PRELIMINARY EXAM IN ANALYSIS
SEPTEMBER 2025

INSTRUCTIONS:

(1) This exam has three parts: I (measure theory), II (functional analysis), and III
(complex analysis). Do three problems from each part. If you attempt more than three

problems in one part, then the three problems with highest scores will count.

(2) In each problem, full credit requires proving that your answer is correct. You may

quote and use theorems and formulas. But if a problem asks you to state or prove a
theorem or a formula, you need to provide the full details.

Part I. Measure Theory

Do three of the following five problems.

(1) (a) State Monotone Convergence Theorem.
(b) State Fatou’s Lemma.
(c) Assume Fatou’s Lemma and deduce the Monotone Convergence Theorem
from: it.

(2) Let (X, M, u) be a measure space. Let f be a measurable function from X to
[0, oo]. Define the measure A by A(E) = [ fdpu for E € M. Show that for any
measurable function g from X to [0, 0], [, gdA = [ fgdpu.

(3) Let X = Y be the interval [0,1], M = N the Borel o-algebra on [0,1], u =
Lebesgue measure, and v = counting measure. Let D = {(x,x):x € [0,1]}
be the diagonal in X x Y and xp the characteristic function of D. Compute

J [ xpdpdv, [ [ xpdvdu,and [ xpd(p x v).
(Hint: To compute [ xpd(y x v) = u x v(D), go back to the definition of

UXV.)

(4) Suppose v is a signed measure and A, u are positive finite measures on (X, M)
such that v = A — . Show that A > v and u > v—, where v", v are positive
and negative variations of v.

(5) Let F be an increasing function on R. Show that F(b) — F(a) > fub F'(t)dt.



Part II. Functional Analysis

Note: You may use any (consistent) normalization that you prefer for Fourier trans-
forms and Fourier series. Do three of the following five problems.

(1) Let 1 < p,q < o be a pair of conjugate indices, i.e.,
1
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Suppose that f(x,y) is a nonnegative Borel measurable function on R?. For each
v € R, define the nonnegative Borel measurable function f, on R by f,(x) =
f(x,y). Its Ly-norm is

Il = [ [ i

(a) Let i be nonnegative Borel measurable function on R. Show by Holder’s
inequality that

Je) | f o) ] e < Ul f 15l

(b) Use part (a) to show the following continuous version of the Minkowski

inequality:
s = [0l

(2) Let X be a Banach space and {x,} a sequence in X converging weakly to x € X.
(a) Show that {x, } is norm bounded, i.e., there is a constant C such that ||x,|| <
C for all n;
(b) Show that liminf, e ||x, || > ||x]];
(c) Give an example showing that the inequality in part (b) can be strict.

(3) Let H be a Hilbert space and A : H — H a linear operator defined on the whole
space H such that (Ax,y) = (x, Ay) for all x,y € H. Show that A must be a
bounded linear operator.

(4) Show that every (algebraically) finite dimensional subspace Y of a Banach space
X must be norm closed; namely, if y, € Y and ||y, — y|| — 0 as n — oo for some
ye€ X, theny €Y.

(5) Suppose that f € L2(IR) such that &f(&) is integrable, where f is the Fourier
transform of f. Show that f is equal to a continuously differentiable function
almost everywhere.



Part III. Complex Analysis

Do three of the following five problems.

(1) Suppose that f : ID — DD is not identically zero, it is holomorphic on the unit
disk, and extends continuously to D. Let ay, ay,... be the zeros of f (repeated
with multiplicity, and could be a finite or infinite set). Show that
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(2) Let f : QO — C be holomorphic, where Q) = ID \ {0} is the punctured unit disk.
Suppose that there is a constant C > 0 such that |f(z)| < C|z| 712 forall z € D.
Show that f has a removable singularity at z = 0.

(3) Use contour integration to compute the integral
® logx
dx.
/0 2+17

(4) Let Q) be the half infinite strip {z : Rez € (—1,1),Imz > 0}. Let (), be the
infinite strip {z : Imz € (0,1)}. Find a biholomorphism f : () — (.

(5) Let f(z) = €* + z. Find the number of zeros of f in the disk |z| < 1/2.



