical branching process with geometric offspring
distribution p given by p(n) = (1—p)p" for n > 0. Assume X, = 1. Consider the following
variation of this process: Each individual, independently of all other individuals, is given
a survival probability of p. That is, each individual will die with probability (1 —p) before
it has a chance to produce offspring for the next generation. This defines a new branching
process (Y,)n>0. Find a condition on p (in terms of p) under which the population of

(Ys)n>o will ultimately die out with probability 1.

Exercise 5.8. Consider a branching process (X, ),>o with offspring distribution p defined
by u(k) = (1/2)%*1 for k > 0. The process starts with one individual.

(a) Show that the probability generating function of the size of the n'' generation is

—(n—1
="

(b) Let T be the time of extinction. Is 7" an a.s. finite random variable? Compute the
distribution of 7'

Exercise 5.9. Consider the same branching process as in Exercise 5.8. Let N, denote
the total number of generations for which the population size is exactly k individuals.
, =1 2

Compute E(Ny). (Hint: ; = E)

Exercise 5.10. Again, consider a branching process (X,,),>o with offspring distribution
p defined by u(k) = (1/2)*! for k > 0, and assume the process starts with one individual.
In this case however, if the population ever dies out, then a single new individual will be
added from outside. Note that this change makes the branching process an irreducible

Markov chain. Is this Markov chain transient, positive recurrent, or null recurrent?

Exercise 5.11. Consider the (explosive) branching process (X,,),>0 with offspring dis-
tribution v defined by v(k) = (1/2)* for k > 1.
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(a) For n > 1, compute a formula for the probability generating function fx, (t).
(b) Does lim fx, (t) exist for all ¢ € (0,1)? If so, what is the limit function?
n—oo

Exercise 5.12. Fix 0 < p < 1. Consider a branching process (X,,)n>o with offspring
distribution p defined by u(0) = 1 — p and p(1) = p. Assume the process starts with
ko > 0 particles. Let T be the time of extinction of the process. Compute the distribution
of T

Exercise 5.13. Consider a branching process (X,,),>0 whose offspring distribution has

probability mass function x(0) = (1 — ¢), and p(1) = p(2) = £ for some ¢ € (0, 1).

(a) For which values of ¢ will the population eventually die out with probability one?

4
5

individuals, but the distribution of X, follows a Poisson distribution with parameter
A=2. Find P(X; =1).

(b) Assume ¢ = £ and, furthermore, the process does not start with a fixed number of

Exercise 5.14. Let (X,,),>0 be a supercritical branching process with offspring distribu-
tion p for which p(0) # 0. Denote the probability of ultimate extinction of the process

by eg. Now consider the sequence
fu(k) = ek tu(k)  for k> 0.
(a) Show that fi(k), kK > 0, defines a probability distribution on Nj.
(b) Show that the expectation of of the distribution /i on Ny is strictly less than 1.

Exercise 5.15. Consider a supercritical branching process (X, ),>0 whose offspring dis-
tribution is Poisson(\) with A > 1. Let ey be the probability of ultimate extinction for

the process.
(a) Let fu(k) = ek u(k), k > 0, as in Exercise 5.14. What kind of distribution is ji?

(b) Prove that

1
[ —.
0>\

(Hint: Use the result from Exercise 5.14 part (b).)

Exercise 5.16. Let (X,),>0 be a supercritical branching process with offspring distri-
bution g for which u(0) # 0 and denote its probability of ultimate extinction by e.
Consider a second branching process (X, ),>o with offspring distribution i defined by
f(k) = eftu(k), k > 0. By the result from Exercise 5.14 part (b), the branching process

(Xn)nzo is subcritical.
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(a) Let f, denote the probability generating function of X, and let f,. denote the
probability generating function of X, for n > 1. Prove by induction that for all
n>1,

flt) = eiofn«zot).

(b) Let A be the event "the population of process (X,,),>o ultimately becomes extinct”.
So P(A) = eg. Use your result from part (a) to show that for all n > 1 and k > 0,

P(X, = k) = P(X, = k| A).

In other words, the distribution of the branching process (Xn)nzo is the same as
the distribution of the branching process (X, ),>0, conditioned on the event that its

population ultimately becomes extinct.



Chapter 6

Martingales

6.1 Definition of a Martingale

Martingales constitute an important class of stochastic processes. They are defined in
terms of certain conditional expectations for their variables. We give a precise definition
below. Although the dependence structure for the variables of a martingale is very dif-
ferent from that of a Markov chain, there is also some overlap between these two types
of processes, with discrete harmonic functions playing a role in connecting the two struc-
tures. Under certain conditions, martingales can also be viewed as a generalization of
random walks on R with mean-zero step distribution (see Proposition 6.1.2 below). Often
times, as we will illustrate in examples, a question of interest for a given Markov chain
can be rephrased as a question for a suitably chosen, related martingale and thus solved

using the rich mathematical theory that is available for martingales.

181
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Definition 6.1.1. Let (M,),>0 and (X,,)n>0 be two real-valued stochastic processes
on the same probability space. We say that (M,),>0 is a martingale with respect
to (X,)n>o0 if for alln > 0,

(a) M, is a function of Xo, ..., X,, and
(b) E(|M,|) < oo, and
(¢c) E(Mp41| Xo,.... X)) = M, a.s.
We say that (M,)n>0 is a supermartingale if (¢) is replaced by
E(Mp11] Xoy ...y Xpn) < M, a.s.,
and (M,)n>0 is a submartingale if (¢) is replaced by

E(Mn+1 ‘ Xo, >Xn) Z Mn a.s.

If a process (M,,),>o satisfies condition (a) in Definition 6.1.1, we say (M,,),>o is adapted

to the process (X,,),>0. The following is a special case of Definition 6.1.1.

~ A

Definition 6.1.2. Let (M,),>0 be a real-valued stochastic process. We say that
(M,)n>0 is a martingale if for alln > 0,

(a) E(|M,]) < oo, and

(b) E(Mn+1 | ]\407 ceny Mn) = Mn a.s.

Example 6.1.1. Consider a sequence X, Xs, ... of independent random variables with
E(|Xk|) < oo and E(Xy) = 0 for all £ > 1. Then the process (M,),>1 defined by the

n

partial sums M, = Z Xy, for n > 1 is a martingale with respect to (X,,),>1: Clearly, for

k=1
all n > 1, M, is a function of X, ..., X,,. By the triangle inequality and the integrability
assumption on the Xj,
E(Ma)) < S (X)) < oo,
k=1

and by independence of the X},

E(Mpi1 | X1, X)) = B(M, + Xop1| X1,y Xo)
= M, +E(X,1)
M,
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for all n > 1.

Example 6.1.2 (Random walk). Fix x € R. As a special case of Example 6.1.1, consider
the constant random variable Xy = x and an i.7.d. sequence of random variables X7, X, ...
with E(X}) = m < oo. Set X = X,,—m. The process (Sp)n>o With S, = Xo+ X1+ +X,

is random walk on R with mean-zero step size. The process (M,,),>o defined by
Mn:Sn:ZXk—nm
k=0

is a martingale with respect to (X,,)n>o0- U

Example 6.1.3. We consider random walk on Z. Assume Xy, = z, E(X;) = 0, and
Var(X}) = 02 < oo. Then the process (M,),>o defined by

M, = (S,)*—o*n

is a martingale with respect to (X, ),>0. Clearly, for all n > 0, M, is a function of
Xo, X1, ..., X;,. By the triangle inequality, and since E(X}) = 0,

E(|M,|) <E(S?) +0?n=2*+no®+o*n=2>+2no* < co.

We have

E(Shi1 | Xo, X1, ., Xin)

n+1
E ((Z X,)? | Xo, X, Xn>

=0
n+1

— E(ZX3+ > 2Xin|X0,X1,...,Xn>
i=0 0<i<j<n+1

_ 02—1-in+ Y 2XiX;=0"+ 5.

i=0 0<i<j<n

It follows that
E(Myi1 | Xo, X1, ooy Xps1) =02+ S2 — (n+1)0*> =52 —no’* = M,,

and so (My,),>o is a martingale with respect to (X,,),>o0- O

Example 6.1.4. Consider simple random walk on Z with step random variable X; with
PX;=1)=p,P(X;=-1)=¢q,and P(X; =0) = 7. Assume 0 < p < 1, and p+q+r = 1.
The process (M,,),>o defined by

M, = (g)s" forn >0
p
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is a martingale with respect to (X,,),>1. When p = ¢, this is the constant process M,, = 1.
Assume p # q. It is clear that parts (a) and (b) from Definition 6.1.1 hold. To check (c),
consider

E(Mpy1 | X1,y X)) = E ((%)Sn(%)xnﬂ | X, Xn) .

Invoking the independence of the X;, we get

JSE ((3)%)

)>" [pﬁ +q(d) ™+ 1} = (3

E(Mn—i-l’Xl,...,Xn) = (
=

TR QIR

<
N~—

$

I
=

Note that a martingale is both a submartingale and a supermartingale.

Proposition 6.1.1. If (M,,),>0 is a martingale with respect to (X,)n>0, then for
all n, k >0,
E(Mn+k: | XO; 7Xn) = M,

and, consequently,

E(M,) = E(Mo)

for allm > 0.

Proof. Let (M,,),>0 be a martingale with respect to (X,,),>0. For any k£ > 1, by the tower

property of conditional expectation,
E(M, 1| Xo, ..., X0n) = E[E(Mpik | Xoy ooy Xnwro1) | Xo, oo, X - (6.1)

By Definition 6.1.1(c), the right-hand side of (6.1) is E(M,, 11 | Xo, ..., X,,). By iteration,
we get
E(Myip1 | Xoy ooy Xn) = oo = E(Mps1 | Xo, ooy X)) = M, .

Thus E(M,+ | Xo, ..., X)) = M, for all n, k > 0. Taking expectations yields
E(M,) =E(M,) foralln>0.
]

Example 6.1.5. Let (X,,),>0 be finite state Markov chain with state space S C R and

assume (X,,),>0 is also a martingale. Thus we have

ZPikk =i forallieS. (6.2)
keS
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Since § is finite, there exists a smallest state a and a largest state b in S. It follows from
(6.2) that P,, =1 and Py = 1, so a and b are absorbing states. Assume that all other
states in S are transient. With probability 1, the process will get absorbed in either state

a or state b. By Proposition 6.1.1, we have

> Pik=i forallicS andforaln>0. (6.3)
keS

Consider the absorption probability a;; = P(T” < oo| Xy = i), that is, the probability
that the process ultimately gets absorbed in state b, given that the Markov chain started
in state ¢. Recall that for any transient state j, we have lim,,_, P;; = 0. Taking the limit
of the sum in (6.3) yields

nh_}rEoZRkk =a(l—a;p) +bayy, =1,
keS
and from this we get

1 —a

b—a

(6.4)

Aip =

Notice that formula (6.4) matches formula (4.18) for the gambler’s ruin probabilities. O

Example 6.1.6 (Fixation probabilities for the Wright-Fisher model). Recall the Wright-
Fisher model for genetic drift that was introduced in Section 1.5. It is a Markov chain
(X,)n>0 on state space S = {0,1,..., N} where N is the population size. X, is the count

of allele A in Generation n. The transition probabilities P, follow a binomial distribution:

(NN Ky kN B
Pkl—(l)(N)(l N) fOIk,l—O,l,,N

States 0 and N are absorbing, and all other states lead into 0 and N. The Wright-Fisher

model is also a martingale:

E(lXa]) <N,
and ¥
]E(Xn+1 | Xo, X, ...,Xn> = E(Xn+1 | X’n) = NWn =X,.

Thus formula (6.4) applies. Given that the chain starts in state i, the fixation proba-
bility a;ny = P(TV < co| Xy = i) is

?
N

a;N =
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It is the probability that eventually the gene pool gets fixated in A, that is, all N indi-
viduals in the population have genotype A. The complementary probability a;o = 1 — a;n

18

N —1
N
It is the probability that eventually the gene pool gets fixated in a, that is, all N individuals

Q0 =

in the population have genotype a.
If a new mutation arises in a population, its original count is 1. And so the probability

that this newly arisen genotype eventually fixates is 1/N. 0

Example 6.1.7 (Fixation probabilities for the Moran model). Recall the Moran model

for genetic drift that was introduced in Section 1.5. It is a Markov chain (X,,),>o on state

space S = {0,1,..., N}. X, gives the allele A count in the population at time n. The

transition probabilities are

(N —x)z
N2

(N —x)x

Prp=1-2 N2 )

Px,:c—‘rl = Px,x—l =
and 0 and N are absorbing states. The Moran model (X,,),>0 is a martingale. Indeed,
E(|X.]) < N,

and

E(Xpi1 | Xo, X1, oo, X)) = E(Xpg1| Xn)
= (Xp+1Dp+ (X, —Dp+X,(1-2p) =X,

(N—X,)X,,
NZ -

Thus we get the same fixation probabilities a;x = P(TV < oco| X, = i) as for the
Wright-Fisher model:

where we have used p =

1 N —1
aiN:N and a;,0 = N

O

The simplest example of a martingale is random walk (S,,),>0 where Sy = z and 5,, =
> p_o Xy for i.i.d. random variables X, Xs, ... with E(X;) = 0. See Example 6.1.2. The
following shows that under the condition of square-integrability, a martingale (M,),>0
retains some essential features of random walk with mean-zero steps.

Let (M,)n>0 be a martingale. Using the notation D,, = M,, — M,,_1, we have

Mn:MO+ZDk forn>1.
k=1
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By Proposition 6.1.1, E(Dy) = 0 for k > 1.

Definition 6.1.3. We say the martingale (M, ),>0 is square-integrable if
E(M?) < oo

for alln > 0.

Proposition 6.1.2. Let (M,),>0 be a square-integrable martingale. Then its in-

crements Dy are uncorrelated, that is,
Cov(DyD;) =0 for k #1

and therefore

Var(M,,) = Var(M,) + Z Var(Dy,) .

k=1

Proof. Since E(Dy) = 0 for £ > 1, we only need to show that E(DyD;) = 0 for k < [.
Write
E(DyDy) = E[E(DyDi | Xo, ooy Xi1)] -

But
E(DyD; | Xo, ..., Xi—1) = DiE(D; | Xo, ..., X;—1) =0

since, by the martingale property, E(D; | Xo, ..., X;—1) = M;—1 — M;_; = 0. It follows that
6.2 Optional Stopping Theorem

For convenience, we recall the definition of a stopping time 7' for a stochastic process
(Xn)nZO'

Definition 6.2.1. Let (X,,),>0 be a stochastic process. A random variable T' defined
on the same probability space as (X,)n>0 and taking values in No U {oo} is called a

stopping time T if for all m € Ny, the event {T = m} can be determined by the
values of X, X1, ...., X

Whether or not a stopping time 7' has occurred at time m only depends on the history

of the process (X,,)n>0 up to (including) time m. The event {T' = m} is independent of
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any event determined by the future of the process, that is, by X,,11, X;ni2,.... Note that
the definition of 7" implies that the events {7 < m} and {T" > m} are also determined by

the values of Xy, Xy, ..., X;,,. In the following we will use the notation a A b = min(a, b).

Theorem 6.2.1. Let (M,),>0 be a martingale with respect to (X, )n>0 and T a
stopping time. Then the stopped process (M, 7)n>0 defined by

v [ M ifn<T,
"I My ifn>T

is also a martingale with respect to (X;,)n>0-

Proof. Fix n > 0. We have
| M| < Oréll?;JMﬂ < Mol 4 -+ + | M|,

so E(|Muar|) < o0.
Note that for w € {n < T'}, we have M, (w) = Mysr(w) as well as M, 11 (w) = Mpiiar(w).
And for w € {n > T}, we have Myrr(w) = Mpinar(w). So we can write

M(n+1)/\T = Mn/\T + (Mn+l - Mn>]l{n<T} . (6~5)
Taking the conditional expectation with respect to Xy, ..., X, on both sides in (6.5) yields
E(Mnsiyar | Xo, -, Xn) = E(Mpar | Xo, ooy Xi) + E(Mpy1 — Mp)Lpery | Xo, oo, Xn)

Since T is a stopping time, the event {n < T} is determined by the values of Xj, ..., X,,.
Using the martingale property for (M,),>0, we get

]E(M(nJrl)/\T ‘ X07 sy Xn) = Mn/\T + ]1{n<T}]E((Mn+1 - Mn) | XO7 (EE) Xn)
= Muar + Linery0 = Mppr .
]

It follows from Theorem 6.2.1 that E(M,,r) = E(M,) for all n > 0. However, in general,
it is not true that E(Mr) = E(My). This is illustrated by the following example.

Example 6.2.1. A gambler starts with a fortune of $N and makes a sequence of fair
$1 bets against an infinitely rich adversary. The gambler’s fortune can be described by

simple symmetric random walk (.S,),>0 on Ny with absorbing boundary at 0. It is a
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martingale. Let 7" be the first hitting time of state 0 (bancruptcy) which is a stopping

time for the random walk. Since (S,,),>¢ is recurrent, P(7T" < oo) = 1. We have
E(Sy) =N #0=E(Sr).

O

Given a martingale (M, ),>o and a stopping time 7', we would like to know conditions
that guarantee E(M7) = E(Mj). This is the content of the Optional Stopping Theorem
(OST). The following version of the OST is not its most general version, but it is sufficient
for our purposes for applications to Markov chains. It gives a variety of (often fairly easy
to check) sufficient conditions under which E(Mr) = E(Mj) holds.

Theorem 6.2.2 (Optional Stopping Theorem). Let (M,),>o be a martingale with
respect to (X,)n>0 and T a stopping time for (X,,)n>0. Assume at least one of the

conditions hold:
(a) There exists an Ny such that P(T < No) = 1;

(b) P(T < o0) = 1 and there exists an Ky < oo such that P(|M,| < Ky) =1 if
n<T,;

(¢) E(T) < oo and there ezists Ky < oo such that
E(‘Mn - Mnfll ’X07 X17 "'7Xn71) S KO
forn <T.

Then

E(Mr) = E(Mo) .

Proof. (a) Since P(T" < Np) = 1, we can write

No—1

My = Mo+ Y (My1 — Mi)Ljrery - (6.6)
k=0

Since T is a stopping time, the event {k < T'} is determined by Xj, ..., Xx. So

E[(Mys1 — Mp)leery] = E[E[(Myp1 — M) Lgery | Xo, .., Xi]]
= ElgenE[(Myyr — M) | Xo, ..., Xi]] -

By the martingal property, E[(My.1 — M) | Xo, ..., Xk]] = 0. So (6.6) yields

E(M;) = E(My).
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(b) For n € N consider the stopping time 7' A n = min(n,T"). Since T'A n is a bounded

stopping time, the conditions from part (a) are fulfilled, and we have
E(Mpan) = E(My) forallm € N.
Since P(|M,,| < Ky) =1, if n < T, we have
[E(Mr) — E(Mo)| = [E(Mr) — E(Mrpn)| < 2K0P(T > n).
Since P(T' < 00) = 1, we have lim,,_,o, P(T" > n) = 0. This proves
E(Mr) = E(Mo) .

(c) As in part (b), consider the bounded stopping time 7" A n = min(n,T). By part (a)
we have

E(M7p,) =E(Mgy) for allm € N.

Recall that we can write the random variable Mr as

T-1

My = My + Z(MkJrl — My,) = My + Z(Mk+1 — M) Lgpery -
k=0 k=0

So )
lim MT/\n = lim MO + Z(M}H_l — Mk’)]l{k<T} = MT a.S.
n—00 n—r00 o

We now introduce the random variable
MT = |Mo| + Z |Mk+1 - Mk| ]l{k<T} .
k=0

Note that
‘MT/\n| S MT a.s.

By the Monotone Convergence Theorem (see Appendix C),
E(Mr) = E(|Mol) + ZE (IMy1 = M| Lgery) -
k=0
For each individual term in the previous sum we have
E([Myy1 — Mp|Lpery) = E[E(| My — Mi|Lgery | Xo, .., X))

= E(Lgpper)E[|Mys1 — My| | Xo, ..., Xi)]
< Pk <T)Ko.
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Thus, since E(T) = ZIP’(k <T) < o0, we get
k=0

E(Myz) < E(Mp) + Ko E(T) < oo.

Using the Dominated Convergence Theorem (using My as the dominating random vari-

able), we conclude

n—oo
Since E(Mzp,) = E(My) for all n, we arrive at
E(Mr) = E(Mo)
which concludes the proof of part (c). O

As an immediate corollary to the OST, we will reprove Wald’s first equation (see Theorem
4.3.1(a)).

Corollary 6.2.3 (Wald’s first equation, revisited). Let X1, Xs, .... be i.i.d. random
variables with E(|X;]) < oo. Consider (Sp)n>1 with S, =Y i X;, and let T be a
stopping time for (Sp)n>1. Set m = E(X;). If E(T) < oo, then

E(Sr) = mE(T).

Proof. We have shown in Example 6.1.2 that the process
M,=S5,—nm forn>1
is a martingale. We will show that conditions (c¢) of the OST hold. Indeed, since
|M,, — M,,_1| =|S, — Sp_1 — m| = |X,, — m|,
we have
E(|M,, — My, _1|| X1, ..., Xp1) = E(| X, — m]) < E(|X4]) +m < o0
for all n > 1. Applying the OST, we get
E(Mr) =E(Sr —Tm) =E(M;) =E(X;) —m =0,

and so
E(St) =mE(T).
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6.3 Martingale transforms

An alternate title for this section could be There is no system for beating a fair game (if
funds are limited). Let (M,),>0 be a martingale. We can think of M,, as the capital at

time n of a player in a fair game. As above, we use the notation D, = My — My_,, and

M, = zn:Dk.
k=1

can write

Definition 6.3.1. Let (M,,)n,>0 be a martingale with respect to a process (X,)n>o-
A sequence of random variables (H,)n,>1 is called a predictable process if, for
eachn > 1, H, is a function of Xy, ..., X,_1.

For n > 1, we can think of the random variable H,, as representing the stake the gambler
puts on Game n, knowing the outcomes of Games 1,...,n — 1 and the original capital M.
So H, (M, — M,_1) = H, D, is the profit (or loss) of the gambler for the nth game, and

Cn, = M+ iHn D,
k=1

is the total capital of the gambler immediately after the nth game.

Notation: We will write .
(M- H), = My+ Y HyDy,
k=1
and

(M-H) =M+ HyDy.

k=1

Definition 6.3.2. The process (M - H),,n > 0, is called the martingale trans-

form or discrete-time stochastic integral of (M,,),>0 by (Hy)n>1-

Proposition 6.3.1. Let (M,),>o be a martingale and (Hy,),>1 a predictable process.
If there exists Ky > 0 such that |H,| < Ky for alln > 1, then

(M-H),, n>0

s a martingale.
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Proof. Clearly, (M - H),, = My+>_;_, Hi, Dy is measurable with respect to o(Xp, ..., X,)
for all n > 0. We also have

E((M-H),|) < E

| Mol + Z | H}| |Dk|]

k=1
< E(IMo]) + 22—y Ko (|Ma] + [ M) < o0

Furthermore,

E((M - H),| X0, ..., Xn_1) = E (MO + 3 Hy (Mg — M) | Xo, ...,Xn1>
k=1

n—1

= Mo+ Y Hy (Mg — My_y) + HyE(M,, — My_y | Xo, ..., Xoo1)

k=1
n—1

= Mo+ Hp (My— My_y)+ H,0= (M- H),

k=1

which proves that (M - H),,, n > 0, is a martingale. O]

As a corollary, we can recover part (a) from the Optional Stopping Theorem.

s ~

Corollary 6.3.2. Let (M,),>0 be a martingale and T a stopping time. Then for
all ng € N,
E(M7an,) = E(Mp) .

In particular, if T is bounded, we have E(Mr) = E(M,).

Proof. Let (H,),>1 be the process defined by

1 fT >n
Ho=ta=ny =3 0 i 20,

Since the event {T' = n} € o(Xo, ..., X,,), the event

(730} = (T =k}

and therefore
{T > TL} S O'(Xo, ceey anl) .

Thus (H,)n>1 is a predictable process. Note that

ng
(H- M)y, = Mo+ Z Lirsngy (M), — My—1)

k=1
T Ang

= M+ Z (M — M)
=1
= MT/\TLO .
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Since (H - M), is a martingale, we have E((H - M),,) = E((H - M)o) = E(M,), and so
we arrive at

E(M7an,) = E(M,) .

6.4 Martingale Convergence Theorem

The Martingale Convergence Theorem is one of the main results in martingale theory.
It can be understood as the probabilistic counterpart to the convergence of a bounded,
non-decreasing sequence of real numbers. The theorem is very useful in applications. We
state the theorem but do not include its proof (which requires tools outside the scope of

this book). For a reference see [36].

Theorem 6.4.1 (Martingale Convergence Theorem). Let (M,),>o be a submartin-
gale with respect to (X,)n>0. If sup,, E(|M,]) < oo, then with probability 1,

lim M, = My (6.7)

n—oo

exists. Furthermore, the limit My, is finite with probability 1, and E(|My|) < oco.

. J

Notice that from (6.7), the rest of the statement of Theorem 6.4.1 follows from Fatou’s
Lemma (see Appendix C): We have

E(|Mx|) = E(liminf |M,|) < liminf E(|M,]|)
n—oo n—oo
< supE(|M,]) < oo,

and so P(—oo < My < o0) = 1.

Corollary 6.4.2. Let (M,)n,>0 be a non-negative supermartingale with respect to
(Xn)n>0- Then with probability 1,

lim M, = M,

n—oo

exists and is finite, and E(M) < E(M,) < oco.

Proof. Since (M,)n>0 is a supermartingale, the process (—M,),>¢ is a submartingale.
Furthermore,
E(M,) =E(| — M,|) <E(My) <oco foralln>0,

and so the Martingale Convergence Theorem applies to (—M,,)n>0- O
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6.5 Transience/Recurrence of MCs via martingales

Definition 6.5.1. Let (X,,),>0 be a Markov chain with discrete state space S and
one-step transition probabilities Py, v,y € S. A function f on S is called har-

monic at x if

=> Pufly). (6.8)
yeS
We say f is harmonic on S if f is harmonic at x for all x € S.
If “=7"in (6.8) is replaced by “<” (resp. by “>"), we say f is subharmonic (resp.
superharmonic) at x.

Recall that not every martingale is a Markov chain, and not every Markov chain is a
martingale. The following proposition gives a class of martingales derived from Markov

chains via harmonic functions.

~ )

Proposition 6.5.1. Let (X,,),>0 be a Markov chain with discrete state space S.

(a) Let f be a bounded harmonic function on S. Then (f(X,))n>0 is a martingale
with respect to (Xp)n>0-

(b) Conversely, if (Xn)n>o0 is irreducible and f a function on S such that
(f(X5))n>0 is a martingale with respect to (X, )n>0, then f is harmonic on S.

Proof. (a) Clearly, f(X,) satisfies part (a) of Definition 6.1.1. Since f is bounded,
E(|f(Xn)|) < co. By the Markov property,

E(f(Xn+1) ‘ XQ = Z’Q,Xl =Ty, aXn = .flf) = E(f(Xn+1) |Xn = .Z')
and, since f is harmonic,

E(f<Xn+1 |X - :E Z nyf )

yeS

So ]E(f(Xn+1) |X0,X1, ey Xn) = f(Xn)

(b) Conversely, let f be a function on S such that (f(X,)),>0 is a martingale with respect
to (X, )n>0. For any z € S, there exists an n > 0 such that P(X,, = ) > 0. We then have

f@) = B(f(Xp1) | Xn =) = > Poyf(y)

yes

This shows that f is harmonic at x. ]
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More generally, we can show that if the state space § is finite and f is a right eigenvector
of the transition matrix P corresponding to eigenvalue A # 0, then (f(X,)/\"),>0 is a
martingale with respect to (X,,),>0. See Exercise 6.5.

Similarly to the above, we can show that a bounded subharmonic (resp. superharmonic)
function defines a submartingale (resp. supermartingale) (f(X,))n>0. And vice versa,
if (f(Xn))n>0 is a submartingale (resp. supermartingale), then f must be subharmonic

(resp. superharmonic).

Theorem 6.5.2. Let (X,),>0 be an irreducible Markov chain with discrete state
space S. If the Markov chain is recurrent, then (X,)n>0 has no nonnegative super-

harmonic or bounded subharmonic functions except for the constant functions.

Proof. Let f be a nonnegative superharmonic (resp. bounded subharmonic ) function
for the Markov chain. It follows that (f(X,))n>0 is a nonnegative supermartingale (resp.
bounded submartingale). By the Martingale Convergence Theorem, with probability 1,
the process (f(X,))n>0 converges to a finite random variable M.,. But since (X,,),>o is
recurrent, with probability 1, the Markov chain visits every state x € S infinitely often.
Thus we must have M., = f(z) for all x € S. It follows that f must be constant on S.
O

Theorem 6.5.2 gives a criterion for transience for a Markov chain:

~ ~

Proposition 6.5.3. Let (X,,),>0 be an irreducible Markov chain with discrete state
space S. Choose a state vg € S. Then (X,)n>0 is transient if and only if there

ezists a bounded non-constant function f on S\ {xo} with the property

fl@)=> Puf(y) fora+#mx. (6.9)

Y#£T0

Proof. Assume (X,,),>0 is transient and consider the function f on S defined by

0 for x = 9.

f(x):{ P(T* =00 | Xg =) forx# x

Because of transience, f is not equal to zero on S \ {x¢}. Using a first-step analysis, we

have

flx) =) Pufly) forz# .

Y#£T0
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and so (6.9) holds. Conversely, assume (6.9) holds. Let a = ZPxoyf(y). Ifa >0,
yeS
then we define f(x¢) = 0 which makes f subharmonic. (If @ < 0, then we work with the

function —f instead.) Clearly f is bounded on S. Assume (X,,),>0 is recurrent. Then,
by Theorem 6.5.2, f is constant and therefore, here, equal to zero. But this contradicts

our assumption that f is non-constant on S\ {zo}. Hence (X,,),>¢ must be transient. [

Example 6.5.1 (Simple random walk on Ny with reflecting boundary at 0). The state
space is S = Ny. Let 0 < p < 1, and set ¢ = 1 — p. The transition probabilities are

Pooy1 = p forxz >0
Po.1 = ¢ forxz >0
Poo =

Figure 6.1 shows the transition graph. Clearly, this is an irreducible Markov chain.

p p p p
@D D
q q q q
Figure 6.1

With 2o = 0, (6.9) yields the system of equations

f) = pf2)
f2) = qf(1) +pfB3)
fB) = qaf(2)+pf(4)

f(n) = af(n—=1)+pf(n+1)

We can set f(1) = 1. This yields f(2) = 1/p. We rewrite the second equation in the
above system as

which yields

By induction,
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We set f(0) = 0 and compute
fay =1
1/p
@) = Up+ (Y

~

—
[\

SN~—
Il

fn) = 1/p+§_j<§>'f

From the above we see that the function f is bounded and non-constant if and only if
p > ¢q. Thus simple random walk on the nonnegative integers with reflecting boundary at

0 is transient if and only if p > g. 0

Example 6.5.2 (Simple random walk on Z). We now use the result from Example 6.5.1
to prove that simple (unrestricted) random walk on Z is transient if and only if p # ¢. If
p > ¢, then use the above computed function f from Example 6.5.1 and extend it to a
function on all of Z by setting f(z) = 0 for z < 0. If p < ¢, then we show by a very similar
argument that simple random walk on the negative integers with reflecting boundary at
0 is transient. In this case, extent the analogous function f on the negative integers to
a function on all of Z by setting f(z) = 0 for z > 0. If p = q = %, then the system
(6.9) does not yield a bounded non-constant function f on the positive integers (or on
the negative integers). Hence, by Proposition 6.5.3, simple symmetric random walk on Z

is recurrent. [l

Example 6.5.3 (Criterion for transience for general birth/death chains). We assume

S = Ny and the process is irreducible. The transition probabilities are

Pozy1n = p, forxz>0
Poo1w = ¢ forxz>0
P, . = r, forxz>0

with p, + ¢, + 7, = 1 and p,,q, > 0 for all x. Figure 6.2 shows the transition graph.
Equations (6.9) read

f(1) = puf(2) +rif(1)
f2) = @f(1) +p2f(3) +r2f(2)
fB) = @f(2) +p3f(4) +rsf(3)

fn) = (guf(n=1)+puf(n+1)+raf(n)
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T T2 r3
Po 4 P2 b3
To W R
q1 q2 q3 q4
Figure 6.2

Setting f(1) = 1, we get from the first equation f(2) =

can be written as

p1

G f(n) = f(n=D] =pu[f(n+1) = f(n)]  forn>2,

from which we compute by induction,
f(n+1)— qu forn>1.

This yields

n—1 k
1_ .
f(n) 7"1+E ”q_] forn > 3.
P1 = \jo1 P

We conclude that the birth/death chain on Ny is transient if and only if

> (M%) <=

k=2 \j=1

6.6 Applications

6.6.1 Waiting times for sequence patterns

1-"1 " The rest of the equations

Consider a sequence (X,,),>1 of i.i.d. discrete random variables taking values in a finite

set V. Suppose we are given a pattern of length k, i.e., a fixed sequence (x1, 23, ...,

LL’k)

of elements in V. If we observe the outcomes of the random sequence (X,,),>1, one at

a time, how long on average do we have to wait until we see the pattern (xy, o, ...,

[L’k)

appear for the first time? As an example, consider V' = {0,1,2,3} and let T be the first

time at which we see the pattern (0,2, 3,3). If we observe the outcomes

pattern

—
2.3,2,0,0,1,3,1,0,0,0,3,0.2,3.3, ..
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then 7' = 16. We could model this type of problem as an absorbing Markov chain (Y},),>0
whose state space S consists of all k-length patterns from V. The unique absorbing state
is (z1, 9, ..., ;). We start by generating the initial Xi,..., Xj. The resulting pattern is
Yo, and thus the initial distribution is uniform distribution on S. At time n > 0, Y,, is the
most recent k-length pattern X, .1, X190, ..., Xk1rn. We can set up the transition matrix
for (Y,,)n>0 and from it compute the expected time E(7") until absorption. Since (Y},),>0
has finite state space and is irreducible, E(T") < oo.

Here we present an alternative approach by introducing a martingale and making use of
the Optional Stopping Theorem. Imagine a sequence of gamblers, each starting with an
initial capital of $1 and playing a sequence of fair games until their first loss, upon which
the gambler leaves the casino. Let (xy,...,2x) be the desired pattern in the sequence of
i.i.d. random variables (X,),>1. The game proceeds as follows. Gambler j enters the
game at time j and bets his $§1 on z; in a fair game. If he loses the bet, he quits (and
has lost $1). If he wins, he continues with game j + 1. He bets his total capital (that is,
his initial $1 plus his winnings from game j) on xy. If he loses game j + 1, he quits the
game with a net loss of $1. If he wins, he moves on to game j + 2 betting on x5 with his
total capital ($1 plus his winnings from games j and j + 1), and so on. In the meantime,
in Game j + 1, Gambler j + 1 has entered and bets her initial $1 on z; in game j + 1. If
she loses this bet, she quits. If she wins this bet, she continues on to game j + 2 at which

she bets her total capital on x5, and so on. The game ends at time 7.

Here is a concrete example. Consider a sequence of i.i.d. fair coin tosses X, Xo, ..... Let
D (D for duration of the game) be the first time at which we see the pattern THT for the
first time. If, for example, the tosses result in w = TTHHTHT we have D(w) = 7. What
is E(D)? Since p = q = %, each game has payoff equal to the gamblers stake. Gambler 1
starts with Game 1 and bets $1 on T. If he wins, his fortune is now $2. He moves on to
Game 2 and bets $2 on H. If he wins, he has now $4 and moves on to Game 3, at which
he bets $4 on T. If he wins Game 3, we have T' = 3, and the casino starts a new game.
Gambler 1 has made a net profit of $7. However, if Gambler 1 loses anytime at or before
time 3, he quits the game with a loss of $1.

Let W, be the total winnings of the casino by time n. Since all bets are fair, (W,,),>1 is
a martingale. The random time D is a stopping time for (I/,),>;. As mentioned above,
E(D) < oo. Furthermore it is clear that |W,, — W,,_1| is bounded for all n > 2, since at
any given time n at most k (where k is the length of the pattern sequence) players are in
the game, and the size of their bets is uniformly bounded. It follows that part (c) of the
Optional Stopping Theorem applies. We have

Here is a summary for the game that resulted in D =7 with w =TTHHTHT:
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Flip T T H H |T| H|T
Player # entering the game | 1 2 3 4 5 6 7
Total player payoff —$1 | —$1 | —81 | —%1 |87 | —%1] 81

The desired pattern HTH has length £ = 3. So only the last 3 gamblers in the game
can possibly win (and some of them will lose $1). All gamblers who entered before Game
D — k + 1 have lost $1.

Example 6.6.1. A sequence of i.i.d. Bernoulli flips with a fair coin. The game stops as

soon as the pattern THT has appeared for the first time. Denote this random time by D.

Game # lto(D-3)|D—-2|D—-1|D
Flip e T H T
Player # entering the game | 1to (D —3) | D—-2|D—-1| D
Total player payoff —$1 each $7 —-$1 | %1

Here Wp =D —3—-7+1—1. Since E(Wp) =0 =E(D) — 10, we get
E(D) = 10.

O

We now turn to more general case of i.i.d. (possibly) biased coin flips. All games are
still fair games. Note that this means that the gambler either loses $1 (at which point he
quits the game), or his fortune grows by a factor of p~! (in which case he continues the
game and bets his total fortune on the next game). Indeed, say the gambler’s fortune is
currently $z. He bets $z on the next game in which he wins with probability p. Since

the game is fair, if he wins, the casino has to pay him $y which is computed from

—z(1—p)+yp=0.

If the gambler wins, his new fortune is therefore $(z +y) = $zp~!. As before, we assume

that the gambler starts with an initial fortune of z = $1.

Example 6.6.2. Consider a sequence of ii.d. biased coin flips with P(H) = p and
P(T) =1—p. Assume 0 < p < 1, and set ¢ = 1 — p. The game stops as soon as the
pattern THTHT has appeared for the first time. Denote this random time by D.

Game # 1to (D —15) D—4 D -3 D -2 D—-1 D
Flip T H T H T
Player # lto(D-5| D-4 |D-3| D-2 |D-1 D
Player payoff | —$leach |$(p~2¢2—-1)| —$1 |$(p~ ¢ 2—-1)| —$1 |$(¢t—1)
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Here
Wp=MD=5)—(p ¢ -1)+1-(p ¢ —1)+1- (¢ —1),

and so
E(D)=p ¢ +p ¢ +q".
O

Example 6.6.3. As in Example 6.6.2, consider a sequence of i.i.d. coin flips with P(H) =
p with 0 < p < 1. The expected time E(D) until we see n heads in a row is

;=1 1—p"

1
p’ P p op -1  (I-pp"

As a specific numerical example, for a fair coin with p = %, the expected time E(D) until
we see n = 5 heads in a row is E(D) = 62. O

6.6.2 Gambler’s ruin, revisited

We can solve the gambler’s ruin problem from Section 4.4 with the use of the OST.

