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Problem A1. Find the sum of the digits of

9 + 99+ 999+ · · · +

99︷ ︸︸ ︷
99. . . 9 .

- Answer: The given number can be written

(10 − 1) + (102 − 1) + · · · + (1099 − 1) =

99︷ ︸︸ ︷
11. . . 110 − 99

=

97︷ ︸︸ ︷
11. . . 1011.

Its digits are 99 onesand oncezero,so the sum is 99.
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Problem A2. Let a,b two positive real numbers. Prove that aa + bb ≥ ab + ba.

- Answer: Assumewithout lossof generality that a ≤ b.

There are two cases.

(1) Supposeb ≥ 1.

We want to show
ab − aa ≤ bb − ba .

This is equivalent to ∫ b

a
loga · ax dx ≤

∫ b

a
logb· bx dx .

This is implied by loga · ax ≤ logb· bx . If logb ≥ 0 we have

loga · ax ≤ logb· ax ≤ logb· bx ,

hencethe result.

(2) Suppose0 ≤ a ≤ b ≤ 1.

Now we want to show
ba − aa ≤ bb − ab .

This is equivalent to ∫ b

a
axa− 1 dx ≤

∫ b

a
bxb− 1 dx .

It is enoughto show axa− 1 ≤ bxb− 1 for 0 ≤ a ≤ x ≤ b ≤ 1. This is equivalent to

log
1
x

≤
logb− loga

b− a
,

which is true because

log
1
x

≤ log
1
a

≤
− loga
1 − a

≤
logb− loga

b− a
.

The last inequality is a consequenceof concavit y of log:

logb = log

(
1 − b
1 − a

a +
b− a
1 − a

)
≥

(1 − b) loga
1 − a

=⇒

logb− logb ≥
(1 − b) loga − (1 − a) loga

1 − a
=

− (b− a) loga
1 − a

.
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Problem A3. Let x, y, z positive real numbers. Find the minimum value of the function

f (x, y, z) =

(
x +

1
y

)(
y +

1
z

)(
z +

1
x

)
.

- Answer: By the Arithmetic Mean-GeometricMean Inequality:

1
2

(
x +

1
y

)
≥

√
x ·

1
y

=

√
x

√
y

,

and similarly with the other two factors. Hence:

1
8

f (x, y, z) ≥
√

xyz
√

xyz
= 1 .

Consequently:
f (x, y, z) ≥ 8 .

The lower bound is attained at (x, y, z) = (1, 1, 1), hencethe minimum is 8.
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Problem A4. Let S be a set of real numbers which is closedunder multiplication (that is,
if a and b are in S, then so is ab). Let T and U be disjoint subsetsof S whoseunion is S.
Given that the product of any three (not necessarilydistinct) elements of T is in T and that
the product of any three elements of U is in U, show that at least one of the two subsets
T, U is closedunder multiplication.

- Answer: Supposeon the contrary that there exist t1, t2 ∈ T with t1t2 ∈ U and u1, u2 ∈ U
with u1u2 ∈ T . Then (t1t2)u1u2 ∈ U while t1t2(u1u2) ∈ T , contradiction.
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Problem A5. Prove that if we select n + 1 numbers from the set S = { 1, 2, 3, . . . , 2n} ,
amongthe numbers selectedthere are two such that one is a multiple of the other one.

- Answer: For each odd number 2k − 1, k = 1, . . . , n, considerthe set C2k− 1 = the elements
of S of the form (2k − 1)2i for somei ≥ 0. The setsC1, C3, . . . , C2n− 1 are a classificationof
S into n classes.By the pigeonholeprinciple, given n + 1 elements of S, at least two of them
will be in the sameclass.But any two elements of the sameclassC2k− 1 verify that one is a
multiple of the other one.
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Problem A6. The numbers 1, 2, . . . , 17 are placedinside the 17 circlesof the figure below,
so that the sum along all sidesand along all diagonalsis the same(note that there are eight
sidesand eight diagonals.) Prove that there is only one number that can be placed in the
center, and find it.

- Answer: The number n in the center must be a commonelement of eight differen t triples
(n, a + k, b − k), (k = 0, . . . , 7) with the samesum s = n + a + b. Let A, B be the sets
A = { a,a+ 1, . . . , a+ 7} , B = { b,b− 1, . . . , b− 7} . A and B can be only the integer intervals
[1, 8] and [10, 17], or [2, 9] and [10, 17], or [1, 8] and [9, 16], so n can be only 1, 9 or 17.

If n = 1, then the commonsummust be 20. The sumof the 16 numbersplacedon the circles
around the polygon is 2 + · · · + 17 = 152. On the other hand each of the eights sidesof the
polygon must have sum 20. Multiplying by 8 sideswe get 160. The difference 160− 152= 8
must be the sum of the elements in the 8 vertices of the polygon, but that is impossible
becausethoseelements are grater than 1, and their sum must be greater than 8.

An entirely analogousreasoningallows us to rule out the casen = 17. If n = 17 then the
common sum must be 34. The sum of the 16 numbers placed on the circles around the
polygon would be now 1 + · · · + 16 = 136. Each side of the polygon must have sum 34,
which times 8 yields 272. The difference 272− 136= 136 is the sum of the elements in the
verticesof the polygon, but that is impossible,becausethoseelements are lessthan 17, and
their sum must be lessthan 17× 8 = 136.

So, the only possibility for the number in the center is 9 (and the commonsum is 27.)
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Figure 1. A possiblesolution to the puzzle.


