Preliminary Examination Se iber, 1993

Differential Geometry

Do Siz of the following problerm.s

Problem 1. (Space curves)
(a) Define the curvature of a space curve:
(b) Let r(¢t) = (z(t).y(t). z(t)) be a nondegenerate space curve. Show that the curvature

at t is given by
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Problem 2. (General manifolds) Detine the following terms:
(a) Differentiable manifold:
(b) Tangent bundle and vector field:

(¢} Parallel translation:
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(d) Covariant differentiation.

Problem 3. (Gaussian and mean curvanures!
(al The Polncard metric on a unit disk D = {r oy o B2 o =g <0 1) 15 given by the

forrmula

Compure the Gaussian curvature of L2 with tlas merrie:

by The helicowd H can be paramerrized as

() — lecosu —esinw buy o tuor = 1

(i is & nonnegative constant ;. Compure the first and second fundamenral forms and

the mean curvature of H.

Problem 4. (Lic groupsi Ler (7 bhe o Lie group.
(a; Show that there is a unique councetion ¥ sueh thar for all lefi-invariant vector fickas

X and Y we have VY = 0.0
(b Compute the torsion and curvarure tensors of the connection V.
L (a) every one-paramerer subaroup of ¢

{01 Show that under the connection viven i

veodesic, e its tangent veoror feld 1= paraliel along the curve:




(d) Can you think of other natural connections of G with the property stated in (¢)”.

Problem 5. (Polar coordinates) Let § be a two dit ensional manifold.

(a) Define geodesic polar coordinates (r.0) in a neighborhood of a pont 0 € A

(b} (Gauss' lemma) Show that in the polar coordinates the Riemannian metric can be
written as

9

ds® = dr® ~ Glr.6)2de”

where G(r.6) is a smooth function on [0. ¢/ x S* such that G(0. f)=0and G.(0.6) 1
(S stands for the unit circle):
(¢) Show that the gaussian curvature at (r.6) is given by
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(d) Show that if the gaussian curvature s identically equal to zero 1w a neighborhood of

v ¥ N . . n
o, then S is locally isometric to 77 at o,

Problem 6. (Gauss-Donner theorem |

(4 State a version of Gauss-Bonnet theorer:

(') Show thar for any geodesic rriangle on the unit sphere 5o Y othe suin of the three

angles is greater than 7
Problem 7. (Differential forms)

{a) State definitions of differential forms. closod forms, and exact forms:

(i Stare noversion of Stokes theorem for differential forms on manifolds:
0 Show thar on 7 every closed L-formn 15 exact:
(0 Show that on the 2esphere S0 every closed T-for s exact

Problem &. (Ricmannian connection; Ler A beoa Riemanniat tmanifold

(0 0V and ©oare two connectiols on A andd define for two vector felds Y oand 1
SN Y1y =VyY - Uyl

Show that S is a tensor of tvpe (L2010
()1 Show that there is ar most one connection on A/ which s compatible with the Rice-

mAnmiAL metric and i rorsion-free,
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