Fair game.

Consider simple symmetric random walk (S),),>0 on Z with S,, = ZZ:O X, with X ==z
and iid. Xj ~ Unif({—1,1}) for £ > 1. Let ¢ < z < b. From Example 6.1.2, we
know that (S,),>0 is a martingale. The first time 7' = T{%% the random walk hits one
of the boundary points a or b is a stopping time. We have P(T" < oo) = 1. Clearly,
P(1S,| < Ky) =1 for n < T and Ky = max{(|al,|b|}. Therefore conditions (b) of the

Optional Stopping Theorem are satisfied, and we have
E(Sy) =E(S)) ==.

Using the notation r, = P,(T* < T?), we get
rea+ (1 —ry)b=x,

from which we compute

(6.10)

and

P(T"<T)=1—r, =
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Note that since (S,),>0 is a martingale and a Markov chain on finite state space S =
{a,a + 1,...,b}, the gambler’s ruin probabilities r, follow from (6.4) in Example 6.1.5
as well. We will now compute E(T"). From Example 6.1.3, we know that the process
M, = (S,)* —no? for n > 0 defines a martingale with respect to (X,,),>0. Here 2 = 1.
We will show that conditions (c) in the OST apply to (M, ),>0, and then use the OST
to compute E(7). Condition E(7) < oo holds since for any irreducible, finite state
Markov chain, the expected hitting time of a subset of states, here {a, b}, is finite (recall
Proposition 2.1.1). The expression |M,, — M, 1| = |S? —n — (S%_, — (n —1))| is equal to

12X, (X0 + - Xp1) + X2 — 1].
Thus
E(‘Mn — Mn—l‘ ‘)(07 ---an—l) = E(‘QXR(XO -+ - 'Xn—l) + Xr% — 1’ ’X(), ~--;Xn—1)

< 2]E(|XHHXO + - 'Xn—1| ’Xou "‘7Xn—l) +]E(|X72L - 1| |X07

= 2|X0 + - anl‘EﬂXnD = 2|X0 4+ - 'anl‘ .

For n < T, the last expression is bounded above by Ky = 2max{|al, |b|}, and so conditions
(c) of the OST are satisfied for (M, ),>0, and we have

E(Mr) = E(S7) — E(T) = E(M,) = °. (6.11)
From (6.11) and (6.10), we have

b— _
2? = a? Ay a—]E(T),

b—a b—a
from which we compute
E(T) = a2b_w+62x_a—:r2
N b—a b—a
(b—z)(x—a)(b—a)
= —(b— _
i (b)),

which confirms our result from Section 4.4.

Biased game.

We now consider biased simple random walk (S,,),>0 on Z starting at x. Recall Example
6.1.4. The process (M,,),>o defined by M,, = (g)sn is a martingale. Let a < < b. As for
the symmetric case, the time 7' = T1%% until the walk hits one of the boundary points a
or b is a stopping time, and P(T" < co) = 1. We also have P(|M,| < Ky) =1 forn < T

e Xno1)
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and Ko = max{({)*, (%)b}. Thus conditions (b) of the Optional Stopping Theorem are
satisfied, and

B(Mr) = B(Mo) = ()"
Setting r, = P,(T® < T?), we get

E(My) = m(%)“ +(1- m><§>b

I
—~
SRS
~—
8

from which we compute

and

- I (6.12)

For the computation of E(7"), we apply the OST to the martingale (Y},),>o defined by
Y, = S, —n(p—q) (and for which we verify that conditions (c) of the OST hold). Thus
we have
E(Yr) =E(57) —E(T)(p — q) =E(Yo) =z
This yields
ary, +b(1—r,) —x=(p—qE(T)
from which, using (6.12), we compute

a—z b—a\ 11— (1)
S 1= ()

which confirms our results from Section 4.4.

6.6.3 Branching process, revisited

We return to the Galton-Watson branching process (X,,),>o from Chapter 5. It is deter-
mined by an Ny-valued offspring random variable Z. At each time interval, each individual
in the current generation gives rise to a number of offspring according to the distribu-
tion of Z. It is assumed that all individuals reproduce independently. For simplicity, we
assume that the branching process (X,,),>0 starts with one individual. Then the size of

Generation 1 is X; ~ Z, and the size of Generation n is

Xn — Zl(n) + . e +Z§Z:Ln)71

where Z{n), Zén), ..., n > 1, are i.i.d. random variables with Z,gn) ~ Z for all n,k > 1.
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To avoid trivial cases for the branching process, we assume P(Z > 2) > 0. Furthermore,
since we will be interested in the probability of ultimate extinction of such a process, we
assume P(Z = 0) > 0. Let m = E(Z). We assume 0 < m < 0.
The process (M,,),>o defined by

M, = X,,/m"

is a non-negative martingale with respect to (X,,),>0. Indeed,

1
E(|Mn]) = —E(Xa) =1 <00
and ) ]
E(Mn+1 |X0, ceey Xn) = WE(XnJrI ’Xn> = WXnm = Mn .

By the Martingale Convergence Theorem, with probability 1, the limit

My = lim M,

n—o0

exists and is finite. We can now ask about the distribution of M,,. Since all states for the
branching process (X, ),>0 lead into state 0, all states other than state 0 are transient. It
follows that, with probability 1,

lim X, € {0,00}.
n—oo
For the subcritical and critical cases (i.e., for the case m < 1), we have

lim X, =0

n—oo
with probability 1. Since the state space is discrete, this means that with probability 1,
for any trajectory of the branching process, there exists an ng such that X, = 0 for all
n > ng. It follows that for if m < 1, with probability 1,
lim M,, =M, =0

n—oo

Note that in this case we have

E(My) =0 % lim E(M,) =1.

n—oo

The supercritical case m > 1 presents interesting questions about the growth rate of
the population size for the branching process. In this case the event {M,, > 0}
may have positive probability, depending on properties of the offspring distribution. Note
that since M,, = X,,/m™, on the event { M., > 0}, the branching process (X,,),>o will have
exponential growth rate due to the a.s. finiteness of M. Let eq denote the probability of
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ultimate extinction of the population, and recall that in the supercritical case, 0 < ey < 1.
Thus we have
IED(MOO = 0) > €o -

The following theorem explains the growth rate of the population size for a supercritical
branching process. The proof of the theorem lies outside the scope of this text. For a

reference see [4].

Theorem 6.6.1 (Kesten-Stigum). Let (X,,)n>0 be a supercritical branching process
with Xo = 1. Let Z be its offspring random variable and assume P(Z = k) # 1 for
all k € Ny. Let eq be its extinction probability. The following are equivalent:

(a) B(ZInZ) < oo,
(b) P(Ms = 0) = e,
(c) E(My) =1.

If E(ZInZ) = o0, then P(My =0) =1, and thus E(My) =0.

Theorem 6.6.1 settles the question about the conditions under which a supercritical
branching process (X,,)n>0 has exponential growth rate: Exponential growth rate of the
population happens precisely when E(Z1InZ) < oo, and in this case it happens with
probability 1 — eq.

When E(Z1n Z) = oo, then, here also, the population will not die out and instead grow
to infinity with probability 1 — eg. But the growth rate of the population size will be

sub-exponential.

6.6.4 Polya’s Urn, revisited

Recall Pélya’s urn model from Section 1.5. An urn contains b blue balls and g green balls.
At each time step, a ball is drawn uniformly at random from the urn, its color noted, and
then together with ¢ additional balls of the same color, put back into the urn. Note that
the number of balls in the urn increases by ¢ with each step.

In the following, for simplicity, we will take ¢ = 1. Let X,, denote the number of blue
balls in the urn at time n, and consider the process M,, = X,,/(b+ g+ n) which gives the

fraction of blue balls in the urn after n steps. The process (M,,),>o is a martingale with
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respect to (X, )n>0. Indeed, the random variables M,, are uniformly bounded by 1, and

E(Mpy1| X0, Xn) = (b+g+n+ 1D 'E(Xpm | Xn)

—1 Xn Xn
= (b+g+n+1)7"! {X,ﬁi}
b+g+n
J— Xn JE—
 bt+gt+n

We can apply the Martingale Convergence Theorem to (M,),>o. Thus there exists a
random variable M., < 1 such that with probability 1,

lim M, = M.

n—oo
By the Bounded Convergence Theorem (see Appendix C), we have

lim E(M,) — lim E(Mp) — —— — E(M..)

n—00 n—00 b —+ g o

We will now show that the random variable M, has a beta distribution Beta(b, g). Recall
the density f(x) for a Beta(b, g) distribution:

L'+ g)
') (g)

and 0 elsewhere. Here I'(y) is the Gamma function defined by

N1 —2)9t for0< <1

fz) =

F(y):/ v le " du .
0

Special values of the Gamma function are I'(n) = (n — 1)! for all n € N. A special case of
the beta distribution is Beta(1,1) = Uniform(0, 1).

We introduce a sequence of Bernoulli random variables (Y,,),>; defined by Y,, = 1 if the nth
ball drawn is blue and Y,, = 0 if the nth ball drawn is green. In Section 1.5, we showed
that the random variables Y, are identically distributed (but not independent!) with
P(Y,=1)= ﬁ. By de Finetti’s Theorem, if we choose a success probability p according
to a beta distribution Beta(b, g) on [0, 1], then conditional on p, the sequence (Y;,),>1 is
i.i.d Bernoulli(p). Thus, conditionally on p, by the Strong Law of Large Numbers,

< 1 n o
V,==(Yi+---4+Y,) 5 p as.,
n
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and therefore,
3, ]- n oo
Vo=-MWM+ +Y,) 25V as,
n

where Y ~ Beta(b, g). Note that

b+ (Yi+-+Y,) b+Yun

Mn: = ,
b+g+n b+g+n
and thus -
Y. _
lim M, = lim —— 2" _ im ¥, =Y as

This proves that
M, ~ Beta(b, g) .

Since Beta(1, 1) ~ Uniform(0, 1), we have the following: If the process starts with one bue
ball and one green ball, in the long run, the fraction of blue balls in Pdlya’s urn settles

down to a fraction that is uniformly distributed on the unit interval.

Exercises

Exercise 6.1. Consider a martingale (M,,),>o with respect to (X,,),>0 and nonnegative
integers

np <nNg < -+ <Nk < Ny -

Show that
IEI(M%+1 | Xy oo Xy ) = M,

Exercise 6.2. Consider a submartingale (M,,),>o with respect to (X,)n,>0. Show that
for all n, k > 0,
E(Myir | Xoy s Xn) > M,

and
E(M, ) > E(M,).

[If (M,,)n>0 is a supermartingale with respect to (X,,),>0, then each of the two inequalities

is reversed.]

Exercise 6.3. A sequence of i.i.d. Bernoulli flips with a fair coin. Slightly modify the
game from Example 6.6.1 by considering the pattern HT'T. What is the expected waiting
time E(D) until we see the pattern HT'T for the first time? Does it differ from the result
in Example 6.6.17
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Exercise 6.4. Consider a sequence of i.i.d. coin tosses with a fair coin, i.e. for each coin
toss we have P(H) = P(T) = 3. What is the expected number of tosses until we see the
pattern HHHH for the first time? Use martingale theory to answer this question.

Exercise 6.5. Consider a Markov chain (X,,),>¢ with finite state space S and transition
matrix P. Show that if f is a right eigenvector of P corresponding to eigenvalue A # 0,
then (f(X,)/A")n>0 is a martingale with respect to (X,,)n>o0-

Exercise 6.6. Consider a Markov chain (X,,),>¢ on discrete state space S and assume

a € S is an absorbing state. Consider the hitting (or first return) time 7* > 1, and define
f(@) = Po(T" < 00)
for x € S. Show that (f(X,))n>0 is a martingale with respect to (X,,)n>0.

Exercise 6.7. Consider a random variable Z and a stochastic process (X,,),>0, both
defined on the same probability space 2. Furthermore, assume E(|Z|) < co. Show that
the process (Y;,),>o defined by

Y, = E(Z| Xo, X1, 00y X,0)
for n > 0 is a martingale with respect to (X,,)n>0-

Exercise 6.8. Let X, Xy, ... be i.i.d. random variables with P(X; = 1) = % P(X; =

0) = £, P(X; = —2) = 15, and P(X; = —3) = 5. Consider random walk (S,)n>0 with

S, = 2?21 X; forn > 1 and Sy = 0. Furthermore, consider the hitting time

T = min{n : S, > 20}.
Use the Optional Stopping Theorem (justify that the conditions are satisfied!) to compute
E(T). (Hint: Theorem 4.3.2 may be useful.)

Exercise 6.9. Let X, Xy, ... be i.i.d. random variables with P(X; =1) = P(X; = —1) =
P(X; = 0) = 1. Consider random walk (S,,),>0 with Sy = 0 and S, = > | X;. Show
that the process (Y,,)n>0 defined by
T
Y, = 3sin (25,

sin { 5
for n > 0 is a martingale with respect to (X,,),>o0.
Exercise 6.10. Consider simple (symmetric or biased) random walk (.S,),>0 on Z and
fix n > 0. Show that the process (Mg )o<r<n defined by

Sn—k
n—k

is a martingale with respect to itself. (Hint: Make use of the result from Exercise 4.9.)

M, =
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Exercise 6.11 (The ballot problem, revisited). Let ¢ > d > 0. Consider an election
between two candidates, Candidate 1 and Candidate 2, in which Candidate 1 receives ¢
votes and Candidate 2 receives d votes. Corollary 4.5.7 states that the probability that,
throughout the election, Candidate 1 was always ahead of Candidate 2 is

c—d

c+d’

Use the martingale from Exercise 6.10 (for a suitably chosen n) and the stopping time

T = min{7T° n — 1} to re-prove this result.

Exercise 6.12. Let x € N. A gambler starts with a fortune of $x and makes a sequence
of $1 bets against the house which has unlimited funds. Let 0 < p < 1 and p # %
Assume that with each bet, the gambler either wins $1 with probability p or loses $1 with
probability 1 — p. The game ends at time 7° when the gambler’s fortune has reached
$0 (bankruptcy). Use the Martingale Convergence theorem to compute the probability
P(T° < o0), i.e. the probability that the gambler will eventually go bankrupt. (Hint:
Work with the martingale from Example 6.1.4 and distinguish cases.)

Exercise 6.13. Consider a Galton-Watson branching process (X,,),>0 with offspring dis-
tribution u for which we assume (0) > 0 and p(0)+ (1) < 1. Let m denote the expecta-
tion of u. We have shown in Section 6.6.3 that the process (M,,),>o with M,, = X,,/m™ is
a martingale with respect to (X,,),>0. Use the Martingale Convergence theorem to prove
that if m < 1, then with probability 1, the population will ultimately become extinct,
that is, with probability 1,

lim X, =0.

n—oo
Exercise 6.14. Consider a Galton-Watson branching process (X,,),>o with offspring dis-
tribution g for which we assume p(0) > 0 and w(0) + p(1) < 1. Let m denote the

expectation of u, and assume m > 1 (the process is supercritical).

(a) The probability generating function f of u has a unique fixed point eq in the open
interval (0,1) (recall Figure 5.2). Consider the process (M, ),>¢ defined by M, =

eé{". Show that (M,,),>0 is a martingale with respect to (X,,)n>0-

(b) Use the Martingale Convergence theorem to re-prove that ey is the probability
of ultimate extinction for the branching process (X, )n>0. (Hint: Here, taking
lim E(M,) = E(My) = E(M) is justified by the Dominated Convergence the-
n—oo
orem; see Theorem C.3.3.)
Exercise 6.15. Recall Pdlya’s urn model discussed in Section 6.6.4. We starts with b

blue balls and ¢ green balls. Let X,, denote the number of blue balls in the urn after n
steps.



FExercises 211

(a) If, at each step, instead of one ball we add ¢ > 1 balls of the same color that was
drawn, is the fraction of red balls in the urn after n steps still a martingale with

respect to (X;,)n>0?

(b) Further modify the urn process by not only adding ¢ > 1 balls of the same color
that was drawn, but by also adding d > 1 balls of the opposite color at each step.
Is now the fraction of blue balls in the urn after each step a martingale with respect
to (Xn)n>07

Exercise 6.16. Consider an urn that initially contains a number b of blue balls and
a number g of green balls, so in total n = b+ g balls. We perform sampling without
replacement from this urn. Clearly, the probability of drawing a blue ball with the first
draw is ﬁ. You play a game by which you choose a time 7" € {0, 1, ....,n—1} and predict
that the (T + 1) draw will yield a blue ball. If the (T + 1)*™ ball is indeed blue, you win
the game. The time 7" has to be a stopping time. So in making your choice of T, you are
allowed to use any information gained from observing the process up to that time. Is it
possible to devise a strategy for choosing T' that increases your initial probability of ﬁ
of correctly predicting “blue” for the (7' + 1) draw?

Exercise 6.17. Recall that a function f: R — R is called convez if

flox+ (1= a)y) < af(x)+ (1 —a)f(y)

for all z,y € R and for all a € [0,1]. If “<” is replaced by “>” in the above inequality,
the function f is called concave. Consider a martingale (X, ),>o and a function f on R
with E|f(X,,)| < co for n > 0. Show that if f is convex, then the process (f(X,))n>0 is

a submartingale, and if f is concave, then (f(X,))n>0 is a supermartingale.



Chapter 7

Reversibility

7.1 Time reversal of a Markov chain

Consider a positive recurrent (not necessarily irreducible) Markov chain (X,,),>0 with
state space S and a strictly positive stationary distribution 7 for the chain. Assume that

the Markov chain starts in w. Let P,, for x,y € S be the one-step transition probabilities

of the chain. Fix a time N > 0. The time reversed process (X, )o<n<n is defined by
X, =Xn_n
for 0 < n < N. The time reversed process is also a Markov chain. Indeed, we have
P(XkH =y Xo =10, X1 =21, 00, Xp1 = Tp_1, X = x) (7.1)

= P(Xy-k1=y|Xn =20, Xpm1 =21, o0, X\N—kt1 = Tpm1, XNk = T)

PXn-k1=Y XNt =2, XNkt1 = Th-1y-.rs Xn—1 = 1, XN = Zp)

P(Xn_t =2, XN_kt1 = Th—1, e, X1 = T1, Xy = T0)

W(y)Pya; P(XN =20, X1 = T1, 0, XN_ky1 = Tp—1 |XN—k = IE)
T(2)P(Xn = 20, Xpo1 = @1, ooy X1 = T | Xvop = @)

m(y)

=

The above shows that the conditional probabilities (7.1) for the time reversed process
are independent of the past of the trajectory (if we consider time k the present), that is,
independent of Xn for n < k. Thus the time reversed process (Xn)ogng ~ is a Markov

chain, and its one-step and, by induction, its n-step transition probabilities are

D ﬂ-(y) DN 7T(y> n

212
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Note that in case (X,),>0 is reducible, the transition probabilities pxy, x,y € §, do not
depend on the particular choice of 7 (see Exercise 7.3). And if the original transition prob-
abilities P, x,y € S, define an irreducible Markov chain on S, the transition probabilities
ny also define an irreducible Markov chain on S. Indeed, take any z,z € §. Then either
P., > 0 or there exists n > 2 and yi,...,yp—1 € & such that P, , Py, ,,--- Py, . > 0.

Hence we have

7T<z) P W(yl)P ﬂ-(ynil)P = Pythy%yl e Pz,yn—1 < p;:z

7r(y1) Z,y1 7T(y2) Y192 " W Yn—1,T

which shows irreducibility of the Markov chain (X,,),>0, which we refer to as the time

0<

reversal of (X,)n>0. Furthermore (X,),>o and (X,),>o have the same stationary

distribution m:

S wla) Py = 3 wl) S P = ) 3 P

€S €S €S

Note that the transition matrix for the time reversal chain is
P=D'P'D

where P! denotes the transpose of P and D is the diagonal matrix D = diag(w (1), ..., 7(n)).

Proposition 7.1.1. Let (X,,)n>0 be an irreducible, positive recurrent Markov chain

with stationary distribution m, and assume Xo ~ w. Consider its time reversal
()N(n)nzo with Xo ~ 7. Then for alln > 1,

(X0, X1, 00y X)) ~ (X ooy X1, X)),
that is, for allm > 1 and for all x; € S,

P(Xo =y, X1 =21, ..., Xy =12,) = ]P’(f(o = )~(1 = Tp_1, ey Xp = Tg)

The proof is straightforward verification.

Example 7.1.1 (Biased random walk on the discrete cycle). Consider random walk on
the discrete cycle Zy = {0,1,....,.d—1}. Let 0 <p < 1 and p # % At each time, the walk
takes one step clockwise with probability p or one step counter-clockwise with probability

1 — p. Thus the transition probabilities are

pk,k+1 = P = Pdfl,O for k = O, 1, d— 2, and
Pog1= 1—p =Py fork=12..,d-1 ’
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and zero otherwise. The stationary distribution is uniform distribution on Z,. The time
reversed chain has transition probabilities

Pegpn= 1l—p =Py fork=0,1..,d—2, and
Pgd,1: P :pk,kfl fork:1,2,...,d—1 ’

and zero otherwise. We see that here the time reversal is random walk on Z; that takes

steps with “opposite bias” compared to the original chain. [l

7.2 Reversible Markov chains

Markov chains for which the time reversal has the same transition probabilities as the

original chain often are of special interest. We call such Markov chains reversible.

Definition 7.2.1. Let (X,,)n>0 be a Markov chain on (finite or countably infinite)

state space S. If there exists a positive probability measure m on S for which
w(z)Pyy = m(y) Py, forall z,y,€ S, (7.2)

we call the Markov chain reversible with respect to m. Equations (7.2) are called

the detailed balance equations.

. J

Note that the detailed balance equations (7.2) are equivalent to the conditions
P, = ny forall z,y € S,
and so, for a reversible Markov chain, we have
P=P=D"'PD

where P! denotes the transpose of P and D = diag(n(1), ..., 7(n)).

Lemma 7.2.1. If a Markov chain (X,),>0 is reversible with respect to a positive
probability measure m, then mw is a stationary distribution for the Markov chain.

Hence the Markov chain s positive recurrent.

Proof. Summing over z on both sider of Equation (7.2) yields
Z 7T(£L‘)ny = Z W(Q)Pya} = W(y)
€S €S
which shows that 7 is a stationary distribution. The existence of a strictly positive

stationary distribution implies positive recurrence of the chain. O
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By Proposition 7.1.1, for a reversible chain (X,,),>o that starts in stationary distribution

m, for any n > 1 and zg, 21, ...,x, € S, we have
P(Xo =20, X1 =21, .., Xpn =2,) =P(Xog =2, X1 =21, ..., Xpy = 0),
that is, we have equality of the joint distributions
(Xo, X1,y Xp) ~ (X, ooy, X3, Xo)

Observing a reversible chain as it unfolds, we cannot tell, probabilistically speaking,

whether time runs forward or time runs backward.

Remark 7.2.2. FEquations (7.2) often lead to a manageable recursion for the com-
putation of the stationary distribution m of an irreducible, positive recurrent, and
reversible Markov chain. However, if the Markov chain is not reversible (and of
course this applies to many Markov chains) and/or not positive recurrent, then the
system of equations (7.2) will not have a positive solution that can be normalized to
a probability distribution ™ on S.

Vice versa, equations (7.2) are often used to construct a Markov chain (i.e., its
transition probabilities) that has a desired stationary distribution w. This is relevant
for the construction of Markov chain Monte Carlo algorithms which are the subject
of Chapter 9.

Example 7.2.1. Biased random walk (with p # %) on the discrete cycle Z4 is not re-
versible (see Example 7.1.1). Symmetric random walk (with p = $) on Zg is reversible.
O

Symmetric random walk on Z,; is an example of a Markov chain that has a symmetric
transition matrix P. Any finite-state Markov chain with symmetric transition matrix P

is reversible with respect to uniform measure on its state space S.

Example 7.2.2 (Random walk on a weighted graph is reversible). Let G(V, E) be a
connected, finite graph and C' : E — R* a weight function defined on the edge set E.
We will write C'(v,w) instead of C'({v,w}). We have introduced random walk on G(V, E)
with weight function C' in Section 1.5. Let C'(v) = Z C'(v,w). Recall that for two

wiwn~v

vertices v, w € V, the one-step transition probability is defined by

P,, = if w~w,
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and is zero otherwise. Let Cg = Z C(w). Consider the distribution 7 on V' defined by
weV

forveV.

Since ) oy CC(”) = 1, the distribution 7 is a probability distribution. We also verify that

the detailed balance equations hold for all v,w € V:
C(v) Clv,w) C(w)C(w,v)
CG C(U) - CG C’(w)

This shows that 7 is the unique stationary distribution, and that random walk on the
weighted graph G(V, E) with weight function C' is reversible. Since simple random walk
on a graph G(V, E) is a special case (corresponding to weight function C' = 1), simple

random walk on a graph is reversible. 0

The following theorem gives an alternate criterion for reversibility of an irreducible Markov

chain. Note that it does not require knowledge of the stationary distribution.

Theorem 7.2.3 (Kolmogorov’s loop criterion). Let (X,,),>0 be an irreducible, pos-
itive recurrent Markov chain with state space S. Then (X,)n>0 s reversible if and
only if the product of the one-step transition probabilities along any finite loop is the
same as the product of the one-step transition probabilities along the reversed loop,

that is, if for any n > 2 and any states iy,13,...,1, € S,

Pil 482 Pi2,i3 o

.P.

in—1,in

Pinm ‘P’Ll 'Ln‘P'Ln in—1 " " Pi27i1 (73)

holds.

Proof. Assume (X,,),>0 is reversible. Then P, ; = J )P for all 7,5 € §. Replacing each
factor P;; on the left hand side of (7.3) with = alh )) P ylelds the right hand side of (7.3).
Conversely, assume that (7.3) holds. Then

E R1 12P22 g3z o Pin—hinpimh = E : PZ1 2an i 1"'Piz7i1

12,..., in—1 12,..., in—1

from which we get
= P P 1

11,in in,t1

pPip,

11,0n " tn, (51

It follows that for all n > 1 and =,y € S we have

P Py, =P"P,,. (7.4)
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Let 7 denote the stationary distribution of the Markov chain. Taking the limit of the
Césaro averages on both sides of (7.4) yields

i 0SSP R = 1) = i 3PPy = 7o)
which shows reversibility of the chain (X,,)n>0. O

Note: Kolmogorov’s loop criterion (7.3) may also be satisfied for a null recurrent Markov
chain which has (necessarily) infinite state space S. And the detailed balance equations
(7.2) may have a positive solution, but this solution then cannot be normalized to a
probability distribution 7 on §. As an example, consider simple symmetric random walk
on Z which is null recurrent. There is no stationary distribution. But the loop criterion
(7.3) clearly holds. The detailed balance equations (7.2) have solution 7(x) = ¢ for any
c>0.

Example 7.2.3 (Birth/death chains are reversible). Consider an irreducible, positive
recurrent birth/death chain. Without loss of generality we can take & = {0,1,...,n} in
case S is finite, and S = Ny in case S is infinite. Consider a finite loop 1 = 20 — -+ —
x, — 1. Since for an irreducible birth/death chain P,, # 0 if and only if |z —y| =1, we
may assume |ry — 11| = 1 for 1 <k <n—1and |z, —z] = 1. (Otherwise, both sides in
(7.3) are 0.) But for any loop 1 — x93 — + -+ — x, — x1 with this property, the reversed
loop 1 — z, — -+ — x2 — x1 must make the same collection of one-step transitions as
the original loop, possibly some of them at different times than the original loop. For this
reason, equality (7.3) is satisfied, and it follows that any irreducible, positive recurrent
birth/death chain is reversible. The detailed balance equations (7.2) give a recursion for

computing the unique stationary distribution . 0

7.2.1 Linear-algebraic interpretation of reversibility

Let S be a finite state space which we identify with S = {1,...,n}, and consider the real

vector space V' = R" consisting of all functions
f:S—R.

Let 7 be the stationary distribution of an irreducible Markov chain (X,,),>0 on & with
transition matrix P. The corresponding Markov operator M : V' — V is the linear

operator defined by

M(f)=Pf = (Z ij(ﬁ)
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where we identify f € V with a column vector. We can define an inner product (-,-), on

V by
(f,9)= =) f@)g(x)r(x) for fgeV.

€S

Lemma 7.2.4. The Markov chain (X,)n>0 is reversible if and only if the corre-
sponding Markov operator M s self-adjoint, that s, if and only if

Pf.g)x=(fPg)x (7.5)

forall f,ge V.

Proof. Assume (7.5) holds and apply (7.5) to the functions f = 1y and g = 1y for
i 7§ j Since Pf = (Pki)lgkgn and Pg = (ij)lgkgn, we get

(Pf,g)r = P (j) = ([, Pg)x = Piym(i)

which are the detailed balance equations (7.2), and so (X,,),>0 is reversible.

Conversely, assume (X,,),>¢ is reversible. We have

(Pf,g)r = Z(ZRM@) g(i)m (i)

i=1 \j=1

= > Pyif()g(i)m(i)

i,j€S

= 3 Pf(Ge(m()
1,jJES
-y (z Pﬁ-gu’)) (i) = {f. Pg)s

for all f,g € V, and so M is self-adjoint. ]

We often need to understand the eigenvalues of the transition matrix P. The importance
of the reversibility condition stems from the Spectral Theorem for self-adjoint operators
on a finite-dimensional inner product space. We quote a version of this classical theorem
for real vector spaces.

Theorem 7.2.5 (Spectral Theorem). Let V' be a finite-dimensional real vector space
with inner product (-,-) and T :' V — V a linear operator. Then T is self-adjoint if

an only if V' has an orthonormal basis consisting of eigenvectors of T'. In particular,

for a self-adjoint operator T, all eigenvalues are real valued.
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If a given Markov chain (X, ),>0 is not reversible, it is often helpful to work with a modified
version of (X,,),>o that is reversible. See Exercise 7.4 for possible “reversiblizations” of a

Markov chain.

Exercises

Exercise 7.1. Consider an irreducible, positive recurrent birth/death chain (X, ),>o and

its stationary distribution m. Verify that the detailed balance equations hold for .

Exercise 7.2. Let (X,,),>0 be a Markov chain on state space S that is reversible with
respect to a positive probability measure m on §. Fix ky € N. Show that the Markov
chain (Y},)n>0 defined by Y,, = X, is also reversible with respect to 7.

Exercise 7.3. Consider a positive recurrent Markov chain (X,,),>0 on state space S and

a strictly positive stationary distribution 7 on §. Assume the chain is reducible.

(a) Show that the transition probabilities pxy, x,y € §, for the time-reversal chain

(X)n>0 do not depend on the choice of 7.

(b) Show that (X, )n,>o has the same class structure, i.e. the same irreducible closed

classes, as the original chain (X,,),>o.

Exercise 7.4 (Additive and multiplicative reversiblizations). Let (X, )n,>0 be an irre-
ducible Markov chain on finite state space & with stationary distribution 7 and transition
matrix P. We assume that (X,,),>0 is not reversible. Let P be the transition matrix of

its time reversal.

(a) Show that the matrix PP defines the transition matrix of a reversible Markov chain

on §. This chain is called the multiplicative reversiblization of (X,,),>0.

(b) Show that the matrix 3 (P + P) defines the transition matrix of a reversible Markov

chain on §. This chain is called the additive reversiblization of (X,,),>o0.

Exercise 7.5. Let (X,,),>0 be an irreducible Markov chain on finite state space S with

stationary distribution 7 and transition matrix P. Consider the diagonal matrix D =
diag(w(1), ..., m(n)) and its square root Dz = diag(y/7(1), ..., \/7(n)). Define the matrix

P=D:PD 2.

Show that (X, ),s is reversible if and only if P is a symmetric matrix.



Chapter 8

Markov Chains and Electric
Networks

8.1 Reversible chains and graph networks

We have introduced random walk on a weighted graph in Section 1.5. In Example 7.2.2,
we showed that random walk on a weighted graph is reversible, and we computed the sta-
tionary distribution. Conversely, any reversible Markov chain can be viewed as a random
walk on a weighted graph: Assume (X,,),>0 is an irreducible and reversible Markov chain
with state space & and stationary distribution 7. In order to frame this Markov chain as
a random walk on a weighted graph, we view S as the vertex set V' of a graph G(V, E).
Let z,y € §. As a consequence of reversibility, if P, > 0, then P, > 0, and

W(Q?)ny = ﬂ-(y)Pyx .
We take {z,y} € £ <= P,, > 0, and we assign weight
Clx,y) = () Poy

to the edge {x, y}. We can directly verify that random walk on the so constructed weighted
graph yields the same transition probabilities P as the ones for the Markov chain (X,),>0.

Viewing a reversible Markov chain as a random walk on a weighted graph allows us to
interpret the process as an electrical network. In taking this analogy further, we can apply
familiar laws from physics about voltage, current, resistance, etc. to the study of random
walks on graphs. This often turns out very useful for computations. The electric network

interpretation of random walks on graphs is the central focus of this chapter.

220
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Definition 8.1.1. Let G(V, E) be a connected graph and C' : E — R a positive
function on the edge set E.

e We call G(V, E) together with the function C (i.e., the weighted graph) a
network and denote this network by (G,C).

o We refer to the value C(z,y) as the conductance of the edge {x,y}, and to
1

the value R(z,y) = C(x,y)~"' as the resistance of the edge {z,y}.

o Let G*(V*, E*) be a subgraph of G(V, E) and C* = C|g~ the restriction of C
to E* C E. We say (G*,C*) is a subnetwork of (G,C).

. J

Notation. We will use the following notation: We will often write x ~ y for {z,y} € E,
and set
C(z) = ZC(m,y) forx eV,
y~a
and

Co=>» Clx).

zeV
Note that for the special case of C' =1, we have C(z) = deg(x) and Cg = 2|E].

Example 8.1.1. Consider an irreducible Markov chain (X,),>o on state space S =

{a,b,c,d,e, f} with transition matrix

O O Nkolr O O
O gl O o= O Gk

N O O O O
N O N OO ol

N O N O e O
O gy O wo o= O

A straightforward computation yields the stationary distribution 7 = (35, 75, 76 330 337 35)-

We also verify that the detailed balance equations
m(z) Py = m(y) Py, foralz,yeS
hold, so (X,,)n>0 is reversible. Setting
Clx,y) = m(x)Pyy,

we get the corresponding network (or weighted graph) as shown in Figure 8.1 with edge
conductances C(z,y) marked in blue. The given Markov chain (X,,),>¢ is random walk

on this graph network. O
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1
16
Figure 8.1

8.2 Harmonic functions

Let S be a discrete space, (X,,),>0 @ Markov chain with state space S, and f a function on
S. Recall Definition 6.5.1 for discrete harmonic functions: We say f : S — R is harmonic
atx € S if

f(x) :pryf(y);

yeS
that is,we have f(z) = E(f(X,u41)| Xn = ). If A C S and f is harmonic at each z € A,

we say f is harmonic on A.

Proposition 8.2.1 (Superposition principle). Let (X,,)n>0 be a Markov chain with
state space S and A C S. Let f and g be two functions on S which are harmonic

on A. Then for any constants o, f € R, the function af + 8¢9 is also harmonic on

A.

The proof of Proposition 8.2.1 is straightforward and left as an exercise. The notion of
harmonicity of a function plays a major role in this chapter. We start by collecting a few
basic facts about harmonic functions. First, recall Theorem 6.5.2. It states that for an
irreducible and recurrent Markov chain, any function f that is harmonic everywhere on S

must be a constant function.

Definition 8.2.1. Let (X,,),>0 be a Markov chain on state space S and W C S a
non-empty subset. Let fyy : W — R. A function f: S — R is called a harmonic
extension of fy to S if fw and f agree on W and f is harmonic on S\ W.




8.2. HARMONIC FUNCTIONS 223

Proposition 8.2.2 (Maximum principle). Let (X, ),>0 be an irreducible Markov
chain on finite state space S. Let W C S be a non-empty subset and f a function
on S that is harmonic on S \ W. Then there exists w € W such that f(w) =

maXgzes f(&?) :

Proof. Let b = max,es f(z) and consider the set B = {2z € S : f(z) =b}. Let 2y € B. If
zp € W, there is nothing to prove. Assume zy € S\ W. Fix wy € W. Since (X,,)n>0 is
irreducible, zy leads to wy, so there exists a sequence of states zq, ..., z,, with z, = wy for
which P,,., >0, P.,., >0,..., P, .. > 0. Let kg = min;<x<,{k : 2 € W}.

Since f is harmonic at zy, we have

f(z0) =b= Z Py f(y). (8.1)

yesS
Assume that for at least one y € S for which P,,, > 0 we have f(y) < b. But then (8.1)
leads to the contradiction b < b. Hence we dismiss the assumption and, in particular,
get f(z1) = b. Applying the same argument to f(z1), ..., f(2k,—1) (which is valid since
21y 2ko—1 € S\ W), we arrive at f(zx,) = b. Since we assumed zj, € W, the claim is
proved. O

Proposition 8.2.3 (Uniqueness principle). Let (X,,)n>0 be an irreducible Markov
chain on finite state space S and let W C & be a non-empty subset. If fi and
fa are two functions on S that are both harmonic on S \ W and agree on W (so

fi(w) = fa(w) for allw € W), then

fhi=1Fa.

Proof. Consider the function f; — fo which is 0 on W and harmonic on S \ W. By the
Maximum principle, (fi — f2) < 0 on S\ W. Reversing the roles of f; and fo, we get
(fo— f1) <0. It follows that f; = f, on S. O
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Proposition 8.2.4 (Existence). Let (X, )n>0 be an irreducible Markov chain on
finite state space S and let W C S be a non-empty subset. Let fyr : W — R be a
function on W, and consider the hitting time T = min{n >0 : X,, € W}. Then
the function f:S — R defined by

f(@) = Eu[fw(Xew)] forzeS

is the unique harmonic extension of fw to S.

Proof. Clearly, for w € W, f(w) = E,[fw(Xo)] = fw(w), so f and fy agree on W.
We need to show that f is harmonic on S\ W. Let x € S\ W and assume X, = x.

Conditioning on the state the Markov chain is in at time n = 1, we get

f(@) = Eg[ fw (Xqw)] Z Bl fw (Xrw) | X1 =y].
yeS
By the Markov property, E,[fw (Xyw) | X1 = y] = Ey[fw (Xypw)] = f(y) for all y € S,
and so we have

:Znyf(y) forallz € S\ W

yeS
which shows that f is a harmonic extension of fy to §. Uniqueness of f follows from the

uniqueness principle. O

Example 8.2.1. Consider simple random walk on § = {0, 1, ..., N} with reflecting bound-

aries at 0 and at N whose transition graph is shown in Figure 8.2.

