PRELIMINARY EXAM IN ANALYSIS
JUNE 2025

INSTRUCTIONS:

(1) This exam has three parts: I (measure theory), II (functional analysis), and III
(complex analysis). Do three problems from each part. If you attempt more than three

problems in one part, then the three problems with highest scores will count.

(2) In each problem, full credit requires proving that your answer is correct. You may

quote and use theorems and formulas. But if a problem asks you to state or prove a
theorem or a formula, you need to provide the full details.

Part I. Measure Theory

Do three of the following five problems.

(1) Let (X, M, u) be a measure space. Let f be a measurable function from X to

[0, oo] with / f < oo. Show that for every € > 0 there exists E € M such that
X

y(E)<ooand/Ef> (/Xf>—e.

(2) Let (X, M, ) be a measure space. Suppose E, € M with u(E,) < oo for all
n € N, and xg, — f in measure, where X, is the characteristic function of E,,.
Show that f is a.e. equal to the characteristic function of a measurable set.

(3) Suppose that v is a signed measure on (X, M) and E € M. Show that |v|(E) =

sup{ /E Fdv

(4) Suppose that y, v are o-finite measures on (X, M) withv < y,andlet A = y+v,
dv dv f
= —. < -a.e. _—= .
f 7 Show that0 < f <1 y-a.e anddy -
(5) Suppose F : R — C. Show that the following are equivalent:
(a) There is a constant M such that |F(x) — F(y)| < M|x —y| forall x,y € R.
(b) F is absolutely continuous and |F'| < M m-a.e., where m is the Lebesgue
measure.

Hfl <1 }, where |v| is the total variation of v.



Part II. Functional Analysis

Note: You may use any (consistent) normalization that you prefer for Fourier trans-
forms and Fourier series. Do three of the following five problems.

(1) Let (X, .#, 1) be a measure space and 1 < p,q,r < oo such that

1 1 1
S 4o=1
poq v

Show that for all nonnegative measurable functions f, g,/ on X,
1f8hllx < If[lpligllqllPllr-

(2) Let1 < p,q < oo be a pair of conjugate exponents: 1/p +1/q = 1. Suppose that
f is a (real valued) measurable function on [0, 1] with the following property:
there is a constant C such that for every ¢ € L1[0,1] we have fg € L'[0,1] and
Ifgll < Cllglly- Show that £ € L7[0,1] and [ fll, < C.

(3) Let H = L2[0,1] be the Hilbert space of square integrable functions on [0, 1].
Define the integral operator K : H — H by

Kf(x) = /Oxf(y)dy, f€H.

(a) Show that K is a compact operator.

(b) Find the adjoint operator K*.

(c) Find the integral kernel of the symmetric operator L = K*K (the composi-
tion of K and K*). Namely, find the function L(x,y) such that

1
Lf(x) = [ L)) dy.

(4) Let X be a Banach space and L a closed proper subspace of X (i.e., L is not equal
to X). For any element x € X define
def .
d(x,L) = inf |[x —y]|.
(L) = inflx -]

(a) Suppose that X is a Hilbert space,. Show that there is an element x € X
such thatd(x,L) = 1and ||x| = 1.

(b) In general show that for any € > 0, there is an element x € X such that
|x|| =1land d(x,L) > 1—e.

(c) Show that an infinite dimensional Banach space cannot be locally compact.

(5) Define f(¢) = (A¢)(0) for ¢ € .7(R"), where

82
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is the Laplace operator.
(a) Show that f is a tempered distribution and find its Fourier transform f.
(b) For what values of s € R do we have f € H*(RR"), the Sobolev space of
index s?



Part III. Complex Analysis

Do three of the following five problems.

(1) Let f : D»(0) — C be holomorphic, such that there are infinitely many values z
for which |z| = 1 and f(z) is real. Here D,(0) = {z : |z| < 2}.
(a) Considering the function z — f(1/z) as well, show that f is real valued on
the circle |z| = 1.
(b) Show that f is constant.

(2) Suppose that f : QO — H is holomorphic, where Q = {z : |z| > 1}, and H is the
upper half plane. Show that the limit lim,_,. f(z) exists (possibly infinite).

(3) Use contour integration to compute the integral
e?—1

© sin(x
/ sin(x) g
0o x(x241)
Hint: you can consider a contour integral of the function FETE

(4) Let O = {z : |z| # 0, argz € (0,71/2)}, and let I denote the closed line
segment from 0 to 1 + i.
(a) Find a biholomorphism from ) to the unit disk D.
(b) Find a biholomorphism from Q \ I to the unit disk.
(5) Let 0 € 1 € O C C be open, and f; : }; — D biholomorphisms such that

=

fi(0) =0 fori =1,2. Show that |f{(0)| > |f5(0)].



