ANALYSIS PRELIMINARY EXAM
MONDAY, JUNE 13, 2011

Part I. Do three of the following five problems.

(1) (a) State the dominated convergence theorem and Fatou’s lemma.
(b) Show that the inequality in Fatou’s lemma may be strict.
(c) Use Fatou’s lemma to prove the dominated convergence theorem.

(2) Suppose that (X,.#, i) is a measure space with y(X) = 1. Let f : X — Rbe a
measurable function such that f € LP(X,.%, u) for all p > 1. Suppose that f is
not equal to a constant almost everywhere. Define ¢(p) = || f||,, the p-norm of
f. Show that ¢ is a strictly increasing function on [1, o).

(3) Let f € LP(X,.#, i) be a nonnegative LP-integrable function on a measure space
(X,.Z,u). Show that for any p > 1,

/Xf(X)pdx = p/o MY {f > A} dA.

Here p {f > A} is the measure of the set {x € X : f(x) > A}.

(4) Suppose that f : [0,1] — R is a nonnegative Lebesgue measurable function
on the unit interval [0, 1] such that f > 0 almost everywhere. Show that for any
€ > 0, there is a 6 > 0 with the following property: if E is a measurable subset
of [0,1] with Lebesgue measure m(E) > €, then

/Ef(x)dx > 0.

(5) Let f : [a,b] — R be a function of bounded variation on [a,b] and V(f)} the
total variation of f on the interval [4, x|. Suppose that f is continuous at a point
c € (a,b). Show that V(f), is also continuous at x = c.

Part II. Do three of the following five problems.

(1) Let L'[0, 1] be the Banach space of real-valued, Lebesgue integrable functions on
the unit interval [0, 1] with the usual norm.
(a) Identify (with proof) the dual space L![0, 1]*.
(b) Is the unit ball in L'[0, 1] weakly compact? Prove your answer is correct.

(2) Suppose that A is a linear operator defined everywhere on a Hilbert space H
satisfying (Av, w) = (v, Aw) for all v, w € H. Show that A is bounded.

(3) We use j(f) to denote the integral of a function f with respect to a measure
p. Denote the Lebesgue measure on [0,1] by m. Find a sequence {},} of Borel
measures on [0, 1] such that p, (f) — m(f) for all continuous function f on [0, 1]
but not for all Borel measurable functions f.



(4) Let {e, } be an orthonormal basis for a Hilbert space H. Let { f, } be an orthonor-
mal set in H such that

Z | fn —enll < 1.
n=1

Show that {f, } is also an orthonormal basis for H.

(5) Let B be a Banach space and H a proper closed subspace of B. Show that for any
€ > 0, there is an element x € B such that ||x|| =1 and

d(x,H) = hin}fIHx—hH >1—e
€

Part III. Do four of the following five problems.

(1) Let f be analytic in a neighborhood of the closed unit disc D(0;1).
(a) Suppose that |f(z)| < 1 for |z| = 1. Show that there exists a unique zy €
D(0;1) such that f(zo) = zo.
(b) Is this true if |f(z)| < 1 when |z| = 1? Prove that your answer is correct.
(2) Lett # 0be a non-zero real number and let s > 0 be a positive real number. Use
the method of residues to calculate the limit

0 I 1 rs+iT etz p
0= Jim 5o [ o
The line integral is along the line segment from s — iT to s + iT.
(3) Let {f.} C A(U), the space of analytic function on a connected open set U C C.

Assume that f, — f pointwise on U. Show that there exists a dense open set
Q) C U so that f;, — f uniformly on compact subsets of (). (Hint: Let

An={zelU:|fu(z)| <N, Vn=1,2,...}.

Use the Baire category theorem to show that some Ay contains a disk D. Let ()
be the union of all disks D such that f, — f uniformy on compact subsets of D).

(4) Suppose that f : D(0;1) — D(0;1) is a holomorphic map. Show that for all
z € D(0;1),
1-|f(2)?
/ < WU\
O

(5) Suppose that f and g are entire such that |f(z)| < |g(z)| for all z € C. Prove that
there exists a constant ¢ so that f = cg.