1 p p p
OO - <)
~_

1—p 1—p 1-p 1
Figure 8.2

Let W = {0,N} and define fy(0) = 1 and fi (V) = 0. Then the unique harmonic

extension of fy to S is
Fk) = Bl for (Xqpw)] = Pe(T° < TV)  for1<k<N-—1.

The function values f(k) are the gambler’s ruin probabilities (see Section 4.4). O
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8.3 Voltage and Current

Throughout this section we assume that G(V, E) is a finite, connected graph that has no

self loops.

s ~

Definition 8.3.1. Let (G,C) be a finite, irreducible network with vertex set V.
Consider two vertices a,b € V. A function ® on V' that is harmonic on V' \ {a, b}
is called a voltage on (G,C). If ®(a) > ®(b), we call a the source and b the sink
of the network.

Note that by the results from Section 8.2, for given boundary values ®(a) and ®(b), a
voltage exists and is unique. We can interpret (G, C') together with a voltage on it as an
electric circuit where electricity flows along its weighted edges (i.e., conductors between

vertices with given resistances) according to known laws of physics.

Definition 8.3.2. Let (G,C) be a finite, irreducible network and a,b € V. A flow
from a to b is an anti-symmetric function I on the oriented edges of (G, C), that

I(x,y) = —1(y,x) for {x,y} € F, (8.2)

for which Kirchhoff’s node (or Kirchhoff’s current) law holds for all x €
V'\ {a, b}, that is, we have

Z I(z,y) =0 forall z € V'\ {a,b}, (8.3)

Yy~

and

Z I(a,y) > 0.

yiy~a

Definition 8.3.3. Given a voltage ® on (G,C), its current flow Ig is the flow
defined by

for {z,y} € E. (8.4)
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matches Ohm’s law for electrical circuits which states that the electrical current between
two nodes equals their potential difference divided by the resistance of the conductor that

connects them.

Notes: (1) For any flow I from a to b on a network (G, C'), the antisymmetry property

on oriented edges implies

> (Z f<w>) = 3 [(wy) +I(y,2)] = 0. (8.5)

{z,y}€FE

(2) Kirchhoff’s node law indeed holds for the current flow I3 associated with a voltage ®

on a network: For all vertices x € V' \ {a, b}, we have

> i) = X D 0w Y T in) - o)

7)

yy~z Yy~ Yy~
Yy~ Yiy~T

= CO(2)[®(z) — B(z)] = 0.

(3) A current flow does not change if we add the same constant ¢ to the boundary values
®(a) and ®(b) (which then adds ¢ to the resulting voltage on V). For this reason, we
can take one of the boundary values to be 0 and the other to be positive. Without loss
of generality, we will assume ®(a) > 0 (which makes a the source) and ®(b) = 0 (which
makes b the sink). Since the network is irreducible, by Proposition 8.2.4, at least one

neighboring vertex of a has voltage strictly smaller than ®(a). Therefore, at the source a,

> Is(a,y) > 0. (8.6)

yy~a

Definition 8.3.4. Let I be a flow from a to b. We call ||I|| = Z I(a,y) the
yiy~a
strength of the flow I. If ||I|| = 1, we call the flow I a unit flow.

By (8.6), for a current flow I, we have
Hall >0,
and by (8.3), (8.5), and (8.6), we have at the sink b,

> Ie(by) = —|ls] <0.

y:y~b
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Proposition 8.3.1 (Probabilistic interpretation of voltage I). Let (G, C) be a finite,
wrreducible network, and consider random walk on the network. Let a,b € V. Then
for all z € V' and for the given boundary values ®(a) = 1 and ®(b) = 0, the voltage
O(x) at x is

d(z) = P, (T* < T?)

for the random walk on (G, C).

Proof. Let W = {a,b}. By Proposition 8.2.4, the unique voltage ® at x is
O(z) =1-P(TV =a) +0-P(TV =b) =P (T* < T").
(Note: Example 8.2.1 shows a special case.) O

Next, we are interested in the probabilistic meaning of current flow. For this, we will

consider the random variable

Tb—1

Vi =Y 1, (8.7)
k=0

which is the number of visits to state 2 before the chain visits b for the first time. We

will assume that the chain starts in state a and will use the notation

(@) = Ea(Vps) -

Proposition 8.3.2 (Probabilistic interpretation of current). Let (G, C) be a finite,
irreducible network, let a,b € V, and consider random walk (X,,)n>0 on the network
that starts at vertex a. Let ® be a woltage on (G,C) with source a and sink b.
For any edge {y,z} with y,z # b, the current flow Ig(y, z) is proportional to the
expected number of directed edge crossings between y and z, that is, the
expected number of crossings from y to z minus the expected number of crossings
from z to y before the chain visits state b for the first time. More precisely, for a
given voltage ®, there exists a constant ce such that for every y,z € V' \ {b} with

Yy~ z

LID(y7 Z) = Cop [U(y>Pyz - U(Z)sz] : (88)
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Proof. Note that v(b) = Eq(V5) = 0. Let « # b. If we modify the random walk by

changing b into an absorbing state, then in the notation of Section 2.3, we have
v(z) = (V)aaw

that is, v(x) is the (a,z)-entry in the fundamental matrix V for the transition matrix P
of the modified chain. Recall that V(I — Q) =1, and so

VQ=V 1. (8.9)
For = # a, we get for the (a, x)-entry of the matrix defined by either side of (8.9),
Z(V)mywa = (V)G,IE7 and so Z yg: - U ) (810)
yev yeV

Because of the reversibility of the random walk on (G, C'), we have C(z)P,, = C(y)F,
Substituting P, = P,,C(z)/C(y) in (8.10) yields

vx) _ v(y)
Clo) ~ 2 Gy

which shows that the function

d(z) = gi?) forz eV (8.11)

is harmonic on V' \ {a,b}. It is the unique voltage corresponding to the boundary values

d(a) = 2<(C;>> and ®(b) = 0. The current flow I for this voltage is

I(y.2) = (By) - (=) Cly,2)

_ C(y, z) C(z,y)

This shows that for the specific voltage (8.11) and any edge {y, z} with y, z # b, the flow

I3(y, z) (which takes direction into account) is equal to the expected number of directed

= U(y) Pyz _U(Z) sz'

edge crossings [v(y) P,. — v(z) P,,] before time T".

Now consider any voltage ® with given boundary values ®(a) > 0 and ®(b) = 0. Define
¢y = ®(a)/®(a). By the Superposition principle (Proposition 8.2), we have ® = co ® on
V', and hence Iy = cg I3 on the directed edges of the network. This proves (8.8). ]

Corollary 8.3.3. For a given finite, irreducible network (G,C'), the current flow
corresponding to the voltage ® defined by (8.11) is the unit current flow. That is,

gl =1.
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Proof. By Proposition 8.3.2, ||I;]| = >

random walk leaves state a minus the expected number of times the random walk enters

o 13 (@, 2) is the expected number of times the
state a, before hitting state b for the first time. This number must be 1, since the walk

starts in a, and afterwards, for each time the walk returns to a, it will leave a. n

We now turn to the computation of <i>(a). We will denote by &, the voltage resulting from
the boundary condition ®;(a) = 1 and ®1(b) = 0, and we will denote by I; the current

flow resulting from ®;.

s ~

Lemma 8.3.4. Let (G,C) be a finite, irreducible network and a,b € V.. With the

above notation,

®(a) = H[11H . (8.12)

Proof. Note that multiplication of a voltage results in multiplication of the resulting

current by the same factor. Thus

ba)  Di(o)
el (Ml
Since [|I3]| =1 and ®,(a) = 1, we have (8.12). O

The previous discussion yields the following, second interpretation of voltage.

Proposition 8.3.5 (Probabilistic interpretation of voltage II). Let (G,C) be a
finite, irreducible network. Consider two distinct vertices a,b € V' and random walk
on the network starting at a. Let ® denote the voltage on'V defined by the boundary
values ®(b) = 0 and ®(a) > 0 chosen such that the corresponding current flow is

the unit current flow. Then

for all z € V (8.13)

where V%, is the number of visits to state x between (including) times 0 and T" —1.

As an immediate corollary of Proposition 8.3.5, we get the following identity for the

expected hitting time of a state b:
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Corollary 8.3.6. Consider random walk on a finite network (G, C) and two distinct
vertices a,b € V. Then

Eo(T") =Y ®(z)C() (8.14)

zeV

Example 8.3.1. Consider random walk on the network shown in Figure 8.3. Notice
that this network is a scaled version of the network in Figure 8.1. We have scaled the
conductances, but the resulting Markov chain is still the same as in Example 8.1.1.
Compute (a) Py(T* < T°), (b) Eo(V}), and (c) Eo(V4,).

Figure 8.3

If we apply unit voltage at vertex a and zero voltage at vertex b, we get the voltages at
the rest of the vertices as marked in Figure 8.4.

Di(c) =312 ®(f) =15

1
2

Oi(d) =31 ®y(e) = 102

Figure 8.4: Voltages associated with the network in Figure 8.3

(a) By directly reading off the voltage at vertex d in Figure 8.4, we have

197
Py(T* < T") = ®1(d) = —— ~ 0.80.
a(T* <T7) = ®1(d) = 5~ ~ 0.80
(b) First, we compute the strength of the flow. It is
1731 197 137
L =1 La,d)=(1——=)=+(1—=—2)2= —.
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By (8.11) and (8.12), we have

1
C’(a) (a> - mu

3
S~—
K

from which we conclude that

247
E.(V7) = L|| =3—~=541.
(Vi) = C@)/ Il =355 ~ 5

(c) If the walk starts at vertex a, then the expected number of visits to vertex d before

time T is
7,197 247

5)(§7>(E> ~ 5.03.

E.(Vis) = C(d)®1(d)/ || L] = (

8.4 Effective resistance

Let (G,C) be a finite, irreducible network and a,b € V. Let ® be a voltage on V with
given boundary values ®(a) > 0 and ®(b) = 0. Recall that the total flow at vertex a is
equal to ||/g]| > 0, so in continuing with the physics analogy, electricity is flowing out of
vertex a and into the network. By Kirchhoff’s law, for any vertex 2z € V'\ {a, b}, the total
flow at x is 0. Thus at vertex b, the total flow is —||I3||. The same amount of electricity

that flows into the network at vertex a flows out of the network at vertex b.

Definition 8.4.1. Let (G, C) be a finite, irreducible network, and let ® be a voltage
on V' with source a and sink b. We define the effective resistance Reg(a,b)

between a and b by

®(a) — @(b)

Fe:9) = L

(8.15)

Analogously, the effective conductance Ceg(a,b) between a and b is defined by

Ceff(a, b) = Reff(a, b)il .

Notice that the quotient in (8.15) does not depend on the specific voltage ®. Hence
Reg(a,b) is determined by the properties of the network (G, C) alone, and it can be

computed from any voltage, say from @4, as in the following proposition.
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Proposition 8.4.1. Let (G,C) be a finite, irreducible network, and let a,b € V.
Consider the voltage ®; on V' with boundary values ®1(a) =1 and ®1(b) = 0, and
let I be its flow. Then

1
Rea(a,b) = 7 and - Can(at) = 1]

Interpretation of effective resistance: Imagine a second, small network consisting of
only the two vertices a and b and a single edge {a,b} with conductance Cyg(a,b) (and
therefore resistance Reg(a,b)). If we apply the same voltage to a and b in both networks,
the resulting current out of a and into b will be the same in both networks. Equivalently,
we can say that Reg(a,b) is the difference in voltage at a and at b that is needed in order

to create a unit current flow from a to b in the network.

We can now establish a connection between effective resistance and escape probabilities.
Assume the random walk on the network starts at vertex x, and y is another vertex,
distinct from z. We call the probability P, (7% < T%), i.e., the probability that the walk

will visit y before it returns back to x for the first time, an escape probability.

Proposition 8.4.2 (Escape probability). Let (G, C) be a finite, irreducible network,

let x,y € V be two distinct vertices, and consider random walk on the network. Then

1 _ Cegr(z,7)
C(z) Ret (2, y) Clz)

P, (TY < T%) =

Proof. We define a voltage ®; on V' with ®;(x) = 1 and ®,(y) = 0. The strength of the

associated current fow is

1Ll = ) (@i(2) = 2u(2)Clw,2) = ) (1= €1(2))C(z,2)

ZiZ~NVIT Z.2~T

= C(x)— Z Dy (2)C(x,2) = C(x) (1 _ Z @1(2)06((:15;5'))

2T Ziz~T

= C(2) (1 -> qu>1<2)> = C(2)P,(TY < T").

Since Reg(x,y) = 1/||11]], it follows that

1

P, (TY < T%) = S OTPER
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Example 8.4.1. We continue Example 8.3.1. It is random walk on the network shown

137
247"

and we get for the escape probability,

in Figure 8.3, for which we have computed ||I;] = Hence the effective resistance

247

between a and b is Reg(a,b) = 1377

2 137
P (T° < T = (2) ~

— =~ 0.22.
57247

O

When computing the effective resistance (or effective conductance) between two vertices,
it is often helpful to simplify the network, without changing voltages and currents

in the network. Towards this end, we can apply any of the following four simplifications:

(1) Series law (resistances in series add): Let a # b. We would like to replace
the two edges {a,v} and {v,b} with common endpoint v and with respective resistances
Ry = R(a,v) and Ry = R(v,b) by a single edge {a, b} with resistance R, without changing

the current flow.

Ry
Ao Ao

Figure 8.5: Series law

We assume the voltages ®(a) and ®(b) are the same for both networks. By Kirchhoft’s
law, [ = I(a,v) = I(v,b) in the above network. We would like the modified network to

have the same flow I. By Ohm’s law,

which yields
RilI+RyI=RI,

from which we get

R=Ri+R,.



8.4. EFFECTIVE RESISTANCE 234

(2) Parallel law (conductances in parallel add): Here we have two distinct edges
with same endpoints a and b and with respective resistances R; and Ry (and respective
conductances Cy and Cy). We would like to replace the two edges with a single edge {a, b}
with resistance R (and conductance C'), without changing the current flow.

Again, we assume the voltages ®(a) and ®(b) are the same for both networks. Here the

current flow at vertex a is

]: p—
R R
From this we compute
11 n 1
R R R,
and so
R L + L) d C=0C+C
= =+ = an = )
TR 1 2

Ry

Figure 8.6: Parallel law

(3) Combining vertices that have the same voltage: If two or more vertices (none
of them being vertices a or b) have the same voltage, they can be combined into one
single vertex (while keeping all existing edges, with the exception of any resulting self-
loops that may be deleted) without changing Reg(a,b). This follows from the fact that
combining vertices of equal voltage will not change the voltages at the rest of the vertices,
and therefore will not change the the strength of the current flow from a to b. Exercise
8.10 asks the reader to verify this.

(4) Deleting an edge whose end-vertices have the same voltage: If two vertices
(neither of them being vertices a or b) have the same voltage, any edge between them
can be deleted without changing Reg(a,b). This follows from the fact that deleting such
an edge will not change the voltages in the network, and therefore will not change the

strength of the current flow from a to b. Exercise 8.9 asks the reader to verify this.
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z Y Z
a b
x/ y/ Zl
Figure 8.7
a6 e e e e
Figure 8.8

Example 8.4.2. Consider simple random walk (all edges have conductance 1) on the
graph in Figure 8.7. Compute Reg(a,b).

We set ®(a) = 1 and ®(b) = 0. Because of the symmetry of the graph, it is clear that
for the voltages at the rest of the vertices, we have ®(z) = ®(z’), ®(y) = ®(v/), and
®(z) = ®(2'). For the purpose of computing Reg(a, b), we can combine vertices that have
equal voltage and delete any self-loops. This results in the simplified graph in Figure 8.8

which can be further simplified to

1
2 2 2 2 2
and ae ®)h

where the blue numbers are the edge conductances. Hence Reg(a,b) = 2.

Alternate approach: We delete edges {y,y'} and {z, 2'}. Instead of combining x and 2, y
and 3/, z and 2/, we first apply the series law, then the parallel law. See Figure 8.9. This,

1
4

a & o)
1
4
1
2

ae ®)

again, yields Reg(a,b) = 2.

Figure 8.9
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Figure 8.10

Example 8.4.3. Consider simple random walk on the graph in Figure 8.10. All edges are
assumed to have conductance 1. Find the probabilities P, (7% < T¢) and P,(T° < T%).
In order to be able to compute the desired probabilities, we will simplify the network in

a number of steps. See Figure 8.11. The numbers in blue are edge conductances:

3/11 3/11

4/11 4/19

101
209

Figure 8.11: Simplifying the network in Figure 8.10

Hence Ceg(a,b) = 355 and Reg(a,b) = 29, Here C(a) = 3, so we get for the escape

probability for vertex a,

Cest(a,b) 101
Po(T° <T%) = ———==_—.
( ) C(a) 627
From the first network in the second row in Figure 8.10, i.e. the simplified network that
contains exactly the three vertices x,a and b, we compute

1/2 11
P(T">T") = ————— = —.
( ) 1/2+4/11 19
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Example 8.4.4. Consider the gambler’s ruin problem from Section 4.4. In order to
phrase the process as a random walk on a network, we consider states 0 and state/N as
reflecting boundaries, that is we set Fy; = Pyny-1 = 1. For states k = 1,.... N — 1 we
have Py x+1 = p and Py ;—1 = 1 — p. Assume the gambler starts with fortune x at time 0.
Because of the reflecting boundaries, the process is an irreducible birth/death chain, and
it is also reversible. It is equivalent to random walk on network in Figure 8.12 (the blue

numbers are conductances; we set ¢ = 1 — p).

PR ) R ¢ LB

N

Figure 8.12

Note that the gambler’s ruin probability P, (7° < TV) is equal to the voltage at vertex z,
when setting the voltage to 1 at vertex 0, and to 0 at vertex N. In the following, we will
set r = % when p # ¢. After applying the series law (which does not change the voltage

at x), the network simplifies to the network in Figure 8.13

1—r 1—r

r(1—-r®) r(re—r)
Oe . o N
x
Figure 8.13
For the case p = %, we get the network in Figure 8.14.
1 1
x N—x
Oe . o N
x
Figure 8.14

We can now derive the gambler’s ruin probabilities from the above simplified networks.

From Cun(0, 2)
P,(T° < TV) = et
( ) Ceﬁ:((),x) +Ceff(l’,N)
we get
rt — N (%)I - ;I, N

=
|
=
~
=
—_
|
$ia
2
S o
= =
3 3
[N
N = N
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These formulas match the formulas we have derived in Section 4.4, using a different

approach. O

Lemma 8.4.3. Consider a finite network (G,C), two vertices a,b € V', and a flow
I from a tob. For any function f:V — R, we have

(F(@) ~ FO) 1T = > (/)= f) 1) (8.16)
Proof
%z;v(f(x)—f(y))l(%y) - %(Zevfmf(x,w— Zevfw)f(wyy))
= % zejvf(x)l(:c,y)vt gvf(y)f(yyl‘)>
- Z€V7f(x)1(x,y) |
- §f<x>;f<x,y>

= @) = FOIII = (f(a) = £(0)) 1]

Definition 8.4.2. Consider a finite network (G,C'), two vertices a,b € V, and a
flow I from a tob. The energy E(I) dissipated by the flow [ is defined by

E(I) = % Z I(x,y)*R(z,y). (8.17)

z,yeV

Note that E(I) = Y I(z,y)*R(z,y).
{z,y}eFE
If in particular the flow is a current flow I, then by (8.16) and (8.17) with f = @, the

energy dissipated by the current flow is
E(lo) = (®(a) — (b)) [[ 16|, (8.18)
and using the definition of effective resistance in (8.18),

E(Is) = Rer(a, )| 1|
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From this, we have the following proposition:

Proposition 8.4.4. Let (G,C) be a finite network, a,b € V', and Iy a current flow

from a to b. The effective resistance Reg(a,b) is equal to E(Ig) when Iy is the unit

current flow.

The following result is known as Thomson’s Principle and will be useful.

Theorem 8.4.5 (Thomson’s Principle). Let (G,C) be a finite network, a,b € V,

and Iy the unit current flow from a to b. Then
E(/g) = min{E(]) : [ is a unit flow from a to b}

and E(Is) < E(I) for all unit flows I # I from a to b.

Proof. Let I be a unit flow from a to b and Ig the unit current flow from a to b. We
define a new flow F' = I — I which is also a flow from a to b. Note that ||F| = 0. We

have
2E(I) = 2E(F + Ip)

= > (F(z,9) + Is(z,y))*R(z,y)

z,yev

— ZF( J:y—i—?Z (z,y) (2, y) R ZLny ')
z,yeV z,yeV z,yeV

= Y Flz,y9)R(x,y)+2 Y Flz,y)(d(x) — d(y)) + 2E(Ls) .
z,yeV z,yeV

By (8.16), and since ||F|| = 0, the middle term in the sum on the right hand side of the

last line is equal to zero. Indeed,

2 ) Fla,y)(d(x) — 0(y)) = 4(D(a) — B(b))[|F|.
z,yeVv

Furthermore, since R(x,y) > 0 for any edge {z,y} in the edge set E of the network, we

have

> Fla,y)*R(z,y) > 0

z,yev
and

ZF(:E,y)QR(:U,y)zo — F=0 << I[I=1s.

z,yeV
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Hence

E(ls) < E(I)
with equality holding if and only if [ = Ig. O

As a direct consequence of Thomson’s principle, we now have the following theorem,

known as Raleigh’s Monotonicity Principle.

Theorem 8.4.6 (Raleigh’s Monotonicity Principle). Let G(V, E) be a connected
graph and C' and C* two different assignments of conductances (and hence different
corresponding resistances R and R*) to the edges of G. Then if R(z,y) < R*(z,y)
for all edges {x,y} € E, we have

Reg(a,b) < Rg(a,b) for all a,be V.

Proof. Consider two networks (G, C) and (G, C*) on the same underlying graph G(V, E)
and a,b € V. Assume

R(xz,y) < R*(z,y) forall {z,y} € E.

Furthermore, consider the unit current flows Iy on (G, C) and I}. on (G, C*), both from

a to b. Note that 3. is also a unit flow on (G, C) from a to b. We have

1 * *
;ﬂ(a7b> = § Z Lb*(x,y)zR (Iuy>

z,yeV

5 L y)R(y)

z,yeV

= E(I;.) on the network (G,C).

v

By Thomson’s Principle (and Proposition 8.4.4),

E(13.) = E(Ie) = Regt(a;b) .
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Remark 8.4.7. Assume the underlying graph G(V,E) in the network (G,C) is
a simple graph, i.e. has no multiple edges or self-loops. Let a,b € V. Theorem
8.4.6 implies that adding edges (that are not already in E) with arbitrary finite
conductances to the underlying graph G will not increase (but may reduce) the ef-
fective resistance Reg(a,b). Indeed, we can think of any newly added edge {x,y} as
already being part of the original network but having conductance O and therefore
resistance 0o, so no current will flow through {x,y} in the original network. Thus
“adding” the edge {x,y} to the network means lowering its resistance from oo to a
finite number. Intuitively, adding edges to the network may create more pathways
for current to flow from a to b, hence may increase the flow. By Ohm’s law, a larger
current flow implies a smaller effective resistance between a and b.

On the other hand, cutting an existing edge in the network (i.e. making the resis-

tance between its end vertices infinite) will never reduce but may increase Reg(a,b).

Remark 8.4.8. An extreme case of lowering resistance between two vertices x and y
(each of which is neither a nor b) in the network is shorting them, i.e. combining
x and y and deleting the edge between them, which can be viewed as making the
resistance between them 0. If vertices x and y in the original network have distinct
voltage, then shorting them will decrease Reg(a,b) in the new network. And as
already discussed on page 234, if x and y have the same voltage, the shorting them

will not change Reg(a,b) in the new network.

. J

We conclude this section with a lower bound for effective resistance. First, a definition:

Definition 8.4.3. Let G(V, E) be a finite connected graph and a,b € V. A subset
S C FE is called a cutset separating a from b if every path from a to b contains

an edge in S.

Theorem 8.4.9 (Nash-Williams Inequality). Consider a finite connected network
(G,C) and two distinct vertices a,b € V.. Let S, ..., Sk be a collection of pairwise
disjoint cutsets that separate a from b. Then

-1

Reg(a,) 2> | > Clzy) | (8.19)

i=1 \{o.y}es;
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Proof. Let S C E be a cutset that separates a from b. Consider the set A C V' defined
by
A = {z:a and x are connected in the graph G(V, E \ S)}.

Let I be the unit current flow from a to b in G(V, E). Since Z = 0 for all

yy~x
x # a,b, we have

Yo > Iy =11l

z€A yy~z

Note that by antisymmetry of I,
> D 1@y =0

TEA y UNQC

since for x,y € A, both I(x,y) and I(y,x) appear in the sum. Furthermore, if x € A,
y ¢ A, and {z,y} € E, then {x,y} € S. Thus

M= > Izy) < > .yl (8.20)

€A y yNz {x,y}es

Since we assume ||I|| = 1, we have

1< [ S i)

{z,y}€S

= | Y. VC(.y) Ry |I(x,y)

{z,y}esS

< ) Clay) Y Rylry)?

{z,y}es {z,y}€S

where the third line follows from the Cauchy-Schwarz inequality. This shows that

Z C(z,y) < Z R(z,y)I(z,y)*. (8.21)

{z,y}es {z,y}es

Setting S = S; in (8.21) and summing over i from 1 to k yields

k k
DY, | <D0 D Rayly)’< Y Rayl(zy).

=1 {z,y}€S; =1 {z,y}€S; {z,y}€FE
The right-most sum is the energy dissipated by the unit current flow /. Hence, by Propo-

sition 8.4.4,
-1
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8.5 Commute times and Cover times

Let (G, C) be a finite network and = # y two vertices. Consider a random walk (X,,),>0 on
the network and assume Xy = x. Recall (from Example 2.2.1 ) the definition of commute

time T*Y between x and y:
T =min{n >TY : X,, =z} .
We will use the notation t*Y = E,(T%"¥). By the Strong Markov property,

1791 = B, (TY) + E, (T7).

Remark 8.5.1. Note that in general, E,(TY) # E,(T7) (unless the network has
special symmetry properties with respect to the two vertices x and y). However, the
following cycle identity holds for random walk on any network: For all x,y,z € V,

we have
E.(TY) +E,(T7) + E,(T") = E,(T?) + E.(TY) + E,(T7). (8.22)

For a proof of (8.22), see [35].

We first give a result for the commute times ¢*<¥ for which x and y are neighboring

vertices.

Proposition 8.5.2. Consider random walk on a finite, irreducible network (G, C).
Let V' be the vertex set of G and E the edge set of G. Then

Y Clz,y) " =Ce (V] -1). (8.23)

{z,y}eFE

Proof. Let m denote the stationary distribution. We have
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S Oy = 3 O y) ElT7) + E,(T7))

{z,y}eE eV yeV

= ) D Cla,y)E,(T7)

= ) C(x)) Py E,(T7)
zeV yev

= ) C@)(E(T") = 1)
zeV

= oY nle)(—s 1

= Ce(|lV[-1).

Proposition 8.5.3 (Commute time identity). Consider random walk on a network
(G,C) and x,y € V with x # y. Then the expected commute time between x and y

15

tg“_)y = CG Reff(ilf, y) o (8.24)

Proof. Recall Example 2.2.1. There we have introduced the random variable V7, (we
reintroduced it in (8.7)) as the number of visits to state z strictly before time TY. For

z =z, we found
1

P,(Tv < T%)

By Remark 2.2.5, u(2) = E,(Vieoy), 2 € V, is an invariant measure for the random walk

Em(vfy) -

on the network (G, C') which, when normalized by the factor 1/¢*Y, becomes the unique
stationary distribution m for the random walk. Also observe that, per definition of T%Y,

for z = x, we have E,(V#,) = E,(Vfoy ). Hence

ule) _ 1 C(a)

troy P (Tv < T)t*9v  Cg

which, together with Proposition 8.4.2, yields the commute time identity

tac<—>y = CG Reﬁ(l‘, y) .
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Example 8.5.1. Consider simple random walk on the graph in Example 8.4.3. For the
given graph G(V, E), we have |E| = 17, and so Cg = 34. The expected commute time

between vertices a and b is

209
1770 = Bo(T7) + By(T%) = 34757 = 70.36.

Example 8.5.2. Again we consider the gambler’s ruin problem (see Example 8.4.4). Here
we are interested in the expected duration E, (T} of the game when p = 1, that is, the
expected time until simple symmetric random walk visits either 0 or N for the first time.
We solve this problem by combining vertices 0 and N into one single vertex. In doing so,
we consider the boundary {0, N} as one single state for the process. This transforms the

process into simple symmetric random walk on the discrete N-cycle. See Figure 8.15.

0=N

Figure 8.15

Because of symmetry, we have

1
E,(17) = Eo(T7) = 5 7"

for simple symmetric random walk on the N-cycle. But E,(7°) for random walk on the N-

cycle is equal to E,(T{%N}) for the gambler’s ruin chain. We compute Reg(z,0) = W
for the N-cycle via simplifying the network in a couple of steps. See Figure 8.16 (the blue

numbers are conductances).

€T e e () =N

Figure 8.16
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Here C¢ = 2N, and thus by Proposition 8.5.3,
"0 = 23(N — ),
from which follows that the expected duration of the game is
B, (TN = 2(N — ),

which matches the formula we have computed in Section 4.4, using a different approach.
O

Definition 8.5.1 (Cover time). Let (X,,)n>0 be a Markov chain on finite state space
S. The cover time random variable T is the minimum number of steps it takes

for the chain to visit all states in S at least once, that is,
T =min{n: Yy €S, Ik <n, s.t. Xy =y}.

We call its expectation
t(;OV — EZ‘ (TCOV)

the cover time for the chain starting in state x.

Example 8.5.3 (Cover time of the N-cycle). Consider simple symmetric random walk
on Zy. Because of symmetry, the distribution of the cover time random variable TV
does not depend on the starting state x of the random walk, and we therefore simply
write t°V for its expectation. We can restate the cover time ¢tV for random walk on Zy
as the expected time for simple symmetric unrestricted random walk on Z to visit a range
of N distinct states (including the starting state) for the first time. By Proposition 4.7.1,
the expected time until simple symmetric random walk on 7Z visits the Nth new state is
E(T™) = IN(N —1). It follows that the cover time ¢“ for simple symmetric random
walk on the discrete cycle Zy is

1
tcov - §N(N— ].)

Example 8.5.4 (Cover time for a star graph). Consider simple random walk on a star
graph G(V, E) with n rays (so |[V| =n+ 1 and |E| = n). Assume the walk starts at the

center vertex c.
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Figure 8.17: Star graph with 6 rays

Let us denote the time it takes for the walk to reach a kth new vertex and immediately

afterwards step back to ¢ by T® for 1 < k < n. Then

n

T 41 =T =2+ (T® — 7¢1)

k=2
with (7% — T¢+=1) = 2V} where
—k+1
YkNGeom(u> for2<k<n.
n
Since E(Yy) = =7, we get

- n
1 = a2y
k:2n—k+1

—~ 1
= 2”ZE ~ 2nlnn (for large n).
k=1

U

Example 8.5.5 (Cover time for a star with long rays). We now consider a star with n

long rays where each ray contains r vertices (without counting the center vertex c). For

example, for the star graph on the left-hand side in Figure 8.18, n = 6 and » = 4. For a

random walk starting at vertex c, find ¢5°.

glue together the blue vertices

Figure 8.18
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Here we denote by T, for 1 < k < n, the commute time between ¢ and a kth new
extremal vertex (the Vertex farthest away from ¢) on a ray. We also use the notation
7™ for the time it takes the walk to move from an extremal vertex back to ¢. With

this notation, we have

75cov +E Treturn ZE T(k

To compute E(T"™™), note that because of symmetry, E(T™"™™) = 1497 for the chain

graph of length r:

c=(0e—o—o—o o

By the commute time identity, we have t°°" = 2r - r, and so E(T™"™") = 2,

Next we compute E(7™®). Assume the walk has already visited k— 1 extremal vertices. In
Figure 8.18, for the graph on the right-hand side, £ = 3, and we mark the already visited
vertices in black, the not-yet-visited vertices in white or blue. Since the order in which
the walk visits all extremal vertices does not matter, we can combine (glue together) the
n — k+ 1 extremal vertices that have not yet been visited. We'll call the combined vertex
G (n—k+1)-The commute time between ¢ and G(,—p41) 18 E(T(k)). The effective resistance

between ¢ and G ,—j41) is

r

Reg (¢, Gnrt1)) = P

and so, by the commute time identity,

(9)y = r
E(T') 2m“<n_k+1>.

Altogether, we get for the cover time for a star with long rays,

— 1
£V = 2ny? Z i 2.
k=1
O

For graphs that exhibit a large amount of symmetries (we won’t make this condition
precise here), t& may not depend on the starting state . Examples are the discrete
cycle and the complete graph of n vertices. However, in general, the cover time t5°V will
depend on the initial state x of the chain, and we are often interested in the worst-case

scenario, that is, the largest cover time

2(/_COV = max 2(/_COV

€S
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among all starting states. The following theorem, which was first proved in [3], gives an

upper bound for t°°V for simple random walks on graphs.

Theorem 8.5.4. Let G(V, E) be a finite, connected graph. The largest cover time

t°v for simple random walk on G satisfies

v <21E|(|V]-1) .

Proof. Let T be a spanning tree! for the graph G. If |[V| = n, any spanning tree for
G will have (n — 1) edges. Let vy be any vertex in V. It is possible to traverse a tree T,
starting at vy, in a way that every vertex gets visited at least once, and every edge gets
traversed exactly twice, once in each direction. Such a tour vg — v; — «++ = V9,2 = Vg
is called a depth-first tour and is illustrated below with an example. The expected
cover time (starting at vg is less than or equal to the expected time needed to move from

vg to vy, then from v; to vo, and so on until the last move from vg,,_; to vg. Thus

2n—2

ti' < D Eu (T).
k=1

Note that here the expected hitting times E
original graph G(V, F), not on T'. Since in the depth-first tour every edge gets traversed

or_, (TV) are for simple random walk on the

exactly once in each direction, it follows from the commute time identity that
v < Y =2[E] > Re(v,w).
{v,w}eT {v,w}eT

By Raleigh’s Monotonicity Principle (see Theorem 8.4.6 and the remarks that follow it),
we have Reg(v,w) <1 for all {v,w} € T, and hence

£ < 2E|(n—1). (8.25)

Since the upper bound in (8.25) does not depend on the starting state vy, the result of
Theorem 8.5.4 follows. O

Example 8.5.6. Consider simple random walk on the graph G(V, E) in Figure 8.19.
The subset of blue edges in Figure 8.20 constitutes a spanning tree T for G(V, E).
A depth-first tour seeks to increase with each step, if possible, its edge distance to the

starting point, but without duplicating directed edge crossings. If at a given time this is

LA spanning tree T for a connected graph G(V, E) is a subgraph of G that contains all vertices V and

a minimum number of edges from E. Every connected graph has at least one spanning tree.
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u
x v
Y w
Figure 8.19
u
x v
Y w

Figure 8.20: A spanning tree for the graph in Figure 8.19

not possible, the walk takes a step “backwards towards its starting point” which reduces
its distance to the starting point by one edge. Along such a tour, each oriented edge in T’
will be traversed exactly once.
An example of a depth-first tour for the spanning tree in Figure 8.20 that starts at vertex
U is

U—T U2 Y2 —=W—2—=U—V—U.
Or, as another example, a depth-first tour for the same spanning tree that starts at vertex
w, is

W—2—>Y—>2—=>U—>T—>U—>0V—>U—>2—>W.

O

Let G(V, E) be a graph with |V| = n. Since, for any graph, we have |E| < (}), Theorem
8.5.4 tells us that the cover time for any finite graph can be at most O(n?). For the star
graph (see Example 8.5.4) we have shown by direct computation that ¢V is O(nlnn),
which is of strictly lower order than the upper bound from Theorem 8.5.4 for this graph,
namely O(n?). In most cases though, a direct computation of t°v is not feasible, and

Theorem 8.5.4 provides a useful upper bound.

Example 8.5.7 (Cover time for the “lollipop graph” is maximal). Consider a so-called

lollipop graph which consists of a complete graph K, of m vertices (also called a clique)
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with a chain graph of r vertices attached to it. Here we consider a lollipop graph G of n
vertices (with n even) consisting of a clique K/, of n/2 vertices and an attached chain

graph of n/2 vertices. Figure 8.21 shows an example where n = 10.

c ) v
M n/2 vertices

Figure 8.21: Lollipop graph

We claim that the cover time ¢<°v for simple random walk starting at ¢ is ©(n®). By
Theorem 8.5.4, the cover time t<°v is O(n?). Clearly,

(7 > Eo(T") = 1" — B, (T°).

Note that the number of edges of G is |[E| = 2(% — 1); + 2 = O(n?). The effective

resistance between ¢ and v is Reg(c,v) = 5. Thus, by the commute time identity,

n,n 1 n|n
22 2 2|2

1o — 9 |:_(__1)_+_ —:@(TL3)

And we have E,(T¢) = (2)* = ©(n?) (recall a similar computation in Example 8.5.5).

Altogether, it follows that £ is ©(n?). O

Note: We can show that for simple random walk starting at the outer end v of the
chain graph, the cover time ¢.°" for the lollipop graph from Example 8.5.7 is significantly

smaller, namely O(n?).

Remark 8.5.5. U. Feige[1}] proved that for all graphs with n vertices,

4
t < —n® +o(n?).

27
For the lollipop graph consisting of a clique of 2n/3 vertices and a chain graph of
n/3 wvertices, this upper bound is tight, that is, t°v = %n3 + o(n®). For a lower

bound, Feige[15] proved that for all graphs with n vertices, t°V = Q(nln(n)). Note
that for the star graph, we have shown t = ©(nln(n)).

Perhaps not surprisingly, graphs that possess a large amount of inherent symmetry
(e.g., the star graph) tend to have a relatively small cover time. On the other hand,
graphs with little or no symmetry properties (the lollipop graph is an extreme case)

tend to have relatively large cover times.
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8.6 Transience and Recurrence of Infinite Networks

We now turn to the study of infinite networks. We will consider networks (G,C') for
which the underlying graph G(V, F) is connected and the number of vertices is countably
infinite. We will always assume that the graph G(V, FE) is locally finite, that is, each
vertex v € V has finite degree. Our main focus are questions regarding transience or
recurrence of random walks on such networks. We will study these questions with the use
of analogous notions to effective resistance, flows, energy dissipated by a flow, etc. for
infinite networks.

Let G(V, E) be (finite or infinite) graph and (G,C) a network. Recall that G*(V*, E*)
is called a subgraph of G if V* C V and E* C E. A network (G*,C*) is called a
subnetwork of (G, C) if G* is a subgraph of G and C* is the restriction of C from E to
E*.

Definition 8.6.1. (a) Let G(V, E) be a graph and G*(V*, E*) a subgraph of G.
We say G* is an induced subgraph of G if for all z,y € V*,

{z,y} € E = {x,y} € E*.

(b) Let G(V, E) be an infinite graph and {G,}n>1 with G, = (V,,, E,,) forn > 1
a sequence of finite induced subgraphs of G. We say {G,},>1 exhausts G if

Vo, € Vayr Vn>1, and

vV o= Uvn.

n>1

Now consider an infinite, connected, locally finite network (G, C') and a sequence {G}, }>1
of finite induced subgraphs G, (V,,, E,) that exhaust G. From this sequence of finite
subgraphs, we construct the following sequence {(Gn,én)}nzl with G, = (Vn,En) of
finite networks: For each n > 1, we combine (short) the infinite set of vertices V' \ V,, so
as to result in a single vertex b,, and then delete any possibly resulting self-loops for b,,.
We set V,, = V,, U {b,}. Note that this construction may result in multiple (but always
at most finitely many) edges between a vertex x € V,, and b, as part of the edge set E,.
In order to distinguish such multiple edges, we can label them by z, i.e. write {x,b,}, if
2z €V \V,and {z,2} € E. The conductances C,, are

Cp(z,y) =Clz,y) if z,y eV,
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and

Co(z,by), =C(z,2) fxeV,, ze V\V,, and {z,z} € E.

Let a € Vi. Since for n > 1, the finite network (én,én) arises from (C:’nﬂ,é’n“) by
shorting vertices, by Raleigh’s Monotonicity Principle,

Reﬂ(a, bn) S Reg(a, bn_|_1) (826)

where the effective resistance on the left-hand side is for the network (G, C,), and the

effective resistance on the right-hand side is for the network (G,i1,C11). By (8.26),

lim Reg(a,b,) exists. This limit may be finite or infinite.
n—oo

Definition 8.6.2. Consider an infinite, connected, locally finite network (G, C) and
a corresponding sequence of finite networks {(Gn, én)}nZl constructed as described

above. Let a € V1. The effective resistance from vertex a to oo is defined by

Reg(a,00) = lim Reg(a,by) .

n—o0

Correspondingly, the effective conductance from a to oo is defined by

Cei(a,0) = Reg(a, oo)’1 )

Recall Proposition 8.4.2. Using the same setup as in Definition 8.6.2, we have for n > 1,

P, (T < T%) = (00 R:H )~ Oeg(é)b”) (8.27)

where all quantities refer to random walk on the network (én, C’n) Furthermore,

lim P, (T < T%) = P,(T* = 00) (8.28)

n—oo

where the probability on the right-hand side of (8.28) refers to random walk on the infinite
network (G, C'). Recall that random walk on an irreducible Markov chain is recurrent iff
P,(T* = o0) = 0 for some state a and transient iff P,(7* = oo) > 0 for some state a.
This yields the following result:

Proposition 8.6.1. Consider an infinite, connected, locally finite network (G, C)
and a corresponding sequence of finite networks {(énaén)}nZI constructed as de-
scribed above. Let a € Vi. Random walk on (G,C) is recurrent iff

Reg(a,00) = 00 .

FEquivalently, random walk on (G, C) is transient iff Reg(a, 00) < 00.
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Proof. By (8.27),

1
lim P, (T" < T%) = 2
dm (1™ < T%) = G Bon (@, 00) (8:29)

which, together with (8.28) and the paragraph following (8.28), proves the statement.
]

Note: By (8.29) and (8.28), the effective resistance Reg(a,00) does not depend on the
choice of sequence {G,,},,>1 of finite induced subgraphs of G that exhaust G.

Example 8.6.1 (Simple symmetric random walk on Ny with reflecting boundary at 0).
The sequence of chain graphs G,, = [0,n], n > 1, exhausts Nyg. For each n > 1, the
network (G, C,) (constructed in the manner described on page 252) is simply the chain

graph [0, (n 4 1)] with unit conductances. Since
Rg(0,(n+1))=n+1
for network (G,,,Cy,), n > 1, we have

Reg(0,00) = lim (n+ 1) = 0o

n—oo

which shows that simple symmetric random walk on Ny with reflecting boundary at 0 is

recurrent. [l

Example 8.6.2 (Recurrence of simple symmetric random walk on Z). Consider simple
symmetric random walk on G = Z. Here the sequence of chain graphs G, = [—n,n],
n > 1, exhausts GG. For each n > 1, the network (én,é’n) as described on page 252 is
the discrete cycle Zs, o with unit conductances. It arises by identifying the end-vertices
(n+1) and —(n + 1) in the chain graph [—(n + 1), (n + 1)] and renaming part of the

vertices. Applying the Series and Parallel laws, we compute

+1
Rea(0, (n+1)) = —
for network (G, C,), n > 1. It follows that
1
Res(0,00) = lim ntl_ 00,

n—ooo 2

and so simple symmetric random walk on Z is recurrent. 0
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We point out that by Definition 8.6.2, Raleigh’s Monotonicity principle (Theorem
8.4.6 for finite networks) carries over to R.g(a,o0) for infinite networks. For two
conductances C' and C* on the same underlying infinite graph G(V, F) for which R(z,y) <
R*(z,y) for all {z,y} € E', we have

R (a,00) < Rig(a,00) (8.30)

where Reg(a,00) and R’g(a,00) are the effective resistances from vertex a to oo for the
networks (G, C') and (G, C*), respectively.

Proposition 8.6.2 (Comparing networks). Consider two conductances C' and C*
on the same infinite graph G(V, E).

(a) Assume C*(z,y) < C(x,y) for all {z,y} € E. If random walk on (G,C)
is recurrent, then random walk on (G,C™) is also recurrent. In particular,
if some wvertices in (G,C) are shorted, the resulting self-loops deleted, and
random walk on the resulting network is recurrent, then random walk on the

original network (G,C) is also recurrent.

(b) Assume C*(z,y) < C(z,y) for all {z,y} € E. If random walk on (G,C*)
is transient, then random walk on (G,C) is also transient. In particular, if
some edges in (G, C) are deleted and random walk on the resulting network is

transient, then random walk on the original network (G, C) is also transient.

(c) If there exist 0 < K1 < Ky < 00 such that
ch(x,y) S O*(:E7y) S KQO(xvy)

for all {z,y} € E, then random walk on (G,C) and random walk on (G, C*)

are either both recurrent or both transient.

Proof. Parts (a) and (b) directly follow from (8.30). For part (c), note that the three
networks (G, C), (G, K,C), and (G, K>C') define the same random walk on G, hence are

of the same type (transient or recurrent). The result follows from parts (a) and (b). [

Example 8.6.3. Consider biased random walk on Ny with reflecting boundary at 0. It
is random walk on the network in Figure 8.22. Conductances are shown in blue.
If p < g, i.e., the walk is biased in the direction towards the boundary 0, we conclude

from Example 8.6.2 and Proposition 8.6.2(a) that the walk is recurrent.
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p pyn—1
T
Jo—eo—eo—0o—0—¢ - - - - - - - - -
n
Figure 8.22

Alternatively, instead of using a comparison of networks, we could directly compute

n—1 3
Reﬂ(Ooo)—hmRegOn:Z() = 00

n—oo

which shows that the walk is recurrent. O

Definition 8.6.3. Let (G, C) be an infinite, connected, locally finite network.
(a) A path in G is called a simple path if it includes any edge in G at most once.

(b) Let a € V. A subset S C E of edges in G is called a cutset separating
vertex a from oo if every infinite, simple path that starts in vertex a includes

at least one edge in S.

The following theorem extends Theorem 8.4.9 to infinite networks. It gives a criterion for

recurrence of a network.

Theorem 8.6.3 (Nash-Williams Inequality, infinite version). Let (G,C) be an in-
finite, connected, locally finite network and a € V. If {S;}i>1 is a sequence of finite,

patrwise disjoint cutsets that separate a from oo, then

-1

Reg(a, 00) > Z Z C(z,y) : (8.31)

i=1 \{zy}es:

If the sum on the right-hand side of (8.31) is infinite, then random walk on (G, C')

18 recurrent.

Proof. Consider an infinite, connected, and locally finite network (G, C'), a vertex a € V,
and a sequence {S;};>; of finite, pairwise disjoint cutsets that separate vertex a from
0o0. We construct a sequence of networks {(G,,, Cy,)}n>1 as described (and with the same

notation as) on page 253 for which a € V; and

USigEn for all n > 1.
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Then for each of the finite networks (én, é’n) in the sequence, the union of cutsets |J;_, S5;

separates vertex a from b,,. By Theorem 8.4.9,

-1

Reg(a,b) 2> | Y Clayy) | - (8.32)

Taking the limit as n — oo on both sides of (8.32) yields (8.31).
If the the right-hand side of (8.31) is infinite, then Reg(a, 00) = oo which, by Proposition
8.6.1, implies that random walk on (G, (') is recurrent. O

Example 8.6.4 (Recurrence of simple symmetric random walk on Z?). Consider simple
symmetric random walk on Z? starting at the origin a. All conductances in the network
are considered to be 1.

In Figure 8.23 below, each set of points Y; that have a fixed (graph) distance i from the
origin is identified via connecting dashed lines that form a square. We have Y; = {(z,y) :
|z| + |y| =i} for i > 1. Any simple infinite path that starts at the origin a must pass at
some finite time from a vertex in set Y; to a vertex in set Y;,; for all « > 1. Therefore,
each (finite) subset of edges S; consisting of all edges that connect a vertex in Y; with a
vertex in Y;;; is a cutset separating vertex a from oo. By construction, the sets {S;}i>o

are pairwise disjoint.

Figure 8.23
Applying Theorem 8.6.3, we get
Reg(a,00) > > [Si 7" (8.33)
i=1

Since |Y;| = 44, with four of the vertices in Y; contributing 3 edges and the rest of the

vertices in Y; contributing 2 edges to .S;, we have

19| = 124 2(4i — 4) = 8i + 4.
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Thus, by (8.33),

Z8z—|—4

=1
which shows that Reg(a,00) = oo, and so simple symmetric random walk on Z? is recur-
rent.
Note: Since Z can be viewed as a subnetwork of Z?, the result (once more) shows that

simple symmetric random walk on Z is also recurrent. O

The following definitions for infinite networks are analogous to Definitions 8.3.2 and 8.4.2

for finite networks.

Definition 8.6.4. Consider an infinite, connected, locally finite network (G, C) and
aeV.

(a) A flow from a to oo is an anti-symmetric function I on the oriented edges

of (G,C) for which Kirchhoff’s node law holds, that is, for which

> I(z,y)=0 forallz €V \{a},

Yy~

and for which
1]l := ) I(a,y) > 0.
yiy~a

If |I|| =1, we call I a unit flow from a to co.

(b) Let I be a flow from a to co. The energy E(I) dissipated by the flow I is
defined by
E()= > I(z,y)°R(z,y).

{z,y}€FE

Using the notion of energy dissipated by a flow, we arrive at the following criterion for

transience:

Proposition 8.6.4. Consider an infinite, connected, locally finite network (G, C).
If there exists a vertex a and a unit flow I from a to co with E(I) < oo, then random

walk on (G, C) is transient.

Proof. Let I be a unit flow on (G,C) from vertex a to co. Assume E(I) < oo and

consider a sequence {(G,,, Cy,) }n>1 of finite networks constructed from (G, C) in a manner
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described in Definition 8.6.1 and the paragraph following Definition 8.6.1. Without loss
of generality, we assume a € G;. Then for all n > 1, the restriction of I to the oriented

edges in G, defines a unit flow I,, from a to b, in (én, C’n) We have

Reg(a,b,) < E(I,) < E(]) < 0 (8.34)
where the first inequality in (8.34) follows from Proposition 8.4.4 and Theorem 8.4.5.
Hence
lim Reg(a,b,) = Reg(a,00) < E(I) < 00.
n—oo
By Proposition 8.6.1, random walk on (G, C') is transient. ]

Example 8.6.5 (Transience of simple symmetric random walk on Z? for d > 3). Here we
assume that all edge conductances are equal to 1. We start with simple random walk on
Z? and prove its transience by constructing a flow I on Z* with finite energy E(I). The
argument we present here is taken from [23].

Recall the process called Pélya’s urn which was introduced in Section 1.5. Here we will
consider a three-color Pdlya’s urn. The process starts with three balls of distinct color,
one red, one green, and one blue ball. At each time step, a ball is drawn uniformly at
random from the urn, its color noted, and then, together with a new ball of the same color,
replaced into the urn. The random vector (R,,, G, B,) gives the number of red, green,
and blue balls at time n > 0. We have (Ry, Gy, By) = (1,1,1) and (R, G,, B,) € (Z")?
with R, + G, + B, =n+ 3.

By Proposition 1.5.2, for all n > 1, the random vector (R,,, G, B,,) is uniformly distributed
over the set V, = {(x,y,2) € (Z")® : x + y+ 2 = n + 3}. Note that |V,] is equal
to the number of ways in which n indistinguishable balls can be distributed over three

distinguishable (colored) boxes, so
2
V| = (”; ) . (8.35)

We define a flow I on Z? from a = (1,1,1) to oo in the following way: For an oriented
edge (u,v) in the first octant that points in the positive direction of either the z-axis, the

y-axis, or the z-axis, we set
I(u,v) = P(the urn process moves from u to v),
I(v,u) = —I(u,v),

and define I to be 0 on all other oriented edges in Z3. This is indeed a flow since

1l =" I(a,v) =1

viv~a
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and for u € (Z*)3, u # a,

Z I(w,u) = P(the urn process visits u) = Z I(u,v), (8.36)
1) >0 1) >0

and therefore
Z I(u,v) =0.

We now compute E(/). From (8.36) and (8.35) we have

2

Z I(w,u)? < Z I(w,w)

wiw~u wiw~u
I(w,u)>0 I(w,u)>0

= P(the urn process visits u)?
_ (n+2 -
= 5 ,

E(l) = Zl(w,u)2
{w,u}

o0

= Z Z I(w,u)?

wiw~u
n=1ueVn I(w,u)>0

() ()
= i(n+2)2(n+1) =0

n=1

Thus we get

IN

By Proposition 8.6.4, simple random walk on Z3 is transient.

Finally, note that Z3 is a subgraph of Z¢ for d > 3. Any flow I on a subgraph H of a
graph G can be extended to a flow on G by simply defining the extended flow to be 0 on
all oriented edges that are in G but not in H. This proves transience for simple random
walk on Z¢ for d > 3. ]
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Remark 8.6.5. The converse of the statement of Proposition 8.6.4 is also true:
If a connected, locally finite network (G,C) is transient, then there exists a unit
flow I on the network for which E(I) < oco. We omit the proof (see [24] for a
reference). Using this result, and therefore without the need to construct a specific
flow of finite energy which may be difficult, we once again conclude (recall that we
have already proved this earlier) that if random walk on a subnetwork (G*,C*) of a
network (G, C') is transient, then random walk on the larger network (G,C) is also
transient. And, equivalently, if random walk on (G, C) is recurrent, then random

walk on any subnetwork (G*,C*) is also recurrent.

Exercises

Exercise 8.1. Show that the Markov chain with state space S = {a, b, ¢, d} and transition

matrix

a b c d
1/6 1/6 0 2/3
1/5 2/5 2/5 0

0 1/3 1/6 1/2
4/9 0 1/3 2/9

QL O O

is reversible and therefore can be interpreted as a random walk on a weighted graph. Find

a weighted graph for this Markov chain for which all weights are integers.

Exercise 8.2. Consider an irreducible birth/death chain (X, ),>o on state space S =
{0,1,..., N}. The transition probabilities are

Pooyn = pp for0<z<N-1
Pa:,z—l = G for1<z <N

with p, + ¢, = 1 and p,, ¢, > 0 for all x. Figure 8.24 shows the transition graph.

Po y4! D2 PN-1
OUBOEBONSEES N GNC)
~

q1 q2 q3 gn

Figure 8.24: Birth/death chain
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We have shown in Section 7.2 that (X,,),>0 is reversible. Describe (X,,),>0 as a random
walk on a weighted graph. Describe such a weighted graph by giving an explicit formula
for the weight of each edge.

Exercise 8.3. Consider the Ehrenfest chain with N particles (see Section 1.5).
(a) Describe the process as a random walk on a network (G, C).

(b) Let N be even. Use the network interpretation to compute a formula for

Ppjo(T° < TN?).

Exercise 8.4. Consider simple random walk on the graph in Figure 8.25.

—b

Figure 8.25

Compute the following:

(a) Eo(T7),
(b) P, (T° < T?),
(c) Eqo(V},) (the expected number of visits to x before the first visit to b, given that the

walk starts in a),
(d) Reg(z,0).

Exercise 8.5. A graph is called d-regular if every vertex has degree d. Let G(V, E) be
a finite, connected, d-regular graph with n vertices. Consider simple random walk on G.
Find a positive integer N such that the probability that simple random walk on G of

length N has not yet reached all vertices on the graph is at most %.

Exercise 8.6. Consider G(V, E) and assume there exists an edge e = {z,yo} withe € E
such that the removal of e results in two disjoint subgraphs G, and G,, with respective

edge sets I, and E,.
(a) Assuming all edge weights are equal to 1, show that Reg(zo,yo) = 1.

(b) Consider simple random walk on G(V, E). Use the result from part (a) to prove
that
Emo(Tyo> = 2|Ez‘o| + 1.
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Exercise 8.7. Consider simple random walk on a finite, connected graph G(V, E) with
V] =n. Let z,y € V and assume {z,y} € E. Show that E,(7Y) is at most O(n?). Is
this necessarily true if x and y are not connected by an edge? If it is not true in general,

give an example where E,(T¥) is of strictly higher order than ©(n?).

Exercise 8.8. Consider a finite, irreducible network (G, C) with vertex set V and edge

set F. Foster’s theorem states that

> Reglz,y)Cla,y) = V] - 1.

{z,y}eFE

Prove Foster’s theorem.

Exercise 8.9. Let (G, C) be a finite, irreducible network, and let a,b € V. Consider the
unique voltage ®; on V' with boundary values ®;(a) = 1 and ®,(b) = 0. Assume there
exist two vertices z,y € V' \ {a, b} for which ®;(x) = ®,(y) and that e = {x,y} is in the
edge set E of G.

(a) Show that removing the edge e from E does not change the voltage at any vertex.
More precisely, consider the slightly altered network (G’, C") that arises from (G, C')
by deleting the edge e from the graph and keeping the weights on all remaining
edges the same. Furthermore, consider the unique voltage ® on V'’ for the network
(G',C") with boundary values ®|(a) = 1 and ®}(b) = 0. Show that ®;(z) = ¢'(x)
for all x € V.

(b) Conclude from part (a) that Reg(a,b) = R.g(a,b), that is, deleting from the network

an edge whose endpoints have equal voltage does not change the effective resistance.

Exercise 8.10. Let (G, C) be a finite, irreducible network, and let a,b € V. Consider the
unique voltage ®; on V' with boundary values ®;(a) = 1 and ®;(b) = 0. Assume there
exist two vertices x,y € V'\ {a, b} for which ®(x) = ®4(y).

(a) Show that combining the two vertices x and y into a single vertex z does not change
the voltages in the system. More precisely, consider the slightly altered network
(G',C") that arises from (G, C') by combining the two vertices z and y into a single
vertex z and deleting any possibly resulting self-loops. All weights remain the
same, except for weights of edges (from the original network) that have = or y as an
endpoint, in which case we add their weights: We set C'(z,v) = C(z,v) + C(y,v)
for v # x,y. Furthermore, consider the unique voltage ®] on V' for the network
(G', C") with boundary values ®)(a) = 1 and ®/(b) = 0. Show that ®;(v) = ¥/ (v)
for all v # z and ¥ (2) = ®1(z) = D1 (y).
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(b) Conclude from part (a) that Reg(a,b) = R.;(a,b), that is, combing vertices that
have equal voltage (and deleting any possibly resulting self loops) does not change

the effective resistance.

Exercise 8.11. Let (G,C) be a finite, irreducible network. Show that the effective

resistance obeys the triangle inequality, that is, show that for all a,b,c € V,
Reg(a,c) < Reg(a,b) + Reg(b, c).

Exercise 8.12. Consider a complete graph K, with n vertices and let x,y be two distinct

vertices. Compute the effective resistance Reg(x,y).

Exercise 8.13. Consider simple random walk on the graph in Figure 8.26. Compute the

commute time %<,

Figure 8.26

Exercise 8.14. Let K, be a complete graph with n vertices. Show that the cover time

t°v for simple random walk on K, is of order O(nlnn).

Exercise 8.15. Consider a chain graph G with N vertices as shown in Figure 8.27.

Consider simple random walk starting at x for some 1 < x < N.

(a) Compute E,(T%1). (b) Compute the cover time ¢5°.
1 x N
Figure 8.27

Exercise 8.16. Again, consider a chain graph G with N vertices as shown in Figure 8.27.
Assume that simple random walk starts at vertex 1. Let V7, be the number of visits to

vertex x before the walk reaches vertex N for the first time. Show that
El(VTlN) =N-1

and
E:(Vin) = 2(N — ) for2<z<N-1.
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Exercise 8.17. Consider simple random walk on the 3-dimensional unit cube Zo X Zo X Z>.
See Figure 1.7. Let a = (0,0,0) and ¢ = (1,1, 1).

(a) Show that R.g(a,c) =5/6.
(b) Compute the expected hitting time E, (7).

Exercise 8.18. Consider simple random walk on the 3-dimensional unit cube Zgy X Zo X Zo
as in Exercise 8.17. In addition to a = (0,0,0) and ¢ = (1,1,1), consider the vertex
b =(1,1,0).

(a) Compute the probability P.(7? < TP).
(b) Compute the expected hitting time E,(T®).

Exercise 8.19. Recall the features of a lollipop graph. 1t consists of a complete graph
K,, of m vertices and a chain graph of k vertices that is attached to K,,. Figure 8.28
shows an example with m = 5 and k£ = 7. Consider the vertices ¢ and v as labeled in

Figure 8.28 and any vertex a in K, with a # c¢. For general m and k, find formulas for
(a) E,(T7) and (b) E.(T%).

AN
“ c ) ) ) ) ) ) v
M k vertices

Figure 8.28: Lollipop graph

Exercise 8.20. Consider an infinite connected network (G, C') for which the edge set F
is countably infinite. Show that random walk on the network is positive recurrent if and
only if

Z C(z,y) < .

{z,y}eFE

Exercise 8.21. Consider an irreducible birth/death chain (X,,),>0 on infinite state space
S = Ny. For the transition probabilities, we assume pg = 1, and p,+¢q, = 1 and p,, g, > 0
for all x > 1. See the transition graph in Figure 8.29. Describe (X,,),>0 as a random
walk on an infinite network. Use this viewpoint to prove a criterion for transience of

(Xn)n>o0 in terms of the transition probabilities p,, ¢, © > 1.
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Do P1 D2 D3
OEBONROGROMSEES
q1 q2 qs g4

Figure 8.29: Infinite-state birth/death chain

Exercise 8.22. Fix a positive integer k. An infinite rooted k-ary tree is a tree that has a
distinguished vertex 0 (the root) which has degree k and for which all other vertices have
degree k+ 1. See Figure 8.30 for a picture of a binary (2-ary) tree. Let Rgfcf)((), o0) denote
the effective resistance from 0 to infinity for a k-ary tree. Compute Réﬁ) (0,00). What can

we conclude about transience or recurrence of simple random walk on a k-ary tree?

0

Figure 8.30: A binary tree. The graph continues to infinity in the same manner.

Exercise 8.23. Consider a network (G, C') whose underlying graph is an infinite rooted
tree. Let V,, C V denote the set of all vertices that have distance n from the root 0. For
all n > 1, we assume that edges that have one endvertex in V,,_; and the other endvertex

in V,, have the same conductance C,,.

(a) Find a sufficient condition (in terms of C,, and |V,,|, n > 1) for recurrence of random
walk on (G, ().

(b) Fix k£ € N. Consider the special case where G is an infinite k-ary rooted tree and
C, = A" for some A > 1. Find a necessary and sufficient condition on A under

which random walk on (G, C') is recurrent.



Chapter 9

Markov Chain Monte Carlo

The basic problem in Markov chain Monte Carlo can be described as follows. Given a
probability distribution 7 on a large and often intractable state space &, how can we draw
samples from this distribution 77 A Markov chain Monte Carlo algorithm constructs a
Markov chain on § that is fairly easy to simulate and that converges to the desired
distribution 7. Running this Markov chain for a sufficiently long time and then taking
samples will produce (almost) samples from 7. We address the relevant and important
topic of convergence rates of Markov chains (for how long should we run the algorithm?)
in Chapter 11.

9.1 MCMC Algorithms

9.1.1 Metropolis-Hastings Algorithm

The goal is to construct an irreducible, aperiodic, positive recurrent Markov chain on
a given state space S that has a desired stationary distribution 7. One would like the

transition probabilities to have the form
ny - CL(J], y) Txy

for x,y € S, where the T}, are transition probabilities for an easy-to-implement proposal
chain T on S. The values a(x,y) are acceptance probabilities according to which state
y, if proposed by the proposal chain T, will either be accepted or rejected. In the latter
case, the chain remains in state x.

We now describe the algorithm in more detail. Assume the target distribution = is
strictly positive on S. (If not, simply delete from the state space all states = for which

m(x) = 0.) Choose an irreducible proposal chain with transition matrix T that is easy to

267
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simulate. From this, the Metropolized chain (X,,),>¢ with transition matrix P arises

via the following algorithm.

Metropolis-Hastings Algorithm:

1. Start in any state.

2. Given that the chain is currently in state z, for the next step choose a state y
according to the transition probabilities T, from the proposal chain.

3. Decide whether to accept y or to reject y and stay in x with the use of the acceptance
probability 0T

. T\Y) Lyz
a(z,y) = mm(m, 1).

That is, if a biased coin for which P(H) = a(z,y) lands on heads, accept the
proposed state and move to y. If the biased coin lands on tails, reject the proposed
state and remain in the current state z. Thus the transition probabilities P,, for

the Metropolized chain are:

0 if T,y =0
for x #£ y : P, =

Tpya(z,y) if Ty #0
forx =y : szl—zy#ny.
Note that for this algorithm one only needs to know the stationary distribution 7 up to
proportionality. The normalizing constant for 7 cancels out in the computation of a(z, y).
This is a great advantage of the algorithm. Often, in situations where the state space &
is extremely large, its actual size may not be known. If, for example, we would like to
sample from the uniform distribution on &, we can simply work with any = o (1,1,...,1)

in the algorithm (the symbol “” stands for “is proportional to”).

Proposition 9.1.1. Let (X,),>0 be constructed as in the Metropolis-Hastings al-
gorithm. Then (X,)n>0 i a positive recurrent and reversible Markov chain with

stationary distribution .

Proof. We assume 7(z) > 0 for all x € S. We will first show that the detailed balance
equations (7.2) hold for the transition probabilities P,, and the distribution 7. For z = v,
there is nothing to show.

Assume z # y and P,, = 0. Then it must be that either 7}, = 0, in which case a(y, z) = 0,
and thus P, = 0 as well, or that T}, # 0 but a(z,y) = 0, in which case T,, = 0 and
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therefore Py, = 0 as well. This shows that for P,, = 0, the detailed balance equations
7(x) Py = m(y) Py, hold.
Assume z # y and P,, # 0. Then T, # 0 and T}, # 0. We distinguish two cases.

Case 1: a(z,y) > 1. Then P,, =T}, and a(y,z) < 1. Thus

T(Y)Tye
T(Y)Tyz

=7(y) Ty aly,z) = 7(y) Py .

Case 2: a(x,y) < 1. Then a(y,xz) > 1. We can apply the same argument as for Case 1,

in reverse order, and get again
ﬂ-(y)Pyx = W(l’)ny .

Since the detailed balance equations hold for all x,y € S, P is reversible and 7 is a

stationary distribution for P. O

Notes: (1) The Metropolis-Hastings algorithm constructs a reversible Markov chain P.
(2) Using an irreducible proposal chain T for which T,, > 0 <= T,, > 0 will imply
T,y > 0= P,, > 0. In this case, irreducibility of the proposal chain implies irreducibility
of the Metropolized chain.

(3) To show aperiodicity of the Metropolized chain, it suffices to show that at least one
state x has positive holding probability P,,. We can show this by showing that for at
least one pair of states x,y, we we have a(x,y) < 1. Assume a(z,y) > 1 for all z,y € S.
But then P,, = T,, for all z,y € §, and so 7 is already stationary for the proposal chain,
and there is no need for the construction of a Metropolized chain P in the first place.

Example 9.1.1 (Simulating a Poisson distribution). Here the state space is S = Ny and

the target distribution 7 is defined by 7(z) = e_A,’\n for n € Ny. As an easy to simulate

n:

proposal chain, we can use simple symmetric random walk on Ny with reflecting boundary
at 0. So . .
Tnm,—l—l = Tn,n—l = 5 fOI’ n Z 1 and POl = POO = 5 .

The acceptance probabilities are

aln,n+1) = min(%ﬂ, 1) forn>0

a(n,n—1) = min(g,1) forn>0.
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The transition probabilities of the Metropolized chain P on Ny are

(

%min(n%rl,l) forn>0,m=n+1

tmin(%,1) forn>1,m=n—1
Pom = 1§ 1—%[min(%ﬂ,1)+min(§,1)] forn>1,n=m

1 — 2 min(A, 1) forn=m=0

0 otherwise .

\

Clearly, the chain P is irreducible and aperiodic. Figure 9.1 shows the result from three
simulations of this Metropolis chain P for three different running times, namely for k =
103, k = 10%, and k = 10° number of steps. The Poisson parameter for this simulation
is A = 5. (The simulation was done with the software package R.) The histogram for
each simulation was scaled to a density histogram. The red overlaid dots represent the
actual Poisson probabilities for Poisson(5). We can see from the three simulations that
with increasing number of steps, the distribution of the Metropolis chain closer and closer

approximates the target (stationary) distribution = = Poisson(5). O
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Figure 9.1: Three simulations of a Metropolis chain whose target distribution is Poisson(5)

Example 9.1.2 (Random walk on a connected graph). Consider a finite graph G(V, E)
which could model a social network, a computer network, etc. Suppose one does not
know the overall size and global structure of the network, but for each vertex one knows
its immediate nearest neighbors (for example, friends in a social network, linked websites

to a given website). One can therefore choose one of its neighbors uniformly at random
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and move there next. This is an example of simple random walk on a graph. If the graph

is connected, the Markov chain is irreducible. The transition probabilities are

1 .
r _) o if w~w
o 0  otherwise,

and the stationary distribution for simple random walk on the connected graph is

 deg(v)
V)= S5l

forveV

(recall Example 7.2.2). If the graph is not a regular graph, that is, if not every vertex v
has the same degree, then in the long run, states with higher degree will be visited more
often than states with lower degree.

Consider a function f : V' — R that models a certain property of each vertex v. We
would like to assess the average value fay, = ‘71‘ > vev f(v) of this property across the
whole network. But |V'| may be extremely large (and not known), so a direct computation
of fave may be impossible. A Monte Carlo approach to computing, or at least to closely

approximating, fawe proceeds as follows:

1. Construct an irreducible Metropolized chain (X,,),>0 on G(V, E') whose target distri-
bution 7 is uniform distribution on V', so m o (1,1, ..., 1). In this case the acceptance

probabilities are
T, d
af,w) = T e B0
(V)T  deg(w)

and hence the transition probabilities are

0 if www

1 min( deg(v)
dog(0) ™ deg(w)

Notice that the acceptance probabilities bias the walk against moving towards

va:

1) ifw~w.

higher-degree vertices (which would happen for unaltered simple random walk on

the graph).

2. Simulate (X, ),>0 and apply the Ergodic theorem for irreducible Markov chains
(Theorem 3.1.1) to approximate f,y,. Recall that the Ergodic theorem states

n—1
1
im — E f(Xx) =E(f(X)) with probability 1,
n—oo N
k=0

where X ~ 7w and 7 is the unique stationary distribution. For our case this yields

o1
lim —
n—oo 1

n—1
Z f(Xk) = fave  with probability 1.
k=0
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As an additional question, we may want to find vertices at which f takes its maximum
(or minimum) value. Such an optimization problem can be solved using a similar Monte
Carlo approach. For this case we would choose a target distribution 7 that puts high
probability on vertices v at which f attains the extreme value. We return to this question
in Section 9.2. U

9.1.2 Gibbs Sampler

The Gibbs sampler, also called Glauber dynamics, is a Monte Carlo algorithm for
sampling from probability distributions 7 on high-dimensional spaces.

Let C be a finite set. We consider the elements in C as labels or colors. We have an
underlying graph G(V, E') with large vertex set V. Each vertex v € V is assigned a label
¢ € C according to some rule. The collection of all such possible assignments makes up
the state space S C C!IVl, which is also called the configuration space. A configuration

(or state) x € S is a function

fx:V—=0C.

The Gibbs sampler is a Markov chain on the configuration space that, at each step,
updates only one coordinate of the current state x in a prescribed way. The following

describes the steps of the algorithm.
Gibbs Sampler algorithm:

Let I = {1,2,..., N}, and consider a strictly positive probability distribution 7 (the target
distribution) on § C CV. Assume the chain starts in state x = (21, T3, ..., zy) with x; € C,
1€ 1.

1. Choose an index k € I, independently of all previously chosen indices, according to a
fixed, strictly positive probability distribution 1 on I (7 is often uniform distribution
on I).

2. Choose the new state y by updating the kth coordinate of x in the following way.
Choose y from the probability distribution 7 on S conditioned on the set of config-
urations that agree with x at all indices I \ {k}. Let

Sxr={y€eS :x;=yforielandi#k}

denote the set of all states y that agree with x at all indices, except possibly at
index k. With this notation, the transition probabilities of the Gibbs sampler are
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n(k)w?éfl) if y € Sk and xp # yy,
0 if x and y differ at more than one index.
Clearly, for all x € §, Pxx # 0, so the chain is aperiodic. Let x,y € § and assume that

y € Sk for some k € I. It follows that x € Sy ;, and Sx = Sy ;. Using this equality, we
verify that the detailed balance equations hold:

nly) m(x)
W(Sx,k) - (y—)n(k)ﬂ-(sy,k)

If the Gibbs sampler with transition probabilities Py, as defined above is also irreducible

7T(X)ny = m(x)n(k)

= 7(y)Pyx -

(which needs to be checked separately in each case), it will in fact converge to the target

distribution 7.

Example 9.1.3 (Disk packing). This model is also known as the hard-core model in the
literature. It is used in chemistry and statistical physics where it models a liquid or a gas
whose particles are balls of positive radius who cannot overlap. The model starts with a
graph G(V, E) and the label set C = {0,1}. Label 1 stands for “occupied” and label 0
stands for “free”. A label is assigned to each vertex in such a way that no two adjacent
vertices, that is, vertices connected by an edge, are occupied. Such a configuration is called
a feasible configuration. The state space S is the set of all feasible configurations. The
below graph gives an example of a possible configuration where the graph is a rectangle
in Z2. Black circles indicate occupied sites and, white circles indicate free sites. Figure

9.2 shows a possible configuration.

Figure 9.2: A configuration for disk packing on a square grid

In applications, the graph will have a large number of vertices which makes the state
space S C {0,1}V extremely large. A natural quantity of interest is the average number

of occupied sites. An exact computation would require an enumeration of all feasible
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configurations x and counting their number N(x) of occupied sites. Such a brute-force
calculation may be very difficult and computationally costly, even prohibitive. A Monte
Carlo approach provides a solution. Construct an irreducible, aperiodic Markov chain
(X3 )n>0 on S that converges to uniform distribution on S. Sampling from the simulated
(approximate) uniform distribution will allow an estimate for E(N(X)) (where X ~
Unif(S)) with the use of the Ergodic theorem which states

o1
lim —
n—oo N,

S N(X,) = E(V(X)).

The Gibbs sampler applied to the hard-core model proceeds in the following way. Assum-

ing the current state is x,

1. choose a vertex v uniformly at random (and independently from all previous choices)
from the vertex set v;
2. if at least one neighbor of v is occupied (which implies v has label 0), stay at x;

3. if all neighbors of v are labeled 0, choose with equal probability a new label 1 or 0

and update vertex v with the new label. Leave the remaining vertices unchanged.

This algorithm results in the transition probabilities

;

0 if x and y differ at more than one vertex
Pyy = ﬁ if x and y differ at exactly one vertex

nx) e
\ 1_W fx=y

where n(x) denotes the number of nearest neighbors of x, that is, the number of feasible

configurations z that differ from x at exactly one vertex. O

In Exercise 9.2, the reader is asked to prove irreducibility, aperiodicity, and reversibility

(with respect to uniform distribution) of the Gibbs sampler for disk packing.

Example 9.1.4 (Proper graph coloring). This problem has many applications in chem-
istry, scheduling problems, social networking, and other areas. Let G(V, E) be a finite,
connected graph and C a set of “colors” with |C| = k. A proper k-coloring x of the graph
G is an assignment of colors to the vertices of G with the property that no two adjacent
vertices have the same color. See Figure 9.3. Let & be the set of all proper k-colorings of
G. We have S € CV. In applications, one would often like to sample from the uniform

distribution on S.
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/

y

Figure 9.3: A proper graph coloring

A brute-force approach of enumerating all possible graph colorings for a given graph and
a set of colors is likely not feasible due to the often enormous size of S. Note that for a
given graph G and k colors, a proper coloring may not exist. For k colors with k& < |V,
proper graph colorings exist, and often a lot fewer colors are needed, depending on the
graph structure. For the complete graph with |V| = n, we do need n different colors. For
bipartite graphs, only two colors are needed.

The Gibbs sampler applied to proper graph coloring proceeds in the following way. As-

suming the current state is the proper k-coloring (configuration) x,

1. choose a vertex v uniformly at random (and independently from all previous choices)
from the vertex set V;

2. choose a new color uniformly at random from the subset of colors that are “allow-
able” colors for v, that is, all colors not attained by any neighbor of v;

3. update vertex v with the new color (and leave all other vertices unchanged).

This algorithm results in the transition probabilities

0 if x and y differ at more than one vertex
Py, =
W}Sx,ul if x and y differ at exactly vertex v
where
Sxo={yeS : x(w) =y(w) for weV and w # v}
is the set of all proper k-colorings that agree with x, except possibly at vertex v. O

In Exercise 9.6, the reader is asked to prove that the Gibbs sampler for proper graph
coloring is aperiodic and reversible with respect to uniform distribution on §. Irreducibil-
ity is often more difficult to determine and depends on the topological properties of the
underlying graph G' and the number £ of available colors. However, for sufficiently large
k, more specifically if

k > max{deg(v) :v € V} + 2,
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irreducibility is guaranteed.

Remark 9.1.2. The chromatic number x(G) of a graph G is the minimal num-
ber of colors needed to properly color the graph. It is often a difficult problem to
determine x(G) for a given graph.

Four Color Theorem. Any planar graph, that is a graph that can be drawn
in the plane without any of its edges crossing each other, has chromatic num-
ber at most four. Francis Guthrie at University College London, England, first
conjectured in 1852 that four colors suffice to color any map in a way that two
countries sharing a boundary (that is a curve segment, not just a point) do not
share a color. The theorem was proved much later, in 1976, by Kenneth Appel and
Wolfgang Haken at U. Illinois.

9.2 Stochastic Optimization and Simulated Anneal-
ing

We start with a large state space & and a function f on §. The general problem is
to find the global maximum or global minimum of f on S. For large state spaces, an
exhaustive search may be computationally prohibitive. And often problems of this type
are combinatorial in nature for which a deterministic algorithm for enumerating the states
may not even exist. An additional difficulty in the search of a global extremum could arise
if f has a large number of local extrema on §. While exact solutions may be elusive in
many situations, Monte Carlo methods have often been very successful in producing close

to optimal solutions to difficult, large-scale optimization problems.

Example 9.2.1 (The knapsack problem). This is a famous problem in combinatorial
optimization. We have n items labeled 1, 2, ...,n. Each item i, for 1 <17 < n, has a weight
w; and a value v; attached to it. Suppose we would like to put a selection of these items
into a knapsack that allows a total upper weight limit of WW. Find an optimal selection of
items, that is, a selection that maximizes the total value of the items in the knapsack.

We identify any selection A C {1,2,...,n} of items with a binary vector
z=(21,...,2n) € {0,1}"

where z; = 1 iff item¢ € A. The state space S, which we call the set of feasible solutions,
is the set

S={ze{0,1}" : Zwizi <W}.
i=1
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We define the value function f on S by

n

f(z) = Z ViZi .

i=1

The optimization problem is to find
max{f(z) : z € S}.

This problem has been widely studied in computer science. It is known to be NP-complete
as a decision problem. No efficient algorithm is known (or is likely to exist) for an exact

solution for the knapsack problem for large n. 0

The basic idea for a Monte Carlo approach to solve an optimization problem of this kind
is to simulate a Metropolis chain on § that converges to a stationary distribution 7 which
puts high probability on states with extreme values of f. A standard distribution 7 that

is used in this approach is the so-called Boltzmann distribution.

Definition 9.2.1. Let S be a finite set, f : S — R a function on S, and T > 0
a parameter. The Boltzmann distribution 77 with energy function f and
temperature parameter 7T is defined by

1 —reyr

Trr(s) = — e/

for se S
Zer

where Zsr =) s e~/ s the normalizing constant that makes m¢r a probability

distribution.

The energy function f in the Boltzmann distribution is the function f that arises from
the given optimization problem. For a fixed temperature 7', the Boltzmann distribution
puts higher probability on states with relatively small values of f than on states with
relatively large values of f. If the problem is to maximize f, then one would work with
—f as the energy function instead. Note that for high temperature 7', the distribution
7sr is almost uniform on §. The lower the temperature 7', the more ¢ concentrates

near states that minimize f.
Simulated Annealing

The idea of simulated annealing is to run a Metropolis chain for which one lets the
temperature parameter T' change with time. One starts with a high temperature 77 and
runs a Metropolis chain with target distribution 7;p for N; time units. Since at high

temperature T the target distribution is almost uniform, the Markov chain will widely
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explore the state space during that time (and not prematurely get trapped near a local
extremum). After time Nj, one lowers the temperature to T, with T < 77 and allows
the Metropolis chain to run with target distribution 77, until time N,. Due to the lower
temperature, 7y 7, concentrates more on states that minimize f. After time N, one lowers
the temperature to T3 with T3 < T, and so on. Theoretical results in this area confirm
that under sufficiently slow “cooling”, the probability that the Metropolis chain will be

in an f-minimizing state at time n tends to 1 as n — co.

A specific choice of a sequence of temperatures T} > Ty > --- with
lim7; =0
1—00
and corresponding sequence of times N; > Ny > --- is called a cooling schedule. Note

that in simulated annealing, due to the change of the target distribution over time, the
transition probabilities change over time as well. The result is a time-inhomogeneous
Markov chain.

Aside: The term annealing is borrowed from metallurgy where it refers to a process of
first heating and then slowly, and in a controlled way, cooling a metal to improve its
physical properties.

Example 9.2.2 (The traveling salesman problem). The traveling salesman problem is
another famous optimization problem that has a long history of being studied. It has
the same computational complexity as the knapsack problem. Suppose there is a list of n
cities {1,2,...,n}, and for each (unordered) pair ¢, j of cities, a known distance d;; between
them. If d;; = 0, then there is no possible direct connection between cities ¢ and j. The
problem is to find the shortest possible route for a salesman to visit each city exactly

once, and in the end return to the city he started from.

The given connectivity/distance between the n cities is represented by a weighted, non-
directed graph G(V, E) with n vertices whose edges and edge weights represent the given
distances between the cities. We assume G(V, E) is connected. A tour that visits each
vertex in a connected graph exactly once and returns to its starting point is called a
Hamiltonian cycle for the graph. Figure 9.4 shows an example with five cities and two
(not necessarily shortest) Hamiltonian cycles, one in purple and one in blue.

The traveling salesman problem is equivalent to finding a permutation o € S,, (where S,
is the permutation group of n distinguishable objects) that minimizes the length d(o) of

the tour

n—1
d(0) = dom)o1) + Z do(i),0(i41) (9.1)
1=1
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Start ( Start (

ele 612d 612d

Figure 9.4: Two Hamiltonian cycles for a road system between 5 cities

and for which do)o@ir1) > 0, dom)ea) > 0. For large n, a brute force approach of
checking all possible routes is computationally not feasible since |S,| = n! (which grows
super-exponentially in n). To be precise, considering that the starting city stays fixed,
and that the reverse tour has the same length, we need to minimize the length d(o) over

(n= 1) permutations o.

We now describe a Metropolis chain that can be used in a simulated annealing algorithm
for a solution to the traveling salesman problem. For simplicity we will assume that the
underlying graph is complete, that is, d;; > 0 for all 7, 7 € V. The state space is S = .5,,.
We declare two permutations 0,0’ € S to be neighbors, denoted by o ~ o', if ¢’ arises
from o by reversing a substring of the tour. More precisely, if o = (o1, 09, ..., 0,), then
for 1 <i < j < n, the corresponding substring is (¢;, 0;+1,...,0;). Reversing the order of

the substring (0, 0i11, ...,0;) in o yields the new permutation
r_
o = (0'1, 0y 03—1,035,0515 0,04, 05415 -0y O'n) .

As an example, consider ¢ = (1,2, ...,n). The tour o:

reverse!

12— =1—=-=j=--=>n—=1

becomes the tour o':

reversed
7\

152> @i-1D2j=G-1—= =@+ >i=(G+1) = —>n—1.
Figure 9.5 shows two tours that are considered neighbors (the example is for 9 cities and
reverse!

. . . . . %
i =4, 5 = 7). Notice that in Figure 9.4, the purple tour « — ¢ — ¢ —b — d — a and

reversed
——
the blue tour a — b — ¢ — e — d — a are also neighbors.

The algorithm will only allow one-step transitions between neighbors. The target distri-

bution for the Metropolis chain is the Boltzmann distribution from Definition 9.2.1 with
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Start 1 6 Start 1 6

Figure 9.5: Two neighboring tours for 9 cities

energy function f(o) = d(o) from (9.1). At each step, the proposal chain T chooses two
indices i, uniformly at random from {1,2,...,n} with i < j. Given that the current
state is o, the proposal chain proposes the neighboring permutation ¢’ constructed as
described above. In other words, the proposal chain T is simple random walk on a graph
with vertex set S = S, (each vertex is identified with a permutation ¢ € S,) and for
which each vertex has (g) neighbors.

For fixed temperature 7', we get the following transition probabilities P, - for the Metropo-
lis chain:

(
min <e(d(")_d("’))/T, 1) if 0,0’ are neighbors
n(n —1)

Poor=144 0 if 0 # 0’ and 0,0’ are not neighbors

1-— Z % min (e(d(”)_d(””))/T, 1) if o =0".

Note that for this algorithm,
d(o) —d(0) = di—13 + djj1 — dim1j — dij

which shows that the computation of d(c) — d(¢’) does not depend on n, and so there is
low computational cost involved in this step of the algorithm.

The last step for implementing the algorithm is to decide on a cooling schedule T}, 75, ...
with corresponding Ny, Ns, .... Finding a suitable cooling schedule for simulated annealing

often requires some experimentation. ([l
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Exercises

Exercise 9.1. Consider a standard 8 x 8 chessboard as shown in figure 9.6 below.

]
LLf
LLf
LL[

Figure 9.6: Standard chessboard

A king can move one square at a time in any direction (horizontally, vertically, or diag-
onally) that is available from his current location. Construct transition probabilities for
the king’s moves on the chessboard that guarantee that, in the long run, the king will

spend equal percentage of time on each square of the board.

Exercise 9.2. Consider the disk-packing model introduced in Example 9.1.3. Prove that
the Gibbs sampler described in this example defines an (a) irreducible, (b) aperiodic, and,
(c) with respect to uniform distribution, reversible Markov chain (X,,),>o on the space of

feasible configurations S.

Exercise 9.3 (A generalization of the disk-packing model). One can generalize Example
9.1.3 by introducing a parameter A > 0 to the stationary distribution which will change the
weight given to different “packing sizes”. More precisely, one defines the target probability

distribution 7w, on S by
ANV =)
m(x) = forxeS
2

where N (x) is the number of occupied sites of configuration x, and Z, is the normalizing

7y = Z AN &)

xeS

constant

for the distribution. Note that the case A = 1 reduces to the standard disk-packing model.

(a) Describe the transition probabilities for the Gibbs sampler algorithm for this model.
(b) Verify that 7, is the stationary distribution.

Exercise 9.4 (A 1-dimensional disk-packing model). Consider a chain graph of n vertices
and let S,, be the set of feasible configurations for disk packing as described in Example

9.1.3. For an example of a feasible configuration for a chain graph of 12 vertices see Figure

9.7.



FExercises 282

Figure 9.7

We would like to draw samples from the uniform distribution on &,. Construct the
transition probabilities for a Markov chain on S, that converges to Unif(S,). How would

you then use this Markov chain to estimate the average number m,, of occupied sites?

Exercise 9.5. Consider the disk-packing model for a chain graph of m vertices as in

Exercise 9.4. Fix n > 0 even.

(a) Let n;,, be the number of feasible configurations with exactly j occupied sites. Show
that _
n+1—y . n
”j,m:( i > for]:O,l,...,i.
(b) Recall the Fibonacci sequence 1,1,2,3,5,8,13,.... It is described by the recurrence

fn = fn—l + fn—?

for n > 3, with f; = fo = 1. Show that |S,| = f.12, and as a consequence, we have

n/2

fn+2:z<n+;_j> .

Jj=0

Exercise 9.6. Recall Example 9.1.4. Show that the Gibbs sampler for proper k-colorings
defines a Markov chain that is (a) aperiodic, and (b) reversible with respect to uniform

distribution on S.

Exercise 9.7 (Sampling from a power law distribution). Fix s > 1. Let S = N and
consider the distribution 7 defined by

m(n) x — forn>1.
nS

(a ) Using the Metropolis algorithm, construct a Markov chain (X,,),>0 whose limiting
distribution is m. As a proposal chain, use simple symmetric random walk on N
with reflecting boundary at 1. Describe how the algorithm proceeds. (Note that we

do not need to know the normalizing constant ¢ = (307 | = )_1.)

n=1 ns

(b) For s = 2, explicitly state the transition probabilities for (X, ),>0 resulting from the
algorithm in part (a).
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Exercise 9.8 (The knapsack problem). Recall Example 9.2.1. We have n items labeled
1,2,...,n. Each item 7, for 1 < i < n, has a weight w; and a value v; attached to it.
Suppose we would like to put a selection of these items into a knapsack that allows a
total upper weight limit of W. The goal is to find an optimal selection of items, that is,
a selection that maximizes the total value of the items in the knapsack. We represent a
selection of items as a binary vector z = (21, 29, . .., 2,,), where z; = 1 if Item j is part of

the selection, and zero otherwise. The constraint is then expressed as

n
Z ZjU)j S w.
7=1

Let S be the set of binary vectors z that satisfy the above inequality.

(a) Consider the following Markov chain. Start at (0,0,...,0). At each step, choose an
index j uniformly at random from {1,2,...,n}, replace z; with 1 — z; in the current
selection vector z = (z1, 29, ..., 2,), and call the resulting vector y. If y is not in S,
remain at z. If y is in §, move to y. Show that the uniform distribution on § is

stationary for this chain.
(b) Show that the chain from part (a) is irreducible.

(c) The chain from part (a) is a useful way to draw samples from an approximately
uniform distribution on S. However, we are interested in optimizing (maximizing)
the total value of our selection of items. We therefore construct a Markov chain
with a stationary distribution 7 that puts much higher probability on any high-
value solution than on any low-value solution. Specifically, we want to simulate

from the distribution

m(z) oc M@

where f(z) = Z?Zl v;z; and A is some positive constant. Using the Metropolis-

Hastings algorithm, create a Markov chain whose stationary distribution is 7.



Chapter 10

Random Walks on Groups

10.1 Basic notions

10.1.1 Generators, convolution powers

For many naturally occurring Markov chains, the state space S has the additional struc-
ture of that of a group, and the Markov chain is random walk on that group. Examples
that we have already encountered include random walk on Z with group operation + and
random walk on the discrete N-cycle {0,1,..., N — 1} with group operation + (mod N).
In both examples, the Markov chain proceeds from state x to a new state by choosing an
element y from S, independently of x and according to a given step distribution i on S,
and then by composing (adding) x + y, which is the resulting new state. For example, for
simple symmetric random walk on Z, at each time n, the Markov chain chooses its next
step uniformly at random (and independently from all other steps) from {—1,1}. This
process of successively adding (or whatever the group operation is) i.i.d. steps can be
generalized to any group. Section 10.2 introduces the larger class of examples of random
walks on the symmetric group S,, i.e. the group of permutations of n distinguishable

objects. We start with some basic definitions:

284
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Definition 10.1.1. A discrete group (G, o) is a finite or countably infinite set G
together with a group operation o : G X G — G that has the following properties:

(a) The operation o is associative.

(b) There ezists an identity element id € G such that x oid = idox = x for all
reQq.

(¢c) For allxz € G there exists an inverse x~' € G such that ™t ox = rox™' = id.
If, in addition,
(d) xoy=youx foralzyeq,

then G is called a commutative or abelian group.

Definition 10.1.2. Let G be a discrete group and U C G. We say

(a) We say U generates G, or U is a set of generators for G, if every g € G
can be written as a finite product of elements in U.

(b) If U generates G and we have u € U <= u~' € U, the set U is called a
symmetric set of generators for G.

Note that the set of generators U may be a finite set or an infinite set. In the following,
we will suppress writing o. Instead of writing x o y, we will simply write xy. Let G be a
discrete group. Any probability distribution p on G defines a random walk on G:

Definition 10.1.3. Let G be a discrete group and p a probability distribution on
G. A right random walk (X,,),>0 on G with step distribution u is a Markov
chain on G whose transition probabilities are

Py =p(z'y) foralz,yeG.

Similarly, we define a left random walk with step distribution u to be the Markov

chain whose transition probabilities are Py, = p(yz~") for all x,y € G.

Recall the notion of support, denoted by supp(u), of a distribution p on G:

supp(p) = {g € G : pu(g) > 0}.

Example 10.1.1. In Example 1.5.6 we have introduced simple random walk on the k-

dimensional hypercube. Here the state space is Z& = {0, 1}*. It is a finite Abelian group
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whose group operation is component-wise addition modulo 2. The step distribution p in

this example is given by

1£(1,0,...,0) = p(0,1,...,0) = - - = (0, ...,0,1) =

Note that supp(yu) is a symmetric set of generators for the group Z5. 0

Proposition 10.1.1. Let G be a discrete group and p a probability distribution on
G. Both left and right random walks on G with step distribution p are irreducible
if and only if supp(p) generates G.

Proof. We show this for right random walk. The proof for left random walk is analogous.
Set U = supp(u). First, assume U generates G, and let z,y € G. Then there exist k and

Ui, ...,up € U such that 27 'y = ujus - - - uy,. Hence

Pfy > Px,:mu qul,zulug te P:J:uy--uk,l,y = ,LL(UDM(UQ) T H(uk) > 0;

which shows that the random walk is irreducible. Conversely, let us assume that the
random walk is irreducible. Let x € G. Then there exists m such that P} > 0. It

id,x

follows that there exist uq, ..., u,,—1 € U such that
Pid,ulpul,u1uz e Pu1~--um_1,ar >0 )

and, consequently, there must also exist u,, such that © = u; - - - w,_1u,,. This shows that
U generates G. O]

Let (X, )n>0 be (right) random walk on the discrete group G with step distribution .
Assume the random walk starts at the identity id of G. Thus Xy = id and X; ~ pu.
The distribution of X, (after the walk has taken 2 steps) is the convolution g * . It is
defined by

wx p(z) = Zu(y)u(y_lx) forall x € G.

yeG
We write p*2 = p % p. It is straightforward to show that p*? is again a probability
distribution. From this, we get the distribution of X3 (after the walk has taken 3 steps).
It is p*3 = p*2 % p defined by

w3 (x) = Z w2 () pu(y ) for all z € G.
yeG
By induction, X,, ~ u*" where

pw(z) = Zu*("_l)(y),u(y_lar) for all z € G.

yeG
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Thus the n-step transition probabilities for a random walk on a group G are given by the

n-fold convolution powers of p:

7 *n (. —1
Pl =w"(xy) forallz,yeG.

As a consequence, the n-step transition matrices P" for random walk on a finite group

are doubly stochastic:

Definition 10.1.4. A stochastic matriz P is called doubly stochastic if each

column sums to 1.

Indeed, for any random walk on a finite group G with step distribution u, the yth column

> Py=> uay) =) pulg)=1.

zeG zeG geG

of P sums to

The second equality follows from the fact that for any y € G, the map f(z) = 27 'y is a
one-to-one function on G. Hence P (in fact P" for all n > 1; to see this simply replace

P,y with P! and p with ¢ in the above equations) is doubly stochastic.

For the following, recall the notion of an invariant measure (which is not necessarily a

probability measure) from Definition 2.2.2.

Proposition 10.1.2. Let G be a discrete group and p a step distribution for (right)
random walk on G. Then for any ¢ > 0, the constant measure m = ¢ on G is an

wnvariant measure for the random walk.

Proof. For any y € G,

Y o w@) Py =c> plaly)=c> plg) =c=m(y).

zeG zeG geG

Corollary 10.1.3. Let G be a discrete group and i be a step distribution whose
support supp(p) generates G. Then the following holds for the associated random

walk:

(a) If G is finite, then the uniform distribution p = |—é| 1s the unique stationary

distribution.

(b) If G is infinite, then the random walk is either null recurrent or transient.

There is no stationary distribution.
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Proof. By Proposition 10.1.1, the random walk is irreducible. If GG is finite, then the walk
is positive recurrent and has a unique stationary distribution 7. By Proposition 10.1.2,
7 is constant on (G, hence 7 is uniform distribution on G. If G is infinite and the walk is
recurrent, by Theorem 2.2.6, the constant measures on G are the only invariant measures
for the random walk. However, since G is infinite, a constant measure on GG cannot be
normalized to a probability measure on G. Hence the random walk must be null recurrent.

If the random walk is transient, then no stationary distribution exists either. O

It follows that for finite G, if the random walk on G with step-distribution p is irreducible
and aperiodic, then

1
nlggo w"(x) = @l forall z € G.

Note that u(id) > 0 is a sufficient (but not necessary) condition for aperiodicity of the

associated random walk.

If a random walk (X,,),>0 is periodic (and hence u(id) = 0), we often work with a so-
called lazy version (Xn)nzo of the random walk instead. We construct a lazy version
by introducing positive holding probability in the following way: Consider a sequence
(Zy)n>1 of i.i.d. Bernoulli trials (coin tosses) that are also independent of (X,,),>0. Fix a
positive holding probability p with p < 1 and let P(Z; = 1) =p=1—-P(Z; = 0). The
lazy version (Xn)nzo is defined by X, = X, and

X,=Xs,  withS, =) %

k=1

for n > 1. Roughly speaking, at each step, a coin toss decides whether the random
walk stays in place or progresses (according to the original transition probabilities). The

resulting step distribution fi for the lazy walk is
i =pp+ (1 —p)diq

where §,4 denotes unit mass at the identity id.

10.1.2 Time reversal of a random walk

For some examples of random walks on groups, it turns out to be easier to analyze their
time reversal (see Section 7.1), rather than the original random walk. Since for random
walk on a discrete group G the constant measures are the only invariant measures, the

time reversed random walk has step distribution i defined by

i(g) =p(g™") forged.
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We have shown in Section 7.1 that if a Markov chain is irreducible, so is its time reversal.

The following lemma restates this fact for the special case of random walks on groups.

Lemma 10.1.4. Let G be a discrete group and U C G a set of generators. The the
set U defined by
ulelU <= ueclU

is a set of generators for G.

Proof. Let ¢ € G. Since U generates G, there exist u,...,u, € U such that ¢g7! =
Uy Uy SO
9=ty -upt

~1 ¢ U, the set U generates G. |

and since uy*, ..., u;

In Section 10.2 we will introduce examples of random walks on the permutation group S,,.
We will be interested in studying their rates of convergence to stationarity (to uniform
measure). For such a study, we first need to decide on a specific notion of distance
between two probability measures v, m on G. One commonly used notion of distance is
the Li-distance defined by

lv =7l = [v(g) — m(g)l,
geG
or rather ||[v — ||y := 3|lv — 7||1,, which is called total variation distance and which
has a nice probabilistic interpretation (see Section 11.1). The following lemma explains
why we can work with the time reversed random walk when studying rates of convergence

with respect to Li- (or total variation) distance.

Lemma 10.1.5. Let G be a finite group, p a step distribution on G whose support
generates G, and 7 uniform distribution on G. Let ji be the step distribution of the

time reversed walk. Then

| = mllpy = l#™ = 7lle,  forn>1.

Proof. We assume that the random walk is right random walk and starts at id. Let n > 1.
The random walk proceeds by successively and independently choosing x1, zs, ... from G
according to p and right multiplying each new chosen element with the current product.
Thus
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which is equal to

SO oaa-ea) =Y A = ) = P, = a7,

Ty Tn=T —1 -1 1

We get

™ =7l =)

z€G

p(z) — ﬁ’ =

z€G

~ %M — 1 ~ %N,
2 (13 1)—@ = ||M —7THL1‘

O

Note: In general it is not true that, for a given time n, the distance to stationarity for a

Markov chain and the distance to stationarity for its time reversal are equal.

Definition 10.1.5. Let G be a discrete group and p a probability distribution on
G. We say p is a symmetric probability distribution f

pw(x) = p(z™t) foralzeG.

Lemma 10.1.6. An irreducible random walk on a finite group G is reversible if

and only if its step distribution p is symmetric.

Proof. For any random walk on a finite group G, uniform distribution on G is a stationary
distribution. The statement follows from the fact that P,, = u(z'y). O

It follows that for a reversible random walk on a finite group GG, the corresponding one-step

transition matrix P is a symmetric matrix (and all eigenvalues of P are real).

Lastly, we point out that certain examples of Markov chains can be “lifted” to a random
walk on a group, so the original Markov chain can be viewed as a lumped version (recall
Section 1.7) of the random walk on the group. This viewpoint is often helpful towards
analyzing the Markov chain. We have already seen examples of lumping: The Ehrenfest
chain is a lumped version of simple random walk on the hypercube (see Example 1.7.4 and
Subsection 11.2.4). Random walk on the integers {0, 1, ..., N} with reflecting boundary
at 0 and N can be viewed as a lumped version of simple random walk on a discrete cycle

(see Example 1.7.5).
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10.2 Card shuffling

Shuffling a deck of n cards is a Markov chain Monte Carlo approach to producing a
(uniform or near uniform) random permutation of n cards. The Markov chain (X,,)n>0
that models the process of shuffling is a random walk on the symmetric group S, which
is the group of all permutations of n distinguishable objects. Recall that a permutation
o € S, is a bijective map

o:{1,...,n} = {1,...,n}

and thus can be identified with a particular order of the deck. The group operation on S,
is composition of two such functions. Note that the symmetric group S, is non-abelian
for n > 3.

Although shuffling a deck of cards is an entertaining way to think about random walks
on the symmetric group S, it is by no means the only application. The study of “mixing
up n distinguishable objects” is relevant in many areas, for example in genetics or in
cryptography. Note that here the size of the state space grows super-exponentially in n,
which makes the state space prohibitively large for any direct enumeration of the states
in most applications. For example, for a standard deck of 52 cards, the state space S,
consists of [S,| = 52! > 8 - 10%7 permutations.

How we shuffle a deck, that is, which shuffling mechanism is used, is determined by the
step distribution p of the random walk. In theory, any distribution p that is supported
on a set of generators of the group S, could be considered. But in praxis, only a few
distributions u translate into a convenient algorithm and have “fast enough” convergence
to uniformity (we discuss rates of convergence in Chapter 11). In the following we describe
two shuffling mechanisms that have been studied in great detail over the past decades (see

Exercise 10.8 for additional examples).
Top-to-random shuffle

Consider top-to-random card shuffling chain with n cards. Initially, the deck is in perfect
order. At each time, the top card is taken off and randomly inserted into the deck. See
Figure 10.1 for a possible shuffle. The state space consists of all possible orders of the
deck, i.e., all possible permutations of n distinguishable cards.

This process is modeled as a random walk on S;,. The step distribution p is concentrated
and uniformly distributed on the set of cyclic permutations C' = {04,039, ...,0,} of the

form

op=1-22—-3—=--—=k—1) fork=12..n. (10.1)
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Figure 10.1: Top-to-random shuffle

Here (1 -2 —+3 —--- — k — 1) in (10.1) stands for the cyclic permutation o}, defined
by

op(i)=1+1 for 1 <i<k-—1, or(k)=1, or(j)=J fork+1<i<n.

Note that o; = id. It is well known that the set C'is a set of generators for the symmetric
group S,. Top-to-random shuffling proceeds as follows. At first, the deck of n cards is
in perfect order (i.e. the chain starts at id). Perfect order means the cards are stacked
according to descending label, so the card labelled 1 is the top card, and the card labelled
n is the bottom card. For each shuffle, a cyclic permutation o; € C' is chosen according

to the step distribution

—~

1
(o)) =— for1 <i<n.

n
For the actual shuffle, this means that the top card is taken off and inserted into the deck
at a uniformly randomly chosen location. This corresponds to multiplying (composing)
the current permutation (which describes the current order of the deck) on the right by
the chosen ;. Figure 10.2 shows an example (for n = 5) of a sample path (Xo, X7, Xo, X3)

of three shuffles.

I

L]
o

L]
e

position | X

T = W NN =
O = W N =
VLD

w
U = = W N
TN =W
TN = W =

Figure 10.2: Sample path for three top-to-random shuffles

The last column gives the deck after three shuffles, where for the first shuffle the top card
was inserted below the third card, for the second shuffie the top card was inserted below
the fourth card, and for the third shuffle the top card was inserted below the second card.
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This results, at time 3, in the permutation o3 o 04 0 05 which is given in the last row of
Figure 10.3.

! 1 23 45
o3(3) 23145
o3(04(7)) 31425
o3(o4(02(1))) 1 3425

Figure 10.3: Resulting permutation of the deck after each shuffle

Note that when we write o (i) = k for a permutation o, it means “Card k is in position
1”. Thus the top-to-random shuffle with step distribution concentrated on C' constitutes

a right random walk on S, .

The time reversal of top-to-random shuffle is random-to-top shuffle. Its step distri-

bution /i is uniform measure on the set C' = {id, 05!, ..., 0;,'} where
o l=k—=>Gk-1)—>(k-2)—> =12k for2<k<n.

A shuffle is performed by choosing a card uniformly at random, taking it out of the deck,
and putting it on top of the pile. A possible random-to-top shuffle is shown in Figure 10.4.
This random walk is also called the move-to-front chain or Tsetlin library (think of a

librarian returning each randomly selected and used book back to the front of the shelf).

1
2

Figure 10.4: Random-to-top shuffle

Riffle shuflle

Riffle shuffling is a more realistic way of shuffling cards than, say, top-to-random shuffling.
The model was proposed by Gilbert and Shannon (1955) and later, independently, by
Reeds (1981). It has been closely studied ([1], [5]) and become famous for the result “7
shuffles mix a deck of cards” in [5].

The shuffling mechanism is as follows. Start with a perfectly ordered deck of n cards. At

each step, cut the deck in half according to a binomial distribution Bin(n, %) This gives
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2 stacks, one of size m and one of size n — m, which happens with probability (Z)l /2"
Then “riffle” (interlace) the two stacks, but keep the relative order of the cards in each
stack. There are (:;L) ways to riffle the two stacks together. Assume each of these (:1)
arrangements is equally likely to occur. Figure 10.5 shows a possible riffle shuffle with

m = 3. It occurs with probability 1/2".

1 —
2 — -
4—— - 1
T o—---
n n———____3

Figure 10.5: Riffle shuffle

We now define the concept of a rising sequence in a permutation: A rising sequence
is a maximal consecutively increasing subsequence of the permutation. For example, the
shuffle in the above picture results in a permutation with 2 rising sequences (viewed
from top down): (1,2,3) and (4,5,...,n). For every permutation o, the set {1,2,...,n}
decomposes into a disjoint union of rising sequences. A single riffle shuffle results in a
permutation that has exactly two rising sequences or is the identity id (which has exactly
one rising sequence). Two riffle shuffles performed in a row result in a permutation that
has at most 4 rising sequences. With each shuffle, the number of rising sequences can at
most double.

The step distribution u for a riffle shuffle is given by

1/2n if o has exactly two rising sequences
plo)=< (n+1)/2" if o =id
0 otherwise .

Note that a single shuffle results in id if either m =0orm =n,orm =jfor1 <j<n-1
and the “riffling” puts the two stacks back on top of each other, resulting in the original
order of the deck. Hence pu(id) = (n+1)/2".

After k shuffles, the order of the deck has distribution p** (the k-fold convolution of )
on the permutation group S,. In [5], Bayer and Diaconis compute the exact formula for
w*(o): Let R(0) denote the number of rising sequences of permutation o. Then

(o) = % (2k +n— R(a)) '

n

The time reversal for the riffle shuffle proceeds as follows. At each step, we mark each

card with either 0 or 1, according to i.i.d. Bernoulli random variables. We then sort the
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cards according to this marking by bringing all cards marked with 0 to the top of the pile,
leaving their relative order at the time of the marking intact. We will refer to one such

step in the process as an inverse riffle shuffle. See Figure 10.6 for an illustration.

starting deck | mark cards deck after 1 inv.riffle | sorted bits
1 1 2 0
2 0 4 0
3 1 5 0
4 0 1 1
5 0 3 1

Figure 10.6: Inverse riffle shuffle

For inverse riffle shuffling, the analogous notion to rising sequences for riffle shuffles is the
notion of descents of a permutation. We say a permutation ¢ has a descent at k for
1<k<n-1if

o(k)>ao(k+1).
Note that in the the example in Figure 10.6, the resulting permutation has a descent at

k = 3. An inverse riffle shuffle results in a permutation that has exactly one descent or is

the identity ¢d (which has zero descents). The step distribution fi for the inverse shuffle

is given by
/2" if o has exactly one descent
plo) =< (n+1)/2" if o =id
0 otherwise .

We will study top-to-random shuffling and riffle shuffling in more detail in Chapter 11.

10.3 Random walks on finite abelian groups

In order to study the long-term behavior of finite state Markov chains with transition ma-
trix P, we need to understand the matrix powers P™ which in turn requires understanding
the eigenvalues of P (see Section 11.2). For random walks on finite abelian (commutative)
groups, the eigenvalues and eigenvectors of the transition matrix P are often fairly easy
to compute. We have already encountered examples of finite abelian groups: the discrete
circle Z, (i.e., the cyclic group of order n) with addition modulo n, and the hypercube
75 (i.e., the direct product of k copies of Zj) with component-wise addition modulo 2. In

fact, any finite abelian group is of similar form:
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Definition 10.3.1. Consider two discrete groups (G, o) and (H,o) and a function
f:G— H. We say f is a group homomorphism from G to H if

flxoy)=f(z)o f(y) for all z,y € G. (10.2)

If a function f : G — H with property (10.2) is also one-to-one, it is called a group

isomorphism from G to H, and the groups G and H are called isomorphic.

Isomorphic groups have the same group structure and therefore can be identified as groups.

Theorem 10.3.1 (Fundamental Theorem of Finite Abelian Groups). Any finite,
abelian group G is isomorphic to a direct product of cyclic groups whose order is a

power of a prime number, that is,
G >y X -+ X Ly, (10.3)

where n; = p?j with p; prime (not necessarily distinct), k; € N, forall j =1, ... k.

Under this identification, the group operation on G is component-wise addition modulo
n; in each slot. The order (cardinality) of G is |G| = nyns - - - ni. Note that the symmetric
group S, i.e., the group of all permutations of n distinguishable objects, which we have

encountered in modeling card shuffling, is not abelian.

10.3.1 Characters and eigenvalues

Since any finite abelian group can be identified with a group of the form (10.3), we will

write the group operation on G as +. We start with the definition of a group character.

Definition 10.3.2. Let (G, +) be a finite abelian group. Consider the multiplicative
group (U,-) of complex numbers of modulus 1. A character x of G is a group
homomorphism x : G — U. That is,

xX(x+y)=x(x) x(y) forallz,yeG. (10.4)

\. J

Consider a finite abelian group (G, +) of order |G| = n. Let id be its identity element
and x a character of G. It follows from property (10.4) that x(id) = 1 and y(—z) = x(z)
for all x € G. Furthermore, any function value x(z) for x € G must be an nth root of
unity. Indeed, it is know that for any x € G, we have x + - -+ + x = id (n summands;

see Exercise 10.3). And so by property (10.4), (x(z))" = 1. In particular, the constant
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function 1 is a character. We call it the trivial character y., = 1. In the following, ¢ will

always denote the complex number /—1.

Proposition 10.3.2. Let G = Z,, X -+ X Ly,. For any m = (my, ..., my) with
mj € Ly, (for j =1,....k), the function xm on G defined by

Xm(%) = exp 2mi((z1mq/ny) + - - + (xemy/ng))] for x = (21, ...,23) € G

s a character of GG.

There are n = nyng - - - ny, = |G| distinct k-tuples m of the kind described in Proposition
10.3.2. Each such k-tuple defines a character for G, and two distinct m;, ms define distinct
characters for G. We will show in Proposition 10.3.3 that, in fact, these characters account
for all characters for G.

For a given abelian group G, denote its set of characters by G. The set G forms an abelian

group with respect to pointwise multiplication:

(a) If x1,x2 € @, then xix2 € G and X1X2 = X2X1-

(b) The trivial character is x4 = 1 the identity element for pointwise multiplication.

(c) If x € G, then y (the complex conjugate of x) is also a character and yxy = 1. We
have y(z) = x(—x).

Verification of properties (a)-(c) is straightforward. Moreover, the groups G and G are
isomorphic under the bijection f : G — G with f(m) = xm-

Proposition 10.3.3. Let G = Z,, X -+ X Zy,. Consider the vector space Vi of

complez valued functions f: G — C, and on this vector space Vi the inner product

(-, )¢ defined by (f,g)¢ = ‘—C{,'ZIGG f(x)g(z) for f,g € Vio. We then have the
following:

(a) For any non-trivial character x we have ) . x(x) = 0.
(b) The set of characters G forms an orthonormal system with respect to (-, -)q.

(c) G forms a basis for the vector space Vg.

Proof. (a) Let x # Xuiv and take xg € G. Then

S xlw) = 3 xle + o) = x(wo) 3 x(a). (10.5)

zelG z€G zeG
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Since x is non-trivial, we can find xy € G such that x(xo) # 1. Therefore it follows from

(10.5) that
> x(x) =

zeG

(b) Let n = |G|. By part (a),

(Xtrivs X) & Z x(z

xGG

We also have (Xiriv, Xtriv)a = %erc 1 = 1. For x; and ys non-trivial characters, we

(X1, X2)G ZX1 )Z%ZX@):

Z‘GG zeG

have

where we have taken y = xjx2 (which is also a character since Gisa group). Lastly, for

any non-trivial character y we have

6 == S XX = = S () = = 3 xlid) = 1.

zeG zeG reG

(c) Since, by part (b), the set of characters forms and orthonormal system in Vg, the
characters are linearly independent. The vector space Vi has dimension n = |G].

Proposition 10.3.2, any finite abelian group has n = |G| distinct characters. Hence the
characters as described in Proposition 10.3.2 are all characters for G, and they form an

orthonormal basis of V. ]

Consider a random walk on a finite abelian group GG with transition matrix P. We next
show that the characters of G are eigenvectors of P. This fact will allow us to compute

the eigenvalues of P.

- )

Proposition 10.3.4. Let G be a finite abelian group and p a probability distribution
on G. Consider random walk on G with step distribution p. Let x be a character

of G. Then x is a right eigenvector for the transition matriz P with corresponding
eigenvalue A = E,(x) = Y ,cq 1(2)x(2).

Proof. We have

PX)(y) = > Pux() =Y pulz—y)x(z)

re zeG
= Y pu2)x(z+y) =xw) D> uz)x(z) = Ax(y).
zeG zeG
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Proposition 10.3.4 gives an easy way for computing all eigenvalues of P. Note that if
1 is uniform distribution on G, the corresponding transition matrix P has eigenvalue 1
(with multiplicity 1), and the rest of the eigenvalues are 0. We can of course see this
directly, since P is the matrix all of whose entries are equal to - But it also follows

from Proposition 10.3.3(a) and Proposition 10.3.4.

Definition 10.3.3. Let G be a finite abelian group and p a probability distribution
on G. We call the map 1 G—C defined by

i) =E.(0) =) n(=)x(2)

zeG

the Fourier transform of the probability distribution p.

Thus the image Im(jz) of the Fourier transform i is the set of eigenvalues of the transition
matrix P for a random walk with step distribution . Since P* is the transition matrix
for a random walk with step distribution p**, we get the following immediate relationship

between the Fourier transform of y and the Fourier transform of its kth convolution power

,Uf*k:

Proposition 10.3.5. Let i be a probability distribution on a finite abelian group

G and p** its kth convolution power. Then

o~

p*(x) = Epee(x) = (Eu(x))*

for all x € G.

In the following, we compute the eigenvalues for two of our running examples of random
walks on abelian groups, namely simple random walk on Z, and simple random walk on

the hypercube Z&.

Example 10.3.1. Let G be the discrete circle Z,, i.e., the numbers {0,1,....n — 1}
together with the group operation + (mod n). We consider simple, symmetric random
walk on Z,,. The characters of Z,, can be labeled by k£ for 0 < k < n — 1 and are defined
by

xi(z) = eZ=kim for v e 7, .

Since the step distribution g is uniform on {1, —1}, the corresponding eigenvalues are

15 1 ,
e =E,(xx) = 562’”’“/” + 56_2’”’“/” = cos(27k/n)
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for £ = 0,1,...,n — 1. All eigenvalues are real, hence for each k, the real part Re(xy) of
the eigenvector y; is also an eigenvector corresponding to A\,. That is, for each k, the
function fi(z) = cos(2wkx/n) for x € Z, is a right eigenvector of the transition matrix P

corresponding to eigenvalue Ay = cos(27k/n).

If instead we consider lazy simple random walk with 7(0) = 3 and fi(1) = a(—1) = 1, the

eigenvectors remain the same, and we get the corresponding eigenvalues

1 1., 1 . 1 1
)\k‘ — 5 + 1627‘—“‘;/” -+ Z€_2w2k/n = 5 + § COS(?T(k/n)

for k = 0,1,...,n — 1. Again, all eigenvalues of P are real since the random walk is

reversible (has symmetric step distribution). O

Example 10.3.2. Consider G = Z§, the hypercube of dimension k. Note that |Z}| = 2*.
For simple random walk with holding probability %, the step distribution p is defined by
1(0,...,0) = % and

1£(1,0,...,0) = p(0,1,0,...,0) = - -- = (0, ...,0,1) = —.

Here the characters can be labeled by the binary k-tuples k = (my, ..., my) with m; €
{0,1}. So the character labeled by k is defined by

Yi(x) = eZmilmmitetmem)/2 o x — (31, ..., xp) € ZE

For any non-trivial character yy, we can identify the label k with a subset J C {1,2,....k}
(that is, the set J of indices j for which m; = 1). Thus, equivalently, we can write for the

character
xJ(x) = H(—l)mj for x = (z1,...,x) € 7% .

jeJ

The corresponding eigenvalues are

11 k—1|J]|
Ai==+—((k—=|J])=|]]) = ———.
y= gt g (= 1)~ 1) = =
Since there are (|§|) distinct subsets of size |J| of {1, ..., k}, the multiplicity of eigenvalue
k_T‘J' is (IE\)' To summarize, the eigenvalues of lazy random walk on the hypercube Z&
are

k% with multiplicity (k> for j=0,1,.... k.
J

Here again, all eigenvalues are real since the random walk is reversible. 0
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Exercises

Exercise 10.1. Consider two probability measures p and v on a discrete group GG. Show

that the convolution product p x v is also a probability measure.

Exercise 10.2. Show that the transition matrix P of a finite-state Markov chain is doubly
stochastic if and only if uniform measure is a stationary distribution for the chain. If P
is doubly stochastic, does it follow that each n-step transition matrix P is also doubly

stochastic?

Exercise 10.3. Consider a finite abelian group (G, +) with |G| = n. Show that for all
x € G,
r+x+---+2x=1id (nsummands).

(Hint: Consider a function f : G — G defined by f(g;) = = + g;.)

Exercise 10.4. Let (X,,),>0 be random walk on a discrete group G with step distribution
1 for which ju(id) = 0. Consider a lazy version (X, )0 of this random walk where, at each
step, an independent and biased coin toss determines whether or not the process holds
in its current state or moves to a next state, according to the transition probabilities
for (X,)n>0. We assume the coin tosses form an i.i.d. sequence of Bernoulli(p) random
variables. Find a formula for the n-step transition probabilities for (Xn)nzo in terms of

the k-step convolution powers of .

Exercise 10.5. The following is a generalization of a certain “translation invariance”
feature that random walks on groups possess: Let (X,,)n,>0 be a Markov chain on state
space S with transition matrix P. We say the Markov chain is transitive if for any two
states r, s € S there exists a bijection f = f, 5 : § = S with f(r) = s that preserves the
transition probabilities, that is, for which P,, = Py s for all u,v € S. Intuitively, if
a Markov chain is transitive, then, for any two states in the state space, there is always
a suitable re-labeling of the states, so that the chain “looks probabilistically the same” if

we use either one of the two states as the starting state for the chain.
(a) Show that a random walk on a group is a transitive Markov chain.

(b) Show that for any transitive Markov chain with finite state space S, the uniform

distribution on § is a stationary distribution.

Exercise 10.6. Consider a transitive Markov chain (X,,),>o on a finite state space S
and let m be the stationary distribution. Assume the chain starts in state xqg € S. Let
X, ~ pi, for n > 0. Show that the L;-distance to stationarity ||u, — 7|, does not depend

on the starting state xg.
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Exercise 10.7. Consider a probability measure p on a discrete group GG. Show that if
supp(u) is a symmetric set of generators for GG, then the associated random walk on G is
either aperiodic or has period 2. Give an example of 1 and G for which p(id) = 0 and for

which the random walk is aperiodic.

Exercise 10.8. For each of the following shuffling mechanisms of a deck of n cards, i.e.
random walks on S,,, describe the probability measure ¢ on S, that is the step distribution

for the random walk.

(a) Random transpositions. At each time step, choose uniformly at random two cards
(with replacement) from the deck. Then interchange the location of the two chosen
cards in the deck.

(b) Random-to-random insertions. At each time step, choose uniformly at random a
card from the deck, remove it from the deck, and reinsert it into the deck in a

uniformly at random chosen location.

Exercise 10.9. Consider a card shuffling process of n cards, i.e. an irreducible random
walk (X,,)n>0 on the symmetric group S, for a given step distribution p on S, as described
in Section 10.2. Recall that for o € S,, for right random walk, ¢(i) = k means “Card k
is in position 7 in the deck”. Now fix a k, and consider the function f : S, — {1,...,n}
defined by f(o) = o~ (k). The function f gives the position of Card k in the deck.

(a) Show that (X,,),>0 is lumpable with respect of f, that is, the process (f(X,))n>0 is

a Markov chain on state space {1, ...,n}.

(b) Show that uniform distribution on {1,...,n} is stationary for the lumped Markov

chain from part (a).

Exercise 10.10. Consider top-to-random shuffling for n = 5 cards. Explicitly give the
transition matrix for the Markov chain from Exercise 10.9(a) which tracks the location of

Card 1 in the deck.

Exercise 10.11. Consider a finite abelian group G and a probability measure p on G.
Let 7 ~ Unif(G) be uniform probability measure on G. Prove that if there exists ko > 1
such that p** ~ 7, then pu ~ 7.

Exercise 10.12. Let (G, 0) and (H,©) be two finite abelian groups. Their direct product
(G x H,x) is also an abelian group with group operation x being defined component-wise.
That is, for all (g1, k1), (g2, h2) € G X H, we define

(g1, 1) * (g2, h2) = (g1 0 g2, h1 0 hy) .
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(a) Show that if xg is a character of G and xp is a character of H, then (xg, xnm)
defined by

(Xas xm)(g:h) = xc(g)xu(h) forallge G, he H (10.6)
is a character of G x H.

(b) Recall that G denotes the set of characters of . Show that (10.6) defines a bijection
between G x H and G x H.



Chapter 11

Rates of Convergence

11.1 Basic set-up

Quantitative results about the speed of convergence of a given Markov chain are of major
practical interest in applications of Markov chain Monte Carlo methods. For how long do
we need to run the Markov chain so that samples drawn are “sufficiently good approx-
imations” to samples from its stationary distribution 7?7 Precise statements about the
related mizing time of the Markov chain will be based on an appropriate choice of dis-
tance between probability measures. The following is a commonly used notion of distance

between probability measures in this context:

Definition 11.1.1. Let S be a discrete set and ™ and p two probability distributions

on §. The total variation distance between m and p is defined by
lp = 7llzrv = sup [u(E) — w(E)|. (11.1)
ECS

It gives the maximum error made when we use p to approximate .

The definition implies 0 < || — 7||rv < 1. The following proposition shows that total
variation distance is equal to one-half of the L;-distance of the two distributions. It is
sometimes easier to work with (11.2) rather than with the probabilistic definition (11.1)

of total variation distance.

Lemma 11.1.1. Let S be a discrete set and p and 7w two probability distributions
on S. Then

I = ey = 5 3 () - w(a)]. (112)

zeS

304
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Proof. Consider the set A ={z € S : u(x) > n(x)}. See Figure ?? below. We have

sup (u(B) = 7(E)) = p(A) = m(4).

We then consider the set A°={z € § : p(zr) < m(z)} and reverse the roles of p and .
This yields
sup (m(E) — p(E)) = w(A%) — u(A°).

ECS

Note that u(A) — m(A) = m(A°) — u(A°). We get

li= ey = sup [w(E) = u(B)| = p(4) - m(4)
1

= () — 7)) p(A) = L3 ) - ()]

z€eS

i

| A | Ac

Figure 11.1: The areas of regions R; and R, are the same.

In the above Figure 7?7, Area(R;) = p(A) — m(A) and Area(Ry) = w(A°) — pu(A°). The
two areas are equal. We have

| — 7||7v = Area(R;) = Area(Ry) .

Note that || — 7||ry = 0 if and only if pu(z) = w(x) for all x € S, and furthermore
| — 7|7y = 1 if and only if p and 7 are supported on disjoint subsets of S. For a

sequence i, n > 0, of probability measures on & we have

lim ||y — 7|7y =0 < lim p,(z) =n(x) VzeS§. (11.3)
n—o0 n—oo
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If S is finite, statement (11.3) is immediate. The proof of (11.3) for countably infinite S
is the content of Exercise 11.5.

Often times in applications, for a given Markov chain (X, ),>0 with X, ~ p,, quanti-
tative results about the rate of convergence of ||y, — 7|7y to 0 are needed. In this
chapter we will discuss methods for studying such rates of convergence. We first show
that as the Markov chain progresses in time, its total variation distance to stationarity

can only decrease with time.

Lemma 11.1.2. Let (X,,)n>0 be a Markov chain and m a stationary distribution
for the chain. Let X,, ~ p, forn > 0. Then

[t = wllrv < [|pn — 7llzy  for all n > 0.

Proof. Using fins1(2) = ¥, cs ftn(y) Pye, we have

1
s = mllrv =5 > 1Y) Pe =D 7(y) Ppa
€S |yeS YyES
1
= 5212 () — 7)) P
zeS |yeS
1
< 52D W) — ()] P
zeS$S yes
1
=5 > in(y) = 7)Y Pra
yeS zeS
1
=5 > lin(y) — 7(y)]
yeS
= |ptn — 7llrv

where the rearrangement of the sum in line 4 is justified because of absolute convergence.

]

Example 11.1.1. Recall the 2-state chain on state space & = {0,1} with transition

p_ 1—a a
b 1—-0b

for fixed a,b € (0,1). Let us assume the chain starts in state 0. Thus p, = (P}, P)-
Recall Example 1.3.2 where we have computed the n-step transition probabilities for this

matrix
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chain. We have

b a a a
fin (a+b+a—|—b( a0 o T et ))

The unique stationary (limiting) distribution is

o b a
C\a+b a+b)’

Thus we get the following explicit formula for total variation distance to stationarity as

a function of time n:

it = 7llzy = 5 (1P5 — m(0)] + [Fgy — (1))

a
- 1—a—b".
it a—

(11.4)

Since we assumed a,b € (0,1), we have |1 —a —b| < 1. Thus we see from (11.4) that
|itn, — ||y decays exponentially fast. Note that (1—a—b) is the second largest eigenvalue
of the transition matrix P. In the next section we will see that the eigenvalues of P, in
particular the (in modulus) second largest eigenvalue of P, play an important role in the

rate of convergence to stationarity. 0

In studying rates of convergence for Markov chain, one of the obvious questions of interest
is: How many steps are needed (or suffice) for the particular chain to be “e-close” to
stationarity? This question is about the mizing time of a Markov chain which we will

define next.

Definition 11.1.2. Consider an irreducible, positive recurrent, and aperiodic
Markov chain (X,,)n>0 with stationary distribution w. Let X, ~ p, for n > 0.

For a given € > 0, we define the mixing time t™* by

mix
te

=min{n : ||u, — 7||l7v < €}.

Note that the notion of mizing time makes sense in light of the monotonicity property of

total variation distance (Lemma 11.1.2).

11.2 Spectral bounds

The distribution of a Markov chain at time n is p, = peP™. Clearly, when studying
convergence rates of j,, we need to understand the convergence behavior of the matrix

powers P™. For finite state space, this behavior will be determined by the eigenvalues
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— |l — 77V

75mix time n

Figure 11.2: Mixing time

(the spectrum) of the finite transition matrix P. Recall that for the special case of
random walks on a finite abelian group, we have computed the spectrum of the transition
matrix in Section 10.3. The Perron—Frobenius theorem (see Appendix A.6) provides useful
information for the general case. The following proposition summarizes some important

properties of the eigenvalues of a stochastic matrix P.

Proposition 11.2.1. Let P be a stochastic (n x n)-matriz. We have the following:

(a) A\ =1 is an eigenvalue of P, and there exists a nonnegative left eigenvector v
corresponding to Ay = 1. If X is an eigenvalue (possibly a complex eigenvalue)
of P, then |A| < 1.

(b) If P is irreducible and aperiodic (in particular, if P is strictly positive), then
ergenvalue A\ = 1 has algebraic and geometric multiplicity 1, and there exists
a strictly positive left eigenvector v corresponding to eigenvalue 1. For all

other eigenvalues A # 1, we have |\| < 1.

(c) If P is irreducible and periodic with period ¢ > 1, then P has exactly ¢ eigen-
values A1, Aa, ..., A\e of modulus 1. The \; are the cth roots of unity. Each \;

has algebraic and geometric multiplicity one.

Proof. (a) Consider the constant column n-vector w* = (1,1, ..., 1)*. Since P is stochastic,
we have Pw' = w'. So 1 is a right and therefore also left eigenvalue of P. Let v =
(v1,...,v,) be a left eigenvector corresponding to eigenvalue 1. We will show that |v| =

(Jv1], .., |vn]) is also a left eigenvector corresponding to eigenvalue 1, so |[v|P = |v|. Note

n
;] < |vil Py
i=1

that by the triangle inequality,
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for all j = 1,...,n. If |[v|P # |v|, then there exists at least one index j, such that
|Uj0| < Z?:l |Ui|Pij0' Thus

n n n n
Dl < 30D Py =3 v
j=1 =1 i=1 i=1

which is a contradiction. It follows that the nonnegative vector |v| is in fact a left eigen-
vector corresponding to eigenvalue 1.
Let A be an eigenvalue of P and the column vector s* = (s1, ..., $,,)" a corresponding right

eigenvector, so Ps* = As’. Let m be an index such that |s,,| = max |si|. Then
<i<n
Alfsm] = [Asm| = |(Ps")n]

| <) Puilsil (11.5)

S |3m| mez - |3m| (116)

from which it follows that |A| < 1.

(b) We first prove the statement for a strictly positive stochastic matrix P. Assume
P;; > 0 for all 4,5 € S. Let v be a left eigenvector corresponding to eigenvalue 1. As
proved in part (a), the vector |v| is also an eigenvector for eigenvalue 1, and hence so is
the vector u = 3(v + |v|). Note that by construction, u has nonnegative entries. Since P
is a strictly positive matrix, it follows from uP = u that either u = 0 (the zero vector) or
u is a strictly positive vector. This implies that either all entries of v are strictly negative
(in which case —v is a strictly positive eigenvector) or all entries of v are strictly positive.
In order to show that eigenvalue 1 has geometric multiplicity 1, consider two left eigen-
vectors v/ and v” for eigenvalue 1. By the above, we can assume that each of them is a
strictly positive vector (if not, take its negative). Furthermore, we will assume that v’
and v have been normalized, so for both vectors the entries sum to one. Then the vector
u = v —v”is also a left eigenvector corresponding to eigenvalue 1, and its entries sum
to 0. This means that either u has entries of mixed sign (which we have shown to be
impossible), or all entries of u are 0. We must have the latter, and so we have shown that
v/ = v”. This proves that the eigenspace corresponding to eigenvalue 1 has dimension 1,
and so eigenvalue 1 has geometric multiplicity 1.

We will now show that eigenvalue \; = 1 has algebraic multiplicity 1. Assume its algebraic
multiplicity is greater than one. Then, for some suitable basis of C" (a Jordan basis), the
matrix P contains a (k x k) Jordan block (with k > 2) for eigenvalue 1. And there exists

a (possibly complex) column vector u* such that Pu' = u* + w* where w* = (1,1, ..., 1)".
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In the following, Re (z) denotes the real part of a complex number z. Let m be an index
such that Re (u,,) = max Re (u;). Then

Re (u,,) + 1 = Re (Pu'),, = Re (Z Pmiui>
i=1

< Re (Z Pmium> = Re (up,) .
i=1

Since this is a contradiction, any Jordan block for eigenvalue 1 must have dimension 1.
Since we have also shown that there exists exactly one Jordan block for eigenvalue 1, it

follows that eigenvalue 1 has algebraic multiplicity 1.

By Corollary 2.4.5, the transition matrix P of an irreducible and aperiodic Markov chain
is regular. So there exists N > 0 such that P" is strictly positive for n > N. We apply the
above results to PV, Also note that if A is an eigenvalue of P, then A\ is an eigenvalue
of PV, and that the corresponding eigenvectors are the same. It follows that A\; = 1 is an
eigenvalue of P. Since taking powers of a matrix preserves the algebraic multiplicities of
the corresponding eigenvalues of its matrix powers, the algebraic multiplicity of A\; = 1

for P must be 1, and hence the geometric multiplicity of A\; = 1 for P is also 1.

(c) This is a direct consequence Part II of the Perron—Frobenius theorem (see Theorem
A.6.2(e)). We omit the proof for this part. O

Note that, although we have given direct proofs for parts (a) and (b) of Proposition
11.2.1, these parts would also directly follow from Part I of the Perron—Frobenius theorem
(Theorem A.6.1).

From Proposition 11.2.1 we can derive an alternate proof for convergence to stationarity
for a finite-state, ergodic Markov chain: Let P be the transition matrix for an irreducible,
aperiodic, finite-state Markov chain. Then there exists a (possibly complex) invertible
matrix S (whose column vectors form a Jordan basis of C™ with respect to P, and whose

first column vector we choose to be w* = (1,1, ...,1)*) such that
J=S"'PS
where J is the block-diagonal matrix

J = diag(1, JOama) J()‘Imnk)) '



11.2. SPECTRAL BOUNDS 311

The (n; x n;) square matrices J?™) along the diagonal of J are called the Jordan blocks.

For each index ¢ = 2, ..., k, its corresponding Jordan block is of the form

where ); is an eigenvalue of P, |\;| < 1, and all matrix entries that are not marked are
understood to be 0. We have 1 + ny + --- +ny, = n.

Since for |\;| < 1 we have
[J)‘i’"i]m 2 Onyxny)  (the (n; X ny) zero matrix),

it follows that

0O --- 0
O 0 --- 0

P =8J"s™t =58 0 s
O 0 --- 0

and so the limit lim P™ exists. Moreover, note that
m—0o0

0 10 0
10
S =
00 0 10 0

It follows that the matrix limit L = S[diag(1,0,...,0)]S™! is a stochastic matrix all of
whose rows are the same (they are equal to the first row of S7!). Let 7 denote this

constant row vector. Altogether, we have shown that

— T =
lim P™ =
m—00

— T =

The distribution 7 is the limiting distribution, hence the unique stationary distribution
for the Markov chain that has transition matrix P. This reproves the convergence theorem
for finite-state ergodic Markov chains (which we have proved in a more general setting in
Section 3.2). Alternatively, the result follows from the statement of Theorem A.6.1 part

(e) (Perron—Frobenius Theorem, Part I).
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In this chapter we present several approaches that allow us to obtain quantitative results

for the rate of convergence to stationarity.

In the following subsection, we will show that for a finite-state ergodic Markov chain,
there is always an exponential rate of convergence to stationarity, and we will find a way
to estimate this rate of convergence in terms of the eigenvalues of the transition matrix
P. Towards this end, we need to understand the spectral representation of P. In order to
avoid too many technicalities, we will focus our discussion on ergodic Markov chains that

are also reversible and therefore have a diagonalizable transition matrix P (over R).

11.2.1 Spectral decomposition of the transition matrix

Throughout this section, we will assume that P is the transition matrix for an irre-

ducible, aperiodic, and reversible Markov chain on state space § = {1,...,n}.

Let m be the stationary distribution for this Markov chain. Since the Markov chain is irre-
ducible, 7 is strictly positive on S. Consider the diagonal matrix D = diag(7(1), ..., 7(n))
and its square root

D3 = diag(\/7(1), ..., \/7(n)) .

Let P* = DzPD~ . Then the matrix entries P;; of P* are
L@PM :
m(j)

Since we assume P is reversible with respect to w, we have

* —_—
Py=

P = P

Jio

and so P* is a symmetric matrix. By the Spectral Theorem (see Theorem 7.2.5), P* is
orthogonally diagonalizable. Let {si, ..., s, } be an orthonormal basis of R™ (with respect to
the standard Euclidian inner product) of right eigenvectors of P*. We assume P*s; = s;
and P*s, = Ais, for 2 < k < n. Since P and P* are similar matrices, they have the
same set of eigenvalues {1, \g,...,\,} C (—1,1]. Recall that, since the Markov chain is
irreducible and aperiodic, the multiplicity of eigenvalue \; = 1 is one, and therefore —1

is not an eigenvalue. We can write
P* = SAS' (11.7)

where S is the matrix whose column vectors are {si, ...,s,} (and so its matrix entries are

Sit = sk (7)), and furthermore S* denotes the transpose of S, and

A = diag(1, A, ..o, An) -
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From (11.7) we get
P = Z Sik Ak Sk
k=1

and thus

V(i)
P = . SikAeSjt -
/(1) ;

Moreover, since P = D’%SAStD%, we have
P™ — D 2SA"S'D?

and so

P = \/_V::((‘Z)) ]; S AT S (11.8)

We can rewrite (11.8) as
V() V) ¢
Pl = =S5i15j1 + , SikAg Sjk - (11.9)
SRV NV ) kz:; !
m— 00

Since P} —— m(j) and lim A" = 0 for 2 < k < n, equation (11.9) implies

m— 00

SikA S . (11.10)

()
7 (i)
eigenvector s; of P* corresponding to A\; = 1 is the column vector

s1 = (\/m(1),...,/7(n))". (11.11)

So Sip = /m(1) and Sj; = \/7(j), which gives the result.

Expression (11.10) is called the spectral representation of the transition probabilities.

Alternatively, we can see that TMSHS]-I = m(j), by noting that a normalized right

From it we see that the absolute values of the non-trivial eigenvalues Ao, ..., A\, play a

crucial role in the rate of convergence to stationarity. Define
A = max{|Aza|, ..., [Au]} -

The spectral representation (11.10) shows that, for all ¢, j € S, there exists a constant Cj;
such that
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|Pj = m(5)] < CyAL

Since the state space is finite, the maximum max; jes C;; exists. We conclude that for
any initial distribution pg, the distributions p,, = ueP™ converge to 7 in total variation

distance exponentially fast. That is, there exists a constant C' such that
|t — ||7y < CA™  forallm > 1.

For specific examples, it may however be difficult to compute the constants Cj;, since they
involve knowing the eigenvectors, and therefore difficult to compute C. The next section
gives an upper bound for total variation distance in terms of the eigenvalues that does

not require computation of these constants.

When a Markov chain with transition matrix P is periodic, there is no convergence. To
avoid this issue, we often consider a lazy version of the Markov chain by adding positive
holding probability to each state. In such a case, it is fairly standard to add holding
probability of % We then work with the modified transition matrix

~ 1 1
P=-P+-I.
2 +2

where I is the identity matrix of order |S|. Note that P and P have the same stationary
distribution, and that P is reversible if P is reversible. A additional advantage of working

with P is that all eigenvalues of P are nonnegative:

Lemma 11.2.2. Let P be the transition matriz of a reversible, irreducible Markov
chain. Consider its lazy version P = %P + %I. Then all eigenvalues of P are

nonnegative.

Proof. Let s be an eigenvector of P corresponding to eigenvalue A. Thus

~ 1 1 1 1 <
Ps:(§P+§I)s:§Ps+§s:)\s.

It follows that
Ps = (2\ — 1)s,

and therefore (2\ — 1) is an eigenvalue of P. But (2\ — 1) > —1, and therefore A > 0.
[l

Adding holding probability % to each state does slow down the convergence rate of the

process, but not in a significant way. Very roughly, it will double the mixing time.
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11.2.2 Spectral bounds on total variation distance

Consider a Markov chain (X,,),>0 on finite state space S. Assuming the Markov chain

starts in state x, we will denote the distribution of X, by P;".

Theorem 11.2.3. Let P be the transition matriz for an irreducible, aperiodic, and
reversible Markov chain on state space S = {1,...,n} with stationary distribution
m. Let {1, A, ..., Ay} be the set of (necessarily real) eigenvalues of P, and let A\, =
max{|Az|, ..., |[An|}. Then

1 —7(x)
4||P™ — 7||A, < ———Z2)\2m 11.12
|| z, 7T”TV —= 7T(£L') * ( )

If the Markov chain arises from a random walk on a group G with symmetric step

distribution p, then

AP —wlFy <) X" VzeG. (11.13)

Recall from Exercise 10.6 that for a random walk on a group G with step distribution pu,
we have ||P/" — 7|lpy = [|[*™ — 7||py for all € G. In this case, total variation distance

to stationarity does not depend on the initial distribution.

Proof of Theorem 11.2.5.

2
AP — 7|7y = ( | Pry — 7T(y)|>
yeS

(Pry)* =1
= —P2 -1 (11.14)

where the inequality in the third line is an application of the Cauchy—Schwartz inequality,
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and (11.14) follows from reversibility. Indeed, since 7(y)P,; = 7(z)Py;,, we have

Ty
1 1 1
_Pm2: _Pum:_P2m
Zﬂ'(y)( xy) Zﬂ'(l’) zyt yx 7'('(1‘) Tx

yeS yeS
From (11.10) we have

P = () + Y Sek A" S
k=2
an thus

PEr < (@) + A0 ) SouSon
k=2

=7(z) + \2"(1 — 7(z)). (11.15)

Note that equality (11.15) follows from (11.11) and the orthogonality of the matrix S.
Inequality (11.12) follows from combining (11.14) and (11.15).

Now assume the Markov chain arises from random walk on a group GG with step distribu-
tion p. The stationary distribution 7 is uniform on G, that is, 7(z) = ﬁ for all x € G.
Furthermore, the diagonal elements P2™ of P?™ do not depend on x since P*™ = y*?™(id).
Thus

1
L _pr_1 = (e -
()
= trace(P*™) — 1= Z A
k=2
and (11.13) follows from (11.14). O

11.2.3 Random walk on the discrete circle

Let (Y,,)n>0 be symmetric random walk on the discrete N-cycle Zy. The group operation
is + (mod N). The step distribution is p(1) = u(—1) = 1. To avoid periodicity, we
assume N is odd. See Figure 11.3. Assume the walk starts in state 0. Since this is

random walk on a group, the stationary distribution is uniform distribution Unif(Zy).

1
2

(Sl )

Figure 11.3
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We computed the eigenvalues for this random walk in Example 10.3.1. They are
A\p = cos(2rk/N)  for k€ {0,1,...,(N —1)}.

Note that each eigenvalue other than eigenvalue 1 has multiplicity 2. Therefore we can

write the sum in (11.13) as
(N-1)/2

2 Z cos(2mk/N)]*™
k=1

Using the Taylor expansion for cosz, we get cosz <1 — (% — Z_) Slnce % > % for
for 0 <z <7, we have
x? 22
cosxgl—ﬁge_ﬁ for 0 <z <.
Thus we get from (11.13),
| (N2
I = Unit ) By < 5 [eos(2mk/N)Pm
k=
(VD)2
< 1 o~ (2m2k?m)/(3N?)
- 2
k=1
1 (N—1)/2
_ L —(2x?m)/(3N?) *(k*=1)m)/(3N?)
o 26 Z €
k=1
]. 2 2
2o~ (2m°m)/(3N?) —(2n%jm)/(3N?)
< L >
j=0
_ 67(27r2m)/(3N2) 1

2(1 — e~(2n?m)/(3N?))
For m > N2, the denominator in the last expression is

2(1 — e~ mI/BN) >

Thus, altogether, we get
=™ — Unif(Zy) ||y < e /BN

for m > N2. This shows that total variation distance is guaranteed to be less than 0.037
if the number m of steps is m > N2. We conclude that the mixing time as a function of
the size N of the state space is of order O(N?).

Cover time: Recall the definition of cover time ¢°°¥ (Definition 8.5.1) for a Markov chain

(Yo)n>o: It is defined as Y = max,¢cs E,(7°") for the random variable

T =min{n: Yy €S, Ik <n, s.t. Yy =y}.
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It should be intuitively clear that the cover time ¢ is related to the mixing time t™X,
since the Markov chain must visit every state at least once before it can be “reasonably
close” to stationarity. Recall Example 8.5.3: The cover time t°°¥ for simple symmetric

random walk on the cyclic group Zy is
1
v = §N(N —1).

Thus, asymptotically as N — oo, the cover time is of order ©(N?). This matches the

upper bound for mixing rate which we have computed using eigenvalues and found to be

of order O(N?).

The last new state visited: We include a surprising result about simple symmetric
random walk on Zy that concerns the distribution of the last new state the walk visits.

The following proposition is taken from [27]. See also [2].

Proposition 11.2.4. Consider simple symmetric random walk on the discrete cycle
Zyn with vertices S = {0,1,2..., (N — 1)}. Without loss of generality, assume that
the walk starts at vertex 0. Let L be the random variable that is the last new vertex

reached by the random walk. Then L has uniform distribution on the set of vertices
{1,2,...,(N =1)}.

Proof. Let k € {1,2,...,(N —1)}. The walk starts at vertex 0. For the adjacent vertices
k =1or k = N—1, cutting open the circle (either at vertex k = 1 or at vertex k = N —1),

flattening the circle into a discrete line segment, and using the gambler’s ruin formulas

(4.18) yields
1
(L=1)=E )=
For k € {2,..., N — 2}, we compute P(L = k) by conditioning on the second-to-last new

vertex visited (which is either £ — 1 or k£ + 1). Doing so, we get
Po(L = k) =Po(TH 1 < TP (TH < TF) + Po(TFH < TF Py (TF ! < TF).

Again, using formulas (4.18), we compute

o (N—k-1) 1 k-1 1 1
Po(L =k) = ) (N—1)+(N—2)(N—1)_N—1 for k € {2,...,N —2}.

]
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Remark 11.2.5. By symmetry, a complete graph with N vertices has the same
property that Proposition 11.2.4 states for the N-cycle: For simple random walk
on a complete graph, for any starting vertex k, the last vertex that is reached is
uniformly distributed over all vertices (not including k). Lovdsz and Winkler prove
in [27] that the N-cycle and the complete graph with N vertices are in fact the only
graphs that have this property.

11.2.4 The Ehrenfest chain

We have introduced the Ehrenfest chain for N particles in Section 1.5 as an urn model
for gas diffusion through a porous membrane. The state of the system at time n is the
number of particles in Box 1 at time n. The state space is S = {0,1,..., N}, and the

stationary distribution is Bin(N, 1).

Box 1 Box 2

Figure 11.4: Ehrenfest chain

The Ehrenfest chain can be “lifted” to simple random walk on the hypercube Z% (or,
equivalently stated, the Ehrenfest chain is a lumped version of simple random walk on
7). How many steps suffice for the system to be in or very near equilibrium, that is, for
the number of balls in Box 1 to be approximately distributed Bin(.V, %)7 To answer this
question, we will apply the upper bound (11.13) to random walk on to Z. Assume the
random walk starts in state (0, ...,0) (i.e., the Ehrenfest chain starts in state 0). To avoid
periodicity, we consider lazy simple random walk. The step distribution p is defined by
(0, ...,0) = % and

1

1,0,...,0) = 1(0,1,0,...,0) = - - - = pu(0,...,0,1) = —.
:UJ(777)M(7’77) M(a77)2N

We have computed the eigenvalues for (lazy) random walk on the hypercube in Example
10.3.2. They are

N—j N
N with multiplicity ( ) for j=0,1,...,. N,
J
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and so, by (11.13),

N .
_ | Jom (N
A\ ™ — Unif(ZY) |3 < Z<1 B N)Z (J) '
=1

. . y 1
Using the estimate 1 — % <e W, we get

N
j N m
il = onit@) gy < et () = e Y,
j=1

Take ¢ > 0 and let m = %N In N + ¢N. This yields

2(1 N 1n N+enN) 1

1
which, since lim 1 (1 + —)" = e, yields the estimate
n—00 n

Al = Unif(Z3) [y < ™ — 1.

The expression on the right hand side can be made arbitrarily small for a suitable ¢ > 1.
Hence ||p*™ — Unif(Z}') ||rv will be small for m = i NIn N + ¢N and for suitable ¢ > 1.
Running the random walk a number of m = O(NInN) steps suffices to be close to
stationarity.

Since the Ehrenfest chain for N particles is a lumped version of random walk on Z2', the
same upper bound for distance to stationarity is valid (see Exercises 11.2 and 11.3). We
conclude that for the Ehrenfest chain with N particles, a number of m = O(N In N) steps

suffice for the chain to be close to its stationary distribution Bin(N, 3). O

11.3 Coupling

11.3.1 Definition of Coupling

In probability, coupling refers to a method by which two or more random variables (or
sequences of random variables) are constructed on a common probability space Q. A
coupling is in effect a construction of a joint probability distribution, that is, a
dependency structure for given random variables, that preserves their given marginal
distributions. With the use of such a coupling one can derive information about each of
the random variables by exploiting certain properties of their joint distribution. There
are many ways in which one can couple given random variables. The usefulness of the
method will depend on a judicious choice among all possible couplings, given the specific

problem at hand.
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Definition 11.3.1. Let S be a discrete space and p and v two probability distribu-
tions on S. A coupling of i and v is a pair of random variables (X,Y) : Q@ — SxS
on a probability space (2, F,P) such that the marginal distribution of X is u and

the marginal distribution of Y s v, that is,

P(X € A)=u(A) and PY € B)=v(B) forall A BCS.

The underlying probability space (2, F,P) provides the common source of random-
ness for the two random variables X and Y.

Note that a specific coupling (X,Y) of u and v induces a specific joint probability distri-
bution w (i.e., the distribution of the random vector (X,Y’)) on the product space S x &

whose marginals are p and v:

pu(x) = Zw(az, y) and v(z) = Zw(y, z) forallz,z€S.
yeS yeS
Conversely, any bivariate distribution w on & x § that has marginals p and v defines
random variables X ~ y and Y ~ v with joint distribution w and thus defines a coupling
(X,Y) of uand v.
The common probability space (€2, F,P) underlying a coupling is not unique. We can
always consider 2 = § x &, in which case the random vector (X,Y’) of the coupling

becomes the identity map on S x S, and the common probability space is

(xS, PEXS), w).

Example 11.3.1 (Two coin tosses). Consider two biased coins. Let the state space for
each coin toss be & = {0, 1}, and consider X ~ p with u(1) =p, p(0)=1—pand Y ~v
with v(1) = ¢, v(0) =1 — g. Assume p < q.

(a) Independent coupling. The joint distribution is given by

X\Y | 0 1
0 |(1-g)(1-p) q(1-p)
1 p(1—q) Pq

(b) Consider a uniform random variable U ~ Unif([0, 1]). We define

v 1 if0<U<p v 1 if0<U<gq
Sl o ifp<U<1 Sl o0 ifg<U<1
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|

I I |

0 p J q 1
(X,Y)=1(0,1)

(X, Y)=(1,1) (X,Y) =(0,0)

Figure 11.5: A possible coupling for two coin tosses with distinct biases

Here the random variable U is the common source of randomness for the coupling,
and we can take 2 = [0, 1]. See Figure 11.5. The joint distribution is given by

X\Y| 0 1

0 l-q q—p
1 0 P

U
Example 11.3.2 (Two identically distributed coin tosses). The state space is S = {0, 1}.

Consider X ~ py, Y ~ pg with p;(1) = p, p;(0) =1 —p for i = 1,2. For each s with
0 < s <min{p,1 — p} we have a coupling w;, of p; and uy given by

X\Y| 0 1
0 l—p—s s
1 s p—S

For s = p(1 — p), the two coin tosses are independent. For s = 0, we have X =Y which
constitutes maximum dependence.

O

Proposition 11.3.1. Let u and v be two probability distributions on S and (X,Y)
a coupling of p and v. Then

e =vlrv <P(X #Y). (11.16)
Hence

— < inf P(X #Y
”’u V”TV B couplirllrgls (X,Y) ( ?é )

(11.17)
where the infimum in (11.17) is taken over all couplings (X,Y) of u and v.




11.3. COUPLING 323

Proof. Let A C S and (X,Y) a coupling of p and v. We have

w(A) —v(A) = P(X € A)—P(Y € A)
= PXEAX=Y)+P(X€AXAY)-PY €AX=Y)-PY € A, X £Y)
= P(XEAXAY)-PY €AXAY)

P(X € A, X £Y)

P(X £Y).

VANVAN

Reversing the roles of p and v yields
[W(A) —v(A) < P(X #Y)
from which we get

max [(A) = v(A)| = [ln = vlry <PX #Y).

This proves (11.16). Taking the infimum over all couplings on both sides of (11.16) yields
(11.17). O

Example 11.3.3. We return to Example 11.3.1 of two biased coin tosses. The total

variation distance of y and v is

= vl = 50— al +11—p) ~ (1= )l) = g — ]
(a) For the independent coupling, we get
P(X#Y)=q(1-p)+p(l-q) =q—p2¢—1).
Recall that we are assuming ¢ > p, and so
lw—=vlry =q-p<q—p2¢—1) =P(X #Y)
which confirms (11.16).
(b) For the coupling in Example 11.3.1(b), we get
P(X#Y)=q-p.

So here we have
i vy = B(X £Y).

This coupling is an example of an optimal coupling (see the following definition). [J
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Definition 11.3.2. A coupling (X,Y) of p and v is called an optimal coupling
if
= viey =P(X #Y).

For an optimal coupling, the two random variables are most strongly coupled in the sense
that P(X =Y) is as large as possible.

Proposition 11.3.2. Let p and v be two probability distributions on §. There
always ezists an optimal coupling (X,Y) for u and v. As a consequence, we get the
following improvement to (11.17):

— v = min P(X #£Y). 11.18
vl = min  BX£Y) (11.18)

Exercise 11.7 guides the reader through the construction of an optimal coupling.

11.3.2 Coupling of Markov chains

Recall that above, in order to construct a coupling of two random variables X and Y,
we have constructed a common underlying probability space (i.e. a common source of
randomness) on which the two random variables are defined. Here we will extend the idea

of coupling to two Markov chains, that is to two entire sequences of random variables.

Let S be a (finite or infinite) discrete state space and S and P a stochastic matrix indexed
by elements in S. We will call a Markov chain with state space S and transition matrix
P a P-Markov chain.

Definition 11.3.3. Let S be a discrete state space and P a stochastic matrix indezed
by S. A coupling of a P-Markov chain with initial distribution py and a P-Markov
chain with initial distribution vy is a stochastic process (X, Yn)n>o with state space
S X S such that

(a) all random variables X, and Y, are defined on the same probability space,
(b) (Xn)n>0 is a P-Markov chain with initial distribution po,

(¢c) (Yn)n>o is a P-Markov chain with initial distribution vy.

Note that Definition 11.3.3 does not require the stochastic process (X,,, Y,,),>0 that defines
a coupling to be a Markov chain. In all examples that we will present, the coupling will

be a Markov chain.
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Example 11.3.4. Consider simple random walk on the N-cycle Zy (the integers mod
N). Here we include holding probability of h = % for each state. There are two reasons for
adding holding probability: Adding holding probability eliminates periodicity if IV is even,
and it allows us to construct a fairly simple coupling which we describe below. Note that
modifying a chain by adding a fixed holding probability to each state and proportionally
changing all other transition probabilities does not significantly change the mixing time.
For example, adding holding probability of % to simple random walk on the N-cycle will
slow down convergence by a factor of 2. With holding probability %, on average, the walk
will move to one of its neighbors only half of the time. See also Remark 4.4.2.

Fix p € (0, %) The transition probabilities for the P-Markov chain on Zy are P,, = %,
P,,y1=p,and P, .1 = qfor z € Zy. We assume p—l—q—i—% = 1. We let the chain (X, ),>0

start in state x (so po ~ 0,), and we let the chain (Y,),>0 start in state y (so vy ~ §;).

See Figure 11.6.
[ )
/

Dy

Q\/

Figure 11.6: Simple random walk on Zy with holding probability %

N|—

Consider a sequence (Uy,),>1 of i.i.d random variables with U; ~ Unif([0, 1]). A possible
coupling (X, Y,,)n>0 of the two chains proceeds as follows. The process starts in state
(x,y) € Zny X Zn. Forn > 1,if (X,,_1, Y1) = (2/,¢'), then

( )= ( ) f0<U,<p,

(Xn,Yo) =" —1,¢) ifp<U, <3,

( )= ) i3 <U,<5+p,
) = ( ) ifl4+p<U,<1.

See Figure 11.7. Here the common underlying source of randomness for the two chains
is the sequence (U,),>1. An alternate description of this coupling would be to say that
(Xn, Yn)n>o is a random walk on the discrete torus Zy x Zy that starts at state (z,y)

and whose step random variable (£%,£Y) has distribution
P((X,67) = (1,0)) =P ((¢%,¢") = (0,1)) =p,and
P((¢%,6) = (=1,0)) =P ((¢¥,€") = (0,-1)) =q.
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X moves Y moves
oo AT poo- LTI |

o
<—
— | =

ol= ——
| =
<—

—_

€% e (1,0) (=1,0) (0, 1) (0, -1)

Figure 11.7: A coupling of two simple random walks on Zy

So
(X, Vo) = (z,9) + ) _(65,&)
k=1

where (&Y,& )i>1 is an i.i.d. sequence with (&YX,&7) ~ (£X,&Y). For this description of
the coupling, we can view the common underlying probability space €2 for all random
variables X, and Y,, as the space of all infinite sequences w = (wy,ws,...) with entries
w; € {(£1,0),(0,£1)} for s > 1. O

For a given coupling (X, Y,,)n>0 of two Markov chains (X,,),>0 and (Y;,)n>0, the so-called

coupling or coalescence time T¢,,,. defined by
Teouple = min{n >0: X, =Y, }

will play an important role. It is a stopping time for the process (X, Y,)n>0. We can
(and in fact, we usually will) define any coupling (X, Y;,)»>0 in such a way that once the
two chains meet, that is from time Tgoupe onwards, they will move in lockstep. We do so
by stipulating

X, =Y, forn>T.upe-

See Figure 11.8.

Example 11.3.5 (Independent coupling until time T¢ouple). Consider a (finite or infinite)
stochastic matrix P indexed by a state space S and two P-chains (X,,)n>0 and (Y,)n>0
on §. Here we allow the two chains to move independently until X,, = Y,, for the first
time, which happens at time Tioyple. From then onwards, the two chains make the same
jumps. More precisely, we define a Markov chain (X,,,Y,),>0 on S x S with transition

probabilities
Payy) = PewPyy if 7y and

P, ifx=yand 2 =y

P(:B,y),(m’,y’) = (0 otherwise.
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1 2™ 3 time

Yb 4
Tcouple

Figure 11.8: Coalescence time for a sample path for a coupling (X, Y;,)n>0

Exercise 11.10 asks the reader to verify that the above probabilities define a coupling for
(Xn)n>o0 and (Y,,)n>0. Note that Tiouple is not necessarily a finite random variable. In
this context, also recall Example 3.2.1. It is an example of a coupling that is a reducible
Markov chain. O

Theorem 11.3.3 (Coupling inequality). Let (X,,,Y,)n>0 be a coupling of a P-
Markov chain (X,)n>0 on S and a P-Markov chain (Y,),>0 on S. We denote the
distribution of X,, by p, and the distribution of Y, by v, for n > 0. Then

g — vnllry < P(Leouple > 1) - (11.19)

Proof. For any fixed time n, (X,,,Y,) is a coupling of the two distributions p, and v, on
S. By Proposition 11.3.1,

[ ttn = vnllrv S P(X, # Ya)
Since, per our assumption, the two chains run in lockstep after coupling, we have

P(X,, #Y,) = P(Teoupie > 1)
which establishes (11.19). O
Consider an irreducible, positive recurrent, and aperiodic Markov chain (X,,),>0 with
initial distribution po and stationary distribution 7. Let u, denote the distribution of the

chain at time n. The Coupling inequality (11.19) re-establishes (we have seen this before)

convergence to stationarity with respect to total variation distance, that is, it implies

lptn = 7|7y == 0. (11.20)
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Proving (11.20), based on (11.19), is the object of Exercise 11.12.

Example 11.3.6 (Random-to-top shuffle). We have introduced random-to-top shuffling
in Section 10.2 as the time reversed random walk to top-to-random shuffling. Both random
walks have the same rate of convergence to stationarity. We will construct a coupling for

random-to-top shuffling.

DO —

Figure 11.9: Random-to-top shuffle

Consider two P-Markov chains (X,,),>0 and (Y,,),>0 on the permutation group S,. Each

of the two P-chains is a random walk on S, with step distribution i ~ Unif(C) for

C = {id, 04, ...,0,}, where o}, denotes the cyclic permutation
op=k—->k-1)—>k-2)—-—=>1—=k) for 2 <k <n.

Assume Markov chain (X,,),>0 starts at the identity id (perfect order), and Markov chain
(Y.,)n>o0 starts in stationary (i.e., here uniform) distribution 7. The coupling (X, Y5 )n>0
is constructed as follows. At each step, draw k € {1,...,n} uniformly at random. In each
of the two decks, take Card k and put it on the top of the pile. Both chains are evolving
according to the transition probabilities for a random-to-top shuffle. Since Markov chain
(Y,,)n>0 starts in stationary distribution, it remains in stationary distribution. Note that
once Card k has been selected an put on top of both piles, it will be in the same location

in both piles at all future times. Consider the stopping time
T = min{n : all cards have been selected at least once} .

Clearly,
Tcouple S T;

and therefore,
P(Teoupte > 1) <P(T > n).

The random time T' has the same distribution as the waiting time for the coupon collec-
tors problem (see Section B.6). Using Lemma B.6.1, in combination with the coupling

inequality (11.19), we get for k = nlnn + cn random-to-top shuffles of n cards,

e — 7llry <e™°.
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After k random-to-top shuffles where £ = O(nlnn), the deck is near “completely mixed

up”. The same is true for top-to-random shuffle. O

In applications, it is often easiest to construct a coupling (X,,, Y, )n>0 of two P-Markov
chains for which (X,,),>0 starts in a given state x and (Y,,),>o starts in a given state y
(as in Example 11.3.4). We can use such couplings to study the rate of convergence to
stationarity for a P-Markov chain that starts in a more general initial distribution .
Theorem 11.3.5 below is a related result.

We will use the following notation: (X,(LZ))RZO will denote a P-Markov chain starting in
state r and ugf) will denote the distribution of X5”. Note that with this notation, we have
,ugf)(z) = P" for z € S. Furthermore, P@®¥ will denote the probability that is associated
with a coupling (X5, X)),

Lemma 11.3.4. Let (X,,),>0 be an irreducible, aperiodic, and positive recurrent
P-Markov chain on finite state space S, and let ™ be the stationary distribution.
We denote the distribution of X,, by p, forn > 0. Then

|t — ||y < max 11287 — @ |y . (11.21)

)

Proof. Fix z € S. We will first show || — 77y < max 112 — || -, Note that since
yE

7 is the stationary distribution, we have

m(E) = Zﬂ(y)u(y)(E) forall ECS.

n

yeS
We have
I = 7llrv = sup |u(E) — 7(B)]
ECS
= sup | Y 7w(y) [ (B) — p¥ ()]
ECS yeS
< sup Y 7(y) |[p(E) - pP(B)]
ECS
yeS
@ _ ) _ (@) _ W)
< maxlp? = pf? v Y wly) = max | = e

yeS

This proves

s = wllav < max|pf? = u? v (11.22)
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Proving the inequality
= 7l < max | — wllrv (11.23)
is the content of Exercise 11.6. Combining (11.22) and (11.23) yields

()

1t = wllry < max \max|ls? = 2 llrv

which proves (11.21). O

Theorem 11.3.5. Let (X,,),>0 be an irreducible, aperiodic, and positive recurrent
P-Markov chain on finite state space S, and let m be the stationary distribution.
We denote the distribution of X, by p, for n > 0. Assume for each pair of states
x,y €S there exists a coupling (Xff), X,(zy))nzo. Then

H,un - 7THTV S g;%)é ]P)(ac,y) (Tcouple > n) (1124)
and, as a consequence,

E@Y(T.,
it = Tz < maxe T Loouple)

g ] (11.25)

Proof. Inequality (11.24) is a combination of (11.21) and (11.19). By Markov’s inequality

(see Appendix B),
E@)(Toouple)
n+1
which implies (11.25). O

IP)(gmy)(jﬁcouple > n) S

Example 11.3.7 (Rate of convergence for simple random walk on Zy). We return to

Example 11.3.4 and its same set-up. See Figure 11.10.

Figure 11.10: Simple random walk on Zy with holding probability %
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Fix x,y € Zy. For a coupling (X,(f), X,(Ly))nzo as defined in Example 11.3.4, consider the
process (Dy)nso that tracks the clockwise distance from X5 to X¥). Note that in the
above picture, Dy = 7. We have

Teouple = min{n : D,, =0 or D,, = N}.

The process (Dp)o<n<T.ouye 15 sSimple symmetric random walk (without holding probabil-
ity) on the integers {0, 1, ..., N}. See Figure 11.11.

N[ =

1
2
k

Figure 11.11: Tracking the clockwise distance of the two random walks on Zy

Recall formula (4.19). Let T be the time until simple symmetric walk (D,,),>0 on
{0,1,..., N} hits the boundary {0, N}. Given Dy = k, the expected time E(T'| Dy = k) is

E(T | Do = k?) - k(N - k) = IE(,-Tcouple) .
Thus we have

N2
(z,y) — = < —
E&é}éE (Teouple) Jnax E(T|Dy=k) < T (11.26)
Combining (11.26) with (11.25), we get for the total variation distance to stationarity at

time n,

N? N?
[t = |7y < I (11.27)

—_ < —.
n+1)  4n

The right hand side of (11.27) shows that for n > N2, the distance to stationarity is at
1.

most i. Equivalently, we can state this result in terms of the mixing time for € = ;

tlf;i;‘ < N2,

For simple random walk on Zy with holding probability %, a number of n = N? steps
suffice for the random walk to be }L—close to stationarity. For simple random walk without
holding probability, n = %N 2 steps suffice. Notice that this result matches out result for
simple symmetric random walk on Zy that we have obtained in Section 11.2.3 with the

use of eigenvalue techniques. 0
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11.4 Strong Stationary Times

Consider one of our running examples, simple random walk on the hypercube Z%, i.e., the
set of binary n-tuples. To avoid periodicity, we consider the lazy version of the walk that
puts holding probability % on each state. We can think of this random walk as selecting
a spot j uniformly at random from {1,2,...,n}, followed by independently selecting a bit
b uniformly at random from {0,1}. Then the current state is being updated in location
7 with bit b. Note that once every location j has been chosen at least once and updated
(“refreshed” with a random bit), the chain is in uniform distribution. The random time
Tie it takes to refresh every location at least ones is a stopping time for the random
walk on Z7. Note that at time T, the chain is in exact stationary distribution. It
should be intuitively clear that the distribution of this random time T, is related to the
rate of convergence to stationarity for the chain. The goal of this section is to make this

relationship precise.

Definition 11.4.1. Consider a Markov chain (X,,),>o with state space S and tran-
sition matriz P. Let (Y,)n>1 be a sequence of i.i.d. random variables taking values
in a state space R and let f: S x R = S be a function. If

P(f(z,Y)) =y) =Py forallz,yeS,

we call f together with (Yy)r>1 ¢ random mapping representation of (X,,),>o-

We can directly verify that a random mapping representation in fact constructs the
Markov chain: Given a random variable X, taking values in a state space S, and given f
and (Y,,)n>1 as defined in Definition 11.4.1, with X independent of (Y},),>1, the process

(Xn)n>o defined by the recurrence relation
Xn = f(Xy1,Y,) forn>1 (11.28)

is a Markov chain on state space S with transition matrix P. The auxiliary random
variables (Y},)n>1, together with X which determines the initial distribution, are the un-

derlying source of randomness that determine the evolution of the Markov chain (X,,),>0-

Example 11.4.1. Recall the 2-state chain on state space S = {0,1}. The transition

matrix is
p_ 1—a a
b 1—-0b

for some fixed a,b € (0,1). Consider a sequence (U,),>1 of i.i.d. random variables with
uniform distribution on the interval (0, 1). We define a function f : {0,1} x (0,1) — {0,1}
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by
f(O,u) = 0 ifue(0,1—ad
fOu) = 1 ifue(l—a,l)
Flu) = 0 ifue (0,0

f(Lu) = 1 ifue(bl).
The function f and the sequence (U, ),>1 define a random mapping representation for the
2-state chain. Using a similar approach, we can construct a random mapping representa-

tion for any finite state Markov chain. 0

Example 11.4.2. Consider random walk (X,,),>0 on a group G with step distribution
w. Let (Yy,)n>1 be an i.i.d. sequence of random variable taking values in G with Y; ~ p,
and let f be a function f: G X G — G defined by

flx,g) =zg9 forz,ge .

Then f and (Y,)n>1 define a random mapping representation for the random walk. The

i.i.d. sequence (Y;,)n>1 tracks the steps the random walk takes along its trajectory. 0]

Random mapping representations are not unique. For any given finite-state Markov chain,
one can always construct more than one random mapping representation. The following

example is an illustration.

Example 11.4.3. Recall ‘lazy’ random walk on the hypercube Z% from Example 10.3.2.
The group (Z5, +) is the set of binary vectors x = (xy, ..., z%) of length k, together with
component-wise addition mod 2. The step distribution p for this random walk is defined
by u(0,...,0) = % and
1

p(1,0,..,0) = p(0,1,0,...,0) = - = u(0, ..,0,1) = 7.
The following are two random mapping representations.
(a) Consider an i.i.d. sequence of random variables (Y,,),>; that take values in the set
R ={0,1,...,k} and have distribution P(Y; =0) = 3, and P(Y; =4) = 5 fori =1,..., k.
We define a function f: Zk x R — Z§ by

f(x,0) =x and f(x,i) = (x1,..,2; + 1,...,x%)

for x € Zk and i =1,..., k.

(b) Consider two independent sequences of random variables (U, ),>1 and (V;,),>1. The
sequence (Up,),>1 is an i.i.d. sequence of Bernoulli random variables with uniform distri-
bution on the set {0, 1} (fair coin tosses). The sequence (V},),>1 is an i.i.d. sequence of

random variables with uniform distribution on the set V = {1, ..., k}. We define a function

75 x ({0,1} x V) — Z&
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by
f(x,(0,i)) =x and f(x,(1,7) = (z1, ...,z + 1, ..., %)

for x € Z5 and i € V. O

Definition 11.4.2. Consider a Markov chain (X, ),>0 and a stochastic process
(Yo)n>0. We say (X,)n>0 is adapted to (Y;,),>o if for allm > 0, X,, is a function
of Yo, Y1,..., Yin.

Note that a random mapping representation f and (Y,),>1 of a Markov chain (X,,),>0
represents a special scenario in which (X,,),>0 is adapted to another process. In this case,
the Markov chain (X,,),>o is adapted to the process (Xo, Y1, Ya, ...).

Definition 11.4.3. Consider a Markov chain (X,,),>0 that is adapted to a process
(Y,)n>0. A randomized stopping time T for (X,,),>0 is a random variable taking
values in NgU {oo} such that for all m € Ny, the event {T = m} can be determined
from the values of Yy, Y1, ...., Y.

Notice that a randomized stopping time is a more general notion than a stopping time
(recall Definition 1.4.1). Indeed, assume 7' is a stopping time for a Markov chain (X,),>0
which is adapted to a process (Y;),>0. Since the indicator random variable Lir—m)
is a function of Xy, Xi,...,X,,, and in turn each random variable X; is a function of
Yo, Y1, ..., Y, the event {T' = m} is determined by Y, Yi, ..., Y,,. Example 11.4.4 below
gives an example of a randomized stopping time that is not a stopping time for the Markov

chain.

Definition 11.4.4. Let (X,,)n>0 be an irreducible, positive recurrent Markov chain
with state space S and stationary distribution w. Let T be a randomized stopping
time for (X,)n>0. We say T is a strong stationary time if the distribution of
the Markov chain at time T is 7, that is, if

P(Xy=2x)=m(x) forallzesS,
and if, in addition, Xr is independent of T, that is,

P(T=nXr=2)=P(T =n)n(z) forallze S, foralln>0.

The condition of independence in the above definition will be important (see the proof of
Lemma 11.4.1 below). A randomized stopping time 7" for which Xp ~ 7, but for which

Xr and T are not independent, is called a stationary time.
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Example 11.4.4. We return to random walk (X,,),>0 on Z5. The stationary distribution
7 is uniform distribution on Z5. Consider the random mapping representation for the walk

described in Example 11.4.3 (b). The randomized stopping time Ty defined by
Tef =min{m : Vi € V,3j <m, s.t. V; =i}

is the first time all k& coordinates have been “refreshed” (i.e. updated by a uniformly and
independently chosen bit from {0, 1}) at least once. This is the cover time (recall Defini-
tion 8.5.1) for the process (V},)n>1. Because of the independence of the Uy, Us, ..., Vi, Va...
as well as the uniformity of their distributions on their respective state spaces, it should
be clear that at time T, all binary k-vectors are equally likely to occur, independently

of the value of T,s. Hence T is a strong stationary time for (X,,),>o.

We point out that T, is however not a stopping time for the random walk (X,),>0. Since
the walk has positive holding probability at each step, it is not possible to determine “from

the surface”, i.e. directly from the trajectories of (X,,),>0, whether or not T has ocurred.

Notice also that for the random mapping representation described in Example 11.4.3 (a),

the (similarly defined) randomized stopping time 7" defined by
T=min{m:Vie{l,... k},35 <m, st.Y; =i}

is not a strong stationary time for the random walk on Z5. O

Lemma 11.4.1. Let Let (X,,)n>0 be an irreducible, positive recurrent Markov chain
with state space S and stationary distribution w. Let T be a strong stationary time.
Then

P(T <n,X,=z)=P(T <n)r(x).

Proof. We have

P(T<nX,=2) = » P(T=kX,=x)

k<n

= D> D) P(T =k Xp,=y X, =)

k<n yeS

= YD BT =kayPr;"

k<n yeS

= D BT =k)n(x) = B(T < n)n(a).

k<n
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Note that we have used the independence of T" and X7 in the third line in the above
proof. We are now ready to state an upper bound in terms of the tail distribution of a

strong stationary time 7'.

s ~

Proposition 11.4.2. Consider an irreducible, positive recurrent Markov chain

(Xp)n>0 with state space S and stationary distribution w. Let X, ~ p,. If T

s a strong stationary time, then

ltw = 7llr < B(T > n).

Proof. 1f ji,, # m, then there exists A C S such that u,,(A) > m(A). Let A be such a set.
We have

P(X,€eA) = P(X,€AT<n)+PX,e€AT>n)
= P(T <n)n(A) +P(X, € AT >n)
< 7(A)+P(T >n).

It follows that
12 =}z = max |P(X, € A) = w(A)| <P(T">n).
O]

Example 11.4.5 (Top-to-random shuffle). Recall top-to-random shuffle from Section
10.2. We start with a perfectly ordered deck of n cards. At each step, the top card is
taken off and inserted in a uniformly chosen random position. See Figure 11.12. This
process (X, )n>0 is a random walk on the symmetric group S,. The step distribution p

is uniform distribution on the set of cyclic permutations C' = {id, 09, ..., 0,,} as defined in
(10.1).

NO—

[N
‘—

Figure 11.12: Top-to-random shuffle

The random time T'= “the first time at which Card n has risen from the bottom to the
top of the deck” is a stopping time for the random walk, since whether or not T has

occurred at time n can be determined directly from the evolution of the random walk up
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to time n. Thus T = T + 1 is a strong stationary time for the random walk: At time 7T,
Card n is in top position and any arrangement of Cards 1 through (n — 1) below Card n
is equally likely to occur. After one more time step, Card n has been inserted into the
deck in a uniformly random position, and so at time 7" any arrangement of the deck is
equally likely to occur, and X7 and T are independent.

Note that if Card n is currently in location k of the deck, then the probability that Card

n rises one spot upwards is ”‘T’“H for the next shuffle. So the waiting time for Card n

n—k+1

to rise to location (k — 1) has a geometric distribution with success probability ==

(Clearly,
T=Y,+Yp i+ +Yo+1

where Y, ~ Geom("‘T’““) for 2 <k <n. So T has the same distribution as the waiting
time in the Coupon collector’s problem (see Section B.6). Using Proposition 11.4.2 and
Lemma B.6.1, we get the same result as in Example 11.3.6: After K = nlnn + cn top-to-

random shuffles of a deck of n cards, we have

e — 77y <e™°

which shows that we have for the mixing time ¢™*
" < plnn 4+ In(e Hn.
O

Example 11.4.6 (Riffle shuffle). We have introduced riffle shuffling (and its time rever-

sal) in Section 10.2. The below Figure 11.13 illustrates one possible step in this process.

1 -
2 —— A _— >
I —__ 1

E— ———--9
n —— n—-___ 3

Figure 11.13: Riffle shuffle

Recall that by Lemma 10.1.5, the rate of convergence to stationarity for a random walk
and the rate of convergence for its time reversal are the same with respect to total variation
distance. We will make use of this result here, since working with the time reversal of
riffle shuffling turns out to be easier than working with the original random walk. The
time reversal of riffle shuffling (we will simply call it inverse shuffling) can be viewed as
a type of sorting process. It proceeds in the following way: At each step, we mark each

card with either 0 or 1, according to i.i.d. Bernoulli random variables. We then sort the
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cards according to this marking by bringing all cards marked with 0 to the top of the pile,
leaving their relative order at the time of the marking intact.

Keeping track of the 0 or 1 markings on each card over time produces a binary sequence
on each card. After a finite number of k steps, each card is marked with a binary k-vector,
and these binary k-vectors appear ordered in the deck from top to bottom with respect to

right-to-left lexicographic order. Figure 11.14 gives an illustration for 5 cards and k = 3.

starting deck | step1 step2 step3 deck after 3 inv. shuffles | sorted bits
1 0 1 0 5 (0,0,0)
2 1 1 1 1 (0,1,0)
3 1 0 1 3 (1,0,1)
4 0 1 1 4 (0,1,1)
5 0 0 0 2 (1,1,1)

Figure 11.14: Three inverse shuffles for a deck of 5 cards

The random walk (X,,),>0 on S, that is the so-described inverse shuffling is adapted to
an i.i.d. sequence (Y,,),>1 of random variables that have uniform distribution on the set
of all binary vectors of length n (since the deck has n cards). The time T at which all
n binary vectors of length T are distinct for the first time is a randomized stopping time
for inverse shuffling. In fact, it is a strong stationary time for inverse shuffling: At time
T, because of the independence of the 0—1 Bernoulli random variables, any arrangement
of the deck is equally likely to occur, and Xr and T are independent.

Note that once T" has occurred, from then onwards all (growing in length) binary vectors
will be distinct at any future time as well.

In order to be able to apply Proposition 11.4.2, we need to estimate P(T" > k), that is,
the probability that after k inverse shuffles not all binary k-vectors are distinct. We have

2% possible distinct rows. Each is equally likely to have occurred. So

P(T >k =1-]] o . (11.29)

We will now estimate for which values k (as a function of n) the right-hand side of (11.29)

becomes small. Write

n—1 2k _] n—1 j
H 57 = exp (Zln(l—?>> .
j=0 §=0

For small z, we can use 1 — z ~ e¢~*. From this we have
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n—1 2kJ n—1 ] TLZ
1T o NeXp< §> ~ exp(— o) (11.30)

=0 =0
If we take k = 2log, n on the right-hand side of (11.30), we get

7’L2

2 . 2210g2 n

exp(— ) =e Y2 x0.607.

We can improve things by taking k& = 2log,n + ¢ for some positive constant c instead.
This yields

2
n . 71/21-‘—0

eXp(_ 2. 22 logg n+c) € ’
which for ¢ = 3 gives
e 10 ~0.94.

Hence
P(T > k) =~ 0.06,

for k = 2log,n + 3 (and of course an even smaller value for k = 2log, n + ¢ with ¢ > 3).
Applying this estimate for the tail probability of T to Proposition 11.4.2, we conclude
that after k = 2log, n + 3 inverse riffle shuffles (and hence also riffle shuffles) the deck is
reasonably close to random.

We will quote a result that improves on this estimate in the following section. 0

11.5 The Cut-off phenomenon

In 1981, Diaconis and Shashahani [9] observed an interesting phenomenon while studying
random transpositions, a type of card shuffling modeled as random walk on the symmetric
group S,: For this random walk, convergence to stationarity does not happen gradually,
as one might expect, but rather abruptly around a certain cut-off point. They proved that,
within a relatively small time interval around that cut-off point, total variation distance
to uniformity drops from near 1 to near 0. Random transpositions shuffling proceeds
in the following way: At at each step, two cards are chosen uniformly at random from
the deck and their position is swapped. Diaconis and Shahshahani [9] proved that for
random transpositions with a deck on n cards, the sharp drop in total variation distance
happens within a relatively small time interval around time k£ = %nlnn . Figure 11.15

below illustrates this type of convergence behavior.
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— |lux — 7|7y

no cut-off time k cut-off time k

Figure 11.15: No cut-off versus a cut-off

Since this result was first published, the cut-off phenomenon has been proved (or dis-
proved) for a number of Markov chains. This is an active area of research. The following

example describes another random walk for which the cut-off phenomenon occurs.

Example 11.5.1 (Cut-off for riffle shuffle). We introduced riffle shuffling in Section
10.2 (for an illustration, see Figure 11.16) and found an upper bound for its rate of conver-
gence to stationarity in Example 11.4.6. Here we quote a precise result that demonstrates

the cut-off phenomenon for this random walk.

1 -
2 — y— >
I , ——_- 1
— —=--2
n—— n——==---3

Figure 11.16: Riffle shuffling

This model was first analyzed by Aldous in [1] who found the asymptotic mixing time,
and later by Bayer and Diaconis in [5] who found an exact formula for its distance to
stationary which sharpened the result from [1]. The below table in Figure 11.17 gives the

exact values of total variation distance for a deck of n = 52 cards. It is taken from [5].

k |1 - 4 5 6 7 8 9 10
ik — ml|Tv H1 <+ 1 0924 0.614 0.334 0.167 0.085 0.043

Figure 11.17: Total variation distance for riffle shuffling for a deck of 52 cards

A plot of this data in Figure 11.18 more clearly displays the sharp drop-off.
In [5], Bayer and Diaconis give a precise formula for for total variation distance to sta-

tionarity for a deck of n cards. They show that, for large n, for a number of

3
k:§log2n—|—c
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1.0
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Distance to uniform
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I
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2 4 6 8 10

Number of shuffies

Figure 11.18: Plot of the data in Figure 11.17

shuffles, where c is a positive or negative constant,

e 1
|’Mk—7f||TV:1—2q)(4\/§) +O(m> . (11.31)

1 [ >
(I)(t) = \/—2_7T/ e_x /2 d.T

is the cumulative distribution function of a standard normal random variable. We can

Here

verify from (11.31) that for large n, if we choose a sufficiently large ¢, then the expression
in (11.31) will be near 0. And if we choose a negative c that is sufficiently large in absolute
value, the expression in (11.31) will be close to 1. This shows that a number of 2 log, n+c

shuffles are necessary and sufficient to mix the deck of n cards. See Figure 11.19.

time k

Figure 11.19: Cut-off at k = %log2 n steps for riffle shuffling a deck of n cards

We point out that for most examples, a precise formula for total variation distance, such
as in (11.31), is not available. O
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We now give a precise mathematical definition of the cut-off phenomenon. For this,
consider a natural sequence of Markov chains (X ,i”))kzo with n > 1 for which the size
of the state space increases in a natural way, and for which the transition probabilities
for each of the growing state spaces can be defined in an analogous way. For example,
consider riffle shuffling a deck of n cards. For a given n, the size of the state space is
|Su| = n!. With growing n, the size of the state space grows accordingly. We regard n as
the size parameter for the state space S,. The transition probabilities for riffle shuffles are
defined in an analogous way for any n. Our viewpoint is a simultaneous time and space
asymptotic: We want to understand the mixing time for a Markov chain, such as for

riffle shufling, as a function of the size parameter n of the state space.

Notation:  For such a sequence of Markov chains (X ,E")) k>0, we denote the stationary

distribution for the Markov chain with size parameter n by 7(™. And we denote the

distribution at time k of the Markov chain with size parameter n by ,u,(cn).

Definition 11.5.1. Consider a sequence of Markov chains (X,i"))kzo whose state
spaces have size parameter n. Let t(n) and w(n) be two nonnegative functions with

lim t(n) =oc0  and lim win) =0.

We say the Markov chain has a cut-off at t(n) if
: (n) _ (n) _
nlggo ”'ut(n)—i-cw(n) ™ |lrv = f(c)
where f(c) is a function with

lim f(¢)=1 and lim f(c) =0.

c——00 c—00

The function w(n) is called the window for the cut-off. In “little-oh” notation, we have
w(n) = o(t(n)). For the above example of riffle shuffling of a deck of n cards, the cut-off
is at t(n) = 2log,n, and the window for the cut-off is w(n) = 1.

Phenomenon reveals itself in a joint time and space asymptotic.
The following example proves a cut-off phenomenon for top-to-random shuffling.

Example 11.5.2 (Cut-off for the top-to-random shuffle). Recall Examples 11.3.6
and 11.4.5. Both show that for K = nlnn + cn, for top-to-random shuffles of n cards, we
have

i = 7™y < e (11.32)
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For sufficiently large ¢, the value e™°

will be close to 0. In order to prove a cut-off
phenomenon, we also need to prove a matching lower bound for ¢(n) = nlnn and w(n) =

n.

A matching lower bound for top-to-random shuffle.
In order to find a lower bound for total variation distance at time k, a successful approach
can be to find a “bad” set A, in the sense that |P(X,§n) € A) — 1M (A)] is still fairly large,

and so total variation distance will also be still large. We will construct such a set. Let
A={c €8, : Card n is above Card (n — 1)}.

Note that 7" (A) = 1. We will show that for k = nlnn — 3n,

P(X™ € A) <

)

|

and thus )
i =7y > 7

Recall that initially the deck is in perfect order. So for event A to happen, Card (n — 1)
must first rise to the top and then be inserted back into the deck somewhere below Card
n. It follows that

P(X™ € A) <P(T < k)

where T is the stopping time “Card (n — 1) has risen to the top of the pile”. We will show
that P(T < k) < . Towards this end, we write

where T} is the random time it takes for Card (n — 1) to rise from spot (n — j + 1) to
spot (n — j) in the pile. Note that the random variable T; has a geometric distribution
with success parameter p; = % (since the current top card must be inserted below Card
(n — 1) for Card (n — 1) to rise by one spot).

Recall that for a geometric random variable X ~ Geom(p), we have E(X) = % and
Var(X) = %. So we have

[\

n

E(T;) = — and Var(T}) < = for j=2,3,.n—1.

J J
We get

[y

n—

E(T)=)» E(T;) = nnZ:% > n(lnn —1), (11.33)

<.
||
N
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n—1
where for the last inequality we have used the fact Inn < Z —. For an estimate for
— J
7j=1
Var(T'), recall (B.4). From it we get
n—1 00 1 9
_ 2 2
Var(T) = ;Var(Tj) <n ;P < 3"

Recall that our goal is to show that P(k > T') < 1. Let k = nlnn — 3n. This yields
P(nlnn—3n>T) = P((nlnn—n)—T —2n >0)

< PE(T)—T —2n>0)=PET)—-T > 2n)

where the above inequality is due to (11.33). Applying Chebychev’s Inequality to the
random variable 7" and the probability P(E(T) — T > 2n), we get
Var(T) _ 2n? 1

P(E(T)—-T > 2n) < < —.
(E(T) > 2n) < 4n? _4n2<4

Hence, for k = nlnn — 3n, we get

1
P(X™ € A) < T
and consequently
P(X € A) = xmay > =L L
b 2 4 4
This implies that for £ = nlnn — 3n,
n n 1
i =7y > 7, (11.34)

and so total variation distance to stationarity is still fairly large for £ = nlnn — 3n steps.
See Figure 11.20 for an illustration. Together, inequalities (11.32) and (11.34) prove a

cut-off phenomenon at t(n) = nlnn with window w(n) = n. O

Example 11.5.3 (No cut-off for random walk on the discrete N-cycle). Recall

Section 11.2.3 where we have shown that for simple random walk on Zy, we have
N — 7™y < 0.037

for k > N?. Tt is known (see [7], [8]) that for large N,
k
N
||M1(g ) — 7™lpy ~ f (ﬁ)
where f is a positive, decreasing, and continuous function with f(0) = 1 and lim f(x) = 0.
T—00
This shows that the decay of total variation distance for simple random walk on Zy

happens gradually at around k = N2 steps, without a sharp cut-off. See Figure 11.21. [J
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time k

Figure 11.20:

| time k

Figure 11.21: No sharp cut-off for total variation distance for random walk on Zy

Exercises

Exercise 11.1. Consider a state space S and the space P of all probability distributions
on §. Show that the function d : P x P — R defined by

d(p,v) = [|p = vllrv
for all pu, v € P defines a metric on P.

Exercise 11.2. Consider an ergodic Markov chain (X, ),>0 on state space S with sta-
tionary distribution 7. Assume (X,),>0 is lumpable (see Section 1.7) with respect to
a partition A = {A;, Ay, ...} of S. We denote the lumped chain by ((X,,)),>0 and its
stationary distribution on A by 7. Show that for all n > 1,

ltn = 7llrv < |lptn — 7ll7v

where p,, and i, denote the distributions of the processes (X, )n>0 and ((X,,)),>0 at time

n, respectively.

Exercise 11.3. Consider the Ehrenfest chain (Y},),>0 for N particles and its lift (X,,)n>0

to simple random walk on the hypercube ZY. More precisely, (V;),>0 is the lumped
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version of (X, ),>0 under Hamming weight (recall Example 1.7.4). Assume Yy = 0 and let
Y, ~ i, and X,, ~ u, for n > 0. Show that the total variation distance to stationarity is
the same for the Ehrenfest chain and for its lift to the hypercube, that is, show that

. . 1 :
7 = Bin(N, )l = 0 — Unif(Z3)lrv-

Exercise 11.4. Consider a chain graph G with N vertices (see Figure 11.22) and simple
random walk on this graph. Find the eigenvalues and their multiplicities for this random
walk. (Hint: View the random walk as a lumped version of another Markov chain. Recall
Example 1.7.5.)

Figure 11.22

Exercise 11.5. Assume S is a countably infinite state space. Let u,, n > 0, be a sequence

of probability measures on S as well as m be a probability measures on S§. Prove that
lim ||pp — 7|7y =0 <= lim p,(x) =7(z) Vo €S.
n—oo n—oo

Exercise 11.6. Let S be a finite state space and P the transition matrix for an irreducible,
aperiodic Markov chain on S. Let w be the stationary distribution for the chain. Consider
the following distributions u,(f) onS: Forn>0andx € S, let u,(f) denote the distribution
of X$ where (X{"),s0 is the P-Markov chain starting in state z. Furthermore, for
n > 0, u, is the distribution of X,, where (X, ),>0 is the P-Markov chain starting in

initial distribution py. Prove that
1t = v < max ||l = 7|7y .
z€S

Exercise 11.7. Let S be a discrete space. Proposition 11.3.2 states that for any two

distributions p and v on S, there exists an optimal coupling (X,Y) in the sense that
P(X # X) = [lp—vllzv.

Let B={x € S : u(x) > v(x)}. Consider the following probabilities:

P(X,Y) = (z,2)) = min{n(z),v(z)} forzxeS

P(X,Y) = (,y)) = SUT)= ﬁﬁ)(;”% — W) oy e Band ye B

P(X,Y)=(z,y)) = 0 otherwise.

Show that the given probabilities define a coupling of ;x and v and that this coupling is

optimal.
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Exercise 11.8. Let S = {0,1,2}. Consider the two distributions yu ~ Unif(S) and v
defined by v(0) = v(1) = § and v(2) = 0 on S. Give the joint distribution for an optimal

coupling of p and v.

Exercise 11.9. Consider an ergodic Markov chain (X,,),>o with stationary distribution
7. Fix € > 0, and recall the definition of the mixing time t™* (Definition 11.1.2). Using
the same notation as in Theorem 11.3.5, show that

t?ﬁx < ¢ ' max E@Y) (Teouple) -
z,yeS

Exercise 11.10. Verify that the probabilities given in Example 11.3.5 define a coupling
for two P-chains (X,,)n>0 and (Y},),>o0-

Exercise 11.11. Give an example of a coupling of two Markov chains for which T¢qyple

is not a finite random variable, that is, for which P(Tupe < 00) < 1.

Exercise 11.12. Consider an ergodic Markov chain (X,,),>o with transition matrix P
on state space §. Let m be its unique stationary distribution and let u, denote the
distribution of X,, for n > 1. Use a coupling argument to prove convergence with respect

to total variation distance. That is, prove that for any initial distribution g,

n—oo

|t — 7|l7v —— 0.

(Hint: Couple (X,)n>0 with a second P-chain (Y},),>o that starts in w. The key part is
to prove that P(Tiouple < 00) = 1.)

Exercise 11.13. Consider simple symmetric random walk on the N-cycle Zy (the integers
mod N) without holding probability. Let (X,,),>0 and (Y},),>0 be two such random walks
with (X,,)n>0 starting in @ € Zy and (Y;,),>0 starting in y € Zy. We assume = #
y. Construct three distinct couplings (X, Y, ),>0 for which, in each case, the source of

randomness is a sequence of independent rolls of a 6-sided fair die.

Exercise 11.14. Consider simple biased random walk on Zs, (the integers mod 20)
with transition probabilities P, 11 = % and P, , 1 = % Let (X,)n>0 be a copy of the
random walk that starts in state 1, and let (Y},),>0 be a copy of the random walk that

starts in state 9.

(a) Construct a bivariate process (X, Y, )n,>o in the following way: At each time step,
roll a fair 6-sided die. Assuming the current state is (z,y), if the die shows 1 or 2,
the process moves to (z + 1,y — 1). If the die shows 3 or 4, the process moves to
(x+1,y+1). And if the die shows 5 or 6, the process moves to (z — 1,y +1). Show
that this is a coupling for (X,,),>0 and (Y},)n>o0-
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(b) For the coupling from part (a), compute E(Toupie), that is, the expected time until

the two random walks hit the same state for the first time.

Exercise 11.15. Consider a finite-state Markov chain (X,,),>o on state space S with
transition matrix P. Construct a random matrix representation for (X,,),>o using an i.i.d.

sequence (Up,),>1 of random variables with uniform distribution on the unit interval.

Exercise 11.16. Recall lazy random walk on the hypercube Z} and its strong stationary

time T} that we have introduced in Example 11.4.4. Let ¢ > 0.

(a) Use the results from Section 11.4 to show that for this walk, after n = klnk + ck
steps, the distance to stationarity (with respect to total variation distance) is at

most e ¢. (Hint: The result from Appendix B.6 may be useful.)
(b) Use the result from part (a) to show that for lazy random walk on the hypercube
Zk, |
" < Eklnk +In(e k.



Appendix A

A.1 Miscellaneous

Binomial Identities. We assume all integers are nonnegative.

()

k=0
n+1 n n
= -
Gr)=()+Gh)
Diagonal sums for 0 < k < n:
l{:+k+1+k+2++n_n—|—1
k k k k) \k+1

Vandermonde’s Identity:
zk: m n _[m+n
—\J/)\k—J k

J

Recursion:

Stirling’s approximation.

Stirlings approximation for factorials states

|
limLzl.

n—0oo nle=N4/2mn

For large n € N, we can use the approximation

n!~n"e "V2mn. (A.1)

349
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A.2 Bipartite graphs

Definition A.2.1. Let G(V, E) be an undirected graph. (a) We call the graph
bipartite if there exists a partition V = Vi UV, such that for any two vertices
v,weV,

{v,w} e F <= veV,and weV, (orvice versa).

(b) We call a sequence of vertices vovy - - - v,—1 v, a path of length n if
o v, v fori#jand0<1,5 <n, and
o {vj,v1} €E for0<i<mn-—1.
(c) We call a sequence of vertices vy vy - - - vp—1 vy a cycle of length n if n > 3 and

® VyUy - Uy_1 1S a path of length (n — 1) and {v,_1,v0} € E.

Proposition A.2.1 (Bipartite graphs). Let G(V, E) be a connected graph. G(V, E)

is bipartite if and only if it does not contain an odd-length cycle.

Proof. Assume G(V, E) is bipartite with V' = VjUV;. Assume vy € V;, and let vgvq -+ - v,,_1 vg
be a cycle. Since the graph is bipartite, it must be that vy, vs, vy, ...,v,_o € V] and that
n — 2 is even. It follows that n is also even, and hence the length of the cycle is even.
Conversely, assume that G(V, E) does not contain an odd-length cycle. For any two
vertices v and w, let d(v,w) be the distance of v and w defined as the minimum path
length among all possible paths from v to w. If there is no path from v to w, we set
d(v,w) = co. Now fix a vertex v € V. Consider the set W = {w € V : d(v,w) is odd}.
Clearly, W is not empty since the graph is connected and so there is at least one edge
emanating from v. If W contains more than one vertex, take two distinct wq,wy € W.
We have two (minimal-length) paths v sy s« -+ sk_1 w; and v ug ug - - - w1 wo. Let kand [
be the largest indices for which s; = u;. Since both paths are of minimal length, it must
follow that k = I. Now assume that {w;,w,} € E. But then the resulting cycle

Sk Skg1 " W1 W2 U1 - - U7

is of odd length which contradicts our assumption for the graph. Hence we must dismiss
the assumption that there exist two vertices wy,w, € W that are joined by an edge.

The same argument can be applied to the set W¢ =V \ W, and we conclude that no two
vertices 11,72 € W€ are joined by and edge. It follows that the graph G(V, F) is bipartite
for the partition V =W U W¢°. ]
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A.3 Schur’s theorem

Theorem A.3.1 (Schur’s theorem). Let C' C N such that gcd(C') = ¢. Then there
exists an integer N (depending on the set C') such that for all n > N we can write

cn as a linear combination of elements of C' with nonnegative integer coefficients.

Proof. Note that it suffices to prove the theorem for the case ged(C') = 1. For if ged(C) =
¢ > 1, we can factor out ¢ from each element in C' to end up with a set C’ whose elements
are relative prime. The result for C’ then implies the statement for C' by multiplication
of each linear combination by the factor c.

Assume ged(C') = 1. Let L(C') denote the set of all values that can be computed as a linear
combination of elements in C' with nonnegative integer coefficients. We first show that
there exist two consecutive positive integers m,m + 1 € L(C'). Assume this is not true.
So there exists d > 2 such that |m; — mg| > d for all my,my € L(C), and furthermore,
there exist m,m + d € L(C). Since ged(C) = 1, there exists at least one integer n € C

for which d is not a divisor. Hence we can write
n=kd+r

for some £ > 0 and for a remainder 1 < r < d. Clearly, both (k + 1)(m + d) and
n + (k4 1)m are elements of L(C'). However their difference is

(k+1)(m+d) —(n+(k+1)m)=d—-r<d,

which contradicts the assumption that d is the smallest difference in absolute value be-
tween two elements in L(C'). It follows that L(C) must contain two consecutive positive
integers m and m + 1.
We now claim that the statement of the theorem follows for N = m?. Indeed, assume
n > m?. We can write

n—m?=Im+s

for some [ > 0 and for a remainder 0 < s < m. Clearly, both s(m + 1) and (m — s+ [)m

are elements of L(C'), and therefore their sum
sim+1)+(m—-s+l)m=n

is also in L(C). O
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A.4 Iterated double series

Definition A.4.1. o A double sequence (a;;); j>1 of real or complex numbers is
a function f: N x N =R (or C) where we set f(i,j) = a;;.

o Let (a;)i;>1 be a double sequence. An iterated series is an expression of the
form
oo o o

DDILTERTED B SIS

i=1 j=1 7j=1 =1

o We say the iterated series Y .-, Z]Oil a;; converges to A € R (or C) if for
each 7 > 1,

o0

Zaij = Aj

=1

for some A; € R (or C), and

o)

> A=A,
j=1

Theorem A.4.1 (Fubini’s theorem for series). Consider a (real or complez) double

sequence (a;;)ij>1. If the iterated series

converges, then both 3 372, > 777 ai; and Y777, Y77, ai; converge and

i=1 j=1 j=1 i=1

For a proof see [31] (Theorem 8.3).

Corollary A.4.2. Let (a;;)ij>1 be a double sequence of nonnegative real numbers.
Then

(both sides may be infinite).
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A (finite or infinite) stochastic matrix P is a square matrix
Foo Por - FPos
Py Pn
P = . :

for which P;; > 0 for all 4,7 > 0 and ZB]- =1forall7>0.
j=0

Corollary A.4.3. The product of two (finite and of equal dimension, or infinite)

stochastic matrices P and P is a stochastic matriz.

Proof. The (i, j)th entry of the matrix product PP is

(PP);; = Z PPy > 0.

k>0

For finite matrices P and P, it is clear that Zj>0 Y k>0 B-kpkj = 1 since changing the

order of summation is not an issue. Assume both matrices are infinite matrices. Since we

> Puby=1,

k>0 j>0

have

we can apply Theorem A.4.1 and get for the row sum of the ith row

RIS 9) I I

§>0 >0 k>0

Corollary A.4.4. Matriz multiplication for infinite stochastic matrices is associa-

tive.

Proof. Let P, P, and P’ be three infinite stochastic matrices. We need to show that

(PP)P];; = (Z m%) Pli=>" PyPuP,,
n>0 \ k>0 n>0 k>0

is a convergent double sum (it is the (4, j)th entry of a stochastic matrix) and all terms

in the sum are nonnegative, we can apply Theorem A.4.1 and conclude that

ZZPkle . ZZPkPkn i ZRk <Z-Pkn ) [P(PP));;

n>0 k>0 k>0 n>0 k>0 n>0
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from which we get

A.5 Infinite products

Definition A.5.1. Let (¢;)j>1 be a sequence of positive constants. Consider the
n (e}

sequence of successive products (H ¢j)n>1. We say the infinite product H c; exists

j=1 j=1
if the sequence of successive products converges to a finite positive number:

n o0
0 < lim c; = ci < 00.
o [T -1
j= j=

LemmaA51 Letc; =1+¢; (resp ci=1—¢) with0 <e¢ <1 forallj>1.

Then ch = H (1+¢€;) (resp. H (1 —¢;)) exists if an only z'fz €; converges.
j=1 j=1

J=1

\.

Proof. First, recall the Limit Comparison Test for positive infinite series: Let >~ a,
and Zif;l b,, be two infinite series with a,, b, > 0 for all n > 1. If

with 0 < ¢ < 00, then either both series diverge or both series converge.
o0

Note that the infinite product H(l +¢€;) converges if and only if Z In(1+¢;) converges
j=1 =1
to a finite number. Furthermore, ¢; =0 <= In(1 +¢;) = 0. Assume lim; ,,e; = 0 and

consider the subsequence € of strictly positive values. Since

lim In(1+¢) _1
k—o00 Ek
by the Limit Comparison Test, H(l + €;) converges if and only if Z €j converges.

j=1 j=1
o0

For the case H(l — €;) a similar argument applies. We can apply the Limit Comparison
j=1

Test to the series ( Z In(1 — ej ) and Z €j.
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A.6 The Perron—Frobenius Theorem

This is a classical theorem from Linear Algebra. It has several parts. Here we quote the

parts that are most relevant for our purposes. For a reference see [32] or [18].

Theorem A.6.1 (Perron—Frobenius, Part I). Let P be strictly positive (n x n)-

matriz. Then the following statements hold.

(a) There exists a positive real number \*, called the Perron—Frobenius eigenvalue,
such that \* is an eigenvalue of P, and for all other eigenvalues A of P we
have

|A] < A

(b) The Perron—Frobenius eigenvalue N\* satisfies

min Z Fij < A" < max Z Fij.
J J

(c) The algebraic multiplicity, and therefore also the geometric multiplicity, of \*
15 one. In particular, the eigenspace corresponding to the Perron—Frobenius
ergenvalue \* is one-dimensional.

(d) There exists a left eigenvector v corresponding to eigenvalue N\* for which
all entries vy, 1 < j < n, are strictly positive. There also exists a right
eigenvector w* corresponding to A* for which all entries w;, 1 < j < n, are

strictly positive.

(e) Let v and w* be the positive left and right eigenvectors from part (d). Under

the normalization Y7 w; =1 and Y77 vjw; = 1, we have

1 k  k—oo t
(/\*)kP S W'V .

(f) The Perron—Frobenius eigenvalue \* is the only eigenvalue for which there

exist strictly positive right and left eigenvectors.
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Definition A.6.1. A real (nxn)-matriz P is called irreducible if P is nonnegative

and for any pair of indices i, j, there exists k > 0 such that

(P*);; > 0.

Definition A.6.2. Let P be a (nonnegative) irreducible (n x n)-matriz. The matriz
P is called periodic, or cyclic, with period ¢ > 1 if for a k € {1,...,n} (and hence
forallk € {1,...,n})

c=gced{m: (P™)r > 0}.

If ¢ = ged{m : (P™)rr > 0} = 1, the matriz P is called aperiodic, or acyclic.

Theorem A.6.2 (Perron—Frobenius, Part II). Let P be a (nonnegative) irreducible

(n x n)-matriz. Then the following statements hold.

(a) There exists a positive real number \*, called the Perron—Frobenius eigenvalue,
such that X* is an eigenvalue of P, and for all other eigenvalues A of P we

have
|A] < A"

(b) The Perron—Frobenius eigenvalue \* satisfies

m'inZPm- <N <L maxZPm .
T g
(c) The algebraic, and therefore also the geometric multiplicity of \* is one.

(d) There exists a left eigenvector v corresponding to eigenvalue \* for which
all entries vj, 1 < j < n, are strictly positive. There also exists a right
eigenvector w' corresponding to A* for which all entries w;, 1 < j < n, are

strictly positive.

(e) If P is periodic with period ¢ > 1, then P has precisely ¢ distinct eigenvalues

A of modulus |\ = N*. These ¢ eigenvalues are
e? ke for k=0,1,...,c—1. (A.2)

FEach of the eigenvalues in (A.2) has algebraic (and hence also geometric)

multiplicity one.




Appendix B

B.1 Sigma algebras, Probability spaces

Definition B.1.1. Let Q be a set. A collection F of subsets of Q) is called a o-
algebra (or o-field) if the following three properties hold:

(a) Q €F
(b) If E € F, then E° € F.
(c) F is closed under countable union, that is, if Ex, € F for k > 1, then

UEkE./r.

k>1

The fundamental notion is that of a probability space:

s a

Definition B.1.2 (Probability space). A triple (2, F,P) is called a probability space
of
(a) Q is a set (the set of all possible outcomes),
(b) F is a sigma-algebra of 2,
(¢) P is a probability measure, that is, a function P : F — [0, 1] for which
o P(Q) =1,
o P has the o-additivity property: If Ey, k > 1, are pairwise disjoint sets
of F, then

P (U Ek) => P(Ey).

k>1 k>1

The elements of F are called events. They are exactly those collections of outcomes (i.e.,
subsets of 2) for which a probability is defined. If Q is discrete, we usually take F to be

the power set (i.e., the set of all subsets) of Q. In this case, any subset of 2 has a well

357



B.1. SIGMA ALGEBRAS, PROBABILITY SPACES 358

defined probability assigned to it. If 2 is an uncountable set, then F usually is a strict
subset of the power set of 2, and so for some subsets of €2 there is no defined probability.

Definition B.1.3. Let (2, F,P) be a probability space. We say an event B € F
happens almost surely (a.s.) if P(B) = 1. Equivalently, B happens almost surely
if P(B) = 0.

The following continuity property of P is a consequence of o-additivity:

Lemma B.1.1 (Continuity of probability). Let (Q2, F,IP) be a probability space and

Ey, k> 1, a sequence of events.

(a) If By C Ey C -+, then

Lim 1 P(E;) = <U Ek) .

k>1

(b) If Ey D Ey D -+, then

lim | P(E;) = <ﬂ Ek> .

k>1

Proof. (a) Let Ey = () and consider the events A, = Ej, — Ej,_; for k > 1. The events Ay,
are pairwise disjoint. Clearly,
U Ey = U Ay,

and so, : :
P (U Ek) = ZP(Ak) = Z(P(Ek) — P(Ey-1)) -
But i i . i
Z(P(Ek) —P(Ey1)) = nh_g}o Z(P(Ek) —P(Er)) = nh_{{}o T P(ER),
and thus :

(U Ek) = lim T P(E,).
k>1

(b) To prove (b), we apply the result from part (a) to the sequence of events Ef, k > 1,
for which then E{ C ES C --- holds. We omit the details. [
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Let us now assume that we have n probability spaces (1, F1,P1), ..., (Qn, Fpn, P). We can
form the direct product 2 = 2y x - - - x €, which consists of all points w = (w1, ..., w,) with
w; € Q; for 1 <i < n. We then consider the direct product o-algebra F = F1 ® -+ ® F,

on ) which is the o-algebra that consists of all sets of the form
F=F x.---xF, with F; € F; for1 <i<mn.

In order to make (€2, F) into a probability space, we need to define a probability P on
F. How we do this, will depend on the particular dependency structure we would like P
(the joint probability distribution on the product space for which, a priori, we only know
the marginal probability distributions for each component) to represent. The simplest
probability measure P on product space €2 = €y x --- x ,, is product measure defined
by

P(F) = P1(F)Py(Fy) - - - P (F}) for all F' € F

where F' = F} X Fy x -+ x F,,. Product measure models independence. If §2; for

1 <i < n are discrete sets and we write p;(x;) = P;(z;), we have

P(F) = Z p1(w1) pa(w2) - - - puln) -

T, €F;
1<i<n

Example B.1.1. Consider n i.i.d. Bernoulli trials (coin flips) (Xi, ..., X,,) with P(X; =
1) = pand P(X; = 0) = 1 — p. We can associate with each coin flip X; a probability
space (94, Fi, P;) where Q; = {0,1} and F; = {0,{1},{0},{0,1}}. The direct product
space @ =y x -+ x §, consists of all binary vectors (with entries 0 or 1) of length n.

We have |Q2] = 2". For a specific outcome w = (wy, ....,w,) with w; € {0,1} we have

IP)(CL)) — pZ?:l wl(l i p)n_z’znzl Wi )

Definition B.1.4. Let (Q, F,P) be a probability space and a discrete set S. A

discrete random variable X is a map
X: Q-8

such that X' ({s}) € F for alls € S. The distribution (law) of X is a probability
measure [ on S. It is the so-called pushforward measure to S of the probability

measure P on Q under the map X, that is,

pu=PoX 1t
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B.2 Expectation, Basic inequalities

Expectation of a nonnegative integer-valued random variable:

s ~

Let X be a nonnegative integer-valued random variable. Then

E(X) = ip(x >n). (B.1)

Markov’s Inequality:

Let X be a random variable and ¢ > 0. Then

E(X1)

c

P(|X|>¢) < (Markov's inequality)

As a corollary, for higher moments,
E(X]|"
P(|X|>¢) < E(XT") forn>1.
cn

Assume E(|X|) < co. Applying Markov’s Inequality to the random variable (X —E(X))?,
we get Chebychev’s Inequality:

Let X be a random variable with E(|X|) < co. Then

< Var(X) '

P(|X —E(X)| > ¢) (Chebychev's Inequality)

Similar inequalities hold for higher central moments.
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B.3 Properties of Conditional Expectation

Here we collect some main properties of conditional expectation. Assume all random
variables are defined on the same probability space, and all expectations exist. Let a,b, c €
Rand g: R — R.

The following properties hold for conditional expectation. Note that

statements (b)-(j) are meant to hold with probability 1.
(a) E(Y| Xy, ..., Xy) is a function of Xj, ..., Xj.
(b) E(c| X) =c.
(c) (Linearity property) E(aX; +bX3|Y) =aE(X1|Y) +bE(X2|Y).
(d) (Positivity) If'Y <0, then E(Y | X) <0.
(e) If X and Y are independent, then E(Y | X) = E(Y).
(£) T Y = g(X), then E(Y'| X) = E(g(X)| X) = g(X).
(g) (Pull through property) E(Yg(X)|X) = g(X)E(Y | X).
(h) (Total expectation) E(E(Y | X)) = E(Y).
(i) (Tower property) Let k < mn. Then
E(EY | X1, Xe) | X1, ooy Xo) = E(Y | X1, s Xi),

and
E(E(Y | Xla 7XTL) |X17 7Xk) = E<Y | le 7Xk) :

(j) (Jensen’s Inequality) If f : R — R is a convex function and E(|X|) < oo,
then

and
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B.4 Modes of Convergence of Random Variables

In the following four definitions, let (X,,),>0 be a sequence of random variables and X a
random variable defined on the same probability space (2, F,P).

Definition B.4.1 (Almost sure convergence). We say the sequence (X,)n>0 con-
verges to X almost surely or with probability 1, if

P(lim X, =X)=1.

n—oo

We write X,, = X.

Note that almost sure convergence means pointwise convergence almost everywhere:

There exists a subset B C Q with B € F and P(B) = 1 such that lim X,(w) = X (w) for
n—oo

all w e B.

Definition B.4.2 (Convergence in distribution). Let F' and F,, n > 0, be the
cumulative distribution functions of X and X,, n > 0, respectively. We say the

sequence (X, )n>o converges to X in distribution if

lim F,(z) = F(x)

n—o0

for all z € R at which F(x) is continuous. We write X, 2 X.

Almost sure convergence is often referred to as strong convergence. Convergence in dis-

tribution is often referred to as weak convergence.

7~

Definition B.4.3 (Convergence in probability). We say the sequence (X,)n>0 con-
verges to X in probability if for any ¢ > 0 we have

lim P(| X, — X| >¢€) =0.

n—oo

We write X, 5 X,

Definition B.4.4 (LP convergence or convergence in p* mean). Let p > 1. We

say the sequence (X,)n>0 converges to X in LP or in the p'* mean if

lim E(|X, — X|") = 0.

n—oo

. LP
We write X,, — X.
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Theorem B.4.1. Let (X,,),>1 be a sequence of random variables and X a random

variable defined on the same probability space. Then
X, 25X = X, 32X = X, 2 X,

and furthermore,

X, L x — X, 5 Xx.

Let ¢ be a constant. Then

Example B.4.1 (Convergence in distribution does not imply convergence in probability).
Let Q = {wy,ws, w3, ws} and P(w;) = 1/4 for 1 < i < 4. Define the following random
variables:

Xn(wr) = Xp(wa) =1, Xp(ws) = Xp(wy) =0 foralln >N.

X(wl) = X(WQ) = 0, X(w?,) = X(w4) =1.
Clearly, Fx, = Fx for all n > N with

0 ifx<0
Fx(z)=4¢ 1/2 if0<z<1
1 ifx>1.

Since F, (x) = Fx(z) for all n, it is obvious that X, Dy X. Observe that | X (w;) —
X(w;)]=1foralln € Nand 1 <4 <4. Hence

1

. x> 1y
Jim P(JX, - X[ 2 5) =1,
and the sequence (X,,),>0 does not converge to X in probability. 0

Example B.4.2 (Almost sure convergence does not imply convergence in L! (in mean)).
Consider © = [0, 1] together with standard uniform (Lebesgue) measure P on [0, 1]. Let
the sequence (X,,),>; of random variables X,, : [0, 1] — R be defined by
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for all n > 1. Then for all x € Q with 0 < x < 1 we have lim,,_,,, X, () = 0, and so
X, =/ X =0.
We have E(|X,,|) =1 for all n > 1, and so
Tim B(|X, — X|) =10

from which it follows that (X,,),>1 does not converge to X in L' (in mean). O

B.5 Classical Limit Theorems

Theorem B.5.1 (Strong Law of Large Numbers). Let X, Xs, ... be a sequence of
i.i.d. random variables with finite first moment. Let E(X1) = p and S, = 1, X.

Then
Sn a.s.
- = u.
n

If the random variables Xy, X, ... are nonnegative and E(X;) = oo, then
Sn as.

— — O0.
n

Theorem B.5.2 (Central Limit Theorem). Let X, Xo, ... be a sequence of i.i.d.
random variables with Var(X;) = 0% < oo and E(X;) = p. Set S, = > 1, Xy
Then

Sn_n,u D
_ N(0,1
\/ﬁ(f — (7)

where N(0,1) is a standard normal random variable.

B.6 Coupon Collector’s Problem.

This is a familiar problem in basic probability. Since applications of this problem appear
in various places in our analysis of rates of convergence of Markov chains, we give a brief
review: A cereal company issues n distinct types of coupons which a collector collects
one-by-one. Each cereal box the collector purchases contains exactly one coupon, and
the probability of finding a certain type of coupon in a purchased box is uniform over
all types of coupons. Let X} denote the number of distinct types the collector has after
having purchased k& boxes. The sequence (X, )n,>o is a Markov chain on state space
S =1{0,1,...,n}. Tt is a pure birth chain, and state n is absorbing. The following the the

transition diagram for the chain:
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S o
3=

Of particular interest for this chain is the expected time T until absorption in n. As can

be seen from the transition diagram, for i = 0,1, ...,n — 1, the waiting time 7" for going

from state j to state j + 1 has a geometric distribution with success parameter p; = “~1.
By the linearity of expectation, we get
n—1 n n 1
E(T) = -=n -. B.2
=3 =nd (B.2)
j= J=
From the inequality
1
In(n + 1) SZ—, <1l+Inn
—
J
we conclude
“~ 1
lim ( —,) /Inn =1,
n—oo \ ¥~
j=1
and hence for large n € N,
E(T)~nlnn. (B.3)
The variance of TV is
n 2 n—j in n?
Var(Tj):( ) (1— ): — < 5
n—J n (n—3)* "~ (n—Jj)
and so
Var(T) < n? i E < §n2 (B.4)
- j=1 A .

co 1 w2

where we have used ijl z =%

We can say more about the distribution of 7" and will compute the probabilities P(T" < k)
for £ > n. We do so by rephrasing coupon collecting as an occupancy problem: Place
k indistinguishable balls into n distinct boxes, one at a time and independently of each
other, where each time a ball is placed, a box is chosen uniformly at random. The event of

having collected n distinct coupons by time k has the same probability as the event that
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each of the n boxes contains at least one ball. Its computation involves two combinatorial
questions. The first is: In how many ways can one distribute k balls into n distinct boxes?
It is the number of all possible linear arrangements of n — 1 dividers and k balls. This

number is ((";Pfrk). Here is an example for 7 boxes and 10 balls:

| ooo | | o | coooo | |o

Boxes 1,3 and 6 are empty. Box 2 contains three balls, Boxes 4 and 7 contain one ball
each, and Box 5 contains five balls. The second combinatorial question is: In how many
ways can one arrange k balls into n boxes so that each box contains at least one ball? To
answer, proceed as follows. First put exactly one ball into each box, which leaves k — n
balls unassigned. Distribute these £ —n balls in any way among the n boxes. The number

of ways in which one can do this is ((”71&(1’“*")). Thus, altogether, we get

P(T < k) = (k_l)/(”+k_1) for k>n.

n—1 n—1

In several places in our analysis of rates of convergence, we need an estimate for the tail

probability of T' for large times k. The following proposition gives such an estimate.

Lemma B.6.1. Let T be the waiting time for the coupon collector’s problem. For

sufficiently large n and any ¢ > 0, we have

P(T >nlnn+cn) <e ‘. (B.5)

Proof. Note that the event {T" > nlnn + cn} is the same as the event U C; where Cj is
j=1

the even that Coupon j has not been collected by time & = nlnn + c¢n. The probability

of event C; is P(C;) = (1 — L)lnInnten] - Since IP’(U C;) < ZIP’(C}), we get

J=1 Jj=1

1 [nInn+cn|
P(I'>nlnn+cn) < n (1 — —)
n

_nlnn4en—1

ne n

IN
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e
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Appendix C

C.1 Growth Rates of Functions

Definition C.1.1 (Big-Oh). Let f : R — R and g : R — R be two functions. We
say that f is asymptotically of at most the order of g, or f is big-Oh of g,

if there exist positive constants xo and M such that
|f(z)] < M|g(z)| forall x> zq.

In this case we write f(x) = O(g(x)).

Example C.1.1. (a) Let f(n) =nlnn+ 3n* —5n for n > 1. Then f(n) = O(n?).
(b) Let f(z) = 92% + vt + 22. Then f(z) = O(23). Tt would also be correct to state
f(x) = O(z?), for example. O

Definition C.1.2 (Big-Omega). Let f : R — R and g : R — R be two functions.
We say that f is asymptotically of at least the order of g, or f is big-Omega

of g, if there exist positive constants xog and M such that

|f(z)] > M |g(z)| forall x> zq.

In this case we write f(x) = Q(g(x)).

Notice that f(x) = Q(g(x)) if and only if g(z) = O(f(x)).

367
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Definition C.1.3 (Big-Theta). Let f : R — R and g : R — R be two functions.
We say that f is asymptotically of the same order as g, or f is big-Theta

of g, if
f(z) = O(g(x)) and g(x) = O(f(x)).

In this case we write f(z) = O(g(x)).

Example C.1.2. Let f(n) =nlnn+ 3n? —5n for n > 1. Then f(n) = O(n?). O

Definition C.1.4 (Little-oh). Let f : R — R and g : R — R be two functions. We
say that f is asymptotically of smaller order than g, or f is little-oh of g, if

f(x) = O(g(x)) and f(x) # O(g(x)) -

In this case we write f(x) = o(g(x)).

Example C.1.3. Let f(n) = nlnn + 3n? — 5n for n > 1. Then f(n) = o(n*Inn). It

would also be correct to state f(n) = o(n?), for example. O

C.2 Limsup, Liminf

Definition C.2.1 (Supremum, Infimum). Let E be a non-empty subset of R. We
say b € R is the supremum of E and write b = sup(E) if b is the smallest upper
bound of E. That is, x < b for all x € E, and for any other upper bound M of E
we have b < M.

We say a € R is the infimum of E and write a = inf(F) if a is the largest lower
bound of E. That is, a < x for all x € E, and for any other lower bound m of E
we have m < a.
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Definition C.2.2 (Limsup, Liminf). Let (a,)n>0 be a sequence of real numbers.

(a) The limit supremum of (a,),>0, denoted by limsup,,_, . a,, is defined by

limsupa, = lim (sup ai) :

n—o00 n—=00 \ i>n

(b) The limit infimum of (a,)n>0, denoted by liminf, . a,, is defined by

liminf a,, = lim (inf ai) )

n—o00 n—oo \ i>n

\.

Unlike the limit, which may not exist for a given sequence (a,),>0, the limit supremum

and the limit infimum always exist for any sequence. If lim a,, does exist, then
n—oo

lim a, = limsupa, = liminf a,, .
n—00 n—00 n—00

The limit superior limsup a,, is the largest accumulation point for the sequence (ay,)n>0-
n—oo

Thus for any € > 0, for only finitely many k € N,

ay > € + limsup a,,
n—,oo

and for infinitely many j € N,

a; > —e+limsupa, .
n—oo
Similarly, the limit inferior is the smallest accumulation point for the sequence (ay,)n>o-
For only finitely many k € N,

ay < —e€ + liminf a,
n—o0

and for infinitely many j € N,

a; < €+ liminf a, .
n—oo

C.3 Interchanging Limit and Integration

Here we state several classical limit theorems a for integration. We phrase the theorems

in terms of expectations of random variables. For a reference see [31].
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Theorem C.3.1 (Monotone Convergence Theorem). Let (X,,),>0 be a sequence of
nonnegative random variables and X a (not necessarily finite) random variable with

lim X, =X a.s.

n—00

If

0<Xo< Xy < Xp< - a.s.,

then
lim E(X,) = E(X).

n—o0

Recall: We assume that the random variables (X,,),>0 and X are defined on the same
probability space (€2, F, P). When we write
lim X, =X as, (C.1)

n—oo
the “a.s.” stands for almost sure convergence or (alternatively stated) convergence
with probability 1 (recall Definition B.4.1). More precisely, (C.1) means that we have
lim X, (w) = X(w)

n—o0

for all w € €, except possibly for w € A where A C () is an event of probability 0.
Similarly, 0 < X5 < X; < X, <--- a.s. means

0 < X()(W) < Xl(W) < X2(w> < ...

for all w € €2, except possibly for w € B where B C 2 is an event of probability 0.
As a consequence of Theorem C.3.1, we have the following corollary for the interchange

of E and ) for nonnegative random variables:

Corollary C.3.2. Let (Y,)n>0 be a sequence of nonnegative random variables and

X a (not necessarily finite) random variable with

iYn =X a.s.
n=0

Then
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The corollary follows from Theorem C.3.1 by setting
X, = Z Y. forn>0.
k=0

Note that any one of the expectations in Corollary C.3.2 may be oo.

Theorem C.3.3 (Dominated Convergence Theorem). Let (X,,),>0 be a sequence

of random variables and X a random variable with
lim X, =X a.s.
n—o0
If there exists a random variable Y with E(|Y|) < oo such that

|1 X, <Y a.s. for allm >0,

then

Corollary C.3.4 (Bounded Convergence). Let (X,),>0 be a sequence of random

variables and X a random variable with

lim X, =X a.s.

n—00

If there exists a constant Ky such that
| X, <Ky as. foralln>0,
then

lim E(X,) = E(X).

n—o0

Combining Corollary C.3.2 and Theorem C.3.3 yields the following proposition.

s ~

Proposition C.3.5. If a sequence of random wvariables (Z,)n>0 satisfies

> E(|Zn]) < o0, then

n=0

SER(SAL
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Proof. Set'Y,, =|Z,| and apply Corollary C.3.2. This yields

> 500) - 3wz <& (Y1) <o
n=0 n=0
Since the random variable Y = > |Z,| has finite expectation, it is finite almost

surely. As a consequence, » -, Z, converges almost surely. Set X, = Y "_ Z; and
X =370 Zk. Then
lim X, =X a.s.

n—oo

Since we have E(]Y]) = E(Y) < oo and

| X0 gZ\Zk] <Y a.s. for alln >0,
k=0

by Theorem C.3.3, we conclude

lim E(X,) = lim Z]E => E(Z)=E(X)=E <Z Zk> .
n—oo n—oo =0 =0
O

In general, a sequence of random variables (X,,),>o may not converge a.s. However, for
all w e Q,
liminf X,,(w) and limsup X, (w)

n—o0 n—o00
do always exist, and
lim inf X, and lim sup X,

n—00 n—00

are random variables on the same probability space (Q, F,[P). Fatou’s Lemma tells us

what happens when we interchange E and lim sup (or liminf).



C.3. INTERCHANGING LIMIT AND INTEGRATION 373

Lemma C.3.6 (Fatou’s Lemma). Let (X,,),>0 be a sequence of random variables.

(a) If there ezists a random variable Y with E(]Y|) < oo such that
Y <X, as foralln>0,

then
E <lim inf Xn> < liminf E(X,).

n—oo n—o0

(b) Similarly, if there ezists a random variable Y with E(|Y|) < oo such that
X, <Y as.foralln>0,
then

E <lim sup Xn) > limsup E(X,,) .

n—o0 n—00

Note that the random variable Y may be a constant. Clearly, (b) follows from (a) by
replacing X, with —X,, and noting that

liminf X, = limsup(—X,,).

n—oo n—oo
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almost sure, 362 exchangeable, 35

dominated, 371 extinction probability, 170
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Fatou’s lemma, 372
first passage time, 52
first return time, 52
first step analysis, 73
flow, 225

strength, 226

unit, 226, 258
Foster’s theorem, 263

fundamental matrix, 76

Galton-Watson branching process, 162
gambler’s ruin, 129, 202
gambler’s ruin probabilities, 224, 237
generating function, 163
Gibbs sampler, 272
global balance equations, 62
graph
bipartite, 350
cutset, 241
lollipop, 251, 265
star, 246, 247

Hamming weight, 45

hard-core model, 273

harmonic, 222

harmonic extension, 222
existence, 224
uniqueness, 223

harmonic function, 195, 222

hitting time, 22

initial distribution, 11
invariant measure, 64
irreducible, 38

Iterated logarithm, law of, 156

Kesten—Spitzer—-Whitman theorem, 155
Kesten-Stigum theorem, 206
Kirchhoft’s node law, 225, 258

knapsack problem, 276
Kolmogorov consistency conditions, 12
Kolmogorov extension theorem, 12

Kolmogorov’s loop criterion, 216

lazy version, 86, 288, 314
limiting distribution, 21
lumpable, 42

Markov chain, 8, 9, 13
adapted to a process, 334
reversible, 214

Markov operator, 218

Markov property, 8-10

Markov’s inequality, 360

martingale, 181
Convergence theorem, 194
Optional stopping theorem, 189
square integrable, 186
submartingale, 181
supermartingale, 181
transform, 192

maximum principle, 223

maximum random variable, 147

Metropolis-Hastings algorithm, 268

mixing time, 307

Moran model, 33, 186

Nash—Williams inequality, 241, 256
network, 221

null recurrent, 69

Ohm'’s law, 226
Orey’s theorem, 113

Polya’s urn, 34, 206
Polya-Eggenberger distribution, 36
parallel law, 234

periodic, 86, 111

Perron—Frobenius theorem, 355
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positive recurrent, 69
potential matrix, 75
predictable process, 192
probability flux, 62
probability space, 357
proposal chain, 268
pushforward, 359

Raleigh’s Monotonicity Principle, 240
random mapping representation, 332
random walk on graphs, 27

range, 152

recurrent, 53

reducible, 38

reflection principle, 136

regular matrix, 89

resistance, 221

reversed process, 212

rifle shuffle, 293

Schur’s theorem, 351
self-adjoint, 218

sequence patterns, 199

series law, 233

sigma algebra, 357
simulated annealing, 277
sink, 225

source, 225

spectral representation, 313
Spectral theorem, 219

state space, 11

stationary distribution, 21, 61
steady state distribution, 71
Stirling’s approximation, 349
stochastic optimization, 276
stochastic process, 8

stopped process, 188
stopping time, 22, 187

randomized, 334

Strong law of large numbers, 364

strong Markov property, 22, 23
strong stationary time, 334
subharmonic function, 195
subnetwork, 221
substochastic, 60

success runs, b8
superharmonic function, 195

superposition principle, 222

target distribution, 268
Thomson’s Principle, 239
top-to-random shuffle, 291
total variation distance, 304
trajectory, 11

transient, 53

transiition probability, 18
transition graph, 15
transition matrix, 14

transition probability, 11, 17
urn models, 29, 30
voltage, 225

Wald’s equations, 125, 191
Wright-Fisher model, 32, 185